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Abstract

We construct a model of collective search in which players gradually approach
the Pareto frontier. The players have imperfect control over which improvements
to the status quo will be considered. Inefficiency takes place due to the difficulty in
finding improvements acceptable to both parties. The process is path dependent,
with early agreements determining long-run outcomes. It may also be cyclical, as

players alternate between being more and less accommodating.

KEYWORDS: collective search, bargaining, path dependence, cycling, Raiffa

path, delay, inefficiency.

*This paper was previously circulated under the titles “Policy Reforms” and “Searching for Policy
Reforms.” We are grateful to Nageeb Ali, David Baron, Steven Callander, Gabriel Carroll, Duoxi Li,
Bart Lipman, Ellen Muir, Maggie Penn and Beixi Zhou for their feedback. We also thank audiences
from BU, the 2018 BEET conference, Caltech, the 2018 CfBE Conference at UBC, Columbia, Emory,
Penn State, Princeton, Queens, Stanford, USC, Utah and the 2019 Workshop on the The Design and
Governance of Collaborations and Partnerships at MIT Sloan for their comments.

tAcharya: avidit@stanford.edu, Ortner: jortner@bu.edu.



1 Introduction

When searching for policy improvements, the parties involved often have imperfect con-
trol over the scope and direction of the changes that are to be considered. One reason
for this is that they must search for ideas on how to improve existing arrangements, and
it is hard to anticipate which ideas this search process yields and when. Moreover, it
is unlikely that alternatives appear that land them directly on the Pareto frontier. The
agents may have to content themselves with making only a series of potentially small
improvements over the status quo. This is often the case when the issues that are being
dealt with are inherently complex. As Binder and Lee (2013) write when describing the

complexity of legislative negotiations:

“The search for win-win solutions is labor-intensive. Information must be
gathered from many sources — for example, interest groups, affected indus-
tries, policy experts, activists, and government agencies — before members
and their staffs can understand the causes and dimensions of a policy problem

and see a pathway to possible solutions.”

Besides complex legislation, other real-life examples that feature gradual, step-by-step
improvements over existing deals include climate change negotiations, international trade
talks, and the effort to reduce the stockpiles of nuclear weapons.

Motivated by these examples, we develop a collective search model in which two
players approach the Pareto frontier in a series of interim agreements. Our game has
complete information and an infinite time horizon. The set of feasible policies is X =
{x € R% : &1 + 22 < 1}. At each period ¢, player ¢ = 1,2 obtains a flow payoff equal
to the coordinate z! of the policy x* = (2, z) that is in place. The agreement in place
at the start of the game is (0,0). In each period, a new alternative is drawn randomly
from the set of feasible policies that are Pareto improvements to the status quo policy,
and players decide whether to approve or disapprove the draw. The status quo policy
is replaced if and only if both players approve the change; otherwise, it stays in place.
Players share a common discount factor ¢ < 1.

Under a key inter-temporal symmetry assumption, we are able to provide a clean
characterization of the set of Markovian equilibria that have a recursive structure.! In

any period, players only accept alternatives that improve their payoffs by a similar

I'The assumption, which is made on the distributions from which policies are drawn, implies that
the continuation game played from period ¢ onwards starting with a status quo z € X is strategically
equivalent to the game played from period 0 onwards with status quo (0, 0).
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Figure 1: Path of play

amount. In particular, the set of policies that both players find acceptable is a cone
defined by two lines with positive slope that pass through the current status quo as
its vertex. Figure 1 depicts the first two “acceptance cones” for a possible sequence of
policies {x!, x? x3 x* ...} that are implemented along the path of play. Policies that lie
outside of the cone are rejected even if they are Pareto superior to the status quo. The
reason for this is that players cannot commit to approve future policies that dispropor-
tionally benefit their opponents. As a result, a player strictly prefers to reject Pareto
improvements that favor her opponent significantly more than her, since she (correctly)
anticipates that approving these will “close the door” in the future to many policies that
she finds attractive. Since players discount the future, the periods of inaction produced
by the rejection of Pareto improving alternatives generate inefficiency—an inefficiency
that arises simply because of the difficulty in finding moderate policies.

As Figure 1 shows, the distinctive feature of our model is that players will typically
reach a sequence of interim agreements, gradually approaching the Pareto frontier. In
addition, the randomness of draws and the rigidity of the status quo together imply that
the process by which players approach the frontier is necessarily path dependent. In
each period, the set of alternatives that players find acceptable depends on the current
status quo. As a result, at each point in time, the future path of play depends crucially

on the agreements that players reached in the early stages.



This path dependence disappears, however, as players become fully farsighted. In the
limit as 0 — 1, the acceptance cone collapses to a line segment connecting the current
policy to a point on the frontier. Only policies on this line segment are implemented on
the path of play. Intuitively, the cost in terms of forgone future payoff of implementing
a policy that is more beneficial to one’s opponent increases with ¢. In the limit, the only
policies that both players accept are those that give a payoff vector on this line segment.
When policies are drawn from a smooth distribution, the long run policy converges to an
equal split of the surplus. In this case, the unique path to the frontier coincides with the
“Raiffa path”— the path of interim agreements proposed by Raiffa (1953) as a plausible
outcome in settings in which bargainers engage in step-by-step negotiations.

We also look at the finite horizon version of our game, and give conditions under
which equilibria in the infinite horizon limit correspond to a recursive Markovian equi-
librium of the infinite horizon game. When these conditions are not met, the equilibria
of the finite horizon games may feature cycles under which the players alternate in how
accepting they are of the possible Pareto improvements. Given an existing agreement,
the acceptance cone may be narrow in some periods but wide in others, following a cycli-
cal pattern. These cycles are not driven by changes in fundamentals, but by self-fulfilling
changes in players’ expectations about future play.

We also explore a set of extensions in which we characterize the full set of subgame
perfect equilibrium payoffs and analyze the case of unequal discounting. In the limit as
0 — 1, we show that the set of subgame perfect equilibrium payoffs coincides with the
full set of feasible payoffs. With unequal (but low) discounting, the more patient player
has a payoff advantage that is increasing in her discount factor and decreasing in the
other player’s discount factor.

Finally, we extend the model to allow for “strategic search.” This extension is mo-
tivated by the fact that our baseline model can be interpreted as a bargaining game in
which the players have no control over the offers that are generated. This puts the model
at the opposite extreme of the standard approach to bargaining theory (e.g. Rubinstein,
1982) in which proposers have full control over their offers. A natural extension of our
model is, therefore, to the intermediate case in which proposers have partial control over
the offers that they put on the table. We consider such an extension in which, at each
period, a randomly selected proposer chooses the distribution from which the alternative

will be drawn. Our main results carry through in this environment.



Related literature. Our paper is primarily related to the literature on collective
search. Compte and Jehiel (2010a), Albrecht et al. (2010), Moldovanu and Shi (2013)
and Kamada and Muto (2015) study models in which a group of agents sequentially
sample alternatives from a distribution and have to choose when to stop. Closer to
our model, Roberts (2007) and Penn (2009) also study settings with randomly gener-
ated alternatives and with an endogenously evolving status-quo. They consider settings
with supermajority rules and focus on how the dynamic nature of the problem affects
voting behavior when the set of available alternatives all lie on the Pareto frontier. In
contrast, we consider a two-player setting (so necessarily with unanimity) and focus on
understanding the process by which policies approach the Pareto frontier.

The interpretation of our model as a bargaining game also connects our paper to
prior work on bargaining, especially models featuring delay and inefficiency. However,
the inefficiencies that take place in our model are qualitatively different from those that
arise in traditional bargaining theory, where players are able to strike agreements that
take them directly to the Pareto frontier. Even in models that feature inefficient delay in
bargaining (e.g. Cho, 1990, Cramton, 1992, Abreu and Gul, 2000, Fanning, 2018) once
an agreement is eventually reached, the outcome typically lies on the frontier.

Because players in our model approach the Pareto frontier in incremental steps, our
paper relates to prior work on incremental bargaining and partial agreements. Compte
and Jehiel (2004) study a bargaining model in which each player’s outside option depends
on the history of offers. In this setting players begin negotiations making incompatible
offers, and make gradual concessions over time. However, there are no interim agree-
ments in their model: the first agreement that players reach is a point on the Pareto
frontier. Acharya and Ortner (2013) analyze a model in which two players bargain over
two issues, one of which will only be open for negotiation at a future date. The main
result is that players may reach a partial agreement on the first issue, only to complete
the agreement when the second issue comes ripe for negotiation.

Our result on commitment and inefficiency relates our paper to the literature on
bargaining failures as a result of commitment problems (e.g. Fearon, 1996, Powell, 2004,
2006, Acemoglu and Robinson, 2000, 2001, Ortner, 2017). This work focuses on un-
derstanding the conditions under which the players’ inability to commit will result in
bargaining inefficiencies. Instead, we focus on how the players’ inability to commit
shapes the way bargainers approach the Pareto frontier.

The rigidity of the agreements in our model relates it to the growing literature on

political bargaining with an endogenous status quo (e.g. Kalandrakis, 2004, Duggan



and Kalandrakis, 2012, Dziuda and Loeper, 2016, Bowen et al., 2014). We add to this
literature by constructing a model in which players bargain over complex issues, and
thus have imperfect control over the offers that are generated.

Our connection to the Raiffa path relates our paper to others that also provide
foundations for this bargaining solution. Livne (1989), Peters and Van Damme (1991),
Diskin et al. (2011) and Samet (2009) provide axiomatizations for the Raiffa path. My-
erson (2013), Trockel (2011), Diskin et al. (2011) and Driesen et al. (2017) provide
non-cooperative foundations by proposing bargaining models in the tradition of Rubin-
stein (1982). These models have the property that, in the first round, players reach
an agreement at the point at which the Raiffa path intersects the Pareto frontier. In
contrast to these studies, our model gives rise to interim agreements, therefore provid-
ing foundations for the path. Thus, our paper contributes to the “Nash program” of
providing non-cooperative foundations to cooperative bargaining solutions.?

Finally, our work is related to a set of papers in organizational economics showing how
path-dependence can arise in organizations, and arguing that these dynamics may help
explain why seemingly identical firms have persistent differences in performance; past
work in the literature includes Acharya and Ortner (2017), Callander and Matouschek
(2019), Chassang (2010), Halac and Prat (2016), and Li and Matouschek (2013).

2 Model

2.1 Framework

There are two players, ¢ = 1,2. Time is discrete, with an infinite horizon, and indexed

by t =0,1,2,.... The set of feasible policies is
X = {(.1'1,1’2) € R%’_ M R i 1) < 1}

At each time ¢, the players decide whether to change the existing policy from the status
quo z' = (2}, 2L) € X to a new policy x drawn randomly from a distribution F,: with

density f,+ and support over the set

X(z)={x€e X x; >z fori=1,2}

20Other contributions to the Nash program include Binmore et al. (1986), Gul (1989), Abreu and
Pearce (2007, 2015), Compte and Jehiel (2010b) and Fanning (2016).



of alternatives that, given the payoffs we describe below, are Pareto superior to status
quo z'. After policy x is drawn, the two players simultaneously decide whether or not
to accept it. If both accept, then x becomes the policy in place in period ¢, so x! = x.
Otherwise, the status quo is implemented, so x* = z'. The next period’s status quo is
the previous period policy, so z'*1 = x! with z° = (0,0) =: 0.

Both players are expected utility maximizers and share a common discount factor
d < 1. If xt = (24, 2%) € X is the policy in place in period t, then player i earns a flow
payoff (1 — d)at at time ¢. Player i’s payoff from a sequence of policies {x'}2, is thus

o0
U ({x'}) = (1-0)>_ o'al.

t=0

The following assumption will facilitate a tractable analysis of this game, and we will

maintain it throughout.

Assumption 1. For any x,z € X with x € X(z), let

PZ(X)::< TR g )

1—21—2’2’1—21—2’2
Then, for every z € X, the density f, is such that

VxEX(2),  fulx) = f(Pu(x))

(1 — 21 — 22)2
where f:= fo,0) is the density from which policies are drawn at the start of the game.

This assumption states that, for any z € X, the distribution F, over X from which
policies are drawn when the status quo is z is “identical” to the distribution F' := Fy
over X from which policies are drawn at the start of the game. The main implication of
this assumption will be that a subgame starting with status quo z € X is strategically

identical to the game starting at status quo z° = 0.

Shifting frontier. A special case of our model is one in which the frontier shifts
upward in every period, and the players are able to land at points at each period’s
frontier in every period. This case arises as a special case under the assumption that the

support of F is the line segment {x € R% : 2y + 25 = ¢} for some constant ¢ € (0, 1).



Motivation. Our model of sequential search is intended to capture settings in which
the parties involved must search for new ideas on how to improve existing policies.
Examples include negotiations over complex issues, like climate change, international
trade, or healthcare policy. The assumption that the policy draw each period depends
on the current status-quo captures the idea that current policies (and their particular
shortcomings) may guide agents in deciding what types of improvements to look for.
For tractability, our model does not allow agents to recall previous policy draws: if
a policy x was drawn in the past and rejected, players cannot go back and choose
it. But allowing players to recall previous policies will not affect our conclusions. The
Markovian equilibria that we study below remain equilibria even with recall.> Our model
also assumes for tractability that the policy drawn each period Pareto dominates the

existing policy.

2.2 Solution concepts

The history at the start of time ¢ is hy = (x7,d"),, where X" is the policy drawn at
period 7 and d” = (d7,d}) are the voting decisions of players at time 7, with d] = 1 if

player ¢ approved the draw x”, and d] = 0 otherwise. A pure strategy o; is a mapping
o;: (hy,x") — d-.

For each subgame perfect equilibrium (SPE) ¢ = (0y,03) and each history h;, we use
V2 (ht) to denote player i’s continuation payoff under o at h;.

A subgame perfect equilibrium (SPE) o = (01, 02) is Markov Perfect if, for i = 1,2,
all hy and all x*, 0;(hy,x") depends only on the current status quo z(h;). For a Markov
Perfect equilibrium o, let A7, denote the policies that player i accepts under o when
the status quo is z, and A7 := A7, N AF, be the set of mutually acceptable policies.

Consider a Markov Perfect equilibrium o = (01,03), and let V,7(z) be player i’s
continuation value under o when the status quo is z.* We say that o is stage-undominated

if, for 1 = 1,2, all status quo z, and any draw x € X(z), player ¢ approves x whenever

(1= 0)a; + 6V (x) > (1 — 8)zi + 0V (2).

3This is no longer true when we study the finite horizon version of our model in Section 4. There,
allowing players to recall previous draws would lead to different equilibrium outcomes.
4In a Markov Perfect equilibrium, players’ continuation payoffs depend only on the status quo.



Thus, each player approves or disapproves the draw as if their vote is decisive. Through-
out the paper, the term Markovian equilibrium will refer to stage-undominated Markov
Perfect equilibrium.

For any status-quo z € X and any subset A C X (z), let
P,(A) :={x € X : x = P,(y) for some y € A}.

In words, set P,(A) is the projection of A C X(z) to the simplex X.

For most of the analysis we focus on Markovian equilibria with the property that
A7 = P,(A7) for all z € X. That is, we focus on Markovian equilibria under which
players’ voting decisions at each continuation history are “equivalent” to their voting

decisions at the start of the game. Formally:

Definition 1. A recursive Markovian equilibrium (RME) o is a Markovian equilibrium

for which A = P,(A2) for allz € X.°
The following lemma holds:

Lemma 1. Fiz an SPE o, a history hy, and let z = (21, 22) be the status quo at this
history. Then, there exists an SPE & such that, fori=1,2,

V7 (hy) = 2+ (1 — 21 — 2) Vi (ho). (1)

Moreover, if 0 is an RME, then ¢ can be chosen to be equal to o.

Lemma 1 highlights the recursive nature of our game. When Assumption 1 holds,
the continuation game after any history h; with status-quo z = (21, 22) is strategically
equivalent to the entire game. As a result, player i’s continuation payoff under some
SPE o at some history h; with status quo z = (z1, 22) is equal to the flow payoff z; that
the player is guaranteed to get forever (by the persistence of the status quo) plus the
re-scaled payoff (1 — z; — 23)V,?(hg) that she obtains under some SPE ¢ from searching
for improvements over the remaining surplus of size 1 — z; — z5. When ¢ is an RME,
we can take & to be equal to o, so the second term in the right-hand side of (1) is the

ex-ante payoff at the start of the game, scaled down by the size of the remaining surplus.

®We note that some authors (e.g., Maskin and Tirole, 2001), consider a strategy to be Markov if
players play isomorphic strategies in strategically equivalent subgames. Under this definition of Markov
strategies, when Assumption 1 holds, all Markovian equilibria of our game are RME.



3 Recursive Markovian Equilibrium

3.1 Characterization

Since in a Markovian equilibrium, players’ continuation payoffs at any history depend
only on the current status quo, we will abuse notation and write V,7(z) to be player i’s
continuation payoff under RME o and status quo z. We will also define W7 := V,7(0)
to be player i’s ex ante payoffs under RME o at the start of the game.

We use Lemma 1 to provide a characterization of the path of play in any RME o.
Consider a period t at which the status quo is z = (21, 22) € X. Player i approves policy
x = (21,%2) € X only if

(1= &)z + 0VI(x) > (1 - 8)z + V7 (2)

Using Lemma 1 (noting that in our abuse of notation V7 (h;) = V,?(z(hy)) if o is an

RME) and our definition of W7, this inequality is equivalent to

owe
Ti = gl@('ﬁ*l‘ 1 ) % + 1 _ 5Wia (33’ 1 z Z)

Note that ¢; ,(x_;|W/7) is the line in (x;,x_;)-space with slope dW7 /(1 — 6W/) that
passes through z.
For any W = (W, W) € X and any z € X, define

Ai,z(‘%) = {X S X : Z; Z €l,z(x,1]1/[/1)}

to be the set of policies that player ¢ would accept under status-quo z if her equilibrium

payoff was W;. Then, for any pair of payoffs W = (W;,Ws), and any z € X, the set
AZ(W) = ALZ(Wl) N A2,Z(W2) (2)

is the set of policies that are accepted by both players when the status quo is z and
expected payoffs are W = (W, Ws). Since 1 > o(W; + Wy), the line ¢4 ,(x2|W;) has
steeper slope than fs ,(x1|W3) in (21, 22)-space and A,(W) is a cone with vertex z. For
any pair of values W we let A(W) := Ag(W) be the cone with vertex 0. Such a cone
is depicted in Figure 2.

10
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Figure 2: Acceptance region A(W).

From these observations, it follows that player i’s payoff at the start of the game

under an RME o satisfies

W = prob(x € A(W?))E[(1 — d)x; + 6V (x)|x € A(W7)] + prob(x ¢ A(W?))sW/
= prob(x € A(W?))E[x; — (x1 + 22)0W|x € A(W)] + oW/,

where the second line uses V7 (x) = z; + (1 — 2y — x9)W7 (by Lemma 1). Therefore,
payoffs W7 under RME o are a fixed point of operator ® : X — X defined by:

fori=1,2, ®;(W):=prob(x € A(W))E[z; — (x1 + x2)0W;|x € A(W)] +W,. (3)
Operator ® is continuous, and maps points in X into itself, so it has a fixed point. We

can also show that for any fixed point W of ®, there is an RME o that has payoffs W.

Proposition 1. The set of RME is non-empty, and W = (W1, W3) is an RME payoff
pair if and only if it is a fized point of the operator ®.

Figure 2 plots the acceptance region A(W) at the initial period of the game. As the
figure shows, policies that constitute a Pareto improvement over the initial policy 0 and

lie outside of A(W) are rejected, leading to inefficiency.5

6As we show in Section 5.1, under an SPE that maximizes the sum of the players’ payoffs, players
accept all policy draws at every period.

11



The commitment problem plays an important role in exacerbating the inefficiencies
that arise from search frictions. To see how, suppose that in period 0 the alternative
x > 0 in Figure 2 is drawn. Policy x Pareto dominates the initial policy, but if it
were to be implemented, then starting in period 1 the set of policies Ax(W) that both
players accept would be the area inside the dashed lines in Figure 2. These policies are
significantly worse for player 2 than the policies that could be implemented in the future
if the status quo O remains in place. So player 2 strictly prefers to maintain policy O
than to implement x. Player 2 might approve x if player 1 could commit to accepting
policies that are beneficial for player 2 in the future. But player 2 rightly anticipates
that player 1 would reject such policies in the future if x were to be implemented today.
This inability to commit implies that only policies that improve both players’ payoffs

by a similar amount (i.e., moderate policies) will be accepted along the path of play.

Uniqueness. Under certain assumptions, the game has a unique RME. Consider the

following two assumptions.
Assumption 2. There exist f > f >0 such that f(x) € [f, f] for allx € X.

Assumption 3. In addition to Assumption 2, f is Lipschitz continuous (with respect

to the sup mnorm) with Lipschitz constant v < %i

We will occasionally impose Assumption 2 for future results. We use Assumption 3

only as a sufficient condition for uniqueness of RME.

Proposition 2. Under Assumption 3, there exists § < 1 such that for all § > J, the
RME is unique.

Symmetric distributions. Consider the case in which distribution F' is symmetric
about the 45° line, i.e. when its density f satisfies f(x1,x2) = f(xq, x1) for all (zq,29) €
X. In this case, operator ® always has a symmetric fixed point W = (W, W5) with
Wy = Wj. To see this, for any W € [0, 1], define

(W) := D (W/2,W/2) + O (W /2, W/2)
= prob(x € AW/2, W/2))E[z1 + z3|x € AW/2,W/2)](1 — W) + W  (4)

Operator ¥ (W) has a fixed point, corresponding to a symmetric fixed point of ®.

12



Figure 3: The ratio W /W5 of players’ equilibrium payoffs as a function of 4.

Example 1. Assume F' is a uniform distribution over X. In this case, for any W € [0, 1],
2 2
(W) =0W + 5(1 — W)
and thus ¥ has a unique fixed point in [0, 1]. The fixed point is

W =W() : 340 -9+ 60 — 1562).

Thus the game has a RME with payoff W (d)/2 to each player. For § < 1 we have
W(5) < 1, but lims_,; W(5) =1, so as § — 1 the inefficiency disappears and each player
gets a payoff of 1/2.

Asymmetric distributions. Next, we illustrate with an example how tilting the

distribution F' away from symmetry affects the players’ payofts.

Example 2. Consider a setting in which policies are drawn from distribution F' with
support {x € X : x; + x5 = ¢} for some ¢ < 1; i.e., the shifting frontier model. In
particular, suppose y is drawn from a Beta distribution with parameters f = 1 and
a > 1. Let z1 = cy and x5 = ¢ — x;. Figure 3 plots the ratio W7 /W5 of players’
equilibrium payoffs as a function of discount factor § < 1, for parameters ¢ = 1/2 and
a = 2 and a = 3. For low values of 0, the favored player (player 1) gets larger equilibrium
payoffs. However, her advantage disappears in the limit as 6 — 1. In Section 3.2 we show
that this is a more general result: when distribution F' is sufficiently smooth, players get

an equal payoff in the limit as 6 — 1, even if F' is asymmetric.

13



Non-recursive Markovian equilibria. We end this section by noting that, under
certain conditions, the game admits Markovian equilibria that are not recursive.
Suppose that operator ® has multiple fixed points, and let two of these be W*
and W**. In Appendix A we show that in this case, our game admits a non-recursive
Markovian equilibrium with the following structure. For all status quo z € X~ := {x €
X\{0} : z; > x5}, players’ continuation strategies are their strategies under the RME
that generates payoffs W*; and for all status quoz € X := {x € X : x; < 23}, players’

continuation strategies are their strategies under the RME that generates payoffs W**.

3.2 Policy Evolution

In this section, we look at policy evolution in the long run under RME, as well as in the

limit as § — 1. We start with the following simple observation.

Lemma 2. (nested acceptance cones) Fiz an RME o, and let {x'}{2, be a realized

sequence of policies under o. Then, for all T=0,1, ...,
Ax‘r 2 AXT+1,

with strict inclusion whenever x™1 £ x7.

This lemma implies that there are policies that are acceptable at some period t,
but become no longer acceptable at period ¢ 4+ 1 (and after) despite also being Pareto
improvements relative to the ¢ + 1 status quo z'™!. The result follows immediately from
the fact that, under an RME, the acceptance set Ax(W) under status-quo x is a cone
with vertex x defined by two lines with slopes (1 — 0W;)/0W; and dWs/(1 — §Ws) that
pass through the vertex (see Figure 2). Hence, the lines defining all of the acceptance

cones are parallel, so the acceptance cones are nested.

Long run policies. Now consider any sequence of policies {x’} that are implemented
along the path of play of an RME. With probability 1, sequence {x'} has a limit x* that
lies on the frontier: zj + 25 = 1. We refer to x* as a long-run policy. For each RME
o, let LR? denote the set of long-run policies that can arise under ¢. Similarly, for any
status-quo z € X, let LR] denote the set of long-run policies that can arise under o,

given that current status quo is z.

Proposition 3. Suppose that F' has full support on X, and fic an RMFE o. Then,

14



(i) (long run policies) for anyz € X, LR ={y € X :y1 + y2 = 1} N A,(W);
(i1) (path dependence) LRI # LRS, for all z' # z;

(iii) (gradual certainty) For every sequence of equilibrium policies {x"}22,, LR?, ., C

LR

xT

with strict inclusion whenever x™ 1 £ x7.

At the start of the game, any policy x on the Pareto frontier with z; € [6W7,1—0Ws]
lies in LR?. As play progresses and the players implement policies that are closer to
the frontier, the set of feasible long run policies shrinks. Figure 1 shows LRZ, for some

interim policy x! on the path of play.

Patient players. We now turn to the analysis of the RME path of policies in the limit
as & — 1. We let W° = (W}, WZ) denote the players’ payoffs in an RME of the game
with discount factor 6. Abusing our previous notation, let LR® denote the set of long

run policies of the game with discount factor ¢.
Proposition 4. Fiz a convergent sequence {6,, W}, with lim,, s 6, — 1. Then,

(i) (determinism) LR converges to (Wi, W3) := lim (W Wn);

n—o0

(ii) (generalized Raiffa path) lim A(W) = {x € X : xy/xy = W} /W5};
n—oo
(iii) (efficiency) lim W + Wir = 1.
n—oo
If the distribution F' is twice continuously differentiable, then Wy = Wy = 1/2.

Proposition 4(i) says that as 6 — 1 the path of policies approaches deterministically
a particular long run outcome— specifically, the players’ RME payoff split. Proposition
4(ii) says that, as § — 1, the set of policies that both players find acceptable converges to
the line segment connecting 0 and the point (W}, W5). Intuitively, the cost in terms of
forgone future payoff of implementing a policy that is more beneficial to one’s opponent
increases with §. In the limit, the only policies that both players accept are those that
give both of them a payoff on this line segment. This implies that, as players become
arbitrarily patient, there is no path dependence.

Proposition 4(iii) shows that the inefficiency of delay vanishes as players become fully
farsighted. This occurs in spite of the fact that, as § — 1, the acceptance region A(W?)
converges to a straight line, so in any period, there is total gridlock: the probability of

changing the existing policy goes to zero. Intuitively, if limgs_,; W2 +WZ < 1, the players
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would be relatively accommodating in terms of the alternatives that they accept. Hence,
the expected delay cost would be zero as the discount factor approaches 1.

Lastly, Proposition 4 shows that, if F' is sufficiently smooth, both players obtain the
same payoff in the limit as § — 1, so (W}, Wy) = (1/2,1/2). That is, even if policies are
drawn from a distribution that favors one of the players, as the players become arbitrarily
patient they obtain approximately the same payoff in equilibrium. This generalizes the

findings in Examples 1 and 2.

Connection to the Raiffa path and other bargaining solutions. The limiting
equilibrium outcome in our model relates to the sequential bargaining solution proposed
by Raiffa (1953). For any given two-player bargaining set with disagreement point b, let
the utopia payoff vector u be the payoff vector that would result if each player obtained
her preferred outcome while keeping their opponent at a utility level equal to their
disagreement payoff. In our setting, b = (0,0) and u = (1,1). Fix an integer n > 2.
Under Raiffa’s solution, negotiations happen in steps. In the first step of negotiations,

players move from the disagreement point b towards the utopia point by an amount

proportional to i: they move from x” = b to x! = fu+ “2b. In the t-th step
of negotiations, players take last period’s agreement x'~! to be the new disagreement
point, and move towards the updated utopia point u'~!; i.e., x* = tuf~t 4 2=1x=17

Bargaining continues this way until players reach the Pareto frontier.® The path of
agreements reached under this sequential solution is sometimes called the Raiffa path,
and the point at which this path intersects the Pareto frontier is the Raiffa point.

When the bargaining set has a linear frontier (as in our model), the Raiffa path is
the line-segment connecting the disagreement point to the frontier, which would pass
through the utopia payoff vector at the start of negotiations, if extended. In our model,
this is the line-segment connecting (0,0) and (1/2,1/2), which is exactly the path of
play that arises in the limit as § — 1 when distribution F' is sufficiently smooth.

In our setting with a linear frontier, the Raiffa point coincides with other bargaining
solutions like the Nash (1950) solution, and the Kalai and Smorodinsky (1975) solution.
Numerous non-cooperative foundations exist for these bargaining solutions. However,
prior work does not provide non-cooperative foundations for the path to these solutions

(see the the literature review above). In Raiffa’s account, the players’ journey to the

1 is the utopia point of a bargaining problem with the original
t—1

“The updated utopia point u?
bargaining set, and with disagreement payoffs given by x

8Raiffa’s discrete solution corresponds to the case with n = 2. Raiffa’s continuous solution is
obtained by taking the limit as n — oo.
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Pareto frontier is gradual, taking place in a series of steps. Prior work, on the other

hand, only provides accounts in which players land directly on the Raiffa point.

4 The Finite Horizon Game

4.1 Framework

In this section we study the finite horizon version of our model. The game is the same
as in Section 2, except that players can only draw new policies at times t = 0, ..., T}
from time T + 1 onwards, the policy in place is the policy at time 7. In this section,
our solution concept is stage-undominated SPE.

It can be shown by backward induction that this game has unique stage-undominated
SPE payoffs. We let V;(z,t;T) denote player i’s equilibrium continuation payoff at time
t with status quo z under deadline 7. Let W(T') = (V4(0,0;7T), V2(0,0;T)) denote the
players’ equilibrium payoffs at time ¢ = 0. The following result shows that the essence
of Lemma 1 carries over to this setting, as does the recursive operator approach that we

took to prove Proposition 1.
Lemma 3. Fizx any deadline T' > 0. Then,

(i) for allt <T, and allz € X,

Vilz,t;T) = zi+ (1 — 21 — 2)Wi(T — 1) (5)

(ii) the players’ equilibrium payoffs satisfy W(T) = ®11(0), where ® is the operator
defined in (3) and ®' denotes its t-th iteration.

In equilibrium, at any time ¢ < T with status-quo z, player ¢ accepts policy x if

(1—=0)x; +0Vi(x,t+ 1;T) > (1 =)z + 0Vi(z, t + 1;T)
SWi(T —t—1)

> R
<:>xz_zl+1—5Wi(T—t—1)<x_Z Z4),

where the second line uses equation (5). Hence, payoffs W(t) for ¢ < T are suffi-
cient to characterize the equilibrium of the game with deadline T. We will therefore
study the equilibria of the game in the limit as 7" — oo by studying the sequence
{W(0), W(1),W(2),...}. We define two types of games.
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Definition 2. We say that the finite horizon games are convergent if W(T') converges

as T — oco. Otherwise, we say that the finite horizon games are cycling.

4.2 Convergent Games

It is clear that when the finite horizon games are convergent, equilibrium behavior in
the limit as the deadline T" grows to oo corresponds to equilibrium behavior under an
RME of the infinite horizon game studied above.

We now provide two sets of conditions under which the finite horizon games are
convergent. Recall that when F' is symmetric, we can generate equilibrium payoffs using
the operator ¥ defined in (4), and that a fixed point W of this operator corresponds to

a symmetric fixed point of ®.

Proposition 5. (i) Suppose Assumption 2 holds. Then, there exists § < 1 such that,

if 0 > 0, the finite horizon games are convergent.

(ii) Suppose F is symmetric. Then, if (W) > —1 for all W € [0, 1], the finite horizon

games are convergent.

Thus, part (i) of the proposition provides a justification for selecting the RME of the
infinite horizon game when 0 is high, and part (ii) provides conditions under which this
selection is justified if F' is symmetric. However, this approach to equilibrium selection

has its limitations, as the finite horizon games may be cycling.

4.3 Cycling Games

We now turn to cycling games. We start by providing some intuition as to why the finite
horizon games may be cycling.

Players in our model trade off implementing a Pareto improving policy today against
the benefit of waiting to see if they can change the policy in a more preferred direction
tomorrow. At the deadline T', there is no benefit to waiting so the players accept every
policy in X (z?). In the penultimate period, however, players are less accommodating,
since they anticipate that the set of acceptable policies tomorrow will depend on the pol-
icy they implement today. Graphically, the acceptance cone becomes smaller (narrower)
at period T — 1, and some extreme policies in X (z' 1) are rejected.

Now consider the third to last period 7' — 2. If the probability of changing the

policy next period is sufficiently small (i.e., if the distribution F' places little mass on

18



the acceptance cone tomorrow), players know that they are unlikely to enact a policy
reform in the next period, and, in all likelihood, will have to wait until the final period
to change the policy if they don’t change it today. Since waiting for two periods is more
costly than waiting only one period, players are more accommodating in period T — 2
than they are in period T" — 1.

This suggests that, for small values of T, equilibrium play may cycle, alternating
between periods in which players find it relatively easy to modify existing agreements
and periods in which modifying these agreements is harder. Our next result shows that
these cycles can also occur in the limit as T" — oo.

To provide simple conditions under which cycling occurs, we focus on the case in
which the distribution F' is symmetric. Recall that when F' is symmetric, players have
the same equilibrium payoffs and the sum of these payoffs is the (7' + 1)-th iteration
over 0 of the operator ¥ defined in (4).

Proposition 6. If F' is symmetric then ¥ has a unique fixed point W, If, in addition,
(i) W(W) # W* for all W # W*, and
(ii) there exists € > 0 such that W' (W) < —1 for all W € [W* — e, W* +¢],

then the finite horizon games are cycling.

For some intuition as to when the conditions in Proposition 6 hold, note that

A

U(W) = HW)(1 — W) + oW,

V(W) =6(1—HW))+ H (W)(1— W),

A A A A

where H(W) := prob(x € A(W))E[z; 4+ z2|x € A(W)]. The magnitude of H'(W) < 0
depends on how much mass the distribution F' puts on the boundary of the acceptance
set A(W) Hence, Proposition 6 holds when distribution F' places significant mass at
the boundary of A(W) for all W close to the fixed point 1¥/*.

Under the conditions in Proposition 6, the players’ equilibrium payoffs W(T) /2 cycle
around TW* /2. Note that, in the symmetric case, the acceptance region AZ(W) is a cone

1-6W /2 W /2
2 and o2 Therefore, the fact that payoffs

W (7)/2 cycle around W*/2 implies that there will be an alternation between periods of

with vertex z and lines with slopes

high and low probability of agreement; i.e., the game features cycles.
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We now present an example to make the cycling result more concrete. The example
also shows that the period of the cycle can vary with the model’s parameters. For

expositional purposes, we consider an example in which distribution F is discrete.”

Example 3. Suppose F' is such that

probp(x = (1/3,1/4)) = probp(x = (1/4,1/3)) = 1/2.

Note that,
. oW ifw > S
W) =4 °, LT
Indeed, when W > %, players’ continuation values are too high and the set of acceptable
policies has no mass under . When W< %,

ity 1. For 6 = 0.95, the sum of players’ equilibrium payoffs W(T) converges as T" — oo

the set of acceptable policies has probabil-

to a two-period cycle, with payoffs alternating between W = 0.93 and W ~ 0.89. For
0 = 0.98, equilibrium payoffs converge as T' — oo to a five-period cycle, with payoffs
alternating between W = 0.94, W ~ 0.92, W ~ 0.90, W ~ 0.88 and W = 0.86.

The example gives cases in which the cycle has a fixed period of length 2, and one in
which it has a fixed period of length 5. Whenever the cycle has a period of fixed length,
the equilibria as T" — oo converge in behavior to some equilibrium of the infinite horizon
game (but, of course, not an RME). How can we sustain cycling in the infinite horizon
game? The answer is coordination. Consider cycles of period 2. If the players expect
that they will both be accommodating tomorrow, they will be less accommodating today.
And if they expected to be less accommodating today then they will have been more

accommodating yesterday. The cycles are thus driven by self-fulfilling expectations.

5 Extensions

We now return to the infinite horizon game and report some additional results. We
first move away from RME by characterizing the full set of SPE payoffs. We then look

at two extensions— the case of unequal discounting, and the case in which players can

9Two points are worth noting about discrete F. First, Lemma 3 continues to hold when F is discrete.
Second, if we endow the space of distributions with the sup norm, operator ®(W) is continuous in the
distribution F'. Hence, Example 3 can be approximated by a sequence of continuous distributions {F"}
converging to the discrete distribution.
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strategically search for policy improvements by choosing the distributions from which

policies are drawn.

5.1 Pareto Frontier of SPE payoffs

In this section, we move away from RME, and look at the set of SPE payoffs. For this
analysis we assume that at the start of each period, players have access to a public
randomization device.! Let ¥ denote the set of SPE of the game.

For each Pareto weight A € [0, 1], we are interested in

Uy = sug AVZ (ho) + (1 — N)VY (h).
ogc
In words, U, is the largest A-weighted sum of payoffs that can be sustained in a SPE.
For each \ € [0, 1], define operator TI* : [0,1] — [0, 1] as

HA(U) = prob(x < A/\(U))]E[)\.Clﬁl + (1 — )\).CEQ — (Z’l + .932)(5U|X S A)\(U)] + 5U,

where A\(U) := {x € X : Ax; + (1 — Ny > (21 + 22)0U}. Finally, for any discount
factor § < 1, let V2 C X denote the set of SPE payoffs. Then we have:

Proposition 7. (i) For each X € [0,1], Uy is the largest fized-point of T1*,
(ii) If f has full support on X, then lims_,; V° = X.

In proving part (i) of Proposition 7, we show that Uy can be attained in an SPE that
takes the following form. Along the path of play, if the current period status-quo is z,
both players accept draw x € X (z) if and only if

)\ﬂfl + (1 — )\)SEQ — )\Zl — (1 — /\)22 2 (Il + X9 — 21 — ZQ)(SU/\.

If at any period t a player rejects a policy that should have been accepted, the players
revert to a continuation equilibrium in which all policies get rejected forever after. So,
after such a deviation, player i’s continuation payoff is z!.

For part (ii) of the proposition, we show that for A € {0,1}, U, converges to 1 as §
goes to 1. That is, as 0 approaches 1, the SPE that maximizes player i’s payoffs gives
player i a payoff converging to 1, and player 7 # ¢ a payoff converging to 0. Since the

10 Adding public randomization does not affect any of our conclusions thus far: all results up to this
point hold as stated.

21



game always admits a SPE in which both players get payoffs 0 (by having both players
reject any draws at each period), and since players have access to a public randomization
device, this establishes the result.

We end this section by studying outcomes under Pareto efficient equilibria. Under
an equilibrium o that attains Uy, at ¢ = 0 players accept any policy x in the agreement
region A, (Uy). Suppose A > 1/2 (the case of A < 1/2 is symmetric and omitted). In
this case, the set A,(U,) includes all policies x that satisfy:

22(0UN — (1 = A))
AA— oU, ’ (6)

Ary + (1 — )\)372 > (l’l + $2>(5U)\ = 11 >

where we used the fact that, for any A € [0,1], Uy < max{\, 1 — A} = A.'" When X is
close to 1/2, the right-hand side of (6) is negative, and so A,(U)) is equal to the simplex
(i.e., when A & 1/2, players accept any policy). In contrast, when A is significantly
larger than 1/2, 60U, > 1— A, so the agreement region A, (U,) only includes policies that
benefit player 1 significantly more than player 2.

5.2 Asymmetric discounting

Throughout the game, we assumed that players have the same discount factor 6. We
now briefly study the case of unequal discounting.

For i = 1,2, let §; € (0,1) be player i’s discount factor. Suppose distribution F' is
symmetric and that Assumption 3 holds. When §; = d3 = 0 > 9, Proposition 2 says that
the game has a unique RME o, and since F' is symmetric, the players have the same
payoffs: W¢ = W¢.12 However, if we assume (without loss of generality) that §; > ds,

then we can show that the more patient player 1 obtains a higher payoff than player 2.

Proposition 8. Suppose F is symmetric and Assumption 3 holds. Then, there exists
5 < 1 such that, if 61 > 69 > 3, a unique RME o exists and the players” RME payoffs

W7 = (W7, Wg) satisfy
Wla > 1_52(1_H(WU)) (7)
Wg = 1—06,(1—H(W?9))’

where H(W?) = prob(x € A(W?))E[z, + z3]x € A(W7)]).

The following example illustrates.

UIndeed, for any equilibrium o, V7 (hg) + Vi (ho) < 1; thus AV (ho) + (1 — A)V¥ (ho) < max{\,1 —
A} = A, where the last equality follows since we are assuming A > 1/2.

12When F is symmetric, the game always has an RME that gives both players the same payoff. By
Proposition 2, this is the unique RME whenever Assumption 3 holds and § is large enough.
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Example 4. Consider a setting in which policies are drawn from distribution F' with
support {x € X : x1 + x5 = ¢} for some ¢ < 1; i.e., the shifting frontier model. In
particular, suppose z; is drawn from a uniform distribution on [0, ¢], and 3 = ¢— 2. In
this case, the acceptance region takes the form A(W) = {x : x1 € [cd W71, c(1 — 5, W3)]},
and the probability of agreement is 1 — oWy — §;W;. Hence, operator @ is given by:

(1 — 6. Wo — 61 W7)?

for i =1,2, O,(W) = 5

Equilibrium payoffs are a fixed point of this operator, and so at the equilibrium payoffs

(W7, Wg) we have WY /W = (1 — d2)/(1 — 01).

5.3 Strategic Search

Our model with random proposals is intended to capture complexities in the environment
that make it difficult for players to find new ideas to improve existing agreements. In
this section, we present a natural extension of our framework in which players have some
ability to influence the direction in which they will search for new policies.

As we mentioned in the introduction, our model can be interpreted as a bargaining
model in which the proposer has no control over the offer that is generated; and, in this
sense, our model lies at the opposite extreme of the standard approach to bargaining
theory in which proposers have full control over the proposals that are considered. The
extension we present in this section bridges the gap between the traditional approach
and our baseline model by allowing proposers to have partial control over the payoff
consequences of the offers they put on the table. We briefly describe the model here. A
formal treatment appears in Appendix C.2.

Two players, ¢ = 1,2, play the following game. Time is discrete and indexed by
t = 0,1,2,.... The set of policies is X, and players have the same preferences over
policies as in our baseline model. At each period ¢, player i = 1,2 is recognized with
probability 1/2. The recognized player chooses a distribution F' from a finite set of
distributions F,¢, where z! is the current status quo. We assume that each distribution
in F, has a density and support in X (z). The alternative x in period ¢ is then drawn
from distribution F'.

After the new alternative x is drawn, the two players simultaneously decide whether

or not to accept it. If both players accept it, then the agreement in place in period
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t becomes the new policy, so x! = x. Otherwise, the status quo is implemented, so
x! = z'. The status quo at time ¢ + 1 is the previous period policy, so z!*! = x'.
In Appendix C.2 we show that under a straightforward generalization of Assumptions

1 and 2, this extended model retains all the key features of our baseline model.

6 Conclusion

We constructed a model of collective search in which the players gradually find their way
to the Pareto frontier. The difficulty in locating moderate policies that are acceptable to
both players results in inefficiency. This inefficiency is driven by the commitment prob-
lem. The model also features path dependence as early agreements shape the relative
likelihoods of the long run policies. In the limit as players become arbitrarily patient,
however, both this path dependence and the inefficiency disappear, and players follow a
unique path to a unique policy outcome on the frontier.

We also looked at the finite horizon game, and showed that equilibria of this game
may feature cycles as the players alternate between being more and less accommodating.
When the equilibrium of this game features a fixed cycle in the limit as the deadline goes
to infinity, this equilibrium corresponds to an equilibrium also of the infinite horizon
game. Cycling in these equilibria is driven by an alternating pattern of changes in
the players’ self-fulfilling expectations about the likelihood of making improvements to
existing agreements.

Qualitatively similar results hold even if we move the model closer to a traditional
bargaining setting by allowing the players to strategically choose the distributions from
which new alternatives are drawn. Our model thus provides an answer to an important
question (going back at least to Raiffa) of how two bargainers searching for improvements
to existing policies approach the Pareto frontier. They do so in steps, while ensuring

that these steps fit within the set of trajectories that ensure long-run moderation.
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Appendix

A Proofs for Sections 2 and 3

Proof of Lemma 1. Before we begin, as a matter of notation, when we consider the
concatenation h; U h, = (x*,d®)s<4y, of two histories h; and h,, with h, = (is,as)sq,
then for all s = 0, ..., 7 — 1 we take (x'**, d"**) to be (P;*(X®), d*), where z' is the status
quo at time ¢ under the history h,.

Fix an SPE ¢ and a history h; with status quo z = z(h;). Consider strategy profile
¢ such that, for ¢ = 1,2 and for each history h,, 7;(h,) = o;(h; U h;). Assumption 1
guarantees that ¢ is a SPNE of the game. We now show that, for ¢« = 1, 2,

V7 (he) = 2+ (1 — 21 — 22) V7 (ho).

Suppose for a contradiction that the result is not true. Then there exists € > 0
and j € {1,2} such that |V7(h) — z; — (1 — 21 — 22)V(ho)| > €. Pick T such that
(1 —6)6" < ¢/4. Consider strategy profiles o7 and 67 such that: (a) for all histories
he with s < T, o¥(h; U hy) = o(h; U hy) and 67 (h,) = 6(hs), and (b) for all histories
hs with s > T, both players reject all proposals at history h; U hs under o7, and both

players reject all proposals at history h, under 67.13

Since (1 — 8)07 < €/4, for i = 1,2 we have |V (k) — V7 (he)| < €/4 and |V? (ho) —
V" (ho)| < €/4. Therefore, since [V (h;) — z; — (1 — 21 — 22)V7 (ho)| > €, we have

VI (he) — 2 — (1 — 21 — )V (ho)| > €/2.

For each history hy of length T, let (V" (hy))ie1.2 (vesp., (V7" (hyUhr))ie12) denote
players’ continuation payoffs at history hp under 67 (resp., at history h; L hy under o).
Let z(hr) denote the status quo under history hr, and z(h;Uhr) = z+ (1 — 21 — 25)z(hy)
the status quo under history h; U hy. Note that:

V?" (hr) = probyg,,) (x € A (h) Eyny [zilx € A (hr)]
+ (1 = prob,,.) (x € A7 (hr)))zi(hr),

13We stress that o7 and 67 need not be equilibria of the game.
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where A?(hy) is the set of policies that both players accept under &, and where the

equality follows since policy doesn’t change after time T under 67. Similarly,

Ve “(he U hy) = Prob, i, (X € A7 (he U hr))Egnoung [7:]x € A7 (A, U hr)]
+ (1 = prob,, L. (x € A7(he U hy)))zi(hy U hy)
= prob, ;.1 (x € A7(hr))Eyn[2i + (1 — 21 — 22)xi|x € A7 (hr)]
+ (1 = prob,,,(x € A%(hr)))(zi + (1 — 21 — 22)zi(hr))
=2+ (1= 2 — 2V (hy),

where the second equality uses Assumption 1.

Suppose that V7" (hy U hy) = 2 + (1 — 21 — 2)V,® (hs) for histories h, of length
s =71+ 1,...,T. Consider a history h, of length 7. Let z(h,) be the status quo under
h., and z(h;Uh,) = z+ (1 — 2y — z2)z(h,) the status quo under h;Uh,. For each x € X,
let h¥,, denote the history of length 7 + 1 that follows h, if policy x is implemented at
time t. Then

V7" (he) = prob,, ,(x € A% (he))Byn,)[(1 = 8)z; + 6V, (h2,,)|x € A7(h,)]
+ (1 — proby,g, y(x € A% (h:)((1 = 8)zi(h,) + V7 (RZ7)))

Similarly,

Vi”T(ht U k) = prob,g, ny (X € A7(h U hy)) X
X Boneny [(1 — 8)z; + 0V (hy U RE,)|x € A7 (hy U h,)]
+ (1= prob,g, ) (x € A7(hy Uh,))) (1 = 8)2i(he W hy) + 0V (hy L B2
= prob,, \(x € A% (hy))x
X Eynylzi + (1 — 21 — 22)((1 = ) s + 5VU (hf))|x € A% (hy)]
+(1-— prob,, (X € A%(h,))x
X (2 + (1= 21 = 2) (1 = 8)zi(hs) + OV (RZST))

=2+ (1= 21— )V (hy).

Hence, V7' (hy) — 2 — (1 — 2, — 2)V;? (ho) = 0, a contradiction.

In the case of RME, the same contradiction follows if we take 6 =o0. W
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Proof of Proposition 1. By the arguments in the main text, any RME payoffs are a
fixed point of operator . Note that ® takes points in X to points in the same set, and
is continuous. So it has a fixed point, W. To show that for any fixed point W of ®,
there exists an RME ¢ with payoffs W, let o;, « = 1,2, be such that, for every history
h; and all X', o;(hy, x') = Lute, yn,) (W), Where z(hy) is the status-quo at history h;. The

strategy profile o = (01, 03) is an RME that gives payoffs W. W

Proof of Proposition 2. Let ®° be the operator defined in (3) indexed by § < 1, and
suppose that distribution f satisfies Assumption 3 (and hence Assumption 2). We now
show that there exists § < 1 such that, for all § > §, ®° has a unique fixed point. Since
RME payoffs are a fixed point of ®, this implies that all RME are payoff equivalent
when § > §.1* Let A°(W) denote the acceptance cone at W.

Assumption 3 implies that %’y < [ so pick a number g € (%’y, f) and define
1 (1-6V)

2
G(V)::§g s -V

Let V = V?° denote the smaller of the two solutions to the quadratic equation G (V) =0;

3 2g0 4q6
Kd;ZQQ(SQ (1—5+?—\/(1—5)(1—5+?>) (8)

which is clearly a real root. Let Y := {W € X : W, + W, > V°}. To prove the result,
Step 1 below will show that ®° cannot have a fixed point in X\Y?°. The remaining steps

specifically,

will show that when § is high enough, ®° is a contraction when applied to points in the
set Y7, so a unique fixed point exists on X, corresponding to the unique RME.

Before we start, it is useful to define a change of variables to calculate integrals of
the form fAé(W)(ml + x9) f(x)dx. For all W € X, i=1,2, j # i, we have

1 pa(1—6W;)
/Aa(w)<x1 + 13) f(x)dx = /0 /a af(z;,a— x;)dx;da. (9)

oW;

14This payoff-equivalence is sufficient to establish the uniqueness of RME since for all RME o we
have specified that a player accepts a policy change when indifferent, so all of the acceptance sets A7,
i = 1,2 are solely a function of the payoffs.
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Step 1. For all 6 < 1, V° € (0,1), lims_,1 V° = 1, and if W® = (WP, W2) is a fived
point of ®°, then W? € Y?.

Proof. We know that V° > 0, since G(V) > 0 for all V' < 0. Moreover, we have that
G(1) =39(1—0)—1<3f(1—-6)—1<2(1—0)—1<0, where the second inequality
in this chain follows from the fact that f < 2. (If f > 2 then f cannot be a density:
integrating it over X would yield a number larger than 1.) Since G(0) > 0 and G(1) < 0,
the Intermediate Value Theorem implies that V° € (0,1).

By inspecting the right side of (8), we see that lims_, V° = 1.

Finally, we show that if W? is a fixed point of ®°, we must have V° < Wi+ W3,
thus W° € Y. To verify this, note that for all W € X,

DY(W) 4+ BY(W) = §(Wy + Wy) + prob(x € A*(W))E[z; + z5]x € A°(W)](1 — 6(Wy 4+ Wy))

= o(W1 + Ws) + /Aé(W)(xl +29) f(x)dx (1 = 6(Wr + W)

> (W + Wa) + %[(1 — (W1 + Wa))?

> (W, + Wy) + %g(l — S(Wy + Wh))?, (10)

where the first and second inequalities follow since f(x) > f > g > 0 for all x, and apply-
ing the change of variables.'® Next, note that if V* > W;+W, then $g(1—0(W;+W5))? >
(1—0)(Wy +W,), from the equation that defines V°.'® Combining this with (10) shows
that if V° > W, + W, then ®(W) + ®3(W) > W, + Ws, and therefore W cannot be
a fixed point of ®°. Thus, if W is a fixed point of ®?, it must be that Vo < W, +W,. 1

Step 1 above implies that ®° cannot have a fixed point in X\Y?. In the remaining
steps we show that when § is sufficiently large, ®° is a contraction when applied to the

points in Y?, so it has a unique fixed point in Y.

151n particular, for i = 1,2, j # 1,

1 ra(1-6Wy) 1 ra(1-86W;)
/ (21 + z2) f(x)dx = / / af(x,a— x;)dx;da > f/ / adz;da
A5 (W) 0 Jasw; “Jo Jasw;

1
= gi(l —0W; — 5WJ) > g(l — oW, — (SW])

W=

16Note that K‘S is the smaller real root of the quadratic equation G(V') = 0 that defines an upward
facing parabola; so for all W7 + Wy < V? we have (1 —-96)G(Wy +Ws) > 0, as claimed. We later use
the fact that since G(1) < 0, we must have (1 — §)G(W; + W) < 0 for all W € Y?.
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Step 2. There exists § < 1 such that if § € (3,1) then ®*(W) € Y? for all W € Y?°.

Proof. Since §V° — 1 as § — 1 (as implied by Step 1), there exists § < 1 such that for
all 6 > ¢ and all W € Y7, 6 — 25(1 — 6(W, + W) > 6 — (1 — V%) > 0.

Now, note that §V+5¢g(1—0V)? is increasing in V whenever —2g6(1—6V) > 0. Note
further that g < f < f implies that § —25g(1— (W1 +Wa)) > §—2f6(1—06(W1+Ws)) >
0. Hence, for all 6 > § and all W € Y, we have §(Wy + Wa) 4 59(1 — 6(Wy + Wh))? >
SV + %g(l — 5K5)2. Therefore, for all § > § and all W € Y?, we have

1 1
DUW) + OS(W) > 6(Wy + Wa) + gg_](l — 6(Wy 4+ Wa))? > 6V° + gg(1 — V)2 =V,

where the first inequality follows from (10), the second from the argument above, and
the equality from the definition of V°. Thus, ®*(W) € Y for al W € Y°. W

We now bound the derivatives of ®, i = 1,2, whenever § > § from the step above,

and use this bound to show that ®° is a contraction on Y?.

Step 3. Fiz § € (0,1) where § < 1 is a threshold satisfying the property claimed in Step
2. Then, for all W € Y? and i = 1,2, we have

0P} (W)| | [09)(W)

Proof. Suppose that § > §. Note that using our change of variables, we can write ®?,
i=1,2, from (3) as

CI)?(W) / (x; — (21 + 22)OW,) f(x)dx + W
AS(W)
(1—-8W;)
/ / — adWi) f(zi, a — x;)dwida + OW;

from which it follows that, for j # 1,

—aq)é =0— 5/ / . 5WJ f(x;,a — z;)dz;da (11)
8(135( )
S = o= 8 W) / @ [(a(1 — 5W). abWV;)da (12
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Since we have assumed in Assumption 3 that f(x) < f for all x € X, we know that

8?‘,([,\7) is contained in the interval [§ — %5 (1 —0(W;1+Ws)),d] while 6?‘%\7) is contained

in the interval [—%(5(1 — (W, 4+ Ws)),0].17 Therefore, for all W € Y?,

IDUW) _ | _ 09UW)

1
oW, oW, (13)

where the second inequality follows from the fact (as claimed in the first line of the proof
of Step 2) that for § > & we have § — 2 6(1 — 6(W, + W,)) > 0.

Next, note that because f is Lipschitz continuous with respect to the sup norm
(Assumption 3), for any z; € [adW;, a(1 — éW;)], we have

f(xi,a — @) > f(a(l = 0W;), adWj)) = ya(l — 6(W; + Wj)) (14)

From this, it follows that

a(1—-6W;)
[ Faa adn = fla(t = 5W;),a8W)a(1 ~ 8(Wi + 1W))
adW;

a1 - Wi+ W) (15)
Then, using inequality (15) in (11), we have

0PI (W)

S < 00— 5Wi W) [ @ (flalt - W), abW5))da

1
+8(1— 8(W: + W) / dda
0

= 5+w+375(1 — 6(Wi + W)))? (16)

oW,

where the final line follows from evaluating the integral and inserting (12).
Thus, combining (13) with the conclusion of (16) we have that for all W € Y,

’3@?(“’)’ N ‘@CP?(W)‘ _ ORU(W) 0P (W)

1
<64 —v0(1 — : NE (1

TIndeed, [y [ af (@i,a—w)duida < TE(1—6(W;+W;) and §(1—8(W; +W;)) [ a>f(a(1—

SW;), adW;)da < L5(1 — 5(Wy + Wa)).
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Note further that for all W € Y9,

1 (1= 6(Wy +Wsy))?

- <
3g 1-5 _W1+W2 (18)

by definition of V' (see the argument in footnote 16). Thus, for all W € Y,

‘§5+ 305y <54+8(1—6) <1, (19)

‘%?(W)‘ N '3<I>?(W) o

ow; oW,

where the first inequality follows from (18) and the fact that Wi +W, < 1 forall W € Y?°,
and the second inequality uses v < %g from the assumption that g € (%% f). n

Step 4. For all § € (4,1), where § < 1 is a threshold satisfying the property claimed in

Step 2, ®° is a contraction when applied to points in Y.

Proof. Let ||-|| be the sup-norm on R2. Fix W, W’ € Y° W # W'. Fixi € {1,2} such
that [W — W;| > |W — W], and suppose wlog that W/ > W;. Let W;(W;) = a + bW,

be the line passing through W and W', with b = WJ/,:VW[;J Note that,

w,

(3

0 _ ®d(W| —
3(W) - @5 (W) S v

W/ ST/ W (T S(W. W (W, .
/ (ﬁmeWMQMj@M%M%WDQdW

0] (Wi, W; (W3))

oW, oW,

g/m<8@m@wm%»

oW, ow;
5+ 6(1 = 8))|W! — Wi,

dw;

a@@%w%%») .

IN

where the second inequality follows since |[W] —W;| > [W] —W;| implies [b] < 1, and the
third follows from Step 3. A similar logic implies |®%(W)—®%(W')| < (6+0(1—0))|W/—
Wi|. Sofor all § > § and all W, W’ € Y [|®°(W) - (W')|| < (0+5(1-9))|[W-W'||;
i.e., ®° is a contraction of modulus § +6(1 —d) <lon Y’ W

Therefore, when 0 > ¢, there is a unique RME. W
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A non-recursive Markovian equilibrium. We now show that, when ® has multiple
fixed points, the game admits a non-recursive Markovian equilibrium. Suppose that
operator ® has multiple fixed points, and let two of these be W* and W**. We now
construct a non-recursive Markovian equilibrium ¢ such that: (i) for all status quo
z € X :={xe€ X\{0,0}: 21 > xy}, players’ continuation strategies are their strategies
under the RME that generates payoffs W*; and (ii) for all status quo z € X := {x €
X : x1 < x9}, players’ continuation strategies are their strategies under the RME that
generates payoffs W**.

For any W and for i = 1,2, let A (W) :={z € Xt :z;+ (1 — 2y —22)0W} > §W;}
and AT (W) := AT (W) N A (W). Similarly, let A7 (W) :={z € X~ 2+ (1 -z —
22)dWr* > W;} and A=(W) = A7 (W) N A; (W). Define operator ®V% : X — X as

follows: for i =1, 2,

ONE(W) := prob(x € AT (W))E[z; + (1 — 21 — 22)6W/[x € AT(W)]
+prob(x € A7 (W))E[z; + (1 — 21 — x9) W |x € A~ (W)]
+ prob(x ¢ A~(W)U AT (W))oW..

Since ®M¥ is continuous, and maps X into itself, it has a fixed point W%, By con-
struction, these payoffs WY can be sustained in a non-recursive Markovian equilibrium
under which for all status quo z € X~ (resp. z € XT), players’ continuation strategies
are their strategies under the RME that generates payoffs W* (resp. the RME that gen-
erates payoffs W**). Under this non-recursive Markovian equilibrium, when the status
quo is 0, the set of policies that both players accept is AT(WNE) U A-(WNE),

Proof of Lemma 2. Fix any 7 > t. Since X" € A,-(W) we have

OW;
7>l (2T W) = 2] +

™1 7

—1 —1

for both ¢ = 1,2. For any x = (21, 22) € Axr+1(W), add x_;0W;/(1 — 06W;) to both sides

of the above inequality and rearrange to get

oW; oW;
o7 e =) 2 o] + T e =)
This means that
Ei,x*le (y—l“/vi) > ELXT (y—l“/Vl)a L= 17 2. (20)
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If x € Ayrs1(W) then z; > 0; yr1(x_;|W_;) for i = 1,2, and by (20), z; > ; xr (x_;|W_;)
for ¢ = 1,2. This means that x € Ax-(W); thus Axr+1(W) C Ax-(W). R

Proof of Proposition 3. For each z € X, define LR, = A W) {y e X :y1+y2 =
1}. Since distribution F, has full support and since LR, C A,(W), any point in LR,
can arise as a long run policy; i.e., fj%z CLR,.

Consider next a subgame starting at period ¢ with z' = z. By Lemma 2, x™ € A,(W)
for all 7 > ¢. Since ITRZ = A,(W)Nn{z € X : y; +y2 = 1}, any point on the frontier
that is not in fji’z cannot arise as a long run policy when z' = z. Hence, LR, C EJ\%Z.

This establishes that LR, = [/j%z, and it follows that LR, # LR, for z # z’. Lemma
2 then implies that along a realized equilibrium path {x,}2,, we have LRy -+1 C LRy-.

The inclusion is strict when x7*! # x7 since LRy-+1 # LRy in this case. M

Recall that ®° is the operator defined in (3) indexed by § < 1.

Lemma A.1. Fiz a sequence of discount factors {6,} — 1, and let Wo» = (W W) €
X be a sequence such that W = &% (W) for all n. Then, lim,_.(W{" + W) = 1.

Proof. We begin by deriving an expression for W{ + W for any fixed § < 1 so that
we can take the limit that is claimed in the lemma. Let A°(W) be the acceptance
set defined in equation (2) when the discount factor is 0 and status quo is z = 0. If
W? = (W9, W?) is a fixed point of ®°, then for i,j = 1,2,1 # j,

W) = 0W; + prob(x € AY(W))E[z; — (w; + 2;)0W] |x € A°(W?)]

and thus

5 prob(x € A°(W?%))E[z;|x € A(W?)]
* " 1—8+dprob(x € AS(W)E[x; + x,|x € A5(W?)]’

Then, we have

prob(x € A’ (W) E[z; + z2|x € A°(W?)]
1 — 0 + dprob(x € AS(W9))E[z; + z5|x € AY(W?)|

W+ Wy = (21)

Now, to prove the lemma, suppose for the purpose of establishing a contradiction

that the result is not true. Hence, there exists a sequence {,} — 1 and a positive
number 7 > 0 such that W + Wg* < 1 — 5 for all n. Note that this implies that
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there is a set B with nonempty interior such that B C A% (W?°") for all n large enough.
Therefore, prob(x € A% (W?®)) > prob(x € B) > 0 for all n large enough. It follows

from expression (21) that

On On Sn n
lim W3 + W = lim prob(x € A% (W ))E[z1 + x,x € A™ (W*)]

=1
n—00 n—oo | — 6n + 5npr0b(x S Adn (W(Sn))E[Zﬁl + I2|X S Adn (W(S")] ’

a contradiction. Hence, it must be that W + W — lasd, — 1. W

Proof of Proposition 4. Fix a sequence {,} with §, — 1. For each n, let W =
(WP Wg") be the players’ equilibrium payoffs in a game with discount factor 6,,. Since
W is a fixed point of ®%, it follows from Lemma A.1 that lim,_,. Wf" + WQ‘S" =1.
This establishes part (iii).

Consider next part (i). By Proposition 3, for each n the set LR is

AW)N{yeX y+yp=1 ={xe€X 1z, +xy=1and z; € [{W, 1 - W]}

By part (iii), 0,(W{" 4+ WS") converges to 1 as n — oo. Hence, [5,W" 1 — 6, W3]
converges to a point W7, and so LR converges to (W}, Wy).

For part (ii), recall that

5, Won

Abn (W) = {x EXim> i
1 — 6, W

x_; for i = 1,2} .
Then using part (iii), A% (W?) converges to {x € X : x1/xo = W;/W5}.

Lastly, we show that, when F € C? it must be that W; = W; = 1/2. Without
loss of generality, suppose that W} > W5. Note that, for each § < 1 and corresponding

equilibrium payoffs W, the agreement region A(W) can be written as
AW)={x€ X :3ce[0,1] s.t. 1 € [cx,cT|, 13 = c — 21},

where x = 0W; and ¥ =1 — 0W,. Since W7+ Wy — 1 asd — 1, we have that e =7 —
goes to zero as § — 1. Moreover, since W7 > W, lims 1 T = limg_yy x = W) > 1/2.

Define
1

A= TS T prob(x € A(W)E[(z: + 2)lx € A(W)]
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Hence, for i = 1,2, equilibrium payoffs W = (W, W,) satisfy
W; = Aprob(x € A(W))E[z;|x € A(W)].

Since z = W7 and T = 1 — dW,, we have

The equations above imply:

x :prob(x € A(W))E[z,|x € A(W)]
1 -7 prob(x € A(W))E[zz|x € A(W)]

which is equivalent to

eprob(x € A(W))E[z1]|x € A(W)] =prob(x € A(W))E[z; — z(x; + z2)|x € A(W)],

since ¢ =T — x. Note next that

prob(x € A(W))E[z1|x € A(W)] = /GA x1f(x)dx

// x f(z1, ¢ — x1)dzde

and

prob(x € A(W))E[z1 + 2a]x € A(W)] = / RS
/ f(x1,c— xy)dxide

Since F' € C?, for each ¢ € [0,1] and all ; € [cz, cT], we have that

fcwf (1, ¢ — x1)dxy

f(i.bc_il) C(.’,U—.CC)

ae
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for some constant a > 0 (again, recall that ¢ = T — ). For each ¢ € [0, 1], define
k(c) == [ f(z1,¢— x1)dry. Using (25) in (23) and (24), we have
1
prob(x € A(W))E[z1|x € A(W)] = / k(c)e (£+ %) de + O(é2)
0

prob(x € A(W))E[z; + x2|x € A(W)| = /0 k(c)cde + O(€?)

Define K := fol k(c)cde. Using these expressions in (22), we get
€ 2 € 2
eK (g+§—l—0(e )) :K<§+O(e ))

Since € — 0 as 6 — 1, we have lims_,; = 1/2. Since z = §W;, we get that W = 1/2
and Wy =1-W;r=1/2. N

B Proofs for Section 4

Proof of Lemma 3. We start with part (i). For each z € X, E,[-] is the expectation
operator under distribution F,. Let E[-] be the expectation operator under distribution
Fo = F. We prove the result by induction.

Consider a subgame starting at period ¢t = T with status quo z7 = z € X. Note that

Vi(z, T;T) = Ey[z;] = zi + (1 — 21 — 22)E[x;],

where the first equality follows since, at time 7" both players accept any policy, and the
second equality follows from Assumption 1.

Now, consider the game with deadline 7" = 0. Player i’s equilibrium payoffs satisfy
W;(0) = E[x;]. Hence,

V;(Z,T;T) = Z; + (1 — Z; — ZJ>VVZ(0)

which establishes the basis case.

For the induction step, suppose that (5) holds for all ¢ such that T—¢ =0,1,...,n—1
and for all z € X. Fix a subgame starting at period ¢ with 7' — ¢ = n and with status
quo z' = z € X. We abuse previous notation and in this proof let A,(t) be the set of
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policies that both players accept at period ¢ when z' = z; that is,

A(f) ={xeX(z): (1 -8z +0Vi(x, T+ 1;T) > (1 = 8)z + 6Vi(z,t + 1;T) for i = 1,2}
={xeX(@): (v;—2)> w1+ 22— 21+ 2)0W;(T —t—1) fori = 1,2},

where the second line follows since, by the induction hypothesis, (5) holds for t = ¢ + 1.
Note then that

Vi(z,8;T) = prob(x € A,(1))E, [(1 — 0)z; + 6Vi(x, T+ 1;T) |x € A,(1)]
+ prob(x ¢ A,(f)) ((1 — 8)z + 0Vi(z,t + 1;T))
= prob(x € A,(t))E, [2; + (1 — 21 — 22)dWi(T —t — 1) |z € A,(1)]
+ prob(x ¢ A,(t)) (2 + (1 — 21 — 22)dW(T — t — 1))
= prob(x € A,(1))E, [(z; — 2;) 4+ (21 + 22 — 21 — 22)SW;(T — 1 — 1) |x € A,(1)]

+ 2+ (1 — 2 — 29) Wi (T — 1 — 1) (26)
where the second equality follows since, by the induction hypothesis, (5) holds for ¢ =
t+ 1, and the last inequality follows since prob(x & A,(f)) = 1 — prob(x € A4,({)).

Consider next a game with deadline T'— 7. Let A be the set of policies that both
players accept at the first period of the game:

A={xeX: (18w +0Vix, ;T — 1) >V;(0,1;T —{) for i = 1,2}
:{xEX:xiz(xl—l—a:Q)éVVi(T—f—l) fori:1,2},

where the second line follows since, by the induction hypothesis, for all V;(x,1;T — 1) =
z;+ (1 — 2y — 2;)W;(T — 1) for all x. Player i’s payoff in this game is equal to

Wy(T — i) = prob(x € A)E [(1 )1+ OVi(x, LT — #) (x € A} + prob(x ¢ A)3V;(0,1;T —7)

— prob(x € A)E [3: (w1 4 22)0WH(T —F — 1) ’x e A] L OWL(T — 1 — 1)
(27)
Assumption 1 implies that
prob(x € A,(£)E, [x; — 2 + (21 + 20 — w1 — 22)0W;(T — t — 1) [x € A, ()]
=(1— 2 — z)prob(x € A)E [m, — (21 + 22)OWH(T —t — 1) ’X € A} :
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Combining this with (26) and (27),

Vi(z,t; T) = z; + (1 — 2y — 20)Wi(T — 1).
which establishes the result.

Now let us turn to part (ii). The proof is again by induction. Consider the game
with deadline 7" = 0. Since it is optimal for both players to accept any alternative x € X
that is drawn, player i’s payoff in this game satisfies W;(T") = E[z;] = ®;(0).

Suppose next that W;(7) = ®7(0) for all 7 = 0,...,T — 1, and consider game with

deadline T. The set of alternatives that both players accept in the initial period are
given by

A={xe X :(1 -8z +06Vi(x,1;T) > 6V;(0,1;T) for i = 1,2}
={xeX: x> (x1+ax2)0W(T — 1) fori = 1,2},

where the second line follows from part (i). Player i’s payoff W;(T) satisfies

W(T) = prob(x € A)E [(1 —8)s + 8Vi(x,1;T) ]x e A} + prob(x ¢ A)§V;(0,1;7)
— prob(x € A)E [x — (@1 + 22)0WH(T — 1) (x c A} FOWA(T — 1) (28)

where the equality follows after using part (i). By the induction hypothesis, W (T'—1) =
®7(0), and so A = A(®7(0)). Using this in (28), W;(T) = ®(®7(0)) = &7+1(0). W

Proof of Proposition 5. We start with part (i) and recall various facts from the proof

of Proposition 2. First, recall that V° is the smaller of the two solutions to the quadratic

(1— 5V6)2 — Ve

equation 1 39 where g € (0, f)."® Also from the proof of Proposition 2, for

i,j=1,2,1 ;é av(v ) is given by (11) and lies in the interval [§ — %5(1 —o(Wy +
W53)), 0] while ;‘;/W) is given by (12) and lies in [— ?5(1 — §(Wy + Ws)),0]. The proof

8<I>‘5( ).

J

of Proposition 2 also showed that for all § > § and all W € Y, aq) (W) >0>
Finally, it showed that for all § > § and all W € Y?, ®°(W) € Y?°.

Now fix § > §. Towards establishing the result, we first show that if W € Y°, then
(@°)T (W) converges to a fixed point of ® as T — co. To see why, fix W € Y, and let

¥For this proof, we don’t need Assumption 3 to hold, and we also don’t need g > 3+.
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{W}22, be such that, for t = 1,2,..., W! = (0°)}(W) = (®°)(W'1). Note then that
W' € Y? for all .2

There are two cases to consider: (a) there exists s > 1 and ¢ = 1,2,i # j such that
Wg > Wst and W < W]-S_l, and (b) for all s > 1, either W > W™ and W5 > W5
or Wi < Wi hand W5 < Wit

Consider first case (a), so there exists s > 1 and i = 1,2,7 # j such that W2 > W !
and W2 < W]‘?_l. Since ®¢(W;, W,) is increasing in W; and decreasing in W, whenever
W € Y°, it follows that W™ = ®;(W?) > &;(W*!) = W and W*! = &;(W*) <
®; (W) = W?. Applying the same argument inductively, we get that {W/} is an
increasing sequence and {W}} is a decreasing sequence for all £ > s. Since W* € X for
all ¢, W' converges to some W* as t — oo.

Consider next case (b). Fori,j = 1,2, # i, define

i)
oW

oD} (W)
oW,

Note that, for § > ¢, we have that M;; € [0,d] and M, ; € [0,6].2° Recall that, in this
case, for all t > 1, either W} > W/ for i = 1,2 or W} < W}/ for i = 1,2. Since

®;(W) is increasing in W; and decreasing in W;, for all ¢ > 1 and for ¢ = 1, 2, we have

(Wi — Wi = |0)(W) — &2(W')]
g 1 -1 P -1 5 _1
- ’(I)Z(Wt) o (bz(Wzt 7VVjt) + (I)z(vvzt 7W]t) - (I)i (Wt )|
< ma{[9(W') — @3(W/ WL @20V, W) — oW}
< maX{Mi,i, Mi’j}HWt — WtilH
< 5w — W

where the first inequality follows since ®¢ is increasing in W; and decreasing in W;.
Hence, {W'} is a Cauchy sequence, and so it is convergent.

We now show that the finite-horizon games are convergent whenever 6 > 0. Fix
§ > §. There are two cases to consider: (bi) ®°(0) € Y?, and (bii) ®°(0) ¢ Y°. Consider
case (bi). By our arguments above, W(T') = (®°)T(®°(0)) converges as T — oo.

YIndeed, for all § > § and all W € X‘57 PO(W) € Y.
20For all § > § and all W € Y°, § — f25(1 — §(Wy +W3)) > 0 (see Step 2 in the proof of Proposition

2). Since 2%0V) € [ — L5(1— 5(W1 + W), 8] and 25 € [~ £6(1 — 6(Wh + W2)), 0], we have that

Mm S [0,5] and MiJ‘ € [0,5] for all § > §.
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Consider next case (bii), so that ®°(0) ¢ Y?°. By equation (10), for all W we have

DO(W) + BY(W) — (W + W) > (W, + W) + %g(l — (W +Wo))? — (W, + Wa)

+=(f =91 = 6(W1 + Wy))%. (29)

W

For all W € X\Y?, we have that
1
(S(Wl + WQ) + gg(l — 5(W1 + Wg))2 > Wi+ Wa.
Using (29), for all W € X\Y? we have

DYW) + @YW) — (W) +T02) > 2 (f — 9)(1 — 6+ Ws)* > <(f — )1 — 9)"

W

where the last inequality follows since W; +W, < 1. This implies that, when ®(0) ¢ Y?°,
there exists ¢ > 1 such that ®J((®°)¢(0))+ ®3((®°)*(0)) > V°. Hence, by our arguments
above, (®°)(0) converges as s — 00, and so the games are convergent.

Consider next part (ii). Note that when F' is symmetric, both players have the
same equilibrium payoffs for all deadlines, i.e. Wi(T) = Wo(T) for all T > 0. Let
W(T) = Wy(T) + Wy(T), and note that W(T) = WT+1(0) (where ¥ is the operator
defined in equation (4)).

For any W € [0,1], define

A A

H(W) := prob(x € A(W))E[z; + z3|x € A(W)],

so that (W) = §W + H(W)(1—6W). Note that H'(W) < 0. Indeed, W” > W' implies
that A(W") c A(W’), so for any W” > W,

prob(x € A(W")E[z; + x2]x € A(W")] < prob(x € A(W")E[z, + z2|x € A(W")).

It then follows that W/(W) = 6(1 — H(W)) + H'(W)(1—6W) < § < 1 for all W € [0, 1].
When ¥/(W) > —1 for all W € [0,1], |¥/(W)| < 1 for all W € [0,1]. This implies that
U is a contraction, and the sequence {W (T')} converges to its unique fixed point. Hence,

the games are convergent. W
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Proof of Proposition 6. First we prove that if I’ is symmetric, then the fixed point
of ¥ is unique. Operator W is continuous and maps [0, 1] onto itself, so by Brouwer’s
fixed point theorem, it has a fixed point.

Let W be a fixed point of U. Then, W satisfies

A A

W prob(x € A(W))E[z; + zo|x € A(W)] (30)
1 — 9§+ dprob(x € A(W))]E[l’l + x9|x € A(W)]

Note that A(W") c A(W’) for any W” > W’. Therefore, for any W” > W,
prob(x € A(W")E[z; + x2x € A(W")] < prob(x € A(W)E[z; + z2|x € A(W')].

Thus, the right side of (30) is decreasing in W, and so ¥ has a unique fixed point.

Next, the sum of the players’ equilibrium payoffs in a game with deadline T is
W(T) = UT+1(0). By standard results in dynamical systems (e.g., Theorem 4.2 in De la
Fuente (2000)), under conditions (i) and (ii) in the statement of the proposition the
sequence {W (T)} does not converge. So the games must be cycling. M

C Proofs and Details for Section 5

C.1 Proofs for Stated Results

Proof of Proposition 7. We start with part (i).

Fix A € [0,1], and let W) be the largest fixed point of II*(-). We start by showing
that there exists an SPE ¢ in which the A-weighted sum of players’ payoffs is Wj.
Strategy profile o is as follows. Along the path of play, at each period t with status-quo
z;, player i = 1,2 accepts policy draw x € X if and only if

)\fL’l + (]_ - /\)(L’Q + 5(1 — T — mg)W,\ Z )\Zl + (1 - )\)ZQ + 5(1 — 21— ZQ)W/\
which is equivalent to

)\(l’l — 21) + (]_ - /\)(l’g - 22) Z (5(151 + Ty — 21 — ZQ)W)\.
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If at any period t a player rejects a policy that was supposed to be accepted, then
from time t 4+ 1 onwards both players reject all policies. Note that the payoff player i
obtains from rejecting a policy at time ¢ that should have been accepted is zf. Since her
continuation payoff at time ¢ from playing according ¢* is weakly larger than 2!, this
strategy profile constitutes a SPE. Moreover, players’ A-weighted sum of payoffs under
o* is Wy. Hence, Uy > W,.

Next, we show that Uy, < W,. Fix o € X, and let A% (hg) denote the set of draws that
both players accept under o at history hy. For each x € X, let hf denote the history
that follows hg if x is drawn and both players accept it. Then,

AVY (ho) + (1 = A)VZ (o)
=prob(x € A7 (ho))E7[(1 — 6)(Azy + (1 — A)xz) + 0(AVY (hg) + (1 — M)V (hg)[x € A7 (ho)]
+ dprob(x & A% (he))E° AV (h1) + (1 = N)VY (hy)|x ¢ A% (ho)] (31)

By Lemma 1, for any x € X it must be that AV (h¥) + (1 — \)VY(hY) < Az + (1 —
AN)z2) + (1 — 21 — 22)Uy. Therefore, by (31),

AV (ho) 4 (1 = A) V5 (ho)
<prob(x € A7 (ho))E7[Azx1 + (1 — N)aa — (21 + 22)0Ux|x € A% (ho)] + dU,
SpI‘Ob(X € A)\(U)\))Ea[)\l’l + (1 — )\)l’g — (%1 + l‘g)(SU)\’X € A)\(U)\)] + 06Uy = H/\(U)\),
(32)

where the second inequality follows since A, (Uy) = {x : Ax1+ (1 —=N)zy > (x1+22)0U,\}.
Since (32) holds for any SPE o, it must be that Uy < II*(Uy).
Finally, we show that II*(U) < U for all U > W,. To see why, note that

H)\(l) = pl"Ob(X S AA(1>>EU[>\JI1 + (1 — )\).732 — (l’l + $2>5|X c A)\(l)] +0 < 1,
where the strict inequality follows since, for all x € X,
Az 4 (1 = Naxg — (21 + 22)0 = (21 + 22)(1 — ) — (1 — Mg — Az < (1 —9).

Towards a contradiction, suppose that there exists U > W) with IINU) > U. Since
W, is the largest fixed point of IT*, it must be that II*(U) > U. Since I1*(1) < 1, and
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since IT* is continuous, there exists U’ € (U,1) such that ITI*(U’) = U’, a contradiction.
Hence, ITIN(U) < U for all U > W,. Since U, < II*(U,), it follows that Uy < W,.

Now for part (ii). For § < 1 and A € [0, 1], let U{ denote the largest fixed point of TT*
under discount factor d. To prove the result, we show that for A € {0, 1}, lims_,; U? = 1.
Note that this implies that payoffs (1,0) and (0,1) both belong in lims_,; V°. Since
0 € V° for all § < 1 (because the game has a SPE in which both players reject all offers),
we have that lims_,; V° = X.

Fix A = 1 (the proof for A = 0 is symmetric and omitted). For each § < 1, U? solves:

B prob(x € AS(UY))E[z|x € AS(U?)]
~ 11— 6+ prob(x € AJ(UN)E[z; + x2x € AJ(U?)]

Uy (33)

Fix a sequence 9, — 1, and suppose by contradiction that lim,, . Uf" =k <1 (if
needed, take a convergent subsequence). Note then that A{"(U) — Af == {x € X :
x1 > (x1+ o)k}, Since k < 1, and since f has full support, set A* has positive measure.
Moreover, since f has full support, E[zy + z2|x € A*] < 1E[z]x € A*].2! Using this in
(33), we get

b ANUNE AS(US
k= lim Ulén = lim bTo (X = 1(6U1 )6) [:E1|X S 1(U1 )] . .
n—00 n—oo 1 — § + prob(x € AY(UY))E[zy + xo|x € AJ(UY)]
_ Elnix € Aj] Elzi|x € 4]
— Elz) + 39]x € A% %E[WX € A*] =%

a contradiction. Hence, lims_.; Uf =1. N

Proof of Proposition 8. Note that in this case RME payoffs are a fixed point of
operator ¢ : X — X, with ®; now given by

O, (W) = prob(x € A(W))E[x; — (21 + x2)0;Wi|x € A(W)| + 6; WV,

where

oW,
A = X fori=1,22;> ————x_;,.
(W) {XE ori=1, ’$Z_1—(5iﬂ/}$ Z}

Proposition 1(ii) extends to this environment. When Assumption 3 holds, there

exists & < 1 such that, if d; > d, > 0, the game has unique RME payoffs. Moreover, as

21Tndeed, for any x € A*, x; > (1 + x2)k, and so z1 + x5 < %xl. Since f has full support,
Elz1 + z2lx € A*] < 1E[z1|x € A*].
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we showed in the proof of Proposition 5, when players’ discount factors are sufficiently
high, RME payoffs are given by limy_,, ®7(0).2

Fix 6, > 85 > 0, and let W7 = (Wy,WJ) denote the players’ unique RME payoffs.
We first show that W¢ > Wy . Define the sequence {W7'} with WT = ®7(0) for each
T =1,2,..., and note that limy_,,, WT = W?. Note that, for i = 1,2, W}! = ®;(0) =
E[x;]. Since distribution F' is symmetric, W} = W2.

Next, suppose that W{ > W,J. We now show that this implies that W, ™' > W]
Indeed, note that

W1T+1 . W2T+l _ (Dl(WT) . c1)2(‘7\7T>
= prob(x € AW))E[z; — z2|x € A(WT)]
+ (W = 8WE) (1 — prob(x € AWD))E[z; + zo]x € A(WT))).

Since F' is symmetric and since W > W' we have prob(x € A(WT))E[(z; — x5)|x €
A(WT)] > 0. Moreover, using prob(x € A(WT))E[(z; + x5)|x € AWT)] < 1, W >
W[ and 6; > d,, we have

(W — 6, W) (1 — prob(x € AWI)E[(z, + z2)|x € A(WT)]) > 0.

Hence, W > W+t Together with W} = W3, this implies that W¢ > Wg.

Next, since W7 is a fixed point of ®, we have

W7 — W5 = prob(x € A(W7))E[z; — 22]x € A(W7)]
+ (0, W) — 0.W3 ) (1 — prob(x € A(W?))E[z, + z2|x € A(W7)])
= prob(x € A(W7))E[zx; — z3]x € A(W7)]
+ 6 (WY — W3 )(1 — prob(x € A(W7))E[z; + z2|x € A(W7)])
+ (01 — 62)W3 (1 — prob(x € A(W?))E[z1 + x2|x € A(W?)])
> 0 (W7 — W5 (1 — prob(x € A(W?))E[z; + z2|x € A(W7))])
+ (01 — 62)W5 (1 — prob(x € A(W?))E[z1 + xo|x € A(W?)]),

22While the proof of Proposition 5 is written for the case of equal discounting, the arguments can
be readily extended to the case of unequal discounting.
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where the last inequality uses E[(z1 — z2)|x € A(W?)] > 0, which holds since F' is

symmetric and since W{ > Wy . By the inequality above,

W e > (01 — 02)WS (1 — prob(x € A(W7))E[z; + x2|x € A(W7)])
! 2= 1 — 01 + diprob(x € A(W?))E[z; + 22|x € A(W7)]

Using H(W) = prob(x € A(W))E[z; + z3]x € A(W)], this is equivalent to the inequal-
ity stated in the proposition. W

C.2 Details for Strategic Search

In this appendix we flesh out the extension described in Section 5.3. We make the
following assumptions on the sets of distributions Fy. First, for all x,y € X, card(Fy) =
card(Fy); i.e., all the sets Fx have the same cardinality. Second, for all x € X and
all Iy € Fx with density f, there exists I’ € F = F(o) with density f such that
fx(y) = m f(Px(y)) for all y € X(x). We further assume that there exists
f > f > 0 such that, for all f € F, f(x) € [f, f] for all x € X. Note that these
assumptions are a generalization of Assumptions 1 and 2 to the new environment.

Fix an RME o. For each z € X, let V?(z) be player i’s continuation payoff under o
when the status quo is z and let W/ be player i’s payoff at the start of the game under
0. The following result extends Lemma 1 to this environment. The proof is identical to

the proof of Lemma 1, and hence omitted.

Lemma C.1. Fiz an RME 0. For allz = (z1,22) € X,

Vo(z) =z + (1 — 2y — 29) W/ (34)

(2

Lemma C.1 can be used to obtain a recursive characterization of RME payoffs. Fix an
RME o. As in our baseline model, under o player i approves a policy x = (21, z2) € X (2)

when the status quo is z only if
(]_ — (S)I'Z -+ 5‘/;(7(}() Z (1 — 5)22 + (5%0(Z)
which, using Lemma C.1, becomes

ri+ (1 =21 —20)0W? > 2z — (1 — 2y — 29)0W/,
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Thus, player i accepts policy x when the status quo is z only if x € A;,(W7) =
{x€X(2):x; >l ,(x_i|W7)}, where £; ,(x_;|W/7) is defined as in the main text. For
any pair of payoffs W = (W, W,) and for any z € X, the set A,(W) defined in the
main text is the set of policies that are accepted by both players when the status quo is
z, and A(W) is the acceptance set at the start of the game.

Now suppose player ¢ = 1,2 is recognized to choose the distribution from which the
policy will be drawn at the initial period. If player ¢ chooses distribution F' € F, she

obtains payoffs equal to
probp(z € A(W))Er[x; — (1 + 22)0W;|x € A(W)] + W,
For any W € X and for i = 1,2, let
Py, € arg r}lg]}}pme(m € AW))Ep[z; — (21 + x2)Wi|x € A(W)],

and let Fyy = %Fév,1 + %F{;m. Note that the initial period policy is drawn from
distribution F3y.

Define the operator ®° : X — X as follows: for i = 1,2 and for all W € X,
dF(W) = probp. (v € A(W))Epg, [z; — (21 + 22)0Wilx € A(W)] + 6W.

Let W* denote the players” RME payoffs at the start of the game. The following
result extends Proposition 1 to the current environment — the proof uses the same

arguments as the proof of Proposition 1, and hence we omit it.

Proposition C.1. An RMFE exists, and the players’ equilibrium payoffs under an RME
are a fized point of ®°.

This characterization of equilibrium payoffs can be used to generalize the main results
in the main text to the current environment. First, any RME features inefficient delays.
Second, the acceptance regions are nested, and the distribution over long-run outcomes
that an RME induces at a subgame starting with status quo payoff z has support equal
to{x € X : z1+ 2y = 1} N A,(W). Therefore, RME also display path-dependence.
It can also be shown that Proposition 4 continues to hold in this setting, so the RME

outcome also becomes deterministic in the limit as § — 1.23

23The proofs of all of these results are available upon request.
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