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The Retinal Rod as a Chemical Photomultiplier
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In vertebrates, the excitation of the retinal rod photoreceptors
by a single photon can be represented by a cyclic-GMP cascade.
We construct a mathematical model for describing this mecha-
nism and conduct a noise analysis of the process. Our results show
that the relative noise of the rod photocurrent, which ensues from
a filtering of the discrete multiplication process, is determined
primarily by the first stage of the excitatory cascade. This stage is
associated with the activation of transducin in the rod outer seg-
ment. Our analysis also shows that the conversion of the discrete
multiplied signal into a current reduces the output relative noise
when it is measured in terms of the variance-to-mean ratio. © 190

Academic Press, Inc.

1. INTRODUCTION

Visual transduction begins with the conversion of pho-
tons into neural electrical signals that are transmitted to
higher centers in the nervous system. Experiments have
shown that the vertebrate’s retinal rod can respond to the
absorption of even a single photon [1-7]. In response to
an input photon, the toad’s rod outer segment (ROS) gen-
erates a sodium ion current impulse with an amplitude of
1 + 0.2 pA and a duration of about 1 s [3]. This means
that a single photon blocks about 6 million sodium ions
from flowing across the ROS plasma membrane. The rod
therefore functions as an amplifier with a particle mean
multiplication (gain) of about 6 x 10°, However, like all
other amplifiers, the rod is not perfect; it generates noise
while converting optical information into electrical infor-
mation [3, 8]. It is of interest to explore the nature of this
amplification noise.

A great deal of work has been carried out concerning
the behavior of the ROS. As seen in Fig. la, a photon
absorbed by one of the disk membranes in the ROS first
activates a rhodopsin (denoted by R*) [9] which then acts
as an enzyme in the excitation of about 500 transducins
(denoted by T) [10-13]. (This number is from in vitro
studies and probably represents an upper limit.) Each of
these excited transducins, in turn, triggers a phospho-
diesterase (PDE), an enzyme specific to the molecule cy-
clic guanosine monophosphate (cGMP) [14, 6]. The acti-
vated phosphodiesterase (PDE*) cleaves about 800
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cGMP/s [15, 16], thereby decreasing the concentration of
¢GMP in the ROS which closes the sodium ion channels
in the plasma membrane [17, 18, 6]. It has been shown
that each activated rhodopsin causes the closing of about
240 sodium channels in the ROS plasma membrane [6],
and each of these closed channels blocks the influx of
about 2.6 x 10 sodium ions per second [19, 20]. On the
basis of this sequence of events we construct a cascade
model of the process and use it to analyze the rod signal
elicited by a single photon in Section 2. The extension to
a Poisson stream of photons impinging on the rod is dis-
cussed in Section 3. The discussion is provided in Section
4, and the conclusions are presented in Section 5.

2. ROD OUTER SEGMENT RESPONSE TO
SINGLE PHOTONS

A. Ionic Count Mean and Variance

A discrete branching process is a random point process
in which an initial event (particle) produces a random
number of daughter particles at the first stage; each of
these daughter particles independently produces a ran-
dom number of granddaughter particles at the second
stage, and so on. The photomultiplier tube (PMT), one of
the oldest and most versatile light detectors, is described
by this kind of branching process [21, 22]. If we define m
as the random variable representing the total number of
events at the output of the device for a single input event,
then for a device with n stages [21, 22],
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where m and o2 are the mean and the variance of the
output particle number m, respectively, whereas 8, and
o} are the mean and the variance of the random gain at
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FIG. 1.

(a) Physiological representation of photon-induced hyperpolarization of the rod outer segment. (b) A four-stage cascade model for

analyzing phototransduction in the rod. The mean multiplication (gain) & is shown for each stage, in accordance with the well-established

experimental values.

the kth stage, respectively. Equation (3) represents the
coefficient of variation (CV) for m, which is one measure
of the relative noisiness of m.

As described in the previous section, the rod excit-
atory process consists of six sequential photobiochemical
steps (Fig. 1a). Since the first step (excitation of rhodop-
sin by a photon) is a one-to-one reaction, which means
that one photon excites only one rhodopsin, and so is the
third step (excitation of PDE by transducin), there are
only four stages of amplification involved in the rod excit-
atory process. Therefore, we might model the process as
a four-stage cascade with a mean gain & of each stage
given approximately by 500, 800, 5.9 x 1074, and 2.6 X
104, respectively (Fig. 1b). Comparing this model with the
photon—electron cascade in the PMT [21], we can see
that the rod works like a four-stage chemical photomulti-
plier, in which the ““particles’” are transducins, cleaved
¢GMP molecules, closed Na* ion channels, and blocked
Na* ion numbers, respectively.

Defining the total number of sodium ions blocked due
to one photon being absorbed as the random variable m,
then according to (1) and (2),

m = 818,884 “)
2 2 2 2
2 _ 2 (ﬁ + g2 + g3 gy > 5
Tn NS 501 5ol | miogerel )
2 2 2 2 1”7
o = (5{21 2 2 74 2> . (6
m o 0165 816203 816283067

Equations (4) and (5) provide the mean and the variance
of the number of Na* ions blocked by a single photon at
the rod outer segment. Equation (6) provides the coeffi-
cient of variation for this random variable.

B. Two Measures of Relative Noise

Two measures commonly used for describing the rela-
tive noisiness of a signal are the noise-to-signal ratio NSR
and the Fano factor F. The NSR (which is the inverse of
the signal-to-noise ratio or SNR) is the square of the coef-
ficient of variation, i.e.,

NSR,, = (‘—”—n_ﬂ)z 7

The Fano factor is the variance-to-mean ratio, so that

()

It is apparent from the sequence of denominators in (3)
that the gain of the first stage 8, has a dominant influence
on o,,/m and consequently on the relative noise through
(7) and (8); the higher this gain, the lower the contribution
to the relative noise from the subsequent stages. It is this
mathematical property that spurred the development of
high-gain GaP-first-dynode PMTs [23].

It is natural to inquire whether the rod might somehow
use this high first-stage gain property. The question arises
as to how high this gain should be in order to practically
eliminate the contribution of noise from the subsequent
stages to the final output.

To explore this question, we consider several plausible
scenarios for the statistics of the particle multiplication.
We begin by considering all stages following the first to
be noiseless, so that
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* Then from (6) we have

Im 01
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Equation (10) represents a lower bound for the CV at the
output, since the contributions from the subsequent
stages are nonnegative, i.e.,
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Considering next all stages following the first to intro-
duce Poisson multiplication provides
k=234,

ot =&, (12)

since the variance is always identically equal to the mean
for the Poisson distribution [24]. In this case (6) leads to
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it is clear that
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which is the result obtained in (10).

Finally, considering an even more noisy case in which
all of the stages following the first introduce Bose—Ein-
stein (geometric) multiplication provides [24]

ol =8 +8, k=234, (16)
so that, in accordance with (6),
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then we again have
(19)

Thus, if (14) and (18) are obeyed (as will be shown to be
true in Appendix B), we find that

a, a1

mo 8 @0
as obtained in (10), (15), and (19) for widely differing
multiplication statistics. We conclude that for a single
incident photon and any reasonable choice of multiplica-
tion statistics, the coefficient of variation of the rod out-
put ion number o,,/m is due almost entirely to that of the
first stage so that contributions from the subsequent
stages can be ignored. Applying (20) to (7) and (8) leads to

NSR, = (2)° = NSR
m T — 1 (21)

8
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where NSR,; and F; represent the noise-to-signal ratio
and Fano factor at the first stage, respectively. Equations
(21) and (22) permit us to conclude that, using both mea-
sures, the relative noise of the rod output ionic count
triggered by a single photon is principally determined by
the relative noise of the first stage of multiplication
(transducins per photon).

C. Ionic Current Pulse Mean and Variance

The rod photoreceptor converts input photons into
output sodium ions in the manner described above. The
Na* ions are not blocked instantaneously, however.
Rather, each photon ultimately results in the switching
on of a photocurrent pulse i(¢) of duration = in the ROS
(which suppresses the dark current). The result is a cur-
rent pulse with relatively stable shape and duration, but
fluctuating peak amplitude i, [3—6]. The statistics of this
photocurrent pulse can therefore be approximately de-
scribed by the random variable i, which is related to the
ion number m by

. em
h = »
T

(23)

where ¢ = 1.6 X 107 C is the electronic charge (charge
of a single sodium ion), under the assumption that the
pulse shape is rectangular (we relax this restriction in
Appendix A). The mean i, and the standard deviation i,
of peak amplitude of the current pulse are therefore
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so that the coefficient of variation of the current is
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The current coefficient of variation is identically equal to
the ion-number coefficient of variation. With the help of
(7) it is clear that

NSR;, = NSR,,, 27
so that the current noise-to-signal ratio is evidently the
same as the ion-number noise-to-signal ratio. The rela-
tionship is valid for arbitrary current pulse shapes, as
shown in Appendix A.

The relation between the Fano factors is not as direct.
Using (24), (25), and (8), we find

[ %]
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so that the current Fano factor is not the same as the ion-
number Fano factor. Indeed, the longer the current pulse
duration 7, the smaller the Fano factor of the photocur-
rent. This may be understood in terms of low-pass filter-
ing. The inverse of 7 represents the filter bandwidth, so
that a larger 7 means a smaller filter bandwidth, thereby
resulting in a smoothing of the noise. When measured by
the Fano factor, the conversion from a random number m
into a random current i results in quieting the relative
noise as the current pulse duration 7 increases.
Combining (21) and (22) with (27) and (28), we obtain

NSR;, = NSR; 29)
~ (¢m) Ei
Fio - <81 T’ (30)

provided that (20) is satisfied (which it is, as shown in
Appendix C). In this case, therefore, the noise-to-signal
ratio of the rod photocurrent is controlled only by the
noise-to-signal ratio of the first stage of the rod cascade,
whereas the Fano factor of the rod photocurrent is con-
trolled by both the Fano factor of the first stage of the rod
cascade and the current pulse duration 7.

3. ROD OUTER SEGMENT RESPONSE TO
POISSON PHOTONS

In Section 2 we showed that by converting the number
of Na* ions m resulting from a single photon into a cur-

107

rent pulse i, the noise (as measured by the Fano factor)
could be smoothed. Almost all light sources produce a
Poisson number of photons rather than a single photon,
however [24]. It now remains to determine the effect of 7
on the relative noise of the rod output and, furthermore,
on the behavior of the whole visual information detection
system, for a Poisson input photon stream at low light
levels (in the absence of saturation). To answer this ques-
tion we consider two special cases. In the first case the
Poisson photons are delivered to the rod in flashes short
in comparison with the duration of the current pulse trig-
gered by each single photon, whereas in the other case
the Poisson photons are delivered to the rod in the form
of steady illumination.

A. Ionic Current Pulse Mean and Variance for
Individual Light Flashes

When the duration of each flash is short in comparison
with the duration of the current pulse triggered by each
single photon, we can consider the Poisson photons to be
arriving at the rod at the same time. Since the rod output
current pulse r is the direct sum of the current pulses
triggered by single photons in the absence of saturation, it
can be represented as the output of a two-stage cascade,
the first stage of which is the Poisson number of photons
n and the second stage of which is the current i, produced
by a single photon. Equations (1) and (2) therefore pro-
vide

F= i, (31)
and
ol =1ok + no? (32)

i

Since n is Poisson distributed, o2 = 7, and we have

ol =n(oh + i), 33)
so that
0'2 -
F,=%=F,+% (34)
2
NSR, =Z = NSRu * I (35)
¥ n

According to (24) and (28), increasing 7 will decrease F;,
and i and therefore F,, but according to (27) and (35),
changing 7 will not change NSR, at all.

We now examine the effect that + might have on the
behavior of the detection system as a whole. Considering
the rod as the first stage of a visual detection cascade,
and defining y and x as variables representing the entire
system and the stages lying between the rod and the final
output, respectively, (1) and (2) provide
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y=Fx (36)
ol =x%l+rol, (37
and therefore
0_2
F, = —y_l =xF, + F, (38)
2 NSR,
NSR, = i;—g- = NSR, + —=, (39)

Since F, decreases with increasing 7, while x and F, are
independent of 7, F, decreases with increasing 7. Accord-
ing to (31) and (24), r decreases with increasing 7, and
therefore NSR, increases with increasing =, even though
NSR, does not change with 7. Therefore, when a Poisson
number of photons is delivered to the rod in a short flash,
increasing 7 decreases the Fano factor but increases the
noise-to-signal ratio of the whole visual detection system.

B. Ionic Current Mean and Variance for
Steady Illumination

In this case the output current of the rod is shot noise,
or to be more specific, generalized shot noise, so that
{25]

F= | id = [ iho)de = uly [ hode @0)

ol = ui? f: (W), (41)

where w is the mean rate of the Poisson photon point
process, h(t) is the normalized filter function (shape of
the current pulse triggered by a single photon, with nor-
malized peak amplitude), and i, is the peak amplitude of
the current pulse. If we assume A(#) to be rectangular,
and define its duration as 7, then

F= ,LLTZ) 42)
o} = priy = pr(o} + i), (43)
so that
F,="7_3=F,.0+?5 (44)
NSR, = "—22 _NSR, + 1 (45)
¥ fiin

For nonrectangular shapes we can always take | Z.h(t)dt
as an equivalent duration 7. and make |~.[A(2)]’dt equal
to the product of a constant and this 7., if the two inte-
grals exist, so that these results still hold. It is clear that
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(44) takes the same form as (34). Hence increasing = will
again decrease F, and therefore, from (38), will also de-
crease F,. However, unlike the result obtained in (35) for
brief light flashes, (45) shows that NSR, decreases with
increasing 7. Applying (45), (42), and (24) to (39) provides

_NSR, + 1 NSR,

NSR —
ur pnem

y , (46)
indicating that NSR, decreases with increasing 7. There-
fore, when Poisson photons are delivered to the rod as
steady illumination, increasing 7 decreases both the Fano
factor and the noise-to-signal ratio of the entire visual
detection system.

We conclude that when Poisson photons arrive at the
rod, the Fano factor of the whole visual information de-
tection system, as well as that of the rod itself, is smaller
for large 7 for both pulsed and steady light; however, the
noise-to-signal ratio of the whole visual information de-
tection system is smaller for large = only in the case of
steady illumination. For pulsed illumination, increasing 7
increases NSR, instead of decreasing it.

4. DISCUSSION

The rod excitatory cascade shown in Fig. 1b prompts
us to inquire why the third stage has a very small gain of
5.9 x 1074, while the other stages have far larger gains.
The noise analysis based on branching process theory
provides a possible answer. Referring to (6), it is clear
that to produce minimal noise at the output, it is prefer-
able to increase the gain of the early stages to the maxi-
mum extent. This means, under the condition of the total
gain m being fixed (to produce a current of magnitude =1
pA), that the gain of the later stages must decrease corre-
spondingly. However, because the gain of the final stage
84 is the number of sodium ions flowing through a single
channel in the plasma membrane of the ROS, decreasing
84 would entail increasing the number of channels that are
closed by one photon. For an output photocurrent =1
pA, this would mean that the total number of available
sodium ion channels in the plasma membrane of the ROS
would have to be increased to preserve the dynamic
range of the rod response. However, the sodium ion
channel density is =~200/(um)?, which would be difficult
to increase further {6]. Therefore, practically speaking,
the optimal way of minimizing the relative noise is to
increase §; and §,, and to reduce s, rather than 8,. An-
other possibility is that in order to generate the required
rapid reaction time, the ‘‘off’’ rate constant of cGMP
binding to the channel must be reasonably large and
therefore, since the ‘‘on’” rate constant is limited by
diffusional factors, the binding of cGMP to the channel
cannot be too tight.

Since the experimental results have shown that the
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light-induced decreases in ¢GMP concentration occur
very rapidly compared with the changes in membrane
current [17], the kinetics of the first three stages will only
influence the latency of the membrane current response
and not its time dynamics. This supports the use of a
discrete branching process for modeling the phototrans-
duction cascade, in which all of the time dynamics are
placed at the final stage where the perturbation in cGMP
is converted into a current pulse.

The single-photon rod response can be more thor-
oughly analyzed by considering random temporal delay
and dispersion at each of the four stages. A cascade
model of this kind, with Poisson multiplication at each
stage, has been developed [26, 27]. In that case, the re-
sponse i(t) assumes the form of a random function rather
than a deterministic function with random peak ampli-
tude iy. An even more sophisticated treatment of the
problem would incorporate the restoration of the cGMP
and the reopening of the Na* ion channels. However, the
experimental measurements indicate a remarkably stable
waveform shape and duration, with a peak amplitude i,
that varies far more than does the normalized current
function. It is therefore justified, as a first approximation,
to simplify the problem as we have.

5. CONCLUSION

A statistical treatment of the relative noise at the out-
put of the rod has shown that it is governed almost en-
tirely by the noisiness of the first stage of the cascade,
even though other stages contribute to the overall gain.
Our analysis has shown that the conversion of discrete
photons by the rod into the form of a current has the
effect of improving the variance-to-mean ratio (Fano fac-
tor) of the output signal. As an information detector, the
rod photoreceptor exhibits two important characteristics:
first, by employing a cascade mechanism, it attains high
gain with low noise; second, by converting the signal into
the form of a current, it permits the Fano factor to be
reduced. Therefore, it may well be that the visual infor-
mation detection system extracts the Fano factor, al-
though it is usually assumed that the noise-to-signal ratio
is the parameter of interest [28].

Finally, it is of interest to compare the performance of
the retinal rod with a PMT. The gains of both are similar,
m =~ 105-107 [22]. On the other hand, the noise-to-signal
ratio (which is referred to as the modifed excess noise
factor in the detection literature [22]) NSR,, = 0.04 for
the rod, whereas NSR,, = 0.01 for a state-of-the-art PMT
[22]. In contrast, a near-ideal single-carrier-multiplication
conventional avalanche photodiode (APD) has substan-
tially inferior performance: m = 10 and NSR,,, > 1 [22].
Nevertheless, APDs are widely used because of their
small size, low voltage requirements, and durability. The
vertebrate rod appears to hayve:most of the advantages of
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both the PMT and the APD, and few of the disadvantages
of either.

APPENDIX A

Validity of Eq. (26) for Arbitrary Current Pulse Shapes

The relationship between an arbitrary current pulse ()
and the number of electrons in that pulse can be generally
described as

m = é f: i(n)dt = é f: ioh(t)dt = ioe f: h(z)dz), (Al)

where iy and m are the random variables representing the
peak amplitude of the arbitrary current pulse and the
number of ions within that pulse, respectively. The func-
tion A(t) represents the shape of the arbitrary current
pulse (e.g., the shape used by Baylor et al. [29]) normal-
ized to unit peak amplitude. We therefore obtain

(A2)
(A3)

For most pulse shapes k(z), the integral in (A2) and (A3)
exists so that an equivalent pulse duration 7, given by

v = [ h(o)dr (A4)

can be defined. Combining this with (A2) and (A3) yields

m=-= (AS)
and
o-igTe
o = T, (A6)
respectively, so that
Ty _ on
- me (A7)
thereby confirming (26).
APPENDIX B

Validity of Egs. (14) and (18)

We now verify the validity of (14) and (18), demon-
strating that essentially all of the noisiness of the rod
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transduction process is associated with photon-to-trans-
ducin activation. Using the results of Fung and Stryer
[10], Yee and Liebman [15], Stryer [6], and Gray and
Attwell [19], we use the approximate values &; =~ 500, &,
=~ 800, 83 = 5.9 x 1074, and &, = 2.6 X 10* Using the
results of Baylor e al. [3], on the other hand, we obtain i,
= 1 pA and g;, = 0.2 pA, so that (26) gives o,,/in = 0.2.

If the stages following the first were noiseless (o, = o3
= g4 = 0), according to (10) we would obtain o{/8; = 0.2.

If the stages following the first introduced Poisson mul-
tiplication, according to (13) we would obtain 0.2 = (c%/
87+ 2.5 X106+ 4.1 x 1073 + 1.6 x 10~7)"2, so that &/
&; = 0.189 = 0.2, verifying that (2.5 x 1076 + 4.1 x 103
+ 1.6 X 107)12 =~ 0.0041 < 0.22. Thus the condition given
in (14) is satisfied.

If the stages following the first introduced Bose—Ein-
stein multiplication, according to (17) we would obtain
02=(ci/6}+2X103+5%x106+54x 1073+ 1.6 X
1077)12, so that ¢/8, = 0.17 = 0.2, verifying that (2 X
103 +5%x10°4+ 54 x107% + 1.6 x 107712 = 0.0074 <
0.22. Thus the condition given in (18) is also satisfied.

Comparing these results, we note that whereas the
later stages of the rod cascade change from being mod-
eled as noiseless to very noisy Bose—Einstein, the coeffi-
cient of variation of the first stage o,/8; changes only
slightly, from 0.2 to 0.17. This result implies that the
lower bound of /8, is close to o,,/m. Fung and Stryer’s
experiments [10] also support this view, as shown in Ap-
pendix C.

APPENDIX C

Validity of Eq. (20)

Fung and Stryer’s experiments to study the exchange
of GTP for GDP binding on transducins triggered by acti-
vated rhodopsins showed first that one activated rhodop-
sin can excite about 500 transducins (which we discussed
in Appendix B), and second that at the saturating light
level the excitation of transducins reached a maximum of
31.25 x 1072 * 6.25 x 1073 activated transducins per
rhodopsin [10, 6].

Since each rhodopsin is activated by a photon, and the
incoming photons follow a Poisson distribution [10], then
under the condition of statistical independence for each
stage, we can model the transducin excitatory process as
a two-stage cascade with the first stage as a Poisson gen-
erator. If we define T as the number of activated transdu-
cins, T’ as the T/rhodopsin, R as the number of rhodop-
sins, R* as the number of activated rhodopsins, x, as the
T/activated rhodopsin, and &, as the mean of x;, respec-
tively, then according to (1) and (2)

R*§;

8lc% + R*al.

~l
li

(C1)
(€2

2
agrT
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Because R* is Poisson distributed

R* = 0k, (C3)
and by (C2) we obtain
g% = R*(%} + o). (C4)
Combining this with (C1) we obtain
a7 _ L( U_%»”z
7 = <7€_* 1+ 52 . (C5)
Since
T = RT', (Cé)
we therefore conclude
T = RT’ (C7)
agr = RO’T' (CS)
2o ()
= = = 1+ 5 . (C9)

According to Fung and Stryer’s data at the maximal exci-
tation o/T’ = 0.2, so that

If
R* =26, (C10)
then the above equation gives
T1= .. (C11)
|

Because the light level is saturated, condition (C10)
holds, so (C11) is a lower bound for o,/8; . Combining this
with the upper bound for /8, obtained from (11), we
have 0.2 = (6/8;) = 0.2, which gives o,,/m = 0.2 = ¢/
81, thereby providing experimental verification for (20).
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