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Rate fluctuations and fractional power-law noise recorded from cells
in the lower auditory pathway of the cat
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The noise properties of the sequence of action potentials recorded from adult-cat auditory nerve fibers and lateral superior olivary
units have been investigated under various stimulus conditions. Large fluctuations exhibited by the spike rate, and spike clusters
evident in the pulse-number distribution, -both indicate an unusual underlying sequence of neural events. We present results
demonstrating that (i) the firing rate calculated with different averaging times can exhibit self-similar behavior; (ii) the pulse-number
distribution remains irregular even for large numbers of samples; (iii) the spike-number variance-to-mean ratio increases with the
counting time T in fractional power-law fashion for sufficiently large T; and (iv) the exponent in the power law generally depends on
the stimulus level. The results obtained in our laboratories support the notion that all auditory-nerve and LSO units exhibit fractal
neural firing patterns, as indicated earlier by Teich (IEEE Trans. Biomed. Eng. 36, 150-160, 1989).

Rate function; Pulse-number distribution; Fractal neural events; Auditory nerve; Lateral superior olive

Introduction

Experimental and theoretical evidence that the
auditory neural spike train has a fractal character
has recently been set forth by Teich (1988, 1989).
Stationary fractal patterns can arise in the context
of random systems or in systems exhibiting de-
terministic chaos. Fractal patterns exhibit order
within apparent randomness, and reveal the pres-
ence of multiple scales of time and /or space.

In this paper we report further measurements
relating to the noise properties of the sequence of
action potentials recorded from barbiturate-
anesthetized adult-cat primary auditory nerve
fibers and lateral superior olivary (LSO) units.
Standard extracellular microelectrode recording
techniques were used (Kiang, Watanabe, Thomas,
and Clark, 1965; Teich and Khanna, 1985;
Tsuchitani and Johnson, 1985). The large fluctua-
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tions exhibited by the spike rate (Kumar and
Johnson, 1984; Johnson and Kumar, 1985), and
the spike clusters evident in the pulse-number
distributions (Teich and Khanna, 1982, 1983, 1985;
Teich and Turcott, 1988), are both indicative of an
underlying fractal sequence of neural events
(Teich, 1988, 1989).

We present results demonstrating that (i) the
firing rate calculated with different averaging times
can exhibit self-similar behavior; (ii) the pulse-
number distribution remains irregular even for
large numbers of samples; (iii) the spike-number
variance-to-mean ratio increases with the counting
time T in fractional power-law fashion for suffi-
ciently large T; and (iv) the exponent in the power
law generally depends on stimulus level.

The results presented in this paper are repre-
sentative; all of the VIII-nerve and LSO units that
we have studied to date behave in this manner. To
this point, we have investigated 25 high-frequency
units with spontaneous firing rates (for VIII-nerve
units) ranging from 17 to 74 spikes/s. The mea-
surements were carried out at three different
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laboratories: Columbia University, University of
Texas Health Science Center-Rice University, and
MIT-Massachusetts Eye and Ear Infirmary
Eaton-Peabody Laboratory of Auditory Physi-
ology. They confirm that all auditory nerve fibers
and LSO units examined to date show fractal
neural firing patterns for sufficiently large ob-
servation times. A preliminary version of this work
was presented at the 1989 Annual Meeting of the
Association for Research in Otolaryngology
(Teich, Johnson, and Kumar, 1989).

Results

Self-similarity of the firing rate

In Fig. 1(a), we illustrate the spontaneous firing
rate of an auditory nerve fiber (Unit A), which has
a characteristic frequency (CF)=10.2 kHz. Two
different time windows were used to compute the
rate: T=0.5 s (solid curve) and T = 5.0 s (dashed
curve). The total time duration of the solid curve
is 15 s (30 consecutive time windows, each of 0.5
s) whereas the total time duration of the dashed
curve is 150 s (30 consecutive time windows, each
of 5.0 s). Increasing the averaging time by a factor
of 10 slightly reduces the magnitude of the
fluctuations.

The firing rate of a simulated point process is
illustrated in Fig. 1(b). The rate of events and the
time windows were chosen to be the same as those
for the auditory data shown in Fig. 1(a). These
curves were constructed from a computer simu-
lated dead-time-modified Poisson point process
(DTMP) with a fixed nonparalyzable dead time
7, =2.95 ms (Cox, 1962; Miiller, 1974; Johnson
and Swami, 1983; Prucnal and Teich, 1983). The
choice of this particular value of 7; is explained
subsequently. In contrast to the auditory neural
data, the T = 5.0 s computer data (dashed curve)
exhibits substantially smaller fluctuations than
does the T = 0.5 s computer data (solid curve).

The contrast is even more dramatic in the case
of driven activity, as illustrated in Fig. 2(a). Firing
rate data are shown for the same unit as il-
lustrated in Fig. 1(a), but now with continuous-
tone stimulation at the CF. The rate is generally
higher than that in Fig. 1(a) because the unit is
driven. Three different time windows are used to
compute the rate: T = 0.5 s (solid curve), T=5.0's

(dashed curve), and T = 50 s (dotted curve). The
total time duration of the solid curve is 15 s (30
consecutive time windows, each of 0.5 s), the total
time duration of the dashed curve is 150 s (30
consecutive time windows, each of 5.0 s), and the
total time duration of the dotted curve is 550 s (11
consecutive time windows, each of 50 s). To mini-
mize the effects of nonstationarity arising from
adaptation, the first 250 s of driven data were
ignored in the presentation provided in Fig. 2(a).
The fluctuations of the rate do not appear to be
smoothed under a change of time scale as large as
100, so that the process may be said to be self-sim-
ilar (Mandelbrot, 1982; Teich, 1989).

The firing rate of a simulated dead-time-mod-
ified Poisson point process with the same rate, but
now with a dead time 7, = 2.48 ms, is illustrated in
Fig. 2(b) for comparison. The time windows are
the same as those for the auditory data shown in
Fig. 2(a). The substantial smoothing of the rate
fluctuations with increasing counting time is in
dramatic contrast to the self-similar behavior evi-
denced by the auditory data.

The degree to which the firing rate A may be
considered to be self-similar is quantitatively
established by the dependence of its standard de-
viation o, on the time window T. As elucidated in
the Conclusion [see Eq. (3)], this relationship takes
the form of a power law for sufficiently large time
windows; the fractal dimension of the process «
appears in the exponent.

Irregular nature of the pulse-number distribution

Another measure of the underlying neural fir-
ing pattern is the pulse-number distribution
(PND). It is the probability of observing N spikes
in the observation time T, versus the number of
spikes N. The advantages to be gained by using
this measure have been discussed in detail previ-
ously (Teich and Khanna, 1985; Teich and Turcott,
1988; Teich, 1989).

The PND was first used by Teich and Khanna
(1982) as a measure of the sequence of primary
auditory nerve fiber action potentials. The initial
experiments were performed using a short count-
ing time of T = 51.2 ms (Teich and Khanna, 1982,
1983, 1985). Most PND studies carried out in the
auditory nerve since then have used counting times
shorter than 50 ms (Westerman and Smith, 1984;
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Fig. 1. (a) Spontaneous firing rate of an auditory nerve fiber (Unit A, CF=10.2 kHz). Two different time windows are used to
compute the rate: T = 0.5 s (solid curve) and T = 5.0 s (dashed curve). (b) The firing rate of a simulated dead-time-modified Poisson
(DTMP) point process. The T = 5.0 s computer data (dashed curve) exhibits substantially smaller fluctuations than does the T =0.5 s
. computer data (solid curve).
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Fig. 3. PND:s for a high-spontaneous, high-frequency primary fiber (Unit B, CF =12695 Hz, threshold = 41 dB SPL) stimulated by a
pure tone at 61 dB SPL. The PND is the probability P (N,T) of observing N spikes in the observation time T, versus the number of
spikes N. In all panels, each tic mark along the abscissa represents 2 spikes. Experimental values for the PND count mean M, count
variance V, and variance-to-mean ratio F are specified in each of the panels. (a) T = 51.2-ms PND collected with N1 =1000 samples
(L=512 s). (b) T=204.8-ms PND constructed from the identical spike train as used in (a) so that Ny =250 samples. (c)
T = 51.2-ms PND collected with N =10000 samples and therefore L = 512 s (solid curve); simulated-Poisson distribution with the
same mean and same Ny (dotted curve). (d) T =204.8-ms PND constructed from the identical spike train as used in (c) so that
Ny = 2500 samples (solid curve); simulated-Poisson distribution with same mean and same Ny (dotted curve). As a result of the
fractal nature of the spike train, the T = 204.8-ms PNDs remain irregular even when a large number of samples Nt is used. (After M.
C. Teich, IEEE Trans. Biomed. Eng. 36, 150-160, 1989.)

The unusual behavior of the PND for counting
times longer than about 100 ms reveals a great
deal about the character of the underlying neural
spike train. PNDs with strikingly different char-

Westerman, 1985; Relkin and Pelli, 1987). Some
experimenters collected full auditory-nerve PNDs,
but concentrated principally on their mean and
variance (Young and Barta, 1986; Delgutte, 1987).

Fig. 2. (A) Firing rate of an auditory nerve fiber (Unit A, same unit shown in Fig. 1) driven by a continuous tone at the CF. Three

time windows are used to compute the rate: T = 0.5 s (solid curve), T = 5.0 s (dashed curve), and T = 50 s (dotted curve). Increasing

the averaging time by a factor of 100 does not decrease the magnitude of the fluctuations; the continuous-tone-driven process is

self-similar. (B) The firing rate of a simulated dead-time-modified Poisson point process with the same time windows as in (a). The

smoothing of the rate fluctuations with increasing counting time is in dramatic contrast to the self-similar behavior observed in the
auditory data.
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acteristics emerge from a given set of auditory
spike data when the counting time T is increased
above this value (Teich and Khanna, 1983; Teich
and Turcott, 1988; Teich, 1989). An example is
provided in Fig. 3 where several PNDs for a
high-spontaneous, high-frequency primary audi-
tory fiber (Unit B, CF = 12695 Hz, threshold = 41
dB SPL) are shown. The stimulus was a pure tone
at 61 dB SPL (sound pressure level). The T = 51.2-
ms PND collected with N =1000 samples (ex-
perimental duration L =51.2 s) is shown in (a).
The PND in (b) is constructed from the identical
set of spikes, but with T = 204.8-ms and N = 250
samples (L = 51.2 s). They clearly differ in char-
acter.

The solid curve in Fig. 3(c) represents the T =
51.2-ms PND collected with N = 10000 samples
(L =512 s) whereas the dotted curve is a simu-
lated-Poisson distribution with the same mean and

same Nr. Finally, the solid-curve PND in (d) is
constructed from the identical set of spikes as the
solid-curve PND in (¢), but with T = 204.8 ms and
N; = 2500 samples (L = 512 s). The dotted curve
in (d) is a simulated-Poisson distribution with the
same mean and same Ny as the solid curve in (d).
Experimental values for the PND count mean M,
count variance V, and variance-to-mean ratio F
are specified in each of the panels. The dotted
curves have F=1 inasmuch as they are both
simulated Poisson distributions.

The difference between the T = 51.2-ms experi-
mental PND [solid curve in Fig. 3(c)] and the
T = 204.8-ms experimental PND [solid curve in
Fig. 3(d)] is dramatic. The T = 204.8-ms PNDs
remain irregular even when a large number of
samples Ny is used. It is clear that the PND in
Fig. 3(d) is far more jagged than the PND in Fig.
3(a), even though it is constructed from two-and-
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Fig. 4. Fano-time curve for spontaneous firing of a primary auditory fiber (Unit A) in an experiment of duration L = 400 s (dashed

‘curve). Spontaneous rate fluctuations for this unit are displayed in Fig. 1(a). The Fano-time curve assumes a value of unity at short

counting times, dips below unity for counting times >1 ms, and finally increases in pure power-law fashion when the counting time

exceeds about 400 ms. In contrast, the Fano-time curve for a simulated fixed-dead-time-modified Poisson process (solid curve)

remains approximately constant (below unity) for all values of T larger than the dead time. The Fano-time curve for a Poisson
process in the absence of dead time is always precisely unity.



a-half times as many samples. This phenomenon
can be understood in the context of a fractal
auditory neural spike train (Teich, 1989; Teich
and Turcott, 1988).

Power-law growth of the Fano-time curve

The count variance-to-mean ratio is a useful
measure of the PND in compact form. This ratio
is often referred to as the ‘Fano factor’ since it
was first used by Fano (1947) as a measure of the
statistical fluctuations of the ionic number gener-
ated by individual fast charged particles. The Fano
factor is a measure of the distribution as a whole,
and carries different information than the individ-
ual probabilities comprised by the PND.

The Fano factor F(T), as a function of the
counting time T, is shown in Fig. 4 for Unit A.
This is the same auditory nerve fiber shown in
Figs. 1(a) and 2(a). The results for spontaneous
firings (dashed curve) were observed in an experi-
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ment of duration L = 400 s. The Fano-time curve
is seen to assume a value of unity at short count-
ing times, dip below unity for counting times
above about 1 ms (where refractoriness comes into
play), and finally to increase in power-law fashion
(with an exponent of 0.6 for this unit) when the
counting time exceeds about 400 ms. The fractal
nature of the process manifests itself in this reg-
ime (Teich, 1989). All auditory nerve fibers ex-
amined to date exhibit this characteristic shape.
For spontaneous firing, F typically assumes a
minimum value (0.6 <F_,, <09) for counting
times in the tens of ms. The onset of pure power-
law behavior (with exponents in the range between
0.4 and 0.9), occurs at counting times between
about 0.1 and 1.0 s.

The Fano-time curve for a simulated fixed-
dead-time-modified Poisson process is shown for
comparison (solid curve). As expected, it assumes
a value of unity when T < 74, dips below unity
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Fig. 5. Fano-time curve for continuous-tone-driven firing of Unit A in an experiment of duration L =800 s (solid curve). The

Fano-time curve for the spontaneous firing of this unit, which is shown in Fig. 4, is repeated here for purposes of comparison (dashed

curve). Driven rate fluctuations for this unit are displayed in Fig. 2(a). The shapes of the Fano-time curves are similar for the

spontaneous and driven firing; however the power-law exponent increases from 0.6 for the spontaneous firing to 0.8 for the
driven firing.
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when the counting time T approaches 7, =2.95
ms, and remains approximately constant (below
unity) for all values of T larger than 7, (Miiller,
1974; Teich, Saleh, and Pefina, 1984). The
asymptotic theoretical value assumed by the
DTMP Fano factor F, is (Teich, 1985)

Ey=(1-Ar)", (1)

where A represents the post-dead-time firing rate.
Poisson processes modified by stochastic or rela-
tive dead time (Teich, Matin, and Cantor, 1978;
Teich and Diament, 1980; Young and Barta, 1986)
lead to Fano-time curves similar to those for fixed
dead time. The dead-time simulations exhibited in
Figs. 4, 1(b), and 2(b) make use of values of 7,
that satisfy Eq. (1) when the experimental value of
A and the minimum observed value of F are used.

Alteration of the firing pattern engendered by stimu-
lation

The variance-to-mean ratio vs counting time T
for this same auditory nerve fiber (Unit A) is
shown in Fig. 5 for driven activity with a continu-
ous tone at the CF (solid curve), collected for
L =800 s. The spontaneous data shown in Fig. 4
are repeated for comparison (dashed curve). Al-
though the shapes of the Fano-time curves are
similar in both cases, the minimum value for the
Fano factor is lower under stimulation (dead time
has a greater effect on F when the rate is higher),
and the power-law exponent is greater (it increases
from 0.6 to 0.8 when the tone is applied). This
represents an increase in the fractal dimension,
indicating that the stimulus not only alters the rate
of firing but the pattern of firing as well (Teich,
1989). The presence of the stimulus produces a
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Fig. 6. Relationship of the power-law exponents for several auditory-nerve units, under conditions of driven and spontaneous firing.
The exponent, which represents the fractal dimension of the process, generally increases under continuous-tone stimulation.



more clustered point process and, therefore, larger
rate fluctuations.

For driven firing, F typically assumes a mini-
mum value (0.5 < F,_;, < 0.9) for counting times in
the tens of ms. The onset of pure power-law
behavior (with exponents in the range between 0.6
and 1.0), occurs at counting times between about
0.1 and 0.5 s. The relationship of the power-law
exponents for several primary auditory units, un-
der conditions of driven and spontaneous firing, is
demonstrated in Fig. 6. For auditory nerve fibers,
the exponent representing the fractal dimension
generally increases in the presence of continuous-
tone stimulation.

Fano-time curves for units in the. lateral superior
olive

The Fano-time curve for a continuous-tone-
driven fast-chopper cell in the LSO (Unit C) is
shown in Fig. 7. This high-frequency unit (CF = 15
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kHz) exhibited a mean firing rate of =120
spikes /s when stimulated monaurally (at the CF)
by a pure tone at a level of 30 dB SPL above
threshold. The overall duration of the experimen-
tal data set used to generate Fig. 7 was L = 375 s;
to minimize the effects of nonstationarity arising
from adaptation, the first 200 s of the full 575 s
data set were ignored.

As with auditory nerve fibers (or indeed any
refractoriness-modified firing pattern), the LSO
Fano-time curve assumes a value of unity at suffi-
ciently short counting times. These curves gener-
ally reach their minimum Fano factor (typically
0.3 < F,;, <0.9) for counting times in the tens of
ms. The dip in the Fano-time curve is more
dramatic than that for primary fibers (compare
with Fig. 5), in accordance with the observation
that LSO firing patterns are more regular over the
term of tens of ms. For sufficiently long counting
times (between 0.1 s and 1.0 s), the Fano factor
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Fig. 7. Fano-time curve for a continuous-tone-driven fast-chopper cell (Unit C) in the lateral superior olivary complex (LSO). This
high-frequency unit (CF =15 kHz) exhibits a mean firing rate of =120 spikes/s when stimulated monaurally (at the CF) by a pure
tone at a level of 30 dB SPL above threshold. The overall shape of the curve is similar to those exhibited by primary fibers, although
the dip is more dramatic (compare with Fig. 5). For sufficiently long counting times, the Fano factor climbs in the same characteristic
power-law fashion as observed for auditory units. All LSO units examined to data exhibit this characteristic shape.
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exceeds unity and climbs in the same characteris-
tic power-law fashion as observed for auditory
units. The power-law exponent for Unit C is 0.9;
most often it lies in the range between 0.7 and 1.0
for LSO units, which is not unlike the range
observed for driven primary auditory fibers. A
comparison between spontaneous and stimulated
firing, such as that illustrated in Fig. 5 for primary
auditory units, is not possible since LSO units fire
only in the presence of an acoustic stimulus. All
LSO units examined to date exhibit this character-
istic shape.

Conclusion

The spike trains observed from VIIIth-nerve
fibers and LSO units exhibit unusual characteris-
tics. They manifest highly irregular rates, irregu-
larly shaped pulse-number distributions (even
when the number of samples is large), fractional
power-law behavior in the Fano-time curve, and a
fractional power-law exponent that appears to de-
pend on the level of stimulation.

It is of interest to note that cochlear-nucleus
(CN) PNDs, recently reported by Shofner and
Dye (1989) using a counting time of T =400 ms,
behave similarly to those observed in primary
fibers and LSO units. Thus, the sequence of action
potentials at three distinct loci in the auditory
pathway (VIII-th nerve, LSO, and CN) appear to
behave similarly; all exhibit fractal neural firing
patterns for sufficiently large observation times
(Teich, 1989).

One consequence of fractal neural activity is
the relatively slow convergence achieved by time
averaging, as is evident from Figs. 1(a) and 2(a).
The dependence of the standard deviation o, of
the rate A on the averaging time T may be
quantitatively determined from the fractal dimen-
sion. Using the relation A= n/T, where n is the
random number of neural spikes in the time T, it
is clear that the expression for the variance of the
firing rate is Var(A;) = (1/T?)Var(n). By defini-
tion, Var(n) = nF(T), where n is the mean number
of events in the time T, so that Var(A; )=
(1/T*)aF(T). Since na T and, for sufficiently
large T, F(T) « T?, where a is the power-law
exponent (fractal dimension) of the Fano-time

curve, we obtain
Var(A;) o« 1/T' 2)

The standard deviation of the rate is therefore
given by

oy 1/TA/2, (3)

Non-fractal processes have a fractal dimension
a =0 so that the standard deviation of the rate is
proportional to 1 /T%; thus the rate converges
quickly with increased averaging. Processes with
o« — 1 have a standard deviation that is indepen-
dent of T so there is no convergence with time
averaging and the rate process is fully self-similar.
Thus estimates of the mean rate converge more
slowly with increasing T for fractal processes than
for non-fractal processes, with the rate of conver-
gence depending on the fractal dimension a. Fur-
thermore, because the power-law exponent associ-
ated with driven activity in primary fibers is gen-
erally greater than that associated with sponta-
neous activity, as shown in Fig. 6, estimates of the
mean rate for driven activity converge more slowly
than do estimates for spontaneous activity. The
implications of this observation for the extraction
of loudness by more central portions of the audi-
tory system are not known.

Fractal behavior is not manifested over short
time scales, however, so that certain types of mea-
surements (e.g., interspike interval histograms and
post-stimulus time histograms) will not reveal this
behavior. Point process models based on such
measures will therefore be limited in their applica-
bility, and find use only in the modeling of short-
term effects. Indeed, the dead-time-modified Pois-
son process model has achieved its success in this
domain; this model clearly cannot provide a proper
characterization of the sequence of action poten-
tials in the auditory system, at least at the three
loci indicated above. Indeed, applying a stimulus
to a primary auditory unit results in an alteration
of the pattern of firing, as well as the rate of firing
(Teich, 1989). The sequence of primary fiber ac-
tion potentials becomes more clustered and the
rate fluctuations become larger.

It is clear that a newer and more powerful
point process model is required to account for the



more complete measurements now available.
Several fractal point process models present them-
selves as plausible candidates (Teich, 1989). The
underlying fractal behavior of the neural spike
train could originate at any of a number of loci.
For example its origin might be in deterministic
chaos, possibly associated with the nonlinear dy-
namics of the cellular vibrations in the Organ of
Corti (Teich, Khanna, and Keilson, 1989). Alter-
natively, it might arise from a fractal stochastic
process. One model that shows particular promise
is the FSNDP; it is a doubly stochastic Poisson
point process driven by fractal shot noise (Lowen
and Teich, 1989a, 1989b; Teich, Turcott, and
Lowen, 1990). The predictions offered by this
model are in good agreement with a broad range
of auditory neural-event data.
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