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This paper investigates the role of non-expected utility preferences in a multi-
period consumption/savings framework. Three objectives are achieved: First, it is
shown that behaviour can be intertemporally consistent even if the preference
ordering is not. Second, non-expected utility preference orderings are shown to be
useful for disentangling the elasticity of intertemporal substitution from the degree
of risk aversion. Finally, some discrimination between the non-expected utility
theories that have appeared in the atemporal literature is achieved by means of
axioms which arise naturally from the multiperiod framework. Journal of Economic

Literature Classification Numbers: 022, 026. €. 1990 Academic Press, Inc.

1. INTRODUCTION

Expected utility theory continues to dominate the economics of uncer-
tainty. But recently there has been “a growing tendency to view expected
utility maximization less and less as the only form of “rational” behaviour
under uncertainty and more and more as a refutable scientific hypothesis,
to be judged against competing models on the basis of the data” [25, p. 1].
Evidence against the empirical validity of expected utility theory has
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accumulated in the behavioural experimentation literature originating with
the Allais paradox. Several alternative theories, which are nonlinear in
probabilities, have been proposed. It has been shown that they can account
for many of these behavioural paradoxes while still retaining normatively
appealing properties such as consistency with stochastic dominance and
risk aversion. (See [26] for a survey.) These theories and the surrounding
applications have been formulated largely in atemporal frameworks, where
decisions subject to uncertainty are made at one point in time and/or all
consumption takes place at one point in time.' In contrast, in the real time
framework of this paper uncertain consumption sequences are the ultimate
source of utility and choices are made sequentially subject to changing
information about the state of the world. It is only in such a framework
that one can investigate the usefulness of nonlinear theories of preference
for explaining consumption and savings behaviour. This paper attempts
such an investigation.
Three questions form the heart of this paper:

(a) Can behaviour which is dictated by a non-expected utility
preference ordering be intertemporally consistent?

(b) Can we discriminate amongst the newly proposed theories on the
basis of theoretical considerations that arise in a temporal setting?

(c) Are nonlinear theories “useful” for modelling consumption and
savings behaviour?

The remainder of this introduction will elaborate on these questions and
briefly outline the answers developed below.

With regard to question (c) we are motivated by the desire to specify
intertemporal utility functionals which permit properties of ordinal
preferences (the elasticity of intertemporal substitution) and risk
preferences (the degree of risk aversion) to be disentangled. In the
common expected utility specification with an intertemporally additive
von Neumann-Morgenstern utility index, both of the above aspects of
preferences are embodied in the curvature of the within-period utility
function. Selden [36] and [37], as discussed further below, proposes a
generalization of the standard specification which eliminates this
inflexibility. The issue of the separation of “time™ and “risk™ preferences has
arisen in the empirical macro literature which attempts to explain the time
series behaviour of consumption and asset returns. The standard expected
utility models have not performed well empirically [16] and it has been
conjectured [ 14, 15,447 that this poor performance may be due to the
inflexibility of the preference specification which employs a single

' This description also applies to [13] and [18] where dynamic choices do not lead to
actual consumption until an elementary consequence is encountered at a terminal node.



56 CHEW AND EPSTEIN

parameter to measure both risk aversion and substitutability. The limited
flexibility of the standard expected utility specification has also been noted
in the stochastic growth literature [8, p. 1013, p. 10227 and in the theoreti-
cal asset pricing literature [24, p. 1441].

Our analysis of preference is axiomatic. One key axiom considered below
is recursivity or the intertemporal consistency of preference. Another cen-
tral axiom, called ordinal dominance, relates the ranking of random con-
sumption sequences to the ranking of deterministic sequences. Roughly, it
states that if two random requences, C and C’, are such that in every state
of the world, the deterministic consumption stream provided in C is weakly
preferred to that provided in €', then C should be weakly preferred to C".
It is well known [32, p. 82] that there is a close link between intertemporal
consistency and the independence axiom (IA) of expected utility theory.
Below (see the discussion following Theorem 3.1) we also draw a parallel
between ordinal dominance and the reduction of compound lotteries axiom
(ROCLA). Since 1A and ROCLA constitute the cornerstones of expected
utility theory, it is not surprising that we show below that recursivity and
ordinal dominance {and other less critical axioms) imply an intertemporal
expected utility function. Given the inflexibility of the latter noted above we
are forced to choose which of recursivity and ordinal dominance to
weaken. We are not aware of any empirical evidence which bears directly
on this choice and we feel that both of the possible routes are worth
exploring. In this paper we pursue the route of weakening recursivity. We
note that in light of the link between recursivity and the independence
axiom, this route is consistent with the thrust of much of the atemporal
non-expected utility literature (see [25], in particular) which interprets
experimental violations of the expected utility model as violations of
independence. That literature attempts to explain experimental results by
means of generalized theories which weaken independence. The implied
remedy for the present temporal context is to weaken recursivity.

The alternative route of maintaining recursivity has been pursued
by Epstein and Zin [10], building upon earlier work by Kreps and
Porteus [21]. The separation of “time” and “risk” preferences is also
possible within the Selden [36, 37] specification. These published analyses
are formulated in a two-period setting, but a multi-period extension is
possible [38]. This multi-period specification violates both recursivity and
ordinal dominance. Moreover, since it is based on expected utility for
single period gambles it is incompatible with the experimental evidence
against expected utility theory. In contrast, the specifications developed in
this paper are compatible with that evidence.

Since the recursivity axiom is deleted, a consumption plan formulated at
=0 may not be pursued in subsequent periods. The resulting incon-
sistency of plans is not an issue if precommitment is possible and this
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scenario is considered below. But what are reasonable assumptions about
consumer behaviour when precommitment is not possible? Similar
questions have arisen in the literatures on planning with changing tastes
[40, 29,287 and growth with imperfect intergenerational altruism [22].
Two hypotheses that have been explored are (i) naive choice, where the
consumer ignores future inconsistencies, and (i) sophisticated choice,
where inconsistencies are resolved by taking future consumption levels as
a constraint when choosing current consumption. The latter approach is
the more prevalent one in the cited literatures and is adopted here.’
Formally, the decision problem is modelled as a noncooperative game
between decision makers at different times and a (stationary) perfect Nash
equilibrium is used to describe behaviour.® The equilibrium represents a
time-consistent form of behaviour, even though preferences are not inter-
temporally consistent and thus the first question posed above is answered.

To demonstrate the “usefulness” of nonlinear theories (question (c)), we
apply the preference orderings which satisfy our axioms to analyse
behaviour in a standard setting where the random returns to savings are
identically and independently distributed over time. The resulting model is
shown to be tractable in that it is amenable to comparative dynamics
analysis. Of particular interest is the effect on behaviour of increased risk
aversion. For the reasons given above, such comparative risk aversion
analysis cannot be performed satisfactorily in the expected utility
framework.

Finally, consider question (b). The (transitive) nonlinear preference
theories which have been axiomatized in an atemporal framework include
the betweenness-conforming theories [12,9], the subclass of weighted
utility theories [2, 6], and anticipated or rank-dependent utility theories
[30, 35, 2, 43]. Only the latter class is compatible with the axiomatic struc-
ture of this paper, at least if the common intersection of these theories,
expected utility theory, is excluded. There are two important differences
between existing atemporal axiomatic analyses and our own: First, we are
unable to determine completely the functional form structure which
corresponds to our axioms. On the other hand, our central axioms depend
critically on the multi-period framework and they arise naturally from it.

The paper proceeds as follows: Some preliminary notions and important
examples are presented in Section 2. Our formal analysis of preferences is

*For an alternative approach see [41]. which proposes an “organizational” view of the
consumer as made up of a planner and many selfish doers (one for each period). In contrast,
there is the view of Stigler and Becker [39] that many apparent changing taste phenomena
can be modelled in a constant taste framework where inconsistencies do not arise. The useful-
ness of their approach to our stochastic setting remains to be explored.

YKarni and Safra [18] adopt a similar game-theoretic approach to the description of
behaviour in auctions given non-expected utility preferences. But see {ootnote 1.
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undertaken in Section 3. Behaviour in the context of a simple but standard
planning environment is analysed in Section 4 under the assumption that
plans are not binding and in Section 5 under the assumption that commit-
ment is possible. Some concluding remarks are offered in Section 6. Proofs
are collected in an appendix.

2. PRELIMINARIES

Fix 0<é<1. Define I' ,(8)={y=(c;s.rc;,.):¢,>0 for all ¢ and
Y é'c,<ow) and endow [! ,(8) with the product topology. The basic
choice space is P= (0, o0)x M(I} , (8)), where for any topological space
X, M(X) denotes the space of Borel probability measures on X, endowed
with the weak convergence topology. For a typical element (c,, p)e P,
called a consumption program or path, ¢, represents the certain current
level of consumption and the probability measure p represents the uncer-
tain future. Note that any ye/l , (3) can be identified in the usual fashion
with the measure assigning unit mass to {y}. Thus we often write
(co, v)eP and we interpret (cy, ¥) as a deterministic consumption
program.

Preference orderings = on P are assumed to be reflexive and transitive
but possibly incomplete. Completeness is not imposed because of the well-
known possibilities of non-comparability which arise in infinite horizon
settings for consumption programs in which consumption is unbounded
above and/or not bounded away from zero.

A major thrust of this paper is the analysis of increased risk aversion.
Thus it is necessary to provide a precise definition for “more risk averse
than™

DerINITION 2.1. Let =* and > be preference orderings on P. Say that
>* is more risk averse than > if for all (¢, p)e P and yel! , (3),

(co, ¥) Z (€, P) = (cq, ¥) Z* (Co, P).

Consider a choice between the nonstochastic path (cgy, y) and the
(generally) stochastic path (c,, p). If one agent rejects the stochastic alter-
native, then so should the more risk averse agent. Of course two preference
orderings which are comparable in this sense must rank deterministic
consumption paths identically.

To conclude this section we present three examples of preference
orderings. They will clarify the above definition and should also facilitate
understanding of the axioms in the next section.

The first example is the standard time-separable expected utility
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specification where > is represented numerically by the utility functional
Ug,

UE(cmP)=f(Co)+ﬂEp2ﬁ’"lf(Cr)» (co, P)EP. (2.1)
i

Here 0 <f <1, fis increasing and concave on (0, o), and E, denotes the
expected value according to the measure p.* Any two distinct expected
utility specifications U, and U} are not comparable according to Defini-
tion 2.1, though if f* is more concave than f then U} will show greater
aversion to risks that are confined to consumption in one period. But then
intertemporal substitutability is also changed in going from f to f*. For
example, if the common homogeneous specification, f(c)=c' /(1 —a),
0 <a#1, is adopted, then the “relative risk aversion parameter” « is also
the reciprocal of the elasticity of substitution. Thus comparative statics
analyses corresponding to changes in « do not have a clear interpretation.

For the second example, consider first the utility functional V', due
to Yaari [43] and defined on D(R). the set of cumulative distribution
functions (c.d.f’s) on the real line, by

ViF)=|" cdigFiz)).  FeDR), (22)

where g: [0, 1] — [0, 1] is continuous and strictly increasing, g{(0) =0, and
g(1)=1. This is a member of the rank-dependent utility class referred to
in the introduction. The nature of V', is clarified by considering c.d.f’s
corresponding to binary gambles with outcomes z, and z,, z, < z,. Then
the associated utility according to V', is

Ve=g(p)z,+(1—g(p))z,, (2.3)

where p, is the probability of the outcome z,. If g(p)=p on [0, 1] we see
that (2.3) is an “expected value” but with probabilities transformed in such
a way that the inferior outcome is given greater weight. This transforma-
tion leads to a certainty equivalent for the gamble which is less than its
expected value and thus implies a form a risk aversion. (See [2, 42, 5] for
analyses of risk aversion for rank-dependent utility functionals.)

The Yaari functional (2.2) can be applied to define the intertemporal
utility functional

Uy(co, p)= VylFs, prien); (2.4)

*In (2.1) and similar equations below, the equality is intended only on that subset of P
where the right side is well defined as an extended real number. Thus the domain of U, is a
proper subset of P and the corresponding ordering > is incomplete. Often in the literature
Z is extended by means of the overtaking criterion, but that extension is not considered here.
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where (¢, ¢,,..) is any random variable sequence with probability
measure p, &,=c,, and where for any extended real-valued random
variable ¥, F; denotes its c.d.f. If g(p) = p then (2.4) reduces to the standard
specification (2.1). But in the broader class with nonlinear g, greater risk
aversion can be achieved by suitably modifying the probability transforma-
tion function. If >>* and = are two orderings defined via (2.2) and (2.4),
corresponding to g* and g respectively, then > * is more risk averse than
2 in the sense of Definition 2.1 if and only if g*(p)= g(p) on [0, 1].

These two examples reflect the general structure of intertemporal utility
functionals considered in this paper. Informally, that structure corresponds
to a two-stage algorithm used by the consumer to evaluate any given con-
sumption program: first, the implied probability distribution is computed
for the “present discounted utility”; and second, this distribution is
evaluated by a univariate preference functional. More precisely,

Uleo, p)=V(Fs pricp)s (2.5)

where V is a functional defined on D(R), increasing in the sense of first
degree stochastic dominance and where the argument of V is defined
analogously to (2.4). (In (2.1), V is the expected value functional while in
the second example, V' is the Yaari functional (2.2).) Given such a specifica-
tion, the degree of risk aversion, at least for comparative purposes, is
encoded in ¥(-), and thus is disentagled from intertemporal substitutability
which is encoded in f(-).

Our approach to (2.5) is axiomatic. Moreover, our axioms will restrict
the admissible ¥’s. In particular they will rule out the choice of

V(F) =j w(z)dF(z),  Fe D(R), (2.6)

where w is increasing and (strictly) concave. In conjunction with (2.5) this
leads to the expected value of w(3 5 ff(€,)), rather than (2.1). Adoption
of such a concave transformation of the von Neumann—Morgenstern utility
index is suggested by Kihlstrom and Mirman’s [19] approach to com-
parative risk aversion analysis in a multicommodity expected utility
framework. But if w is not linear, then (2.5)-(2.6) violate one of our axioms
(stationarity) and so is excluded here. A stronger (but related) argument
against the adoption of the Kihistrom and Mirman approach to com-
parative risk aversion analysis in multiperiod settings is described in [10].
The final example mentioned here is due to Selden and Stux [38],

Us(co, p) =Y B(&)), (2.7)
4]
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where
é=v E, ()

and the expected value is computed with respect to the probability dis-
tribution for rth period consumption induced by p. Here Uy is a discounted
sum of within period utilities where the latter depend on the certainty
equivalents ¢,. Intertemporal substitutability is encoded in f and risk
preferences in v. Increased concavity of v implies greater risk aversion in
the sense of Definition 2.1. But the specification (2.7) will be ruled out by
our axioms; in particular, note that it is not a special case of (2.5) unless
v is linear and Uy reduces to an expected utility functional.

3. PREFERENCE ORDERINGS

Consider the following axioms for the preference ordering > defined on
P=(0,0)x M(I' ,(d)):

Certainty Additivity. There exist a strictly concave and increasing func-
tion f: (0, :0) > (— o0, 20) and 0 < f§ < 1 such that the extended real-valued
function u, ’

u(y)=Y pf(c,), (3.1)
4]

defined on that subset of /. , () where > B'f(c,) exists in an extended
real valued sense, satisfies u(y') = u(y)< y' = ».°

The additive functional form (3.1) dominates the capital theory literature
including stochastic analyses where u is interpreted as a von Neumann-—
Morgenstern utility index. The above axiom requires that > agree with
the additive ordering on deterministic paths. There exist numerous
axiomatizations of additive orderings of deterministic programs [20, 31].
Since we wish to focus on uncertainty and attitudes towards it, we
have chosen simply to maintain certainty additivity. Of course, the strict
concavity of f is equivalent to the strict quasiconcavity of w.

For any peM(l. , (8)), denote by AepeM(I' ,(6)) the measure
obtained from p by scaling all outcomes by the factor A; that is, 10 p(Q)=
p(A7'0Q) for all measurable sets Q.

5By u{y') > u(y) we mean that both numbers liec in R* = [ —oc, o0] and are ordered there
in the usual way. In particular, it is not true that + o = + c. This convention is adopted for
all extended real-vatued functions.
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Homotheticity. For all A>0 and (cq, p'), (¢, p)E P,
(Cé)’ p/) z (CCH p)¢> (i(’(’), )“O P') Z (’{CO’ ’{n p)
It is now immediate that the function f from (3.1) must have the form

f(c)={c M), O<azd (3.2)

log ¢, a=1.

The specification (3.1) and (3.2) is a commonly considered special case
for an intertemporal von Neumann-Morgenstern index ([34,23], for
example). Thus homotheticity is natural in this initial attempt at an
investigation of non-expected utility theories. Moreover, the resulting CES
specification for intertemporal utility « is sufficiently flexible to permit the
issue of the separation of ordinal and risk preferences to be addressed.

The next two axioms are central.

Ordinal Dominance. For every (cg, p') and (co, p) in P which are
comparable according to =, if p'{yvell (8):(cy) Z ¥} =
piyell (8):(co. y) 2z 7} for all yel' () (and if the inequality is strict
for some y), then (cy, p'Y = (>) (¢o. D).

The essence of the axiom is most easily grasped if it is restricted to
consumption programs for which

p(Y)=p(Y)=1, Y={yel' () —o<u(y)<w}

In that case, (c), p’') and (c,, p) each induce a probability distribution for
real-valued intertemporal utility as measured by #. Ordinal dominance
requires that (cg, p’) be weakly (strictly) preferred to (c,, p) if (the two
programs are comparable and) the distribution of utility induced by the
former (strictly) dominates the distribution induced by the latter according
to first degree stochastic dominance. In the stated axiom, a similar link
between > and its certainty restriction is imposed on the entire program
space P. (See the introduction for further interpretation of ordinal
dominance. )

The next axiom is most easily understood by reference to Fig. 1, where
consumption programs are represented schematically as probability trees.
The figure refers to conditional probability measures. For example, given
(co, p), p(-|c,) denotes the probability distribution for consumption in
period 2 and beyond, conditional on the realization ¢, for =1 consump-
tion. Suppose that regardless of the state of the world that is realised at
t =1, the agent will find himself with (weakly) preferred prospects if (cq, p')
is being followed rather than (c,, p), ie.,

(c.. p'(+1e)) Z (cin p(-1c))), i=a,b. (3.3)
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(Co, P) (Co, P)

(ci.p'(*lci)) = (cup(ic)), i=ab
=  (cop) = (Cop)

FiG. 1. Recursivity.

Since both programs involve the identical consumption in period 0, (¢q, p')
“should” be selected given a choice at ¢ =0. Otherwise, there is a positive
probability that the time 0 choice will be regretted at r=1, at least if (3.3)
includes at least one strict preference. Note that by using (3.3) to describe
rankings at =1, we are implicitly assuming that the agent acts as though
time begins anew at /=1 and that he uses > to rank consumption
programs which begin then. In particular, therefore, preferences at =1 do
not depend upon past consumption ¢, nor upon the fact that both alter-
native states a and b were possible ex ante at 1 =0.

The above is summarized in the following axiom:

Recursivity. For all (¢q, p') and (cq, p) as in Fig. 1 and satisfying (3.3),
(co, P') 2 (co. p). Moreover, if there is at least one strict preference in (3.3),
then (cq, p') > (cos P).

Similar axioms in the literature are frequently called “consistency”, or
more fully, the consistency of preference. We have chosen a more neutral
name. Of course, the reason for the name recursivity is that similar axioms
frequently imply a recursive structure for utility functions (when the latter
exist). See [20] for the deterministic case and [17] for the stochastic case.

The next three axioms are largely technical and certainly less contentious
than the ones described till now and, moreover, are satisfied by the
standard expected utility ordering corresponding to (2.1). The incomplete-
ness of = reflects the possible inability of the consumer to compare two
consumption programs which involve distributions that are unbounded
above or are not bounded away from zero. The axiom compact complete-
ness requires that the consumer be able to compare all other pairs of
programs. The following axiom, compact continuity, imposes a common

042 50 1-§
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form of continuity while the final one, extendability, guarantees that the
preference for a distribution cannot be “driven” by the tails. The latter
would be irrelevant and the others standard if we restricted ourselves to
suitably bounded probability measures in defining the outcome space. But
such a domain is not sufficiently broad to contain the consumption
programs that are optimal in the optimization problems of Sections 4 and
5. Thus the added complexity here is necessary for the later behavioural
analysis.

The formulation of these axioms requires the following additional
notation: For each 0</<L<oo and peM(!' ,(5)), p,, denotes the
truncation of p onto [/, L]* defined as follows: Let n: /' , (§) — [/, L]™ be
defined by

c, I<¢, <L
(ny), =<1 ¢, <!
L ¢,z L.

Define p,,(Q)=p(r'(Q)) for all measurable sets Qc/' ,(d)). Then
P € M([L, L]*), the set of probability measures with support in [/, L] ™.

Compact Completeness. 2= is complete on (0, oo ) x M([/, L]™) for each
O</<L<oo.

Compact Continuity. For any 0</<L <o, 2 is continuous when
restricted to (0, oo ) x M([/, L]7).

Extendability. For all (cy, p') and (cq, p)in P, if (cg, p') > (cg, p), then
I0<ly<Ly<oo such that (cg, pi)>(co, p;,) for all 0<i</, and
Ly<L< .

Consider briefly the axioms specified to this point in the context of the
examples defined in the preceding section. (Henceforth, let fin (2.1), (2.4),
and (2.7) be defined by (3.2).) It is readily verified that the Yaari-based
specification ((2.2), (2.4)) satisfies all of these axioms with the possible
exception of recursivity. Note that ordinal dominance is a consequence of
the general structure (2.5). Recursivity is satisfied if and only if the
probability transformation function g is linear, in which case the expected
utility specification (2.1) is obtained. In fact, the axioms stated thus far
imply an expected utility specification as described in the first theorem of
this section.

THEOREM 3.1. Let > satisfy the axioms certainty additivity, homo-

theticity, ordinal dominance, recursivity, compact completeness, compact
continuity, and extendability. Then for all consumption programs in P,

Upgleo, p'y= Upley, p)=(co, p') Z {co. P (3.4)
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where U is defined by (2.1) and (3.2). Conversely, the ordering represented
by this expected utility specification satisfies all of the above axioms.

It can be shown that equivalence in (3.4) holds on P/, the subset of P
defined in (4.2) below, which consists of all consumption programs which
are intermediate in preference between some pair of deterministic and
constant programs. On that set, at least, Theorem 3.1 shows that the stated
axioms characterize the homothetic expected utility specification. The fact
that the latter is implied by the axioms is the relatively less immediate and
more important part of the theorem especially in light of the inadequacy of
the expected utility framework for modeiling risk aversion and sub-
stitutability separately. That inadequacy will force us to re-evaluate our
axioms and to decide which should be weakened.

Some guidance in making that decision may be forthcoming if we first
relate Theorem 3.1 to existing atemporal axiomatizations of expected
utility. Standard axiomatizations of expected utility theory involve two key
axioms—the reduction of compound lotteries axiom (ROCLA) and the
independence axiom (TA). In a model in which scalar consumption occurs
only at a single terminal time, ROCLA roughly speaking requires that
preference depend only on the probability distribution of consumption, and
not on the way in which that uncertainty is embedded in multiple-stage
lotteries and therefore not on the way in which the uncertainty resolves over
time. A plausible extension of this axiom to the present consumption
stream context can be formulated by first aggregating the goods by means
of the intertemporal utility function and second imposing ROCLA at the
level of probability distributions over the scalar utility payoff. This exten-
sion (and stochastic dominance} are the content of ordinal dominance. On
the other hand, there is a close connection between IA and intertemporal
consistency, and therefore our recursivity axiom. (See [32, p. 827.) These
observations suggest that a much stronger version of the necessity portion
of the theorem should be true; for example, if the certainty additivity and
homotheticity axioms are deleted. Such a generalization is not pursued here
because the axiomatization of the homothetic expected utility specification
is not the focus of this paper. Rather, the main role of Theorem 3.1 in the
present paper is to provide perspective for the ensuing analysis.

We view ordinal dominance and recursivity as the two “culprit™ axioms
and in deciding on which to weaken we take our cue from the atemporal
theory surveyed in [26]. That literature (see [25], in particular) interprets
experimental violations of the expected utility model as violations of TA.
Thus the literature seeks to explain the experimental results by means of
generalized theories which weaken the idependence axiom. The implied
remedy for the present temporal context is to weaken recursivity.

Our dissatisfaction with the intertemporal expected utility specification
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(2.1) is, of course, only relevant in the presence of uncertainty. Indeed, for
deterministic consumption programs we have maintained intertemporal
additivity. Thus in weakening recursivity we admit the inconsistency of
preferences only given some “meaningful” uncertainty. Formally, for any
nz1 denote by (cq, ¢, ..., ¢,, p} that element of P in which consumption
through period » is ¢;, 0 <i<n, and the uncertain consumption levels in
later periods are represented by the probability measure p. Then we adopt
the following alternative to recursivity:

Stationarity. For all ¢,>0,¢,>0, pe M(I' , (5)), and p’eM(1L+(5)).
(co, €1y ') Z (co, ¢y, p)=(cy, ') Z (cy, p).

Note that stationarity is the restriction of recursivity to consumption
programs in which period 1 consumption is certain, i.e., ¢,=c, in Fig. I.
Thus if stationarity is maintained, the inconsistency of preference is
admitted but only given some uncertainty in an intermediate period. In
that case the evaluation of the future held at 1 =0, prior to the resolution
of period | consumption, can differ from that held at ¢=1, after that
resolution.

Theorem 3.2, the second central result of this section, describes the con-
sequences of replacing recursivity by stationarity. Informally, those conse-
quences can be derived as follows: For a#1,c¢'~*/(1 —a) is uniformly
signed for all ¢>0 and so u(y)=Y B¢} */(1—a) is well-defined on
[' . (8) as an extended real-valued function. Thus each consumption
program (cq, p) induces a distribution F,;, for lifetime utility. By ordinal
dominance only this distribution matters in ranking consumption
programs and so the ordering is representable by V{(F,;,) for a suitable
function V, i.e., see (2.5). Ordinal dominance implies also that V' is increasing
in the sense of first degree stochastic dominance. Moreover, V' can be
chosen (by taking a suitable monotonic transformation) to be a generalized
mean value or certainty equivalent, i.e.,

V{F . )=x if F.edomainofV, (3.5)

where for any extended real number x, F, is the c.d.f. defined by F (1)=0
if t <x and =1 if ¢ > x. Finally, homotheticity readily implies

V(F,;)=AiV(F;)  VYi>0. (3.6)

Next consider the implications of stationarity. In terms of ¥ this axiom
states that

V(Ff(co)-ﬁ-/}u()"'j) 2 V(F/'(fo)+ﬂu(_f’))¢> V(Fu(_ﬁ')) 2 V(Fu(f))’ (37)

where 7" and y are random variable consumption paths corresponding to
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{c,, ) and (c,, p), respectively. If the former program is taken to be non-
stochastic and if we apply (3.5) and (3.6), then we obtain

V(F oy + puciy) S Sf(co) + pu(y') <= V(Fp ) < Buly’).

Thus
V(F,, ) =b+ V(Fs), (3.8)

on a suitable domain, where b can vary over [0, o0) if x <1 and (— o0, 0]
ifa>1.
In this way the following theorem may be proven.®

THEOREM 3.2.  Let Z satisfy the axioms of Theorem 3.1 with the excep-
tion that recursivity is replaced by stationarity and where the parameter a
from (3.2) is not equal to 1. Let ¢ be defined on P so that V(c,, p)€P,
P(co, p) denotes the c.d.f. F,;,, where ¥ is any variable consumption path,
y=A(cg, Civ s &, ), Such that (¢,, .., ¢, ..) is distributed according to p.
Then there exists an extended real-valued function V defined on ¢(P) such
that’

V(glco, p') 2 V(d(co, p))=>(co, p') X (o, p)  on P. (3.9)

Moreover, V is increasing in the sense of first degree stochastic dominance
and satisfies (3.5), (3.6), and (3.8) on its domain.

The translation invariance property (3.8) and scale invariance property
{3.6) are the key implications of our axioms which we use to restrict the
admissible functionals V. The expected value operator, of course, satisfies
both invariance properties, so that U, defined in (2.1) satisfies our axioms.
The Yaari functional (2.2) also satisfies both invariance conditions (e.g.,
verify this in the context of (2.3)), and thus U, defined in (2.4) satisfies our
axioms. Note however, that when stationarity is strengthened to recur-
sivity, then (see proof of Theorem 3.1) the corresponding ¥ must satisfy the
independence axiom. Moreover the scale and translation invariance
conditions immediately imply that ¥ must reduce to the expected value
functional and so must satisfy the linearity-in-payoffs property V(F., ;)=
V(F:)+ V(F;). The latter condition is much stronger than (3.8). Tt is
satisfied by the Yaari functional V', only when g is linear and V', coincides

® The theorem as stated excludes a= 1. That case, treated in [3], is more complicated
because log ¢ is unbounded both above and below.
7 Equivalence in (3.8) holds on P’, the subset of P defined in (4.2) below.
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with the expected value functional. This “explains” why U, is ruled out in
Theorem 3.1 but nevertheless is admissible in Theorem 3.2.

Other examples of functionals V satisfying (3.6) and (3.8) may be found
in [4]. Each such V can be used to define the utility of consumption
programs via (2.5). The cited paper also shows that betweenness-
conforming specifications for V (that are not simply expected value) are
ruled out by (3.6) and (3.8) if we require that >> be risk averse in the sense
of conditional certainty equivalents as in Machina [25]. In our context this
risk aversion takes the following form: For every (c,, p) and (cq, p')€ P
and for every ae (0, 1), (co, 0p+ (1 — ) p') S (cg, ap* + (1 — ) p'), where
p* is the probability measure which assigns unit mass to the consumption
path Ep, the mean consumption path under p. On the other hand, if g is
concave then the Yaari-based functional U, from (2.4) is risk averse in this
sense [43, 5]. Since risk aversion is a basic and widely accepted hypothesis
in uncertainty analysis, we conclude that our axiomatic framework has
succeeded in discriminating between the two principal classes of non-
expected utility theories as described in the introduction. Moreover, this
discrimination is based largely on axioms which arise naturally from the
temporal setting.’

The Selden utility functional Uy from (2.7) satisfies stationarity. It is not
covered by the theorem, however, since it violates ordinal dominance. The
latter axiom thus serves to discriminate between Selden’s approach to
separating “risk” and “time” preferences and ours based on the general
structure (2.5), (3.6), and (3.8). Both approaches generally violate recur-
sivity.

Finally, consider the definition of “more risk averse than” in the context
of the structure in Theorem 3.2. If = * and 2 are two orderings satisfying
the axioms of that theorem and if ¥* and V are the corresponding
functionals provided by the theorem, then >* is more risk averse in the
sense of Definition 2.1 if and only if

V*F)SV(F) forall F. (3.9)

This characterization will be applied in the behavioural analysis to which
we now turn.

8 Homotheticity plays a large role in our arguments and this may detract from our conclu-
sions if homotheticity is not taken to be very compelling. But there is an alternative route to
(3.6) and (3.8) which reinforces our results: In the spirit of separating “risk” and “time”
preferences, one is presumably interested in functionals ¥ such that (2.5) will satisfy our
axioms (excluding homotheticity and recursivity) for a range of values for § and a. But then
(3.7) can be used to prove forms of scale and translation invariance for ¥, which in turn, can
be used to exclude betweenness theories.
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4, CONSUMPTION—SAVINGS BEHAVIOUR WITHOUT COMMITMENT

The ordering > satisfies the axioms of Theorem 3.2 (for some 3) as well
as two additional continuity axioms described in the Appendix.® The
decision environment is standard in many respects. There is a single good
which can be consumed or accumulated. The gross return to savings in
period ¢ is 7,, where the Fs are LLD. and have support in [r,7]. We
assume that

l<r, F<d6', BIF]' *<l (4.1)

But the decision problem is nonstandard because of potential incon-
sistencies. Since the recursivity axiom may not be satisfied, a consumption
plan formulated at 1=0 may not be pursued in subsequent periods in the
absence of the ability to commit oneself to such a plan. In such an environ-
ment, the agent chooses the best program from amongst those which will
actually be followed. Formally, we model the decision problem as a non-
cooperative game between decision makers at different times and a perfect
Nash equilibrium is taken to describe behaviour.

In light of homotheticity, it is natural to consider consumption policies
which are linear in wealth. If we restrict attention to interior points, then
at each time ¢ a consumption/wealth ratio a, (0, 1) is chosen. Given initial
wealth x>0 and a sequence {q,};, wealth in period ¢ is given by x, =
Xo(l—ay)---(1—a,_;)Fy---7,_, and consumption in period ¢ is @,x,. In
light of the stationarity of both and the stochastic process of rates of
return, it is natural to look for equilibria in which all a/s are equal.

We further restrict the Nash equilibria that we consider by requiring
them to correspond to consumption programs which lie in P/, where

P'={(co. p)ePi(c, ¢, ¢, )
< (¢, p)< (¢, ¢, ¢,..)for some ¢c>0and >0} (4.2)

Feasibility and (4.1) imply that any Nash equilibrium must define a
program (c,, p) which is ranked worse than some constant path. Thus the
substantive restriction imposed by P’ is that (c,, p) not be disastrous,
where a disastrous program is one that is worse than any constant path.
Let ¢ be as in Theorem 3.2. In the appendix we show that V is real
valued on ¢(P’) and that it represents = on P/ in the sense of an

°We could consolidate and otherwise simplify our many continuity axioms without
invalidating the theorems in Sections 3-5. But we are constrained by the desire to have an
example of a utility functional (e.g. (2.4)) satisfying our assumptions and thus establishing the
nonvacuousness of our analysis. Given this constraint we have not been able to devise a
simpler set of axioms.
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equivalence in (3.9). Thus we are led to the following definition: Say that
aNEe (0, 1) defines a (nondisastrous and stationary) Nash equilibrium if'°

a ”“+ﬁ(l—a) -

1 —a 1 —a

a“Fearg max V
ae(0.1)

Xiﬁ[][aNE(l—aNE)'17()"'7,—1]11) (4.3)
1

Consider the following suggestive argument regarding the existence of a
Nash equilibrium: Apply (3.6) and (3.8} to rewrite (4.3} in the form

1-
a™F earg max (;1 +B(1 —a)' = H(aNE)>’
e d

ae(0.1)

where

Hia)= V(%aiﬁ"[a(l —a)~! FO---F,1]1“>. (4.4)

1

From the first order conditions for (4.4) we see that Nash equilibria are
precisely the solutions a to the equation

(1—a)*/a=pBS(a)=P(1 —a) Ha)a" = (4.5)

Thus the existence of equilibria follows from the properties of S represented
in Fig. 2. Uniqueness is guaranteed when a > 1, but multiple equilibria
cannot be ruled out when « < 1. (The a = 1 case leads to a horizontal graph
for A5 in Fig. 2.) These results are established rigorously in the context of
the following theorem:

THEOREM 4.1. Under the assumptions maintained in this section, a
stationary Nash equilibrium exists, and if o> 1, it is unique.

Consider the effects of increased risk aversion. Let > * be more risk
averse than >. Denote by S* the function that corresponds to =* via
(4.4)—(4.5). Then (3.10) implies S*(a)< S(a) on the relevant domain if
a <1, and the reverse inequality is implied if o> 1. Thus the following
theorem is readily proven by a simple curve shifting exercise in Fig. 3.

THEOREM 4.2. Let =* be more risk averse than > in the sense of
Definition 2.1.

' Henceforth we write V(%) rather than V(F,).
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F1G. 2. Proof of Theorem 4.1.

(1) If a>1, the (unique) equilibrium for >* cannot exceed that
for =.

~

(it) If a<1 and if a* is an equilibrium for Z*, then there exists an
equilibrium a for > such that a* >a.

~

(i) If a=1, both orderings have the identical equilibria.

The qualitative effect of increased risk aversion depends upon the size of
a (the reciprocal of the elasticity of substitution) in an intuitive fashion. In
fact, Selden’s [37] intuition based on his two-period analysis applies here
also—increased risk aversion reduces the “effective” return to saving. Thus
the effect on consumption is qualitatively the same as the effect of a smaller
certain return to saving in a deterministic model.

Note that if = is an expected utility ordering, then it has a unique equi-
librium (defined by (1 —a™%)*=BE(7) ~*)). Thus (ii) can be strengthened
to read that every equilibrium for > * is less than or equal to the equi-
librium for >. Moreover, strict forms of (i) and (ii) are valid.

-~

5. CONSUMPTION-SAVINGS BEHAVIOUR WITH COMMITMENT

The assumptions of the last section are retained. We investigate the
consumption-savings plan that would be chosen by the agent at 1 =0 if he
were certain that the plan would be followed in subsequent periods.

The constraint set (implicit in (5.1) below) facing our agent has the
following two properties: (i) there exists ¢ >0 such that all feasible plans
that are comparable with some constant path are worse than (¢, ¢, ...); (it)
there exists a feasible program that is nondisastrous (in the sense of the
preceding section). Thus an optimal program in the corresponding choice
problem necessarily lies in P/ (from (4.2)). As argued above this implies
that we can exploit the function V.
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The level of initial wealth can be normalized to elqual unity. Then we
solve the optimization problem

-

max 20 + Bl —a,) " V(

a. {ad )] 1 —a

1 1
[a,(,F)F]' "+ -
1—a l—a

xZﬂ"[a,(,f)(l—al(lfn~~-(1~a,-,(,lﬂ)fo--'f"”“)’ e

where ,7 denotes (F,,...F,_;) for t=1,a,e(0,1), and for each
t=1,a,:[r,7]'— (0, 1) is a measurable function.
The problem (5.1) can be solved in two stages and is equivalent to

1- 2
aq

max +B(1 —ap) ~*-p, (5.2)

o | —a

|
p= max V (a,(,7) Fe)' *+
ta 1—ua 1 —a

XZB' a (A —a;(( 7)) (L —a,_ (7)) For Py ] “)-
2

The consequences of increased risk aversion may be determined from
(5.2). Simply note that if > * is more risk averse than >, then the problem
corresponding to the former ordering is similar to (5.2), but p*<u (by
(3.10)). This leads immediately to the following theorem:"!

THEOREM 5.1. Let =* be more risk averse than > in the sense of Defini-
tion 2.1 and suppose that solutions exist to the appropriate forms of (5.1) for
both orderings. Then the agent with the more risk averse ordering consumes
no more (no less) than the other agent at t=0 if a=1 (a<1) and if
consumption plans formulated at t =0 are binding for the entire future.

Note that the qualitative effect of increased risk aversion on consump-
tion in the initial period is identical to that described in Theorem 4.2 for
the case where commitment is impossible.

It is interest to compare the Nash equilibrium and commitment-optimal
consumption levels at r=0. Such a comparison follows immediately from
(4.4) and (5.2) upon noting that u> H(a) for all ae (0, 1).

THEOREM 5.2. Suppose a¥ solves (5.2) and let aNE be a Nash equilibrium.
Then a¥ <(=)a"F according as a < (=) 1.

" The proofs of Theorems 5.1 and 5.2 are straightforward and are omitted.
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Once again the degree ¢ =o' of intertemporal substitutability is critical
and it determines the relative magnitudes of a¥ and a™* in the intuitively
anticipated manner. The ability to commit increases the “effective return”
to saving. Thus initial consumption is (weakly} higher with commitment if
o<1 and lower if 6 > 1.

6. CONCLUDING REMARKS

To date the primary reason for interest in non-expected utility theories
has been their capability to explain behavioural paradoxes. We have shown
that nonlinear theories can be a useful analytical tool in a consumption—
savings context since they permit the separation of risk aversion from the
elasticity of substitution.

We noted in the introduction that expected utility models have not
explained consumption and asset return data very well. It seems
worthwhile to investigate whether the more flexible specifications proposed
here would perform better. Such an empirical analysis would complement
the recent impirical investigation in [11] based on recursive preference
specifications which violate ordinal dominance.'> First, however, the
behavioural analysis of this paper would need to be extended to include
many assets having returns with a more general serial structure.

Since the preference orderings considered in this paper are not intertem-
porally consistent, the implied behaviour depends on whether plans can be
made which are binding on the future. Above we have considered the
individual choice problem while taking the existence of institutions for
making commitments to be exogenous. In future work we intend to
investigate whether non-expected utility preferences can help to explain the
existence of a variety of commitment institutions—for example, defined
contribution pension plans—which are frequently rationalized by the ad
hoc hypothesis of changing tastes or myopia.

APPENDIX

Proof of Theorem 3.1. Necessity of the axioms is obvious. We outline
a proof of their sufficiency in the case « # 1. For more details and the o = 1
case, the reader is referred to [3].

Let V' be the functional which represents > in the sense of (2.5).

'2 The Selden and Stux specification has been implemented by Hall [14] and Zin [44]. But
their estimating equations are applicable only to a naive consumer who continually ignores
the fact that plans formulated at any given time will not be carried out in the future.
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c 2 - C °

- (by recursivity)
(c.p”) ~ €

- (by recursivity)

Y2

co,c and ¢, >0, p?, p®and p € M{[2,L])*)

F1G. 3. Proof of Theorem 3.1.

Existence of V is implied by ordinal dominance as described in the
statement of Theorem 3.2 and the discussion leading up to it. We wish to
show that V' coincides with the expected value functional on a suitable
domain. First, we show that it satisfies the independence axiom (IA).

Refer to Fig, 3 and let 74, 7°, and j be random variable consumption
paths corresponding to the probability measures p*, p®, and p, respectively.
Then the chain of implications in the figure implies that

V(Fu(('o. ¢, _f'”)) = V(Fu(z'o, <. }71")) = V(% Fu(('(), o, 79) + % Fu((‘g. (‘1.,ﬁ))
= V(% Fu((‘(). o, f’h) + % Fu(('(), L'],»\"))'

It follows that V satisfies IA on an appropriate subdomain. By using com-
pact continuity, an expected utility representation for ¥ can be deduced. In
fact, by the translation and scale invariance properties (3.7) and (3.8), V
must be the expected value functional [27]. This representation for V can
be extended to its entire domain by applying extendability. |

Proof of Theorem 3.2. For any ¢ >0, denote by (c) the constant path
(c, ¢, ¢, ..). Define V as follows:

u((c)) if (co, p)~(c)
Vig(co, p)) =< +© if  (co, p)>(c)Ve>0
— if (co, p)<(c)Ve>0.
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Then V is well-defined by ordinal dominance, and (3.5) and (3.9) can be
verified. The invariance properties (3.6) and (3.8) may be established as
described in the text. |

For the behavioural analyses in Sections 4 and 5 we require some further
continuity properties for . To formulate the first one we need another
notion of convergence for sequences in M(/. , (8)). For any pe M(I}, . (3))
denote by E[u; p] the extended real-valued expected value of u taken from
(3.1)-(3.2). Say that p” —»* p if both p” — p in the usual weak convergence
topology and E[u: p"] — E[u; p]. Since p" —*p implies p” — p, the next
continuity requirement is made weaker by use of the * convergence notion.
For any L>0, A(0, L) denotes {(c¢):0<c<L}, the set of deterministic
constant consumption paths with consumption less than L. Since
M(A(0, L)) is homeomorphic to M((0, L)), first degree stochastic
dominance may be defined on the former space in the natural fashion.
Denote that dominance relation by FSD.

Limited Continuity. If {(c§, p")} " is a sequence in (0, oo ) x M(A(0, L))
for some oc > L >0 such that

(i) cg—=cpand p" >* p,c>0, and pe M(A(0, L));
(i) co=cyt'>c, and p”" FSD p" ! FSD p for all #;

then for every (cq, p') e P which satisfies (cy, p') > (cq. p), there exists N
such that n> N=(cg, p'} > (c5, p").
On the other hand if (ii) is replaced by

(i) (cg. p")<(c) for all ¢>0 and for all n, then (c,, p)<(c) for all
¢>0.

In contrast to compact continuity, limited continuity deals with
measures whose supports are not bounded away from zero consumption.
Such measures pose difficulties when o« > 1 since f(c¢) is then unbounded
below near 0. Limited continuity is not needed below when a < 1.

The second additional continuity axiom in a sense requires continuity
with respect to the consumption level along deterministic constant paths.

Certainty Continuity. For each (c,, p)e P, the sets {c:(c)>(cq, p)}
and {c¢:(¢)<(cy, p)} are open in the real line.

LEMMA A.l. The ordering represented by U, defined in (2.4) satisfies
certainty continuity and all of the axioms in Theorem 3.2. Moreover, limited
continuity is also satisfied if the probability transformation function g is
concave and g'(0) < oo,
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As noted earlier the concavity of g is equivalent to the Yaari functional
(2.2) being risk averse in the sense of conditional certainty equivalents,
which in turn is equivalent to aversion to mean preserving increases in
risk ([42]). Also, in conjunction with g'(0) < oo, concavity implies the
Lipschitz property

lg(x)—gx)I<A|x'—x|  Vxe[0,1] (A.1)
for 4= g'(0).

Proof.  Only limited continuity requires attention. Assume (i) and (ii) of
that axiom and let m" = @(cfj, p"), m = §(c,, p). Note that

m" FSD m"* ! FSD m for all n. (A.2)

We now show that
m’—m. (A.3)

Each p” and pe M(A(0, L)) induce in a natural fashion measures on the
interval (0, L). Denote those measures also by p” and p. Given 4>03¢>0
such that

plle, ©))>1—4. (A4)
Since p" FSD p, it follows also that
(e, ®))>1—4 for all n. (A.5)

Let f:(—00,00)—> (—ov, ov) be continuous and bounded by |f|. By
changing variables and subsequently by exploiting (A.4) and (A.5) we can
write

‘ [ £y (z) = mz)

= ] [ £twtes, () dpic) = | futeo, () dpte)

<24-1f1+ “ flu(eg, () dp™e)— [ flulco, () dp(c)

But the last term can be made small because cj — ¢, {u(cy, (¢}):n=1,2, ..
and ¢<c¢< L} is a bounded set and p, — p. This proves (A.3).

Denote by V (rather than V') the rank-dependent functional defined in
(2.2). We need to prove that

lim V(m")= V(m). (A.6)
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(In (2.2), V was defined on c.df’s; but it can also be identified with a
function on probability measures, which identification is adopted in this
proof.) If a <1, then the m™s and m all have supports that lie within a
bounded interval in [0, o0). Thus (A.6) follows from the well-known con-
tinuity properties of the rank-dependent funcltional [2]. The only difficulty
arises when « > since then u is unbounded below as consumption in any
period approaches zero.

If 2> 1, then m"” and m lie in M([ — o0, 0)). For any K> 0, denote by m’,
and m the truncations to [ — K, 0) of m" and m, respectively. Suppose that
V(m)> —oc. (The argument is similar when V(m)= —o0.) Given ¢>0 3K
such that

Vimg)y< Vim)+e.

Now m} —m, and the continuity of V noted above imply that
V(m7)— V(mg). Thus 3N such that V(m’})< V(m)+e for all > N. But
Vim”)< V(m?%). Thus V(m")y< V(m)+e for all sufficiently large n. Also,
V(m™) = V(m) because of (A.2). This proves (A.6).

For the second part of limited continuity, assume (i) and (ii’) of that
axiom and define m" and m as above. Condition (ii') is impossible if o < 1.
If we take a> 1, then V from (2.2) need be considered only for measures
with supports in the negative real line. Suppose for the moment that the
Yaari functional V is such that for all such measures m,

Vim)= —x if and only if Em= —o0, (A7)

where Em is the expected value of m. Then (ii')= V(m")=
—0 = Em"= —oo, Since p" —* p follows that Em =lim(Em")= —« and
so by (A7), V(m)= —oo and (cy. p)<(c) for all ¢>0. Thus the proof is
complete if (A.7) can be established.

The Lipschitz property (A.1) for g implies that [°  zd(g[m(z)])>
A [° , zdm(z); that is

Vim)= AEm. (A.8)

Also, g concave = g(x)=x on [0, 1]=(by [42])
Vim)< Em. (A.9)
Together, (A.8) and (A.9) imply (A.7). |

Proof of Theorem 4.1. For a=1, see [3]. We concentrate on « # 1.
For any given a and @* in (0, 1), let ¢, =a and let p; be the probability
measure corresponding to the random path in which consumption in
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period =1 is given by &, =a*(1 —a)(1 —a*)' "' F,---7,_, if t=1. Then
pe M(I'  (3)) since by (4.1),

Y o'l —a*) 'FyeF_ <Y 0F e F, <Y 8(F) <0

with probability one.
If « <1, then

1—= 171 I —a

0<® +ﬁz “
1- o *1_ 1—a
<a + a*( a) 8
11—« 1—a

XZﬁlil[(l— t—1 l]lfa by(41)

Thus if @ and a* are restricted to a compact interval inside (0, 1), then p;
has support in [/, L]™ for some 0 < /< L < oo. The critical properties of S
portrayed in Fig. 2(ii) are now readily established. The continuity of S
follows from compact continuity and its negative slope is implied by the
FSD monotonicity of ¥. By the latter and (4.1), r' *< V(FO*“)<S(a)<
© B 7)) "Y' < o0 on (0,1). Thus S(07)< ¢ and S(17)>

When a> 1, f(c) is unbounded below near ¢ =0 and we must make use
of limited continuity in order to establish the needed properties of S. For
ae(0,1), let ¥ (a) denote > B '[(1—ag) ‘% _ - Fl' (1 —a)
Define a=sup{ae(0,1):3 (a)> —oo with probability 1} and let m(a)
be the probability measure corresponding to > (a). Define a=
sup{ae (0, a): m(a)e §(P’/}, where P/ and ¢ are defined in (4.2) and
Theorem 3.2 respectively. Note that

S(a)=1%a Vim(a)), O<a<a. (A.10)

Let a° be given by (1 —a’)!~ "ﬂ(E” *)=1. For 0 <a<a® EX(a) con-
verges to a finite number while for a®° < a < , E&{(a) diverges to —oo. But
EX(a) is continuous in a on (0, 1) in an extended real-valued sense.

It is straightforward to show that

O<a<a®<a<].
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Next we show that
m(a) ¢ ¢(P). (A.11)

Take {a"} T ( a) such that a, | a. Then m(a") - m(a) in M({— o0, oc)).
There exists (cq(a), p(a)) and for each n 3I(cq(a”), pla™))e(0, c0)x
M(A(0, L)) such that m(a") = g(co(a”), p(a”)) and m(a)= ¢(cola), p(a)),
where L is independent of n. Moreover, in light of the convergence of m(a")
to m(a), the fact that m(a") ¢ ¢(P”) for all n, and the continuity of EX(a)
noted above, we can choose the sequence {(co(@"), p(a™))} so that it
satisfies conditions (i) and (ii’) of limited continuity. Thus the latter
=(co(a), p(a)) < (c) for all ¢>0=(cy(a), p(a)) ¢ P/ = (A.11).

We wish to prove that S(-) defined by (A.10) is continuous on (0, a)
and that S(a) > o« as a—a. Consider the latter property. Let a"fa
and construct consumption programs {cq(a”), p(a”)), (co{@), p(a)) as above
so as to satisfy conditions (i) and (ii) of limited continuity. By (A.11)
(¢cola), p(a)y<{c) for all ¢> 0. Thus limited continuity implies that for all
¢>0 3N, n>N=(cyla"), pla”)) < (c)=V(m(a")) < fc'~*/(1 —x)(1 - B).
Thus V{m(a")) converges to —co and S(a") converges to .

The desired continuity of S(-) follows in a similar fashion. |

REFERENCES

1. S. H. CHEw, A generalization of the quasilinear mean with applications to the measure-
ment of income inequality and decision theory resolving the Allais paradox, Econometrica
51 (1983), 1065-1092.

2. 8. H. Cuew, An axiomatization of the rank-dependent quasilinear mean generalizing the
Gini mean and the quasilinear mean, Working Paper 156, Johns Hopkins University,
1985.

3. S. H. Cuew anD L. G. EpsTeIN, Non-expected utility preferences in a temporal framework
with an application to consumption-savings behaviour, Working Paper 8701, University
of Toronto, 1987.

4. S. H. Cuew, L. G. EpSTEIN, AND U. SEGAL, Invariant mean values and measures of
income inequality, mimeo, University of Toronto, 1989.

5. S. H. CHew, E. KARNI, AND Z. SAFRA, Risk aversion in the theory of expected utility with
rank-dependent probabilities, J. Econ. Theory 42 (1987), 370-381.

6. S. H. CHEw anD K. R. MacCRrIMMON, Alpha utility theory: A generalization of expected
utility theory, Faculty of Commerce and Business Administration Working Paper 669,
University of British Columbia, 1979.

7. S. H. CHEw aND M. H. Mao, A Schur-concave characterization of risk aversion for
nonlinear, nonsmooth continuous preferences, Working Paper 157, Johns Hopkins
University, 1985.

8. J. P. DANTHINE AND J. B, DONALDSON, Stochastic properties of fast vs. slow growing
economies, Econometrica 49 (1981), 1007-1034.

9. E. DEKEL, An axiomatic characterization of preferences under uncertainty, J. Econ. Theory
40 (1986), 304-318.

10. L. G. EpsTeIN AND S. E. ZIN, Substitution, risk aversion and the temporal behaviour

642-50°1-6



80

1
12.
13.
14.

15.
16.

19.
20.
21.

22.

24.
25.

26.

27.
28.

29.
30.
31

33.
34.

35.
36.
37.
38.

39.

CHEW AND EPSTEIN

of consumption and asset returns: A theoretical framework, Econometrica 57 (1989),
937-969.

L. G. EpsteIN aAND S. E. ZiN, Substitution, risk aversion and the temporal behaviour of
consumption and asset returns: An empirical analysis, Working Paper 8718 revised,
University of Toronto, 1989.

P. C. FisuBurN, Transitive measurable utility, J. Econ. Theory 31(1983), 293-317.

J. GreeN, “Making book against oneself,” the independence axiom and nonlinear utility
theory, Quart. J. Econ. 102 (1987), 785-796.

R. HaLL, Interest and consumption, NBER Working Paper 1694, 1985.

R. HaLL, Consumption, NBER Working Paper 2265, 1987.

L. Hansen anD K. SINGLETON, Stochastic consumption, risk aversion, and the temporal
behavior of asset returns, J. Polit. Econ. 91 (1983), 249-265.

. T. H. JounsoN anND J. B. DoNaLDSON, The structure of intertemporal preferences under

uncertainty and time consistent plans, Economerrica 53 (1985), 1451-1458.

. E. KARNI AND Z. SAFRA, Ascending bid auction games: A nonexpected utility analysis,

Working Paper 20-87. Tel Aviv University, 1987.

R. E. KiHLSTROM AND L. J. MIRMAN, Risk aversion with many commodities, J. Econ.
Theory 8 (1974), 361-388.

T. C. KoopMans, Stationary ordinal utility and impatience, Econometrica 28 {1960).
287-309.

D. M. Kreps aAND E. L. PorTEUS, Temporal resolution of uncertainty and dynamic choice
theory, Econometrica 46 (1978). 185-200.

W. LEININGER, The existence of perfect equilibria in a model of growth with altruism
between generations, Rev. Econ. Stud. 53 (1986), 349-368.

. D. LEVHARI AND T. SRINIVASAN, Optimal savings under uncertainty, Rev. Econ. Stud. 36

(1969), 153-164.

R. E. Lucas, Asset prices in an exchange economy, Econometrica 46 (1978), 1429-1446,
M. J. MacHINA, “Expected utility” analysis without the independence axiom, Econometrica
50 (1982), 277-323.

M. J. MacHINA, The economic theory of individual behaviour towards risk: Theory,
evidence and new directions, IMSSS Technical Report 433, Stanford University, 1983.
M. NaGumo, Uber eine Klasse der Mittelwerte, Japan. J. Math. 7 (1930), 71-79.

B. PeLeG AND M. E. Yaarl, On the existence of a consistent course of action when tastes
are changing, Rev. Econ. Stud. 40 (1973), 391-401.

R. A. PoLLAK, Consistent planning, Rev. Econ. Stud. 35 (1968), 201-208.

J. QUIGGIN, Anticipated utility theory, J. Econ. Behav. Organ. 3 (1982), 323-343.

T. RADER, “Microeconomic Theory,” Academic Press, New York, 1982.

. H. RaIFra, “Decision Analysis,” Addison-Wesley, Reading, MA, 1968.

H. L. ROYDEN, “Real Analysis,” Macmillan, New York, 1963.

P. A. SAMUELSON, Lifetime portfolio selection by dynamic stochastic programming, Rev.
Econ. Statist. 51 (1969), 239-246.

U. SEGAL, Axiomatic representation of expected utility with rank-dependent probabilities,
Ann. Oper. Res.. Choice under Uncertainty, in press.

L. SELDEN, A new representation of preference over “certain x uncertain” consumption
pairs: The “ordinal certainty equivalent” hypothesis, Econometrica 46 (1978), 1045-1060.
L. SELpEN, An OCE analysis of the effect of uncertainty on saving under risk preference
independence, Rev. Econ. Stud. 46 (1979), 73-82.

L. SELDEN AND 1. Stux, Consumption trees, OCE utility and the consumption savings
decision, Columbia University, 1978.

G. J. STiGLER AND G. S. BECKER, De gustibus non est disputandum, Amer. Econ. Rev. 67
(1977), 76-90.



40

41.

43,
44.

NON-EXPECTED UTILITY 81

. R. H. STROTZ, Myopia and inconsistency in dynamic utility maximization, Rev. Econ.
Stud. 23 (1956), 165-180.

R. H. THALER AND H. M. SHEFRIN, An economic theory of self-control, J. Polit. Econ. 89
(1981), 392-406.

. M. E. Yaary, Univariate and multivariate comparisons of risk aversion: A new approach,
in “Uncertainty, Information and Communication: Essays in Honour of Kenneth
J. Arrow™ (W. P. Heller, R. M. Starr, and D. Starrett, Eds.), Cambridge Univ. Press,
Cambridge, 1986.

M. E. Yaarl, The dual theory of choice under risk, Econometrica 55 (1987), 95-115.

S. E. ZIN, Intertemporal substitution, risk and the time series behaviour of consumption
and asset returns, Discussion Paper 695, Queen’s University, 1987,



