Boston University

Study Problems for Macroeconomics
Section 1: Friday, September 19

1. A simple dynamic programming model of capital accumulation Consider the following economy. Indi-
viduals have preferences

U= iﬂt log(c)

t=0
and a constraint of the form
kt+1 = (lkg — Ct

(a) Write the Bellman equation for this economy.

(b) Find the FOC(s) that must be satisfied for an optimal consumption and capital plan;

(c) Show the following consumption policy
¢ = paky
is consistent with the condition(s) that you produced in (b).

(d) Derive the value function by substituting the optimal consumption policy into the objective.
Show that it takes the form
o=+ 0log(k)

and determine the values of v and 6.

(e) Show that the optimal policy maximizes

log(ct) + Bo(kit1)

where v(k:41) is the value function derived in part (d).

(f) Now suppose that there is an arbitrary value function of the form

vn—l(kt-‘rl) =Tn + en—l log(kt)

which appears on the right hand side of the Bellman equation. Show that

vn (k) = max{log(ct) + Bvp—1(ki+1)}
takes the form
Un(kty1) = v, + O log(ky)

and determine the coefficients ~,, and 0,,.

(2) Show that the sequence of coefficients {v,,} and {6,,} generated in this manner converges to the
~ and 6 values that you determined in part (b) from any initial v, and 6.

(h) Explain how to interpret the solution for a fixed number of iterations NV as providing the capital
accumulation decision rule for a finite horizon version of the problem above, in which

T
U=> p'log(c)

t=0

and in which k741 > 0. What is the relationship between N and 77



