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Generalized Excess Noise Factor for Avalanche 
Photodiodes of Arbitrary Structure 

Abstract-The output current of a n  avalanche photodiode (APD) 
fluctuates in the absence of light a s  well a s  in its presence. The noise 
in this current arises from three sources: randomness in the number 
and in the positions at  which dark  carrier pairs a r e  generated, ran- 
domness in the photon arrival number, and randomness in the carrier 
multiplication process. The volume dark  current in many multilayer 
and conventional APD’s, unlike the current arising from injected car- 
riers, results from thermal or tunneling processes that generate elec- 
tron-hole pairs randomly throughout the depletion region of the de- 
vice. This results in a smaller mean multiplication and a larger excess 
noise factor than the usual values associated with carriers injected a t  
one edge of the depletion region. Photogenerated carriers produced by 
light incident on the depletion region a re  also subject to this modified 
multiplication. We consider a generic model for a multilayer avalanche 
photodiode that admits arbitrary variation (with position) of the band- 
gap, dark  generation rate, and ionization coefficients within each stage 
of the device. Expressions for the mean multiplication and excess noise 
factors for dark  carriers alone, injected carriers alone, and for a n  a r -  
bitrary superposition of dark  and  injected carriers a r e  derived for this 
general model. Special cases of our results reduce to well known 
expressions for the conventional APD, the separate absorptiodgrad- 
ing/multiplication APD, the multiquantum-well APD, and the staircase 
APD. 

I. INTRODUCTION 
HE output current of an avalanche photodiode (APD) T fluctuates in the absence of light as well as in its pres- 

ence. The noise in this current arises from three sources: 
randomness in the number and in the positions at which 
dark carrier pairs are generated, randomness in the photon 
arrival number, and randomness in the carrier multipli- 
cation process. General results are available for the vari- 
ance of the photodetector output current in terms of the 
photon-number variance-to-mean ratio for the light and 
the excess noise factor for the detector in the absence of 
dark events [l]. The output-current variance has been 
shown to be directly proportional to the detector excess 
noise factor when the number of photons at the input to 
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the detector is Poisson distributed. Explicit expressions 
for the excess noise factor are available for both double- 
carrier-multiplication conventional APD’s (CAPD’s) [2], 
[3] and double-carrier-multiplication multilayer (superlat- 
tice) APD’s [l] .  The results for the special case of a sin- 
gle-carrier multilayer APD agree with those reported by 
Capasso et al. [4] for the graded-gap staircase APD. The 
excess noise factor is a useful quantity because it com- 
pactly represents the statistical properties of the gain fluc- 
tuations that introduce multiplicative noise. 

In many applications involving the detection of light, 
the absorption of photons is localized in a certain region 
of the device external to the multiplication region so that 
all of the photocarriers enter this region at its edge and 
thereby have an opportunity to experience the same mul- 
tiplication. However, in the presence of dark current, this 
is generally not the case. The electron-hole pairs consti- 
tuting the bulk dark current are generated throughout the 
bulk of the material so that most of them will be partially 
multiplied rather than fully multiplied, as has long been 
known [5]. Because of the randomness in the locations of 
these generations, the mean multiplication is smaller, and 
the excess noise factor larger, than the usual values as- 
sociated with injected carriers [6]-[8]. Photogenerated 
carriers resulting from light that happens to be absorbed 
in the depletion region of the device also undergo partial 
multiplication. 

Dark noise in APD’s usually comprises both a non- 
multiplied part (usually ascribed to surface leakage) and 
a multiplied part (the bulk dark current) [5], [9]. The non- 
multiplied part, which in some devices far exceeds the 
multiplied part [ 5 ] ,  is taken to arise from Poisson events 
and is therefore taken to result in shot noise in the circuit 
of the device. Most experimental studies of APD dark 
current have focused on the behavior of its mean value as 
a function of reverse-bias voltage or temperature [ 101 (and 
see, for example, [ I l l  and [12]). However, the entire 
APD dark-current electron counting distribution has been 
measured in a few studies (see, for example, [ 131-[ 151). 
Of course, the latter results contain more information than 
just the mean value alone. 

In this paper, we consider a generic multilayer ava- 
lanche photodiode model in which carrier transport takes 
place perpendicularly to the plane of the layers. Our struc- 
ture admits arbitrary variations (with position) of the 
bandgap, dark generation rate, and ionization coefficients 

0018-9383/90/0300-0599$01 .OO O 1990 IEEE 



600 IEEE TRANSACTIONS ON ELECTRON DEVICES. VOL. 37. NO. 3. MARCH 1990 

within each stage of the device. For a large number of 
substages, this variation may assume a continuous form. 
We have chosen this structure because of its generality. 
Special cases include the uniformly multiplying conven- 
tional APD 121, [3], [ 5 ] ,  [9], 1161; the separate absorp- 
tion/grading/multiplication (SAGM) APD [lo], [ 171; the 
multiquantum-well APD (MQW APD) [18]-[21]; and the 
staircase APD [4], 1191, [22]-[24]. General expressions 
are derived for the mean multiplication and excess noise 
factors for dark-generated carriers alone, injected carriers 
alone, and for an arbitrary superposition of dark and in- 
jected carriers. The case of continuous carrier multipli- 
cation emerges as a special case of our results. Although 
the dark noise for multilayer APD’s with two substages 
per stage was recently examined [25], the position-depen- 
dence of the carrier-pair generation within each stage was 
not accounted for. 

The treatment presented here is based on a single-car- 
rier initiated double-carrier multiplication process 
(SCIDCM) , where it is specifically assumed that electrons 
initiate the avalanche process. Results for hole-initiated 
multiplication are obtained by simply interchanging the 
electron and hole ionization coefficients CY and p. It is 
straightforward to convert the formulas into a form suit- 
able for double-carrier initiated double-carrier multipli- 
cation (DCIDCM). The formalism follows the assump- 
tion that the ability of a carrier to ionize is independent 
of the carrier’s history. 

11. MODEL 
The generalized multilayer structure examined in this 

paper is illustrated in Fig. 1 .  The depletion region of width 
w is represented by a spatial replication of an arbitrary 
number m of identical stages (three are shown in the fig- 
ure). Each stage has total width L and consists of an ar- 
bitrary number N of substages (again, three are shown). 
Each substage is characterized by its width 1 ,  by constants 
CY and representing the electron- and hole-ionization 
coefficients, respectively, and by the rate at which dark 
carriers are generated g .  These parameters vary from sub- 
stage to substage, and their subscript designates their se- 
quential position within each stage. The onset of a hy- 
pothetical avalanche process, arising from an initial dark- 
generated electron-hole pair generated at position x in the 
device, is shown by the solid and filled circles in Fig. 1 
(these represent electrons and holes, respectively). 

If the multiplication is continuous (but not necessarily 
uniform), a, 6, and I are finite. For devices such as the 
ideal multiquantum-well and staircase APD’s, however, 
certain limits for a, p, and 1 are appropriate. In those 
cases, a carrier-multiplication variance-to-mean ratio or 
Fano factor (constant within each substage) must be in- 
cluded. If I -+ 0, for example, the Fano factor represents 
the reduction of noise for instantaneous Bernoulli multi- 
plication. In the limit of an infinite number of stages, each 
of infinitesimal width, the results for the conventional 
APD are recovered from the model. These same results 
can, of course, also be obtained by modeling the entire 
depletion region as a single stage that itself consists of 

stage 0 stage I stage 2 

Fig. 1. Generalized multilayer structure used for the calculations pre- 
sented in this paper. The depletion region is represented by a spatial 
replication of an arbitrary number m of identical stages ( m  = 3 is shown). 
Each stage has total width L and consists of an arbitrary number N of 
substages ( N  = 3 is shown). Each substage is characterized by its width 
1, by constants a and 0 representing the electron- and hole-ionization 
coefficients, respectively, and by the rate at which dark carriers are gen- 
erated g. These parameters vary from substage to substage, and their 
subscript designates their sequential position within each stage. The on- 
set of a hypothetical avalanche process, arising from an initial dark elec- 
tron-hole pair generated at position x in the device, is shown by the solid 
and filled circles representing electrons and holes, respectively. 

111. THEORY 
A.  Calculation of the Mean Multiplication 

The multiplication or gain noise (we use these terms 
interchangeably) of a conventional uniformly multiplying 
APD was first calculated by McIntyre in 1966 [2]. Our 
calculations make use of his general approach; however, 
we relax the restriction that the multiplication assume a 
Bernoulli form with infinitesimally small success prob- 
ability in the limit of an infinitessimal distance. 

Let M ( x )  be the average number of electron-hole pairs 
resulting from an initial pair generated at position x in the 
depletion region (see Fig. 1 ) .  M ( x )  represents the sum of 
all carrier pairs subsequently created: by electrons (solid 
circles) drifting to the left down the slope of potential en- 
ergy and by holes (open circles) drifting to the right up 
the slope, in addition to the original pair. Thus M ( x )  is 
given by 

M ( x )  = 1 + CY(x ’ )  M ( x ’ )  dr’ S, 
( 1 )  

provided that the ionization history of the carrier is ig- 
nored 121. Differentiation provides 

which can be solved for the nth stage (for which nL I x 
I ( n  + 1 ) L )  and then extended to the entire depletion 
region. 

For each substage i of any given stage, we can define 
the distance between the beginning of that stage and the 
end of the ith substage 

I 

L ~ =  C l i ,  i =  1 ,  a . .  , N  only a single substage. ; = I  ” 
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with Lo = 0. Within the ith substage of the nth stage ( n L  
+ Li - 5 x I nL + Li ) , the solution of (2) becomes 

where the al and pi are constant within any substage. For 
x = ( n  + 1 ) L we immediately deduce 

and therefore, equivalently 

( 4 4  
We now proceed to several definitions that will permit 

us to compactly express our results for identical stages. 
Let 

If P and Q are less than unity, they represent the electron 
and hole ionization probabilities per stage, respectively 
[23]. Although we have assumed that all stages are iden- 
tical, our analysis can be extended in a straightforward 
manner by permitting P and Q to be indexed by the stage 
number, thereby allowing them to differ from stage to 
stage. Alternatively, the entire depletion region can be 
considered in terms of a single stage, allowing for the 
most general structure. 

Furthermore, we define the ionization-rates ratio k as k 
= Q / P .  Depending on the limit in which our results are 
evaluated, k reduces to either the conventional APD ion- 
ization-rate ratio k, or the multilayer ionization rate ratio 
k ,  [ 1 1 .  Equation (4a) can now be reexpressed as 

l + Q  1 + k P ,  - - - _ _ _ _  - - - R (4b) 

where R is a parameter that depends only on the funda- 
mental quantities (Y and 0 and on the geometry of the de- 
pletion region. Converting (4b) to a recursion equation, 
with M (  mL) = M (  w )  = ( Me ) , gives rise to 

M ( 4  
M ( ( n  + 1 ) ~ )  1 + P  1 + P  

M ( n L )  = M ( w )  R"-" ( 5 )  
where w is the width of the depletion region. This result 
is similar to that derived by others [26]. 

For photocaniers injected at w, the multiplication M( w) 
is precisely the standard mean multiplication of the device 
( Me ) which can, of course, be calculated from (1): 

m - l  N n L + L ,  

= 1 + C c s ( Y , M ( X ) d r .  
n = O  i = l  n L + L , - I  

Using (3), we obtain 
m - I  N ... . 

Hi ( 6 )  ( M e )  = 1 + c M ( n L )  c ~ 

ai 
n = O  i = ~  pi - (Y; 

where [ H i  3 represents a family of constants defined as 

T i - 1  1 
Hi = exp c (a; - 6;)b I j =  I 

* { 1 - ~ X P  [(ai - P ~ ) I , I } .  (7)  

Like R,  the parameter Hi depends only on CY and /3 (and 
thereby on the external reverse bias) and on the structure 
of the depletion region. They will be used extensively in 
the upcoming formulas. 

Using ( 5 )  and (7) in (6), we obtain 

so that 

Equation (8) represents the mean multiplication for in- 
jected electrons in the general multilayer structure pre- 
sented in Fig. 1 .  

The dark generated carriers multiply differently be- 
cause of their random spatial origin in the depletion re- 
gion. The mean dark multiplication is defined as 

loW g ( x >  M ( x )  dr 

m C gili  
i =  I 

Using (3) and (3, (9) becomes 
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which can be more 
( M e ) ,  using (5) and 

compactly expressed in terms of 
(71, as 

Equations (4b), (7), f8), and (10) provide a full charac- 
terization of the mean multiplication of the generic mul- 
tilayer device both for injected carriers and for carrier 
pairs generated throughout the depletion region. 

The behavior of the mean dark multiplication is quite 
different in the two cases, as is illustrated in Fig. 2. Plots 
of ( Md ) versus ( Me ) for a conventional APD and for a 
five-stage MQW APD are presented in Fig. 2(a) and (b), 
respectively. The curves fall below the diagonal, indicat- 
ing that the mean multiplication is reduced when the car- 
riers are uniformly generated in the depletion region. This 
is, of course, expected inasmuch as the average carrier 
traverses only a limited portion of the depletion region 
and therefore undergoes only partial multiplication. Only 
for the conventional APD with k,  = 1 does ( Md ) = 
( M,  ) . In this case, the electron and hole ionization coef- 
ficients are equal so that an initial carrier pair will expe- 
rience the same multiplication wherever it is generated. 
Comparing Fig. 2(a) and (b) shows that, for a given value 
of k ,  the mean dark multiplication is higher in the MQW 
APD than it is in the conventional APD. This is because 
electrons generated at an arbitrary position within a given 
stage experience full multiplication at the edge of that 
stage for the MQW APD but only partial multiplication 
(depending on the precise position of generation) for the 
conventional APD. 

In the general case, both dark-generated and injected 
carriers exist. These give rise to the currents I d  and I,, 
respectively. We therefore define a pre-multiplication 
mixed injection current 1, = I ,  + Id, which leads to a 
total multiplied current I = I ,  ( M ,  ) = 1, ( M e  ) + Id 
( Md ) , where ( M,,, ) is the mean mixed multiplication. 
We also define the ratio of mean dark-generated to mean 
injected primary currents as r = Z d / Z e .  

B. Calculation of the Current 

The current consists of two components: the electron 
current I, ,  which increases monotonically going “down- 
hill” in the depletion region, and the hole current Ip, 
which increases monotonically going “uphill” in the de- 
pletion region (see Fig. l) .  Because electrons and holes 
are created in pairs, an increase in the electron number is 
always accompanied by an increase in the hole number. 

If we provide, in analogy with ( l ) ,  that the increase in 
the hole current in an infinitesimal length dx at point x is 
the sum of the multiplied electron current and the multi- 
plied hole current in that region plus the current associ- 
ated with dark generation [2], we obtain 

dZ, = (aZn + PIp + g )  h. (11) 
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Fig. 2. (a) Mean dark multiplication ( Md ) versus mean multiplication 
( M ,  ) for various values of the parameter k ,  in a conventional APD 
(CAPD); (b) mean dark multiplication ( Md ) versus mean multiplication 
( M, ) for various values of the parameter k ,  in a five-stage MQW APD. 

Furthermore, at any point x in the depletion region, the 
total current is constant and independent of x :  

I&) + I p ( x )  = I 

or equivalently 

dIn = -dip. 

Using this in (1 1) leads to 

which can be solved within a particular stage (nL 5 x 5 
( n  + 1 )  L )  and for the different substages within this 
stage. 

For substage 1 in stage n ( n L  I x I nL + L , )  , we 
obtain 
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Similarly in substage 2 of the nth stage (nL + L, I x I 
nL + L 2 )  

In(nL) ~ X P  [ ( P I  - Q, )  E , ]  

P21 + g2 
P 2  - a2 

+-. 

In general, for substage i in the nth stage, the general 
expression for the current is 

Letting i = N and x = (n + 1 ) L ,  we deduce that 

In((.  + 1 ) ~ )  

1 

Rewriting this equation in terms of R and H, - 
* , N )  , we obtain 

- 11 

1 1 .  

( i  = 1, 

N 

I,,((. + l ) L )  = I,,(nL)R - R 
~ -I- gi Hi. ( 1 4 )  

i = l  0; - (Y; 

This equation can now be solved recursively by specify- 
ing the current at the edge of the depletion region. Under 

conditions of electron injection only, I,, ( w )  = I,, (mL) = 
I,. This results in 

(15) 
Equations (13) and (15) characterize the total electron 
current in the depletion region. The total current I is sim- 
PlY 

I =  I e ( M e )  + I d ( M d ) *  

Alternatively, I can be obtained by solving (15 )  at x = 0, 
where I,, (0)  = I; this calculation will not be carried out 
here. 

C. Spectral Noise Density and Excess Noise Factor 
The multiplication noise in APD's is characterized by 

the excess noise factor. For an arbitrary random variable 
M ,  this quantity is defined as the ratio of the second mo- 
ment to the square of the first moment, i.e. 

( M 2 )  

( W 2 '  
F = -  

Using the relationship between the excess noise factor and 
the current spectral density obtained by Teich et al. [ l ,  
eq. (~OC)], we find 

s m  = 2e(Irn) < ~ r n ) * [ ~ a  + (Fm - 111. (16) 

Here, (I,) is the mean total current before multiplica- 
tion, I;, is the photon Fano factor (ratio of variance to 
mean) for the incident light, and F, is the excess noise 
factor associated with the mixed multiplication process 

In the absence of dark current ( r  = 0) , S, and F,,, reduce 
to the results for pure electron injection (Se and F,. re- 
spectively ), whereas in the absence of injected current ( r 
= 03 ) , they reduce to the results for pure dark generation 
(S, and Fdr respectively ). 

We assume henceforth that the statistical properties of 
the carrier-pair generation process is Poisson, in which 
case I ; ,  = 1,  and (16) reduces to 

S, = 2e(1 , )  ( M , ) ~ F , .  (18) 

We now proceed to calculate the spectral noise density 
in the general case in which there is a mixture of injected 
and dark-generated carriers. The expressions for Se and Sd 
then obtain as special cases. The spectral noise compo- 
nent arising from the region between x and x + dx is 

dS, = 2eM2(x)  var (dIp(x)) 

= 2eM2(x)  dIp(x) F ( x )  (19) 
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where F ( x )  is the Fano factor associated with the multi- 
plication M ( x )  at position X .  Using ( 1  1 )  we obtain 

dsrn = 2 e ~ ~ ( x )  [ ( a  - P )  z,(x) + ( PZ + g ) ]  I;&. 

(20) 
Integrating this expression over the entire depletion re- 
gion leads to 

s m  = 2e S, ~ 2 ( x )  [ ( a  - P )  Zn(x)  + ( P I  + g > ]  E & 

m - l  N p n L + L i  

+ ( P i ]  + si)] Fi h. (21) 

After substantial algebra, using (3), (4b), (7), and (13)  
in (21), we finally obtain 

- i = n + l  5 H i ] ] .  

This is the principal result of this paper. It represents the 
noise spectral density for a generic multilayer APD in the 
presence of both injected and dark-generated carriers. 

In the absence of dark current ( gi = 0 ,  i = 1, * , 
N ) and for continuous (Bernoulli with infinitesimally 
small success probability P )  multiplication ( p i  = 1 ,  i = 
1 ,  * * * , N )  , (22a) reduces to 

R ( l  - R") 
1 - R  

3 = (Me)'Ze(2 - R") + 
2e 

N P n  Hn R ( l  + R") 
( M e ) 3 Z e  c ~ [ l  - 

n = ~  0, - CY,, l + R  

success probability P) multiplication, (22a) becomes 

( 22c ) 

In those cases in which a, p, and g are continuous and 
differentiable functions of position in the depletion re- 
gion, which are denoted a ( ~ ) ,  p ( ~ ) ,  and g ( ~ ) ,  respec- 
tively, the number of substages per stage N -+ 03 and the 
Fano factor E becomes unity, whereupon the spectral 
noise density in (22a) assumes a simpler form. For the 
substage i containing the point x (0  5 x I L )  , the pa- 
rameters Hi defined in (7) take the form H ( x )  & in the 
limiting case where li = &, i.e. 

= H ( x )  dx. ( 2 3 )  

Similarly, replacing the sum by an integral in (4a) pro- 
vides 

R = exp [ r [ P ( x ' )  0 - a ( x ' ) ]  dx' (24) 1 
whereupon (22a) becomes 

in the continuous limit. This result is a version of the 
expression obtained by McIntyre that incorporates both 
injected and dark-generated carriers [2]. 

We now proceed to evaluate this quantity for a number 
of multilaver and conventional structures of interest. 

. Hi - Hi 
i =  I i = n + l  I1 

which is a generalization of the McIntyre formula [2] ap- 
plicable for an arbitrary depletion region structure. On the 
other hand, in the presence of dark current alone ( I ,  = 0 )  
and for continuous (Bernoulli with infinitesimally small ~ 
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IV. APPLICATION TO SPECIFIC AVALANCHE 
PHOTODIODES 

The noise spectral density S,, arising from dark-gener- 
ated events, from (22c), is 

A. Conventional Avalanche Photodiode (CAPD) 
The generic model illustrated in Fig. 1 becomes the 

conventional APD (CAFD), with parameters a ,  6, and g, 
if there is only one substage per stage ( N  = 1) .  These 
results are obtained by taking the number of stages m + 

00 with the ionization probabilities P -+ 0, Q -+ 0 [I] ,  
[19], [23], 1271. In this limit, P and Q become 

P = [exp ( a ~ )  - 13 = a~ 

Q = [exp (PL) - 1 3  = PL. 

The ionization-coefficient ratio k therefore becomes 

2 P I  + g Hl R ( l  - R") 
P - a  I - R  & =  2 e ( M e )  ___ 

Using (10) and (27), we obtain 

Sd = 2 e b ( M , )  ( M d ) ( 1  + k , . a w ( M , ) ) ,  (28) 

the last term of which is precisely that arising from hole 
injection multiplication M (  0)  of the conventional APD 
[2], which we denote by ( Mh ) . This corresponds to the 
generation of photocarriers at the point x = 0 in the de- 
pletion region so that only holes initiate the avalanche 
process. This result is equivalent to that obtained by con- 
sidering the conventional APD to be a structure with an 
infinite number of stages ( m  -+ 00 ) and with a single sub- 
stage ( N  = 1 ) , i.e., the continuous limit (22d). 

The expression for the conventional APD dark excess 
noise factor is therefore 

( M e )  ( M h )  

( M i )  
F d  = 

(1  + a W ( M d ) ) ( 1  + k c a w ( M d ) )  
. (29) - - 

(Md)  
which is in agreement with [6]-[8]. The dark excess noise 
factor Fd versus the mean dark multiplication ( Md ) , with 
k,  as a parameter, is presented in Fig. 3(a). A similar ap- 
proach using (22b) for electron injection provides the 
noise spectral density S,, and the well known excess noise 
factor F , ,  which is shown in Fig. 3(b) . 

For any given value of k, except unity, the dark excess 
noise factor Fd increases more rapidly with the mean dark 
multiplication than does the excess noise factor Fe with 
the mean electron multiplication. This arises from the ad- 
ditional randomness in the generation positions of the 
dark-generated carriers. More generally, the case of mixed 
injection is shown in Fig. 3(c) for various values of dark- 
to-injected current ratio r when k,  = l op3 .  When r = 0 
and r = 03, we recover the pure injection and pure dark- 
generated results, respectively. For intermediate values of 
r,  the excess noise factor lies between these two limiting 
values. The same results can be obtained by appealing 
directly to the continuous-limit result (22d). 

and 

E, = 1. 

The mean multiPlication ( Me ) is obtained by using 
these results in (8) and (IO) with Id = gw 

k, 1 
1 - k, - - 1 

1 -~ 
1 - k, 

( M e )  = 1 - Rm , - ~ Y W ( l - k c )  - k,' 

(25 

in accordance with [ l ,  eq. (18)]. For k,. = 1 ,  ( M , )  = 
1 /( 1 - aw) . Similarly, ( M,/ ) is obtained by substitu- 
tion in (10): 

R ( 1  - R") g 
( M d )  = ( M e )  HI 

I d ( l  - R )  a - P 

or 
= ( M e )  (1 - R")/cYw( 1 - k,) B. Multiquantum- Well Avalanche Photodiode (MQ W 

APD) 

1 1 - e - a w ( l - k )  The MQW APD has been discussed by a number of 
authors [18] - [21] .  Its band diagram is represented in Fig. 
4 in terms of the generic multilayer band structure shown 

k, f 1. (26) 
k,' 

( M d )  = ( Y W e - a w ( i - k C )  - 

A comparison between (25)  and (26) permits us to obtain 
the mean dark multiplication in terms of the mean injected 
multiplication for the conventional APD, i.e. 

in Fig. 1. Only three stages ( m  = 3 ,  are shown for sim- 
plicity. Each stage ) . 
The idealized MWQ APD band structure emerges in the 
limits I I  -+ 0,  al + 00, El = 1 - P ;  l2 = L / 2 ,  a2 = 0 ,  

= p 3  = p. Because l1 + 0, dark counts and hole ioniza- 

three substages ( N  = 

(27) gz = 0 ,  E 2  = 1 ;  13 = L/2, a3 = 0,  g3 = g,  E 3  = 1; 6 2  1 
('d) = ( ( M e )  - 1). 
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Fig. 3. (a) Variation of the dark excess noise factor Fd versus the mean 

dark multiplication ( Md ) for a conventional APD with k,  as a param- 
eter; (b) variation of the excess noise factor F, versus mean multiplica- 
tion ( M e )  for the same structure shown in (a). The randomness in the 
positions of the dark camer-pair generations in (a) results in greater noise 
than in the injected carrier case. (c) Variation of the mixed excess noise 
factor F,. versus mean mixed multiplication ( M ,  ) for the same structure 
shown in (a). The parameter r represents the ratio of (unmultiplied) dark 
to injected currents. The results are intermediate between those shown 
in (a) and (b). 

tions do not arise in this region; thus, the dark generation 
rate g l  and hole generation rate PI  may take on arbitrary 
finite values. 

- - VPj D[2=a3=o 1 2 4  L/2 9 2 =  I 

__  - p = o  13 = L / 2  9 , .  1 

B 2 =  P3= B 

Fig. 4. Band diagram of a MQW APD represented in terms of the generic 
multilayer band structure shown in Fig. 1. Only three stages (rn = 3 ) ,  
each consisting of three substages (N = 3 ) ,  are shown for simplicity. 
This particular sequence of substages, which would not be used in prac- 
tice because of the presence of an initial barrier, was chosen to be com- 
patible with our earlier results [l]. The idealized MQW APD band struc- 
ture emerges in the limits indicated in the figure. 

The principal contribution to the dark current is as- 
sumed to arise in the third substage, where the bandgap 
is smallest. 

Under these conditions, (7) gives rise to the following 
values for H :  

H I  = 1 - exp [(a1 - P1)ZI] -P 1 - exp ( a l l , )  = -P 

1 
( 1  + k , P ) I l 2  

and 

1 
( 1  + ksP)1'2  

H3 = 
( 1  + k , P ) l I 2  

Substituting these results into (8), and making use of (4b), 
provides 

1 
( M e )  = R ( l  - R") 

1 - P  
1 - R  

( 1  + P)"( l  - k,) 

( 1  + k , P ) " + '  - k , ( l  + p)"+' 
(30) - - 

which is identical to [ 1 ,  eq. (27)], as expected. 

leads to 
Similarly, using (10) for the dark-current multiplication 
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The relationship between 0 and Q 

PL = In (1 + k , P ) ,  

which reduces in the case of small k, to 

PL = k,P 

may be used. 
The appropriate parameters for a ten-stage MQW APD 

can be inserted in (22a). The behavior of the dark excess 
noise factor Fd versus the mean dark multiplication ( Md ) 
for a ten-stage MQW APD is illustrated in Fig. 5(a) with 
k, as a parameter. The dark events were assumed to be 
generated only in the regions of low bandgap. The case 
of uniform generation throughout the depletion layer was 
also calculated; the results are indistinguishable from 
those shown in Fig. 5(a) within the graphical accuracy of 
the plot. The results in Fig. 5(a) are to be compared with 
those for the excess noise factor F, versus mean multipli- 
cation (M,)  , which is shown in Fig. 5(b). More gener- 
ally, the case for mixed injection is shown in Fig. 5(c) 
for various values of dark-to-injected current ratio r ,  when 
k ,  = lo-'. When r = 0 and r = 00,  we recover the pure 
injection and pure dark-generated results, respectively. 
For intermediate values of r,  the excess noise factor lies 
between these two limiting values. The same effect was 
seen with the conventional APD illustrated in Fig. 3(c). 
This result arises, of course, because of the added ran- 
domness associated with the dark carrier-pair generation 
process. 

C. Staircase Avalanche Photodiode 
The potential benefits of a staircase structure have been 

considered by a number of authors [4], [19], [22]-[24], 
although the growth of a structure involving graded gaps 
presents a substantial challenge. The dark noise associ- 
ated with the staircase APD requires separate treatment 
because the bandgap varies with position within each stage 
of the device as does the dark generation rate g ( x )  . 

The band diagram for the staircase APD is represented 
in Fig. 6(a) in terms of the generic multilayer band struc- 
ture shown in Fig. 1. Only three stages (m = 3 )  are shown 
for simplicity. Each stage comprises two substages ( N  = 
2 ) .  The idealized staircase band structure emerges in the 
limits I ,  -, 0, a I  + 00,  with all = P ,  E ,  = 1 - P;  I 2  = 
L,  a ( x )  = 0; PI  = P ( x )  = P ,  _ F ( x )  = 1 and is repre- 
sented in Fig. 6(b). Electron-initiated multiplication is 
therefore assumed to occur only at the risers of the stair- 
case, whereas hole-initiated multiplication is taken to have 
a constant ionization coefficient P (x) = throughout the 
depletion region. In the graded-bandgap region, as- 
sumes the value 1, whereas at the edge, it becomes ( 1 - 
P ) to account for Bernoulli multiplication with finite suc- 
cess probability P. 

The dark current is assumed to be generated throughout 
the graded region where the bandgap varies. The dark car- 
rier pairs may be generated by two mechanisms: by the 
tunneling of electrons from the valence band into the con- 
duction band or by the thermal excitation of electrons into 
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Fig. 5 .  (a) Variation of the dark excess noise factor F,, versus the mean 
dark multiplication ( M,, ) for a IO-stage MQW APD with k ,  as a param- 
eter. The values for 1. a ,  p ,  and g are as shown in Fig. 4; (b) variation 
of the excess noise factor F,, versus mean inultiplication ( M,, ) for the 
same structure shown in (a).  The randomness in  the positions of the dark 
carrier-pair generations in (a) results in a greater noise than in the in-  
jected carrier case. (c) Variation of the mixed excess noise factor F,,, 
versus mean mixed multiplication ( M,,, ) for the same structure shown 
in (a). The parameter r represents the ratio of (unmultiplied) dark to 
injected currents. The results are intermediate between those shown in 
(a) and (b). 
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I -P 

= I  

r 

gap 6E as (see Fig. 6(b)) 

Assuming an ideal staircase APD in which the bandgap 
varies linearly with position within each stage, as is illus- 
trated in Fig. 6(b), we rewrite (33) as 

= go exp [ - G ( x  - n L ) ]  ( 3 4 )  

where go is the dark-generation rate at the maximum 
bandgap g ( 6Ema,) and 

G = (&Em,, - 6Emax)/LKT 

m - l  
Fig. 6. (a) Band diagram of a staircase APD represented in terms of the I d =  c 

generic multilayer band structure shown in Fig. 1. Only three stages ( m  
= 3)  are shown for simplicity. Each stage consists of two substages (N 
= 2 ) .  The idealized staircase band structure emerges in the limits in- 
dicated. (b) A single stage of the staircase structure is shown when the 

n = O  

Using (34) 9 we Obtain 

The dark current is then 

p ( n + l ) L  

width of substage 1 has been reduced to 0. g ( x )  is taken to represent the 
thermal dark generation rate in the continuous region. The maximum 
bandgap 6E,,, and the minimum bandgap 6E,,, used to calculate the 
multiplication noise in the device are indicated. 

Id = mgoG 1 - exp ( - G L )  

At the step, the constant Hi becomes 

(35)  

H~ = lim [ I  - exp (all l)]  = -P  
the conduction band. The dependence of the dark-gener- 
ation rate on the bandgap differs in the two cases. 

As a particular example, we consider the operation of 
a staircase structure that is assumed to be dominated by 

dependence of g on the bandgap energy 6E is described 

whereas elsewhere, they are given by 

thermally generated dark carrier pairs. In this case, the 

by [281 

H ( x )  du = exP ( a l z ~ )  exp 

[ 1 - exp ( P I  - Q I  1 lI] 

g ( T )  = g(T  = CO) exp ( - 6 E / K T )  (32) 

where K is Boltzmann's constant, and Tis the temperature 
of the device. For a fixed temperature T, the thermal dark- 
generation rate can be written in terms of the local band- 

= ( 1  + P ) P e x p ( - P x ) d u .  (36) 

Using (lo), the mean dark multiplication ( & ) becomes 

R ( l  -I?'") ( 1  + P ) g o  
{ 1 - exp [ - ( P  + g P 1 )  

1 - R  ( P + G )  
= ( M a )  (37)  . I .  

rngoG[ 1 - exp ( - G L ) ]  
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so that 

r r 

- H ( x )  dx 1” L-P(I - P )  
R - 1  

1 + j L  H ( x ’ ) d x ’  
O +  

- -P(1 - P) 
l + R  

+ j‘ H ( x ‘ ) d x ‘  
O+ 

- H ( x ’ )  dx’]]. 

Replacing g ( x )  and H ( x )  by the expressions given in (34) 
and (36), respectively, leads to a formula for the mixed 
noise spectral density for the staircase APD. Although we 
have not plotted the excess noise factors for the staircase 
device, they are expected to closely resemble those for 
the MQW APD. This is because the plots for the excess 
noise factor of a ten-stage MQW APD with uniform dark 
carrier generation throughout the depletion region are in- 
distinguishable (within the accuracy of the plot) from 
those presented in Fig. 5 .  

V . CONCLUSION 

We have considered a generic multilayer avalanche 
photodiode model that admits arbitrary variation (with po- 
sition) of the bandgap, dark generation rate, and ioniza- 
tion coefficients within each stage of the device. Expres- 
sions for the mean multiplication and excess noise factors 
for dark carriers alone, injected carriers alone, and for an 
arbitrary mixture of dark and injected carriers were ob- 
tained. Carriers that are photogenerated throughout the 
depletion region behave like dark-generated carriers. Our 
expressions reduce to the well known results for the con- 
ventional APD, the multiquantum-well APD, the stair- 
case APD, and the separate absorption/grading/multipli- 
cation APD. In all cases, the excess noise factor for a 
multilayer APD lies below that for a conventional APD. 

The treatment presented here is based on a single-car- 
rier initiated double-carrier multiplication process 
(SCIDCM) , where it is specifically assumed that electrons 
initiate the avalanche process. Results for hole-initiated 
multiplication are obtained by simply interchanging the 
electron and hole ionization coefficients a and 0. Expres- 
sions for double-carrier initiated double-carrier multipli- 
cation (DCIDCM) are readily obtained from the formulas 
derived here by solving (14) subject to the condition I ,  (w ) 

Our formalism follows the usual assumption that the 
ability of a carrier to ionize other carriers is independent 
of the carrier’s history. It will be useful to modify this 
assumption so that the carrier ionization coefficients cy ( x )  
and p (x )  become cy ( x ,  x ’ ) and /3 ( x ,  x ’ ) , respectively, 
to reflect the ionization probabilities of a carrier at the 
point x when it was generated at the point x ’. The simplest 
model to account for this type of behavior introduces a 
“dead space,” which prohibits the carrier from multiply- 
ing within a certain distance of its birthplace, thereby re- 
flecting the physical requirement that it gain sufficient en- 
ergy to do so. We have recently obtained a number of 
results that incorporate the effects of dead space [29]. 
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