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Multiparameter entanglement in femtosecond parametric down-conversion

Mete Atatire! Giovanni Di Giuseppé,Matthew D. Shavd, Alexander V. Sergienkd? Bahaa E. A. Saleh,
and Malvin C. Teich,?
IQuantum Imaging Laboratory, Department of Physics, Boston University, 8 Saint Mary’s Street, Boston, Massachusetts 02215
2Quantum Imaging Laboratory, Department of Electrical and Computer Engineering, Boston University, 8 Saint Mary’s Street,
Boston, Massachusetts 02215
(Received 14 August 2001; published 11 January 2002

A theory of spontaneous parametric down-conversion, which gives rise to a quantum state that is entangled
in multiple parameters, such as three-dimensional wave vector and polarization, allows us to understand the
unusual characteristics of fourth-order quantum interference in many experiments, including ultrafast type-Il
parametric down-conversion, the specific example illustrated in this paper. The comprehensive approach pro-
vided here permits the engineering of quantum states suitable for quantum-information schemes and quantum
technologies.
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INTRODUCTION neous parametric down-conversion in the paraxial approxi-
mation, which is valid for the great preponderance of
Entanglemenf1] is, undoubtedly, one of the most fasci- experimental SPDC efforts to date.

nating features of quantum mechanics. Spontaneous para- Our study leads to a deeper physical understanding of
metric down-conversiofSPDQ [2], a nonlinear optical phe- hyperentangled-photon states and, concomitantly, provides a
nomenon, has been one of the most widely used sources g?ute for engineering these states for specific applications,
entangled quantum states. In this process, pairs of photor&cluding quantum-information processing.
are generated in a state that can be entangled in frequency,
momentum, and polarization when a laser beam illuminates a HYPERENTANGLED-STATE GENERATION
nonlinear optical crystal. The experimental arrangement for

- e e ol . With this motivation we present a multidimensional
roducing entangled photon pairs is simple both in concep- . .
Fion and ?n execgtion P P P panalysls of the entangled-photon state generated via SPDC.

Ironically, a significant number of experimental efforts To admit a broad range of possible experimental schemes we

designed to verify the nonseparability of entangled states, th%onsude_r, In turn, th_ree general and fundamentall_y distinct
hallmark of entanglement, are carried out in the context oftages in any expgrlmental apparatus: the generation, propa-
models that fail to access the overall relevant Hilbert spacé?at'on’ anq deFchon of the quantl_Jm Steag .

but rather are restricted to only single kind of entangle- We beg'n with generatlon. By virtue of the weak nonl|n-
ment, such as entanglement in enefgly momentur{4], or ear interaction, we conS|q|er the state generated _Wlthln the
polarization [5]. Inconsistencies in the analysis of down- confines of the first-order time-dependent perturbation theory
conversion quantum-interference experiments can emerge ]

under such circumstances, as highlighted by the failure of the W @)~ r ft dt'f (t")|0) (1)
conventional theory[6] of ultrafast parametric down- h int '

conversion to characterize quantum-interference experiments

[7]. ) ) Here I:|im(t’) is the interaction Hamiltonian,t{,t) is the
In this paper we present a quantum-mechanical analysigyration of the interaction, ari@) is the initial vacuum state.

of entangled-photon state generation via type-Il SPDC, conthe interaction Hamiltonian governing this phenomenon is
sidering simultaneousentanglement in three-dimensional [10]

wave vector and polarization at the generation, propagation,

and detection stages. As one specific example of the applica-

bility of this approach, we use it to describe both new andﬂmt(t')NX@)J drl”EE)“(r,t’)lAEg*)(r,t’,)I”Ef;)(r,t’,)+H.c.,
previously obtained7] results of SPDC experiments with a v

femtosecond pump. Our analysis confirms that the inconsis- 2
tencies between existing theoretical models and the observed @ o )

data in femtosecond down-conversion experiments can in¥here x'* is the second-order susceptibility aMlis the
deed be attributed to a failure of considering the full HilbertVolume of the nonlinear medium in which the interaction
space spanned by the simultaneously entangled quantutakes place. The symb@(*)(r,t') represents the positive-
variables. Femtosecond SPDC models have heretofore ignegative} frequency portion of thgth electric-field opera-
nored transverse wave vector components and have therehyr, with the subscripf representing the pump{, ordinary
not accounted for the previously demonstrated angulato), and extraordinarye) waves at positiom and timet’,
spread[8] of the down-converted light. The approach pre-and H.c. stands for Hermitian conjugate. In the paraxial ap-
sented here is suitable for type-1 as well as type-Il, spontaproximation, the polarization of each photém,e may be
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assumed to be independent of frequency and wave vect@ability of the function®(q,,0e; ®w,,we) iN EQs.(7) and(8),
(the dependence at large angles is considered in[R&f.  recalling Eq.(6), is the hallmark ofsimultaneousmultipa-
Due to the high intensity of the pump field we take therameter entanglement.
coherent-state laser beam to be classical, with an arbitrary
spatiotemporal profile given by
HYPERENTANGLED-STATE PROPAGATION

Propagation between the planes of generation and detec-
tion is characterized by the classical transfer function of the
optical system. The biphoton probability amplitude at the
whereE,(k,) is the complex-amplitude profile of the field as Space-time coordinateg,ts) and g, tg), where detection
a function of the wave vectd,,. will take place, is defined bj10]

In contrast with previous models we consider the
wavevector to be three dimensional, with a transverse . — /0B &(+) (2)
wavevectorg, and frequencyw,, so that Eq(3) takes the A Xe i ta,te) = (0[BR" (xa ta) B (Xg ta) | W15). )
form

Ep(r,t)= J dkpEp(kp)e' o Te epl), 3

The explicit forms of the quantum fields present at the de-
Ep(r,t)=f dquwpﬁp(qp;wp)eikpzeiqp-xe—iwpt' (4) tection locations are represented by

where x spans the transverse plane perpendicular to the ECH) %, t :J dadwe ™1 “ta Xx O @)A
propagation directiom. In a similar way the signal and idler A (Xasta) qde [HadXa . 6:0)8:(0, @)
fields can be expressed in terms of the quantum-mechanical

creation operatord’(q, ) for the (g, w) modes as +Hao(Xa,0; 0)8,(0, @) ],

B (= f dgjdw;e 5% % et (q),w), (5) EL”(xa te) = f dadwe "8 Hgel(Xp ,0; @) ae( )

where the subscrigt=0, e. The longitudinal component of +Heo(Xg,0;0)8(q,@)], (10
k, denotedk, can be written in terms of they(w) pair as[9]

-

where 6 is the angle betweek and the optical axis of the
nonlinear crystaln(w, 6) is the extraordinary index of re-
fraction in the nonlinear medium, amds the speed of light

in vacuum. Note that the extraordinary refractive index, A(XA’XB?tA’tB):f dgoddedwodweP (0o, e wo , we)
ne(w,d), in Eg. (6) should be replaced by the ordinary re-

fractive index, no(w), when calculatingx for ordinary X[ Hae(Xa 0e; we) Hpo(Xg 0o ; @)

waves. Xexp{—i(wetat+ wotp)}

where the transfer functiofi;; (i=A, B andj=e, 0) de-

Ne(w,0)w|? | |2]1/2 scribes the propagation of g,) mode from the nonlinear-
R — — q ,

c (6) crystal output plane to the detection plane. Substituting Egs.
(7) and(10) into Eqg.(9) yields a general form for the bipho-

ton probability amplitude,

Substituting Eqs(4) and (5) into Egs.(1) and (2) yields + Hao(Xa 0o s @) Hue(Xg 0o @)
the wave function at the output of the nonlinear crystal

XeXp[—I(thA-i— wetB)}] (11)

|‘P(2)”J dgodgedwodwe®(do,Ge; wo  we) This function can be separated into polarization-dependent
and -independent terms, as necessary, for any particular con-
X al(o,w0)a(0e, we)[0), (7)  figuration. By choosing explicit forms of the functioft,
_ Hpo» Hge, andHg,, the overall biphoton probability am-
with plitude can be sculpted as desired.

®(do,0e; w0, we) =Ep(dotge; 0o+ we) HYPERENTANGLED-STATE DETECTION

<L sin% E) e-iLA2. ) The formulation of the detection process depe_nds on the
scheme to be used. Slow detectors, for example, impart tem-

poral integration while finite area detectors impart spatial

HereA =k, — k,— ke, Wherex; (j=p,0,€) is related to the integration. Quantum-interference experiments typically
indices (@; ,wj) via relations similar to Eq6). The nonsepa- make use of just such detectors. Under these conditions, the
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FIG. 1. (a) Schematic of the experimental setup for observation
of quantum interference using femtosecond SPOL.Details of FIG. 2. Experimentalsymbol$ and theoreticalsolid curve$
the path from the crystal output plane to the detector input plane.results for the normalized coincidence rate for BBO crystals of
three different lengthghexagons: 0.5 mm; triangles: 1.5 mm;
coincidence count ratB is readily expressed in terms of the circles: 3.0 mm as a function of the relative optical-path delay
biphoton probability amplitude As the crystal length increases the fringe visibility diminishes sub-
stantially and a dramatic asymmetry emerges. No free parameters
are used to fit the data.
R:f dXAdXBthdtB|A(XA,XB;tA,tB)|2. (12)
1(b). The paraxial approximation satisfactorily describes our
experiments so that the explicit form &f in Fig. 1(b) be-

EXAMPLE: QUANTUM INTERFERENCE IN ULTRAFAST comes
SPDC )
.o _w[x|?[d;

We now consider a particular example that demonstrate§! (X.0; @)= exp[l clditda+ i) exp{ BT (T_l)]
the validity of our analysis: an ultrafast polarization
guantum-interference experiment of the form illustrated in _dsc ~[ @
Fig. 1(a). Details of the experimental arrangement and pro- ><exp{ - Z|q|] P ax—q) Ha), (14)
tocol can be found in an earlier wofle]; in the analysis
offered there we made use of a phenomenological model thathered,, d,, andf (focal length of the lensare indicated,
considered a collection of contributions from different re-P is the aperture functiop(x) in the Fourier domain, and
gions in the nonlinear crystal that, in the absence of a fullF(w) is the spectral filter function.
quantum-mechanical model, were conjectured to be indepen- Using Egs.(13) and(14) in Eq. (11), the biphoton prob-
dent and distinguishable. With the help of the general spaability amplitude for the arrangement shown in Figa)l
tiotemporal quantum-mechanical approach developed hergherefore becomes
we are now in a position to provide a complete analysis of
those data along with new data in which filtering was used
(presented in Figs. 2 and 3, respectiyely

For the polarization-interferometer arrangement illus-
trated in Fig. 1a), in the presence of a polarization-
dependent relative temporal delayEq. (10) can be conve-
niently separated into polarization-dependent and

1.0 +2

0.8 1

NORMALIZED COINCIDENCE RATE

-independent terms via the relation 0.6 - 3.0-mm BBO
1.5-mm BBO
Hij(xi,q;w)=(a-ej)e*“””eiH(xi,q;w), (13 044 0.5-mm BBO
0.2

wherei=A, B andj=e, o. The symbols,; is the Kronecker ¢

delta so that..= 1J andé,,=0. T¥1e unite{/ectoe, describes 0.0 . . . . 9-.-.:11 FILTE,RS

the orientation of the polarization analyzers in the experi- 400 -200 0 200 400 600

mental apparatufsee Fig. 1a)], while g is the unit vector RELATIVE OPTICAL-PATH DELAY (fsec)

that describes the polarization of the down-converted pho-

tons; the functiorH(x; ,q; w) is the transfer function of the FIG. 3. Plots similar to those in Fig. 2 in the presence of an
polarization-independent elements of the system, such asterference filter of 9-nm bandwidth. The patterns are symme-
free space, filters, apertures, and lenses, as illustrated in Figized.
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A(XA1XB;tA-tB):j d0d0edwodwe®(Go,Ge; o, we) € e (€4 €) (85 €)H (X, Ue; we)H (Xg G ; wo) e (“etat @ols)

+(€a ) (65 €)H(Xa 0o ; o) H(Xg Qe ; we) € (“otat wels)], (15

Using this form for the biphoton probability amplitude in Eq. and 3 are observed with increasing crystal thickness, as the
(12) yields the coincidence-count rate as a function of theextent of the ¢, ) modes overlap less in space at the detec-

polarization-dependent temporal delay tion plane. This decreased overlap leads to increased distin-
guishability. This distinguishability is similar in nature to the
DISCUSSION spectraldistinguishability in the one-dimensional model dis-

) ) ] o cussed in Ref[6]. The physical origin of this behavior re-
Figure 2 displays the ob§erved normalized coincidencgides in the angle dependen@enceq dependendeof the

rates (fourth-order quantum-interference pattérisr 0.5-,  extraordinary refractive index for the down-converted pho-
_1.5-, and 3.0-mngB-barium bo_rate_(BBO) crysta_ls(symbolf), tons [Eq. (6)]. Although the phase-matching condition be-
in the absence of spectral filtering, along with the expecteqyeen the pump and the down-converted photon pairs en-
theoretical curvegsolid), as a function of relative optical- compasses a large range af, &) modes at the source, the
path delayr. We have treated the pump as a finite-bandwidth,ompination of free-space propagation and the small accep-
pulsed plane wave, an assumption that is valid in our experiggnce angle of the optical system leads to diffraction of the
mental setup. The asymmetry of the observed interferenc§ppc peams, which, in turn, results in increased overlap
pattern clearly increases with increasing crystal thickness. anq; therefore, a decrease in distinguishability. Indeed, when
~ Figure 3 provides a set of data collected in a similar fashyne gperture size becomes sufficiently small, the observed
ion, but this time observed in the presence of a narrowbang antum-interference patterns ultimately revert to those cal-

(9 nm) spectral filterF(w), as illustrated in Fig. ). The = ¢yjated using the one-dimensional model that has tradition-
most dramatic effect of including the filter is the symmetri- 3y peen employed.

zation of the quantume-interference patterns. Sigcand w

are intrinsically linked by Eq(8), the imposition of spectral

filtering restricts the allowable transverse wave vector

spread. Spectral and spatial filtering, therefore, have similar

effects for non-cross-spectrally pure light, such as that gen- This work was supported by the National Science Foun-

erated in SPD(8]. dation (NSFH and by the Defense Advanced Research
The increasing asymmetry and loss of visibility in Figs. 2 Projects AgencyDARPA).
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