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1 Introduction

In many bargaining settings, new private information may arrive as negotiations
proceed. Consider, for instance, a producer of a new intermediate good negotiating
a sale with a potential industrial buyer. Since the good for sale is new, production
costs are likely to be initially high. Over time, costs may fall as the seller privately
becomes more efficient. Markets for new durable goods also typically feature declining
production costs, driven by efficiency gains and falling input prices. The goal of
this paper is to study how the arrival of new private information affects bargaining
outcomes.

I study a bargaining game in which a seller makes offers to a privately informed
buyer.! The seller’s cost of producing the good changes stochastically over time, and
is privately observed by the seller. The seller’s cost can take two values, high or
low, and it evolves over time as a Markov chain. For most of the analysis I focus
on separating Perfect Bayesian Equilibria (PBE), under which the seller’s price each
period reveals her cost. These equilibria are intuitive, tractable, and provide a natural
point of comparison with prior papers in the literature (e.g. Fudenberg et al., 1985,
Gul et al., 1985, Cho, 1990, Ortner, 2017).

The analysis delivers three main results. First, I provide a characterization of
the set of separating PBE. In any separating equilibrium, buyer and seller trade
at a slow rate when the seller’s cost is high, and prices fall gradually. When the
seller’s cost falls, equilibrium becomes Coasian: buyer and seller trade fast at a low
price. Market dynamics under separating PBE are broadly consistent with dynamics
typically observed in markets for new durable goods, where prices fall gradually during
the early stages, and market penetration raises slowly (Conlon, 2012). Moreover,
without loss, separating PBE can be taken to be weakly stationary.

The key drivers of these equilibrium dynamics are the information revelation con-

L As usual, this bargaining model is mathematically equivalent to a model in which a durable
good monopolist sells to a population of heterogenous buyers.



straints that arise as a result of the seller’s evolving private information. In any
separating equilibrium, a seller whose cost just fell must not gain by mimicking a
high cost seller and posting a high price. The slow rate at which buyer and seller
trade when costs are high makes this deviation unprofitable, since a low cost seller
has a stronger incentive to trade fast. An implication is that information revelation
constraints lead to inefficiencies relative to the first-best outcome.

The second main result studies the frequent-offers limit of (most efficient) sepa-
rating equilibria. I show that this limit is characterized by a system of differential
equations, which specifies how prices and probability of trade change over time while
the seller’s cost is high. This tractable characterization allows me to derive several
comparative statics. An increase in the seller’s high cost increases equilibrium prices,
and lowers the speed with which buyer and seller trade. An increase in the distribu-
tion of buyer values (in terms of the reverse hazard rate), or an increase in the rate
at which costs fall, have similar effects on bargaining dynamics. Lastly, seller’s prof-
its become negligible as the buyer’s lowest valuation converges to zero, as in classic
Coasian bargaining games (Fudenberg et al., 1985, Gul et al., 1985). The difference,
however, is that this fall in seller’s profits comes together with a drop in social welfare.

My third main result shows that, under some conditions, the environment that
I study admits an efficient mechanism satisfying individually rationality, incentive
compatibility and budget balance. An implication is that equilibrium dynamics lead
to greater inefficiencies than those implied by feasibility. This relates my work with
Deneckere and Liang (2006), who study settings with interdependent values and show
that bargaining outcomes are not second-best whenever the first-best outcome is not

implementable.

Related literature. This paper fits into the literature on dynamic bargaining with
private information. Early contributions in this literature illustrate how, in settings

with one-sided private information, the uninformed party’s inability to commit to



future offers limits the rents she can extract (Bulow (1982), Fudenberg et al. (1985),
Gul et al. (1985), Gul and Sonnenschein (1988)). Stationary equilibria satisfy the
Coase conjecture when offers are frequent (Coase, 1972): the seller posts a low initial
price, and buyer and seller reach an immediate agreement.

Several papers have identified economic forces that push towards inefficient bar-
gaining outcomes within the one-sided private information framework. Bargaining
inefficiencies can arise when bargainers strategically delay trade to signal their types
(Admati and Perry, 1987), when bargainers use non-stationary strategies (Ausubel
and Deneckere, 1989), when the seller faces capacity constraints (Kahn, 1986, McAfee
and Wiseman, 2008), or when values are interdependent (Evans, 1989, Vincent, 1989,
Deneckere and Liang, 2006, Gerardi et al., 2021). Costly delays can also arise in
the presence of deadlines (Giith and Ritzberger, 1998, Hérner and Samuelson, 2011,
Fuchs and Skrzypacz, 2013), when bargainers have outside options (Board and Pycia,
2014), or when bargainers seek to build a reputation for being obstinate (Myerson,
2013, Abreu and Gul, 2000).2

A smaller literature studies how inefficiencies arise when there is two-sided private
information (Cramton, 1984, 1992, Chatterjee and Samuelson, 1987, 1988, Cho, 1990,
Ausubel and Deneckere, 1992). The closest work within this literature is Cho (1990),
who studies separating stationary equilibria of a two-sided private information game.
Cho’s main result establishes a version of the Coase conjecture. In particular, when
buyer and seller trade, they do it without delay, and at a price equal to the buyer’s
lowest value. Moreover, bargaining outcomes are efficient if and only if gains from
trade are common knowledge. The current paper adds to this literature by analyzing
a model in which the seller’s cost privately evolves over time. Separating equilibria in
this model generate non-trivial price dynamics. In addition, bargaining outcomes are
inefficient even with common-knowledge gains from trade, and even when the efficient

outcome is implementable.

2See also Abreu and Pearce (2007), Fanning (2016, 2018), Sanktjohanser (2017).
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The current paper also relates to Ortner (2017), who studies a continuous-time
durable goods monopoly model in which the seller’s cost is publicly observed, and
changes stochastically over time.® Ortner (2017) shows that time-varying costs allow
the seller to extract rents when buyer values are discrete. With a continuum of buyer
types (as in the current paper), the seller is unable to extract rents, and the market
outcome is efficient.?

Fuchs and Skrzypacz (2010) and Daley and Green (2020) study bargaining games
with one-sided private information in which players may receive public news while
negotiating. Their results shed light into how the arrival of public information affects
bargaining outcomes and can lead to costly delays and inefficiencies. In contrast,
the current paper highlights the inefficiencies generated by the arrival of new private
information.

Hwang (2018) studies how the arrival of new private information affects trading
dynamics between a long-run seller and a sequence of short-term buyers. I instead
study how new private information affects bargaining dynamics between two long-run
agents. Kennan (2001) studies a repeated bargaining game with imperfectly persistent
one-sided private information, and shows that this may give rise to path-dependent
bargaining outcomes.

Lastly, several papers construct models to rationalize sales in durable goods mar-
kets. Conlisk et al. (1984) and Sobel (1984, 1991) propose theories of sales driven by
entry of new consumers. Board (2008), Board and Skrzypacz (2016) and Dilmé and
Li (2019) show that sales can be part of an optimal selling scheme when demand is

time-varying. Dilmé and Garrett (2017) show that sellers might extract additional

3See also Acharya and Ortner (2017), who study how public shocks affect equilibrium dynamics
in environments with perfectly persistent private information.

4A previous version of this paper (Ortner, 2021) compares equilibrium outcomes in the current
model with a model in which the seller’s evolving cost is publicly observed, as in Ortner (2017).
Stationary equilibria of the game with public costs retain two key features of the Coasian model:
equilibrium outcomes are efficient in the frequent-offers limit, and the seller is unable to extract
rents. Hence, privately observed costs lead to lower social welfare, higher seller revenues and lower
buyer surplus relative to a setting with public costs.



rents by offering random price discounts. The current paper adds to this literature

by providing a theory of sales driven by changes in the seller’s cost of production.

The paper proceeds as follows. Section 2 introduces the model. Section 3 charac-
terizes the set of separating PBE. Section 4 studies the frequent-offers limit of welfare
maximizing separating PBE and derives several comparative statics. Section 5 shows
that, under certain conditions, the game admits an efficient mechanism satisfying IC,
IR and budget balance. Section 6 discusses other (non-separating) equilibria. Proofs

are collected in the Appendix.

2 Model

A seller with the technology to deliver a good faces a buyer. The buyer’s valuation
for the seller’s good, v, is her private information, and is drawn from distribution F'
with support [v, 7] and continuous density F’ = f satisfying f(v) > 0 for all v € [v,7].
I assume that v > 0. Time is discrete, with ¢ € T(A) = {0, A, 2A, ..., 00}.

The seller’s cost of delivering the good (or, equivalently, her opportunity cost
of selling it) changes over time. The seller’s cost can take two values: ¢y > 0 or
cp = 0. At t = 0, the seller’s cost ¢y takes value ¢y with probability ¢ € (0,1) and
cr, with probability 1 — ¢. For all times t € T(A), prob(ciya = cyle; = cg) = e 2
and prob(c;a = cpleg = ¢) = 1, where A > 0 is a strictly positive constant.
The assumption that low cost ¢y is absorbing simplifies the exposition, but is not
necessary.® The seller is privately informed about her production cost: she privately
observes her current cost realization at the start of each period t € T'(A).

The timing within each period ¢ is as follows. At ¢t = 0, the buyer privately learns

her valuation and the seller privately learns her initial cost. Then, the seller offers

price pp € R, and the buyer chooses to accept or reject this price. At any time ¢ > 0,

5A previous version of this paper, Ortner (2021), shows that the paper’s main results extend
when ¢, is not absorbing. Intuitively, the seller has an incentive to trade fast when her cost is ¢y,
regardless of whether or not ¢y, is absorbing.



if the buyer hasn’t yet accepted a price, the seller first privately observes current cost
¢;. After observing ¢, the seller offers price p; € R, and the buyer chooses to accept
or reject this price. If the buyer accepts the seller’s offer at time ¢, trade happens and
the game ends, with the buyer obtaining payoff e (v — p;) and the seller obtaining

payoff e " (p; — ¢;), where r > 0 is the common discount rate.

Histories and strategies. At any period t before agreement is reached, the seller’s
history h? = {cs, ps}s<¢ records all previous cost realizations and all previous prices,
and the buyer’s history h? = {v,{ps}s<¢} records her valuation and all previous
prices. A (pure) strategy for the seller og : h¥ x ¢; — p, maps seller’s histories h?
and current cost ¢; into a price. A (pure) strategy for the buyer o : hZ x p; —
d; € {accept,reject} maps buyer’s histories hZ and the seller’s current price p; into a
decision of whether or not to accept price p;. For any buyer history hZ = {v, {ps} <t}

and current price py, [ use h Up; to denote the buyer history A o = {v, {ps}s<tsal-

Solution concept. For most of the paper, I focus on separating Perfect Bayesian
Equilibrium (PBE) under which, at every seller history, the seller’s price reveals her
current cost (Section 6 discusses other equilibria). As the analysis below shows, these
equilibria are intuitive and tractable. Moreover, they provide a natural point of
comparison with prior papers in the literature (e.g. Cho, 1990, Ortner, 2017).

Let (o, ) be a PBE, where 0 = (0g,0p) are players’ strategies and p = (ug, p)
are players’ beliefs: pg(hy) is the seller’s beliefs over the buyers’ type after history
h?, and pp(hP) the buyer’s beliefs over the seller’s realized costs {cs}.«; after his-
tory hP. 1 look for PBE (o, ;1) with the property that, for every seller history h?,
suppaB(hY)(cy) NsuppaB(hP)(cr) = 0. That is, for every history hy, the seller
charges a different price if her cost at time ¢ is ¢y than if it is ¢;,. As a result, for
every on-path buyer history h? U p;, ug(hP U p;) assigns probability 1 to the seller’s
true realized costs {cs}s<t.

In addition, I impose the following restriction on the buyer’s beliefs: if at any



history hP the buyer assigns probability 1 to the seller’s current cost being cr, then I
require that for all histories that follow hZ, the buyer continues to assign probability
1 to the seller’s cost being c;,. This restriction is natural, since cost ¢, is absorbing.%
Let ¥°(A) denote the set of PBE satisfying these conditions, under which the seller
uses a pure action while her costs are cg.”

Successive skimming. Any PBE must satisfy the skimming property: if at time
t a buyer with valuation v € [v,7) finds it optimal to accept the current price py,
then a buyer with valuation v’ > v finds it strictly optimal to accept p;. The reason
for this is that it is more costly for high-value buyers to delay trade.® The skimming
property implies that, after any buyer history hZ LI p;, there exists a cutoff x;4a such
that a buyer with valuation v > Ky, a accepts the current offer p;, and a buyer with
valuation v < kya rejects the offer. Hence, if the buyer rejects all of the seller’s

offers {ps}s<: up to time ¢, the seller believes that the buyer’s valuation is distributed

F(9)
F(kt4a)

according to prob(v < 7) = for all o € [u, Kyt

_TA(lfe_)‘A)

First-best. Define p(A) = “—-ra~ to be the expected discounted time until
costs fall to ¢r, when current cost is cgy. Let v*(A) be the solution to v*(A) — cyg =
p(A)v*(A). Under the first-best outcome, the seller sells to a buyer with valuation
v > v*(A) at t = 0, regardless of the initial cost, and sells to a buyer with valuation
v < v*(A) the first time costs fall to ¢y. Define 7, = min{t € T(A) : ¢, = ¢1} to be
the random time at which costs fall to ¢;. The following proposition summarizes the

first-best outcome.

Proposition 1 (First best). Under the first best, a buyer with valuation v > v*(A)

buys at time t = 0, and a buyer with valuation v < v*(A) buys at time 7.

6This condition is similar to the “Never Dissuaded Once Convinced” condition often used in
bargaining models with private information (e.g., Osborne and Rubinstein, 1990).

“The restriction to equilibria under which the seller uses a pure strategy when her costs are cg
greatly simplifies the exposition. In Appendix A, I briefly discuss equilibria under which the seller
mixes while her costs are cp.

8See Lemma 1 in Fudenberg et al. (1985) for a formal proof.



Throughout the paper, I maintain the following assumption.
Assumption 1. v*(A) € (v,7).

Since v*(A) > ¢y, Assumption 1 is consistent both with gains from trade being
common knowledge (i.e., v > cg) and with settings in which some buyer types only
trade when costs are low (i.e, v < cg). Note however that limy_,o v*(A) = cy. Hence,

the counterpart of Assumption 1 in a model with time-invariant costs is ¢y € (v, ?).

3 Separating Equilibria

This section studies equilibrium set X°(A). I start with a few preliminary observa-
tions. Note that in any PBE in X5(A), when costs fall to ¢, the buyer’s beliefs about
the seller’s cost remain concentrated at ¢y at all future periods. Hence, the continu-
ation game is strategically equivalent to the one-sided incomplete information game
in Fudenberg et al. (1985) and Gul et al. (1985). This game has a unique equilibrium
(since v > ¢, = 0), which is weakly stationary: the buyer’s acceptance rule at histo-
ries at which the current price is the lowest among all past prices depends solely on
her valuation (see Fudenberg et al. (1985) and Gul et al. (1985)). For any « € [v, 7],
let p*(x) denote the price that a seller posts in the one-sided incomplete informa-
tion game when her belief cutoff is , and let U”(x) denote the seller’s equilibrium
continuation profits given belief cutoff .

Consider next equilibrium behavior at periods at which costs are high. Note that
for any (o,u) € ¥°(A), on-path behavior at times ¢ with ¢; = cp is characterized
by a sequence {p{, k;’}ier(a) such that: p is the price that the seller charges at
time ¢ if ¢; = cy, and s is the seller’s belief cutoff at the start of time ¢ if her
cost last period was cy. Hence, on the equilibrium path, at any time ¢t € T(A)

I

F(r{")—F (s} o)
Fsy')

with ¢; = cy, the buyer accepts the seller’s price if her valuation lies in [nfi AR

and the conditional probability with which buyer and seller trade is



At any time ¢t € T'(A) with ¢; = ¢z, continuation play is given by the continuation
equilibrium of the one-sided private information game.
For any sequence {pZ, xkf} and for all times ¢, let UX ({p¥, kf'}) be the seller’s

on-path continuation payoff if ¢; = ¢y, when play is given by {p, x}:

U () = (0l = ey 28] oo TR g
rerda- e By )

Theorem 1. There exists A > 0 such that for all A < A: (i) ©°(A) is non-
empty; and (ii) for every equilibrium (o, ) € X5(A), there exists a weakly stationary

equilibrium (o, u**) € X°(A) that induces the same outcome as (o, j1).

To establish Theorem 1, I show that in any equilibrium in 3°(A), for all t € T(A),

prices and belief cutoffs {pZ, kf'} satisfy the following three conditions:®

kia —pf = e TR L —pla) e (L — e ) (kA — PH(REA)), (D)

F(“ﬁ)_F(“g)H L/ H —r F(’fﬂ) L/ H
F</€tH) = Dy S U (’it ) —€ AWtHA)U (’itJrA)? (2)
Ul ({p, k1Y) > p(A)U* (k). (3)

I further show that, for all A < A (where A is the cutoff in Theorem 1), and for any
sequence {pf, kH} satisfying (1)-(3) with {x} decreasing, there exists an equilibrium
(o, 1) € ¥3(A) that induces {pZ, k2}. Hence, for A small, these three conditions fully
characterize ¥5(A).

Equation (1) is the standard indifference condition of the marginal buyer: for all
periods t with ¢; = ¢y, the marginal buyer /f,{i A Is indifferent between trading at the

current price p, or waiting and trading at time ¢ + A.

9As I explain in Appendix A, while condition (1) need not hold at periods in which buyer and
seller trade with zero probability, it is without loss to focus on equilibria in which the condition does
hold for all ¢.
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Inequality (2) shows that the probability (F(k{") — F(siA))/F(x{") with which
buyer and seller trade at a period ¢t with ¢; = ¢y cannot be too large. As a result,
equilibrium trade is slow relative to the first-best outcome. To see why (2) holds,
suppose that the seller’s belief cutoff at ¢ is k7, and that her cost falls from cpy to
cr, = 0 at this period. The seller’s profit from posting price p’(x”) and revealing that
her cost is ¢z, is UL (k). The seller’s profit from mimicking a high cost seller for one

period, and revealing her cost at ¢ + A, is

—rA F(’fgrA) L

F(K{I) (’fﬁkA>’

Inequality (2) guarantees that this deviation is not profitable.
Lastly, equation (3) shows that the seller’s equilibrium payoff when her cost is ¢y
must be at least as large as what she would get by delaying trade until her cost falls

to ¢, and playing the continuation equilibrium from that point onwards.

Proposition 2. In any equilibrium in °(A), a buyer with value v < v*(A) only
trades when the seller’s cost is low: if {pf, K2} is induced by (o, p) € X°(A), then

for all 7, K > v*(A).

Proposition 2 shows that any inefficiency takes the form of too much delay: trade
cannot happen earlier than under the first best. To see why the result holds, fix
{pH kH} induced by a separating equilibrium (o, 1), and suppose by contradiction
that there exists ¢ with k2, < x{' and ki’ 5 < v*(A). Note that, at time ¢, a buyer
of type nﬁr A can delay trade until the seller’s cost falls to ¢, and get the good at a

price weakly lower than p%(k/: 1). Hence, we have that

"‘fﬁm - pf > P(A)(/’iﬁA - pL(’fﬁA))
= pff <K A(L=p(A) + p(A)p" (kL A))

< e+ p(A)pt (kL) (4)
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where the strict inequality uses xff, < v*(A) = T Ay I words, inequality (4)
states that the seller’s profits from serving buyer of type /fﬂ A When her cost is cy
are strictly lower than her expected discounted profits from serving this buyer when
her cost falls to ¢, = 0. As the proof of Proposition 2 shows (see Lemma A.2), this
means that the seller has a profitable deviation at time ¢: her payoff from delaying all
trade until costs fall to ¢y, is strictly larger than what she gets under (o, ). Hence,
(o, 1) can’t be an equilibrium.

I end this section by noting that, in any equilibrium in X5(A), the probability
with which buyer and seller trade while seller’s cost is high is bounded by inequality
(2). This delayed trade is socially costly. Therefore, under the equilibrium in X5(A)

that maximizes the sum of players’ payoffs, constraint (2) binds at all periods ¢ with

kH > /{fi As except possibly the last period at which a cost cy seller makes a sale.

4 Frequent-offers Limit

This section studies the frequent-offers limit of the most efficient separating equilib-
rium. For each A > 0, let (02, u®) be an equilibrium in X5(A) achieving the largest
social welfare (among equilibria in ¥°(A)). Let {pZ(A),x#(A)} denote the prices
and belief cutoffs induced by (o2, u?) at periods at which the seller’s costs are cy.
Note that pff(A) and s (A) are defined for all t € T(A). T extend both of these
functions to all £ > 0 so that p//(A) and x7(A) are piece-wise constant in ¢.19
Recall that, when the seller’s costs fall to ¢z, continuation play under any equilib-
rium in $°(A) is equivalent to the continuation equilibrium in a game with one-sided
private information. By Fudenberg et al. (1985) and Gul et al. (1985), as A — 0,
for all k € [v,7] price p*(x) converges to v, and trade happens with essentially no
delay. Hence, under any equilibrium in $°(A), the seller’s continuation profits when

her cost is ¢;, converge to v as A — 0. Define 0 = lima_,qv*(A) = #CH to be the

0That is, for all s € T(A), and all t € [s,s + A), pf(A) = p(A) and k1 (A) = H(A).

S
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efficient cutoff as A — 0.

Theorem 2. There exists functions p : R, — R, and k7 : R, — [v,] such that,
for all t >0, lima o pf (A) = pH(t) and lima o k7 (A) = 7 (2t).

Functions p™ (t) and k™ (t) satisfy

J%£ﬂ=rwﬂw—p<m+ww— (1)), (5)
_dw"(t) _ F(kH (1)) v (6)
dt FEA@) (7 () —v)’

forallt <t =inf{t > 0: &t ) = @} with boundary conditions k(0) = v and

IN ~ H
P () = n + e P — 70 — g,

Theorem 2 shows that the frequent-offers limit of welfare maximizing equilibrium
is characterized by a system of differential equations. The intuition behind equation
(5) is as follows. The buyer’s benefit from delaying her purchase for an instant at
time ¢t while ¢, = ¢y is

~D ) - o).

dpf (1)

Indeed, the seller’s price falls at rate ==

if costs remain high, and drops from p* (¢)
to v if costs fall to c.. By equation (5), this benefit must equal the cost 7(kH (t)—pf (t))
that the marginal buyer type x(¢) incurs from delaying trade for an instant.

To see the intuition for (6), note that the equation can be written as

- D (07 (8) - ) = ro. )

The left-hand side of equation (7) is the net benefit that a seller whose cost fell to
cr, = 0 at time t obtains from pretending that her cost is ¢y for an instant longer.

Indeed, the seller makes a sale with instantaneous probability —d“;{t(t) 1J;(HH ) if she

pretends to have cost ¢y, and sells at price pf (t) instead of v. The right-hand side

of (7) is the cost in terms of delayed trade that the seller incurs by following such a

mimicking strategy. The speed of trade —d”i(t) F((:,((?))) under a welfare maximizing

13



equilibrium is such that the net gain from pretending to have a high cost is equal to
the cost of delayed trade.

Functions pf(t) and s (t) satisfy two boundary conditions: (0) = v and
p(f) = cu + Z5u, where t = inf{t > 0 : x”(t) = 4}. The first boundary con-
dition holds since at ¢ = 0 the seller believes that v ~ F' (recall that supp F' = [v,7]).

To understand the second boundary condition, note that in the frequent-offers
limit, while costs are cy the seller trades with the buyer until her belief cutoff reaches

the efficient cutoff 0 = ™2 ¢y i.e., until time ¢ = inf{t > 0 : s (¢) = 0}. Price p”(¢)

T

at which a buyer with type ¥ trades leaves this buyer indifferent between buying at

~

t, or waiting and buying at price v when costs fall to cp:

. A - A
~ H ~ H
—p"(t) = —v) <= p"(t) = —
v—pi()= S0y = pit) =+
where the second equality uses v = ’"jf’\ cy-

It is worth noting that equation (6) implies that the equilibrium outcome with
frequent offers is inefficient: ¢ = inf{t > 0 : k¥(t) = 0} is bounded away from 0,

so high value buyers trade slow relative to the first best. To see why, note that for

drH (t)
dt

all t < t we have p(t) > pf(t) > v.'* Hence, — is bounded, and so # > 0.2
At the same time, buyers with a value below cutoff v trade at the efficient time
1 =inf{t: ¢, =cp}.

Lastly, it is also worth noting that knowledge of p(t) and x(¢) allows us to

compute the seller’s limiting equilibrium payoffs U/? at time ¢ conditional on ¢; = cy

(seller’s limiting payoffs conditional on ¢, = ¢, are v). Indeed, for all ¢ < ¢ we have

UtHZ/t e_(’““)(s‘t)(pH(s)—cH)—ﬂKH(S))(_,;H(S))dSJF/OO s 00 F (7 (5))

- F(rf(t)) o=t F(rf(t))

UIndeed, since pf (t) is decreasing in t, we have p (t) > pf(#) for all t < {. Moreover, note
that p(f) —v = cy — vty > 0, where the last inequality follows since, by Assumption 1, ¢ =
lima o v*(A) = Tj—_AcH > 0.

12These inefficiencies persist in the limit as A — 0. Indeed, cutoff ¥ converges to cy as A goes to
zero. If the equilibrium outcome were efficient, a seller with initial cost cg would sell immediately

to all buyers with value v > cp, at a price weakly larger than cy. But this would violate (6).

14
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where £ (s) = drk'(s)/ds. The first term corresponds to the seller’s expected dis-
counted profits while her costs are ¢y, and the second term are the seller’s expected

discounted profits at the time costs reach ¢;, = 0.

De-coupling equation (5). The system of differential equations (5)-(6) is coupled.
I now show how to transform (5)-(6) to obtain a decoupled ODE for prices.

For each k € [0,7], let P(k) denote the price at which a buyer with value s
trades when costs are cy; that is, for all t € [0,#], PH(xf(¢)) = p#(t). Combining

(5) and (6), and using % ;{t(t) = dPdeI_I,{ ), d”;{t(t), PH(.) solves:

Vi € [0,7), deH(K) = (r(k = P"(k)) + Mv — P"(x)))

f(r) (P7(K) =)
F(k) rv ()

with P2 (9) = ¢y + Ti/\y.

Equation (8) is a decoupled ODE, giving us the price that a high-cost seller charges
in the frequent-offer limit to each buyer type. Besides being an object of interest in
its own right, solving for P (k) allows one to solve for k(t) in (6) using p(t) =

PH(kH(t)) (and this, in turn, allows one to solve for pf(t) in (5)).

Comparative statics. [ now use Theorem 2 and equation (8) to study equilib-

rium properties and derive several comparative statics. For each x € [0,7], define

q(k) = _$J£((ii((?))) WH ()=r to be the speed with which buyer and seller trade in

the frequent-offers limit when the marginal type is x.'* My next result shows how
prices and speed of trade change with changes in (i) value distribution F, (ii) cost

cy, and (iii) rate A at which costs fall.

Proposition 3. (i) As F increases in terms of its reverse hazard rate, price P (k)

increases for all k > 0, and the speed of trade q(k) falls for all K > .

3Indeed, — d“:;t(t) measures how fast the cutoff £ (¢) falls, while IJ;((';Z((?))) denotes the conditional

density of the buyers’ value, evaluated at the cutoff % (t).
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(ii) As cg increases, price PH (k) increases for all k > 0, and the speed of trade

q(r) falls for all kK > 0.

(iii) As X\ increases, price P (k) increases for all k € [0,0] for some © > 0, and the

speed of trade q(k) falls for all k € [0,7].

The first part of Proposition 3 shows that the prices P (k) at which the different
buyer types trade when costs are high increase when F' increases in terms of its
reverse hazard rate % Since prices are now higher, by equation (7) the speed of
trade ¢(x) must be adjusted downwards to deter a low cost seller from pretending to
have a high cost. To understand why, note when F' increases in terms of its reverse
hazard rate: (i) the right-hand side of (8) increases, and (ii) the boundary condition
PR (9) = ¢y + 25v remains unchanged. As a result, function P¥(-) now takes larger
values for all k > ©. Intuitively, when F' increases in terms of its reverse hazard rate,
there is a larger mass of high-value buyers.!* Hence, belief cutoff £ (¢) must now fall
at a lower rate to prevent a low-cost seller from pretending she has a high cost. Since
a high-cost seller now takes longer to sell, she can charge higher prices.

The second and third parts of Proposition 3 establish similar results for changes
in the high cost and in the rate at which the seller’s cost falls.

The last result in this section studies equilibrium outcomes as the buyer’s lowest

value v becomes small.

Proposition 4. In the limit as v — 0, trade under the limiting welfare maximizing

separating equilibrium only occurs when the seller’s costs are low, at a price of zero.

Proposition 4 follows from equation (7): as v — 0, the speed at which buyer and
seller trade while costs are cy must converge to zero to deter a low cost seller from
pretending to have a high cost. Hence, in the limit trade occurs only when the seller’s

costs fall to cy.

ndeed, recall that hazard rate dominance implies first-order stochastic dominance.
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An implication of Proposition 4 is that inefficiencies may grow in the limit as
the lowest valuation goes to zero. Indeed, consider a family of distributions {F,}
indexed by the lowest point in their support v, with the property that Ep,[v] = pu
for all v. By Proposition 4, as v — 0 the total equilibrium surplus converges to

(qri‘A +1-q)Er,_,[v] = (qri/\ +1—¢q)p. In contrast, for any v > 0, total equilibrium

surplus will be strictly larger than (qﬂ%\ +1—¢q)u, since a high cost seller makes sales

with positive probability each period.

Relation to previous literature. Theorem 2 and Proposition 4 allow for a com-
parison between the current model and previous models in the literature. Consider
first models with two-sided private information. Cho (1990) shows that, in such
models, separating equilibria satisfy a version of the Coase conjecture: bargaining
outcomes are efficient if and only if gains from trade are common knowledge (i.e., the
seller’s highest cost is lower than the buyer’s lowest value).

The results in the current model are consistent with those in Cho (1990), with some
subtle differences. Recall from Section 2 that the counterpart of Assumption 1 in a
setting with time-invariant costs is ¢y € (v,7) (i.e., gains from trade are not common-
knowledge). Hence, from Cho (1990) we would expect equilibrium outcomes to be
inefficient when Assumption 1 holds. The difference, however, is that when costs are
time-varying, Assumption 1 is consistent with common-knowledge gains from trade.

Proposition 4 allows for further comparisons between the current model and the
previous literature. When the seller’s production cost is fixed and publicly known,
the seller’s profits converge to zero as the buyer’s lowest valuation v converges to zero
(Fudenberg et al., 1985, Gul et al., 1985). But the limiting equilibrium outcome is
efficient: all buyers trade immediately at price equal to marginal cost.

For models with two-sided private information and with time-invariant costs, the
results in Cho (1990) imply that, in any separating stationary equilibrium, the seller’s

profits also converge to zero as the buyer’s lowest value converges to zero. However,
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inefficiencies “explode” in this limit: only the seller with the lowest possible cost
makes sales.!®

Proposition 4 illustrates how these results generalize when the seller is privately
informed about her time-varying production cost. Asin the two cases described above,
the seller’s profits go to zero as the buyer’s lowest value v goes to zero. Moreover, as
in Cho (1990), inefficiencies also grow in this “gapless” limit. The difference, however,
is that seller and buyer eventually trade with probability 1 in this model, when costs

fall to cy..

5 An Efficient Mechanism

This section shows that, under certain conditions, the environment that I study ad-
mits a mechanism satisfying IC, IR, and budget balance that attains the first best.

Consider the following direct mechanism, which I denote M . At t = 0, buyer
reports her type v € [v,7] and seller reports her initial cost ¢y € {cp,cy}. If seller
reports ¢y = ¢, then buyer and seller trade at ¢ = 0 at a price of v, regardless of the
buyer’s report.

If seller instead reports ¢y = cp, then at t = 0: (i) if buyer reported v € [v*(A), 7],
she trades at price cgy + p(A)v; (ii) if buyer reported v € [v, v*(A)), she pays the seller
a price p(A)v at t = 0 but doesn’t trade yet. Then, at each period t € T(A),t > 0,
seller reports her cost ¢; € {cp,cy}. If at t > 0 the seller reports ¢; = ¢y, nothing
happens. The first period ¢ > 0 at which seller reports ¢; = ¢y, a buyer who reported
v € [u,v*(A)) trades, and pays price ¢, (= 0) to the seller at this point.

Note that mechanism MF® is budget balance, and implements the efficient out-
come if players report truthfully. The following result shows that, under certain

conditions, mechanism M B satisfies IC and IR.

15 Ausubel and Deneckere (1992) establish a related result.
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Proposition 5. Suppose that (1 — p(A))v > (1 — F(v*(A)))cy. Then, mechanism
MFE satisfies IC and IR.

Proposition 5 establishes existence of an efficient mechanism, provided v > (1 —
F(v*(A)))#’“{A) = (1 — F(v*(A)))v*(A). This inequality guarantees that truthful
reporting is optimal for a seller with initial cost ¢;. Indeed, a seller with ¢y = ¢y,
obtains a payoff of v from reporting truthfully under mechanism M8, and obtains
(1= F@ (A)(en + p(A)) + F*(A)p(A)s = (1 — F*(A)))e + p(A) from
reporting co = cy.

The existence of an efficient mechanism satisfying IC, IR and budget balance
distinguishes the current model from prior bargaining games with two-sided private
information. For instance, separating equilibria in Cho (1990) are inefficient only
when the distribution of buyer values and the distribution of seller costs overlap.
But we know from Myerson and Satterthwaite (1983) that such a framework does
not admit an efficient mechanism satisfying IC, IR and budget balance. In contrast,
separating equilibria in this model are always inefficient, regardless of whether the
conditions in Proposition 5 hold.

Proposition 5 and Theorem 2 show that the inefficiencies that arise in equilibrium
are in some cases strictly larger than those implied by feasibility. This is reminiscent
of Deneckere and Liang (2006), who study a bargaining model with correlated values
and show that equilibria fail to be second-best whenever the first-best is not imple-
mentable. The difference, however, is that in Deneckere and Liang (2006) equilibria
are first-best efficient whenever the first best is implementable (provided values are

positively correlated).

6 Non-separating Equilibria

Throughout the paper, I focused on separating equilibria, under which the seller’s

price each period reveals her current cost realization. There are several reasons behind
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this choice. First, such equilibria are intuitive, tractable, and help rationalize observed
pricing dynamics in markets for new durable goods (Conlon, 2012). Second, such
equilibria represent a natural point of comparison to prior papers in the literature, like
Cho (1990) and Ortner (2017). Third, as Theorem 1 shows, without loss separating
equilibria can be taken to be weakly stationary, permitting further comparisons with
the classic papers in the literature (Gul et al., 1985, Fudenberg et al., 1985).

The game admits many other equilibria. For instance, the game admits semi-
separating equilibria, in which a seller with high cost ¢; = ¢y posts price p, and a
seller whose cost fell to ¢z, posts price pf! with probability 1 — a; and price p* (k)
with probability «; € (0,1). The seller thus reveals that her cost is ¢;, when she posts
price p¥(kf), and the continuation equilibrium is as in Gul et al. (1985), Fudenberg
et al. (1985). To keep a low-cost seller indifferent between prices p? and p’(kf),
under such an equilibrium inequality (2) holds with equality at all periods ¢ in which
a; € (0,1). Hence, such equilibria also feature inefficient delays.

The game also admits pooling equilibria, in which both types of sellers post the
same price at times t = 0, ..., 7; and buyer and seller play a continuation equilibrium
in ¥5(A) from time 7 + A onwards. For instance, one particularly simple such con-
tinuation equilibrium has a high cost seller posting high prices that are rejected with
probability 1 from time 7+ A onwards, and a low cost seller playing the continuation
strategy of the one-sided private information game. Note that inequality (2) need not
hold during the pooling period. As a result, pooling equilibria can be more efficient
than the separating equilibria I study in the main text. However, Appendix D shows
that outcomes under this simple class of pooling equilibria are still bounded away
from the first-best outcome whenever ¢ = prob(cy = cy) is strictly below 1.1

The next Proposition establishes a stronger result: the first-best outcome cannot

be attained by any PBE, or by any limiting PBE as A — 0. Hence, any equilibrium

6When prob(cy = cg) = 1, the game initially features one-sided private information. As in
bargaining games with one-sided private information (Gul et al., 1985, Fudenberg et al., 1985), in
this case the game does admit efficient limiting equilibria as A — 0.
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(or any limiting equilibrium as A — 0) must be (at least slightly) inefficient.

Let X(A) denote the set of PBE of the game with time-period A > 0. Note that
any (o, ) € X(A) (or any limit of equilibria (o™, u™) € L(A™) with A™ — 0) induces
an outcome 7 : [v,7] X {cp, ey} — Ry and p: [v,7] X {cp,cy} — Ry, where 7(v, ¢o)
(resp. p(v,cp)) is the random time (resp. expected price) at which a buyer with value
v buys when the seller’s initial cost is c¢y.

Recall that the first-best outcome 758 : [v, 0] x {cr, ey} — Ry has 778 (v, ) =0

for all v and 758 (v, cpy) = 1y<p=7p, Where 7, = inf{t : ¢, = 1.}

Proposition 6. Let 7 : [v,7] X {¢p,cyg} = Ry and p : [v,7] X {cp,cy} — Ry be an
outcome induced by a PBE (o, 1) € X(A), or the pointwise limit of outcomes induced
by a sequence of PBE (0", u™) € S(A") with A™ — 0. Then, T # 75,

To establish Proposition 6, I start by arguing that if equilibrium outcome (7, p) is
efficient, a seller whose initial cost is ¢;, must earn profits equal to v. The reason this
holds is that, in any equilibrium, the seller never offers a price lower than v.!”

In addition, to satisfy incentive compatibility, under efficient equilibrium outcome
(1,p) a seller whose initial cost is ¢y must sell to all buyer types with v > v* im-
mediately, at price ¢y + pv = (1 — p)v* + pv. But then, a seller with initial cost ¢,
can obtain profits of (1 — F(v*))(cy + pv) +e "> F(v*)v by pretending to have a high

initial cost at ¢ = 0, and then playing her continuation strategy. Since cy + pv > v

(Assumption 1), such a deviation is strictly profitable whenever A > 0 is small.

Appendix

"Indeed, by the same arguments as in Lemma 1 in Gul et al. (1985), in any equilibrium all buyer
types accept an offer of p = v with probability 1.
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A Proofs of Theorem 1 and Proposition 2

In any PBE in X°, when costs falls to ¢z, continuation play coincides with equilibrium
play in the one-sided incomplete information game in Fudenberg et al. (1985) and Gul
et al. (1985).1® Hence, I focus on characterizing equilibrium behavior at periods ¢ with
¢ = cp.

By the skimming property, any PBE in ¥° induces a decreasing sequence of belief
cutoffs {kF} such that along the path of play, at any time ¢ with ¢; = cg, (i) the
seller believes that the buyer’s type lies in [v, x7], and (ii) the buyer buys at time ¢

if and only if her valuation lies in [r/1 A, k{).

Lemma A.1. Fir a PBE (o,p) € ¥°. Consider a seller history hY with c, = cy for
all s < t such that the seller’s belief cutoff k; at time t is strictly larger than v. Let
p be the price that the seller charges under (o, ) at history hY if ¢, = cy, and let

Kirn be the highest consumer type that buys at time t when ¢; = cy. Then, Ky and

Kein satisfy

(k) = Fkiga)

P 7T‘AF(I€t+A>
' F (k)

F(ky)

< U"(re) — e U" (Kira)- (9)

Proof. Consider a seller whose cost changed from cy to ¢ after history k7. The

profits that this seller obtains by revealing her cost are UZ(k;). The profits that this

seller would make by posting price pf that she would have posted if ¢; = cgr, and then

from ¢t + A onwards playing the continuation strategy with common knowledge cost
H F(r51)—F(ki1n)

cr, and belief cutoff kA are p; T e + G_TA%UL(KH-A)' A seller whose

cost changed to ¢y, at period ¢ has an incentive to reveal her cost only if (9) holds. W
_ eTTA(1—e ) . . S . . S

Recall that p = ——=r5x5x~. Fix a PBE in ¥, and consider a seller history h;
with ¢, = cy for all s < t leading to belief cutoff k¥ = k. Note that at such a

history, a seller with cost ¢; = ¢y can obtain a payoff equal to pU%(k) by posting

18For ease of exposition, throughout Appendix A I drop the dependence on time period A.
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prices higher than x at all periods until her costs fall to ¢y, and then playing her
continuation strategy. Hence, the seller’s continuation profits at this history under

(o, 1) cannot be lower than pU” (k).

Lemma A.2. Fiz a PBE (o,u) € X°, and consider a seller history hy with belief
cutoff ky. If ¢y = ey, then kya > min{ky, v*}. In particular, if K, < v* and ¢, = cg,

the seller makes a sale with probability zero at time t (i.e., Kypn = k).

Proof. Towards a contradiction, suppose that ¢, = ¢y and ki a < min{k, v*} < v*.
Let {Ktira 22, be a weakly decreasing sequence such that for all 7 > 0, if the seller’s
cost is cy at time ¢+ 7A, under (o, 1) the seller sells to the buyer when her valuation
i8I0 [Ke(ri1)as Kerra). Let {pf o122 denote the sequence of prices that the seller
charges at each time ¢t + 7A if ¢;;,a = cy. Recall that p¥(k) is the price that the
seller charges if her cutoff belief is k and her costs are c¢;. By Fudenberg et al. (1985)
and Gul et al. (1985), pL(k) is weakly increasing in .
Note first that, for all 7 > 0, it must be that

Rtr(r+1)a — pfim > p(Kes(rena — pL(’it+(T+1)A))' (10)

Indeed, a buyer with value x¢;(-11)a can guarantee a payoff of at least p(Kit(r41)a —
p“(Kit(r+1)a)) by delaying her purchase until the seller’s cost falls to ¢z. Note further
that,

Kt+(r+1)A — CH < PRty (r+1)A,
where the inequality follows since kii(r41)a < Kepa < v and since v* — cyg = pv*.

Combining this inequality with inequality (10),

Piea < (1= p)kerrena + pp (Kerrnya) < e + pp" (Kir(r41)a) (11)

Equation (11) implies that the profit margin pf _, — cy that the seller earns from

selling to consumers with value v € [’ft+(r+1) A, Kirra) when her costs are cy is strictly
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lower than the expected discounted profit margin ppL(/iH(TH) A) that the seller would
earn if she waited until her costs fell to ¢;, = 0 and then charged price of p” (Kt (r41)A)-

For all s € T(A), let UH denote the seller’s on-path continuation payoff at time s
if ¢, = cy under equilibrium (o, ;1). For all k € [v, 7], recall that U (k) is the seller’s
continuation payoff under (o, ) at a history with belief cutoff x and at which her
costs are cr, respectively. I now use equation (11) to show that UX < pU%(k;). This
implies that (o, 1) cannot be an equilibrium, since at time ¢ the seller can earn pU” (k)
by waiting until her costs fall to ¢, and then playing the continuation equilibrium
from that point onwards.

Note that, for all 7 > 0,

F(/‘ft+rA) - F(’£t+(r+1)A) —(r M)A F<fit+(r+1)A)

UH = (pl_—cy e Uk
t+7A (pt+TA ) AN ACTEN) t+(r+1)A
N tH(r+1)A —AANTTL
+ ———(1— U .
e N ( e ") (Kty(r1)a)

F(Ktira) — F(/‘ft+(r+1)A) 1 (rNA F(/‘ft+(r+1)A) Ut
F(Kiyra) F(kiira) A
F(r )
—rA t+(7+1)A —\ANT7L
——(1 - U r
Flrisn) (1= e ") U (Ker(r11)a)

F(Kiira) — F(“t+(T+1)A) F(Fv’t+(r+1)A) L )
+ U™ (Kit(r
F(Ktsrn) F(Ktsrn) ( . +02)

F(k ) F(k )

= (r+NA t+(T+1)A UL o —(r+A)A t+(r+1)A) 17 H

— r+1)A) T ¢€ PN Uit (r
F(Fﬁt-‘,—frA) ( t+(7+1) ) (fit—&—TA) t+(t+1)A

(12)

< PPL<’ft+(T+1)A)

+e

=p (pL(’it+(T+1)A)

where the strict inequality follows from (11), and the last equality uses p = e "*(1 —

e ) 4 e~ (V25 Note next that, for all 7 > 0,

F(/ft+rA) - F(/ft+(7+1)A) X F(K/t+(‘r+1)A)
F(Ktyra) F(Kirn)

UL(K/t"r(T-i-l)A)'

(13)

U (Kipra) > PL(Ht+(T+1)A)

Indeed, a seller with cost ¢ = ¢p and with belief cutoff x;,,A can earn the right-

hand side of (13) by posting price p* (ks (r+1)a) and then playing her continuation
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strategy.!? Combining (13) with (12), for all 7 > 0,

F(ky ) F(k )
H L —(r+A)A +Hr+1D)A) yrL —(r+A)A t+H(T+1)A) 77 H
Vetra < £ (U (tsra) =Tl U (“W“N) e ) e

(14)

Using equation (14) repeatedly for all 7 > 0 yields

= _ F(Klt A) _ F(HH(TH)A)
UH < (r+X\)TA +7 UL . o (r+N)A UL . _ UL )

t Tzzoe P F(I{t) (ﬁH— A) € F(l{t> (HH—( +1)A) P (I{t)
But this cannot be, since a seller whose cost is ¢y at time ¢ can obtain pU¥(k;) by

waiting until her costs fall to ¢, = 0 and then playing her continuation strategy. W
For any equilibrium (o, ) € ¥°, let
k" = inf{x € [v,7] : 3 on-path history (h;Licy) at which type  buys under (o, ).}

Note that x(®#) is the lowest valuation at which the buyer buys when costs are cy
under equilibrium (o, iz). By Lemma A.2, x(@*) > v* for all (o, u) € X5.

Fix a PBE (o,u) € ¥°. Let {kf} be the sequence of belief cutoffs induced by
(o, 1) at histories at which the seller’s costs are cy. Under (o, 1), a high cost seller
stops selling whenever her cutoff beliefs about the buyer’s valuation reach x(%*); so
kH > k@ for all t.

Let ¢ denote the time at which a high cost seller sells to a buyer with valuation
k(@ provided that ¢ is finite, and let /ﬁﬁ A= k(@M Note that, for all periods
t>t+Aa high cost seller does not make sales. Hence s/ = ligrA forall t > ¢+ A
(if £ is infinite, this is vacuous).

Let {p/}{_, be the prices that the seller charges at times ¢ < ¢ under (o, ) at

19This follows since the equilibrium of the game with one-sided incomplete information is weakly
stationary (Gul et al., 1985).
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histories at which her cost is high. Note that, for all ¢t < £ — A, it is without loss to

consider prices {pf} satisfying:
Rita —Df = 6_(T+/\)A(/ffiA —piia) Fe (1= e M) (Kfa — PH(REA)): (15)

To see why, note that equality (15) must hold for all ¢ such that k2,5 > xfl A > k'
Indeed, if buyer and seller trade with positive probability at times ¢ and t + A when
costs are ¢y, then the marginal buyer type who trades at ¢ (i.e., type /{ﬁ A) must be
indifferent between buying at time t or waiting and buying at period t+ A. If there is
no trade at time ¢ (i.e., if 5fL , = k{'), we can set price pf! so that (15) holds without
changing the equilibrium outcome. Similarly, if there is no trade at time ¢t + A (i.e.,
if kL on = KL A), We can again set price p;t 5 so that (15) holds without changing the
equilibrium outcome.

For all k € [v,], define p(k) = k(1 — p) + ppZ(k). Price p(k) is such that a
buyer with valuation & is indifferent between buying at p(x) when costs are ¢y and
waiting until costs fall to ¢, and buying at price p’(x). Note that p(x) is increasing
in x (since p*(k) is increasing in ). Note further that, if ¢ is finite, it must be that
pi = p(rloM) = KWL = p) + pph(s©M). If T is finite, it is without loss to set
pf:pf for all t > + A.

Given sequences {p?, k'}, for all times s let U ({p, kI'}) be continuation profits

that a seller obtains if ¢, = ¢y, when play is given by {pf, kF}:

_i_ef(rJr/\)AF(KsH-l-A) UH ({pH HH})
F(K}f) F(K}f) s+A t o v

Fe A1 e—AA)F(Ks—i-A

Ul ({pf, k{}) = (I — cn)

If an equilibrium (o, ) € ¥° induces sequences {pf?, kI}, it must be that

Vs, UM({p kl'}) 2 pU" (). (16)
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Indeed, a seller whose cost is high by time s and whose belief cutoff is k;' can ob-
tain a payoff of pUL (k) by waiting until her costs fall to ¢, and then playing the

continuation equilibrium from that point onwards.

To prove Theorem 1, I first establish the following result.

Theorem A.1. (i) Suppose sequences {pf, kH} are induced by an equilibrium (o, u) €
3. Then, {k} is decreasing, and for allt, {pf, k'} satisfy equations (2) and

(3). Moreover, there exists {pf}, with p = p¥ for all T with k2, 5 > &, such

that {pH, kY satisfy (1).

(ii) There exists A > 0 such that, if A < A, for any sequences {pH, kH} satisfying
(1)-(3) with {kH} decreasing, there exists an equilibrium (o, i) € $° that induces

{p7, w'}.

T VT

Proof. The arguments above imply that conditions (2) and (3) must hold in any
(0, 1) € X3; and that there exists {pZ }, with pZ = p for all 7 with Z_, > k¥, such
that {pZ, kH} satisfy (1).

I now turn to the proof of part (i) of the Theorem. Fix sequences {pZ, x},
with {k¥} decreasing, satisfying conditions (1)-(3). I now show show that there
exists A > 0 such that, for all A < A, there exists a PBE (o, 1) € £° that induces
{p s},

Let k = limy ,o, k7. By Lemma A.2, k > v*. For all x € [r,7], let p (k) denote
the price at which a buyer with type x buys under {p”, x’}. For all x € [v,&), let
P (k) = p(k), where pZ(k) is the price that a buyer with type x is willing to pay in
the game with one-sided private information. The buyer’s strategy under the proposed
equilibrium (o, ;1) is as follows. For all histories hPUp; with prob(c; = cy|hPLUp;) = 1,
a buyer with type s buys iff p; < p¥ (k). For all other histories, a buyer with type x
buys iff p; < pL (k).

Buyer’s beliefs under (o, 1) are as follows. If at all periods s < ¢ the seller offered

price p, the buyer at time ¢ believes that the seller’s cost is ¢y with probability 1. In
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any other case, the buyer at time ¢ believes that the seller’s cost is ¢y, with probability
1.

The seller’s strategy is as follows. On the equilibrium path, for all ¢t with ¢; = cg,
she charges price pf. For all off-path histories hY U ¢y, the seller posts a price
higher than ¥ (and no buyer type buys). For all ¢ with ¢; = ¢y, the seller plays the
continuation equilibrium of the game with one-sided private information.

Since {p, kH} satisfies (15), optimal buyer behavior induces belief cutoffs {7},
given the seller’s strategy. Hence, the buyer’s strategy is sequentially rational at
histories at which she believes that the seller’s cost is high. Moreover, buyer’s strategy
is sequentially rational at histories at which she believes that the seller’s cost is low
(since, at such histories, buyer uses the equilibrium strategy of the game with one-
sided private information; and since seller uses the equilibrium strategy of the game
with one-sided private information whenever her cost is cr).

I now show that, for A small enough, the seller’s strategy is also sequentially
rational. Note first that, since {p, k'} satisfy (9), the seller does not find it optimal
to deviate at a period t such that ¢;,_a = cyg and ¢; = ¢1,. Moreover, she doesn’t find
it optimal to deviate at a period ¢ with ¢;_a = ¢z, and ¢; = ¢, (since, at such histories,
buyer and seller are using the equilibrium strategy of the game with one-sided private
information).

By the Coase conjecture (Gul et al., 1985), for every n > 0 there exists Zn >0
such that, for all A < A, price p” (k) that the seller charges when costs are ¢ = ¢z, = 0

is strictly smaller than v + 7 for all k. Pick " > 0 such that v + ' — ¢y < pv; since

v < vt = ffp (by Assumption 1), such an 7 exists. Let A = A,,, and suppose

A < A. Note that if at a period s with ¢; = ¢ the seller posts a price different from
pI the highest profit she can obtain is pUZ(k5).20 Since {pf, kI'} satisfies (16), the

20This follows since pX (k) € [v,v+7] for all k € [v, 7] whenever A < A, and since v+n'—cy < puv.
Hence, the seller’s profit margin p — cy from any sale she makes while costs are high following such a
deviation is strictly smaller than pv. Since p”(x) > v for all &, the seller’s most profitable deviation
is to wait until costs fall to ¢y and then play the continuation equilibrium, obtaining a payoff of
pU(r11) = pu.
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seller finds it optimal to post price pZ. W

Proof of Theorem 1. Note first that, for all A > 0, there always exist sequences
{pH kH} satisfying conditions (1)-(3). For instance, sequences {pZ, k¥ } with k1 =

and p2 = p for all 7, with p satisfying
T p = AT ) A1 - )@ - p4(T)

satisfy (1)-(3). Hence, by Theorem A.1(ii), for all A < A, ¥° is non-empty.
Finally, note that the arguments in the proof of Theorem A.1 imply that, for
all A < A and for any (o,u) € ¥°, there exists a weakly stationary equilibrium

(o™, u*) € X5 that induces the same outcome as (o, ). W

Proof of Proposition 2. Follows from Lemma A.2. N

Mixed strategy equilibria. Theorem A.1 characterizes equilibria under which the
seller uses a pure action while her costs are cy.

The game also admits separating equilibria under which the seller mixes while her
costs are cy. In any such equilibrium, the (now random) sequence {pf,xH} must
still satisfy (9) and (15). Indeed, Lemma A.1 applies to mixed strategy separating
equilibria as well. And inequality (16) must hold in any separating equilibrium,
pure or mixed. In addition to these conditions, if the seller mixes at some period ¢
with ¢; = ¢y, she must be indifferent among any price that she posts with positive

probability.

Welfare maximizing equilibria. Let (o, 1) be an equilibrium in ©° that delivers
the largest social surplus (among all equilibria in $°). Under (o, i), constraint (9)

must be satisfied with equality at all times ¢ with % , > ;7. As a result, there exists
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a finite period £ at which, under (o, 1), a buyer with value £(%*) buys if ¢; = cg; (and

SO I{g_A = k(M)

Moreover, under (o, i), the price pf at which the seller sells at time £ if ¢; = cy
must be equal to p(k(@) = (1 — p)&@® + ppl(k(@M). Indeed, if the buyer rejects
price pf , buyer and seller don’t trade until costs fall to c¢z. Price p(k(®*) is the
price that leaves consumer x(%#) indifferent between buying at time ¢ with ¢; = cm,

or waiting until costs fall to ¢, and buying at that point (at price p(x(@)).

B Proof of Theorem 2

For each A > 0, let (02, u®) be an equilibrium in X5(A) achieving the largest social
welfare. Let {p;//(A), 5T (A)}er(a) denote the prices and belief cutoffs induced by
(0, u®) at periods at which the seller’s costs are ¢y, and let k@*1%) be the lowest

value buyer who trades while costs are cy under (o2, u?).
Lemma B.1. k%) — p*(A) = 0 as A — 0.

Proof. By Proposition 2, for all A > 0 we have k" #%) > y*(A). Towards a
contradiction, suppose the result is false. Hence, there exists a sequence {A"} — 0
and an € > 0 such that lim,,_,, T v (A™) > €.

For each n, let ¢, be the time at which a buyer with value x, = RS ) buys
under (O’An, ,uAn) if ¢, = ¢y for all t < £,,. The price at which a buyer with value &,

buys under (02", u2") when costs are cy is p(k,) = (1 — p(A™))kn + p(A™)pE (k).
For each n, fix &, € (v*(A"), k,,) such that

o (P = FED ey e )
i) (P ) < Ut - e TG,

Let {#(A™)} be such that, for all t < £, + A", & (A") = k! (A"), (where {7 (A™)}
is the sequence of belief cutoffs under (¢2", x»")) and for all t > £, +2A", &7 (A") =
fin. Let {pP(A™)} be such that p(A") = p(#,) for all t > £, + A", and such that,
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for all t < t, + A",

Rryan(A") = By (A") = eV (R A (A) = Brian(A™))

+e (1= e (R A (A") = PP (R A (AT). (17)

That is, {pf (A"), & (A™)} satisfies (15). Note that the inefficiencies under {p” (A"), #F (A™)}
are smaller than under {p” (A"), s (A")}, since trade is delayed by less under the
former. The rest of the proof shows that, for n large enough, {pf(A"), &(A™)}
can be supported by an equilibrium in 3°(A"). This leads to a contradiction, since
(02", uA") was assumed to be a welfare maximizing equilibrium in X5(A").

As a first step, I show that pf(A™) < pf(A™) for all t < #,. Since sequences
{kH(A™), pfT(A™)} satisfy (9) for all t < t,, and since &7 (A,) = k(A,) for all
t <t,+A" pH(A") < pf(A™) for all t < £, implies that sequences {#7 (A™), p(A™)}
satisfy (9).

Note that?!

Ran+An — ﬁtHn = e_(H)‘)An(/%gAn - ﬁ{Hn+An> + e_TAn(l e A )(/ﬁt +An pL<RiHn+A”))
> e U RE = A ) e (L= e RS A — PR A))
= 6_(T+)\)Anp(f~fan+A" - pL<’%g+m)) +e (1 - _)\M)(“t +Aar T pL(Rg+M))

= p(/%an+An _pL<’%£I,L+An))7

where the strict inequality uses ﬁf] tAn = ﬁ(/%f o An) < p(k the second equality

Firan)

uses p(k t+A”) t+A"(1 p)+ppt(F t+A”> and the last equality uses p = e "2 (1—
e M) pe”TTNA - Since I{f+An :,%ngAn,andsincep =p(k t+A") (1=p)Kg +An—|—

ort (kK Kp +M) it follows that pf < pf.
I now use this to show that g (A") < pH (A") for all t < ,,. For all t < £,,, prices

21Tn what follows, I drop the dependence on the time period A™ when there is no risk of confusion.
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{p{(A")} satisfy

iy an(A") = pff (A") = €TV (5 o (A") = pan(A™))

e (1= e ) (R an (A") = ph (Rfan (A)).
Combining this equation with (17), for all t < £,,,
Pl (A") = B (A") = e TV (il on (A") = Brlan (A™)),

where I used &7 (A") = k1 (A") for all t < {,, + A™. Since pi < pf, it follows that
pI(A™) > pI(A™) for all t < £,. Hence, {RIT(A™), p7 (A™)} satisfies (9).

I now show that, for n sufficiently large, {#X(A"), p2(A™)} also satisfies (16). I
start by showing that pf(A") > pH .. (A") for all t < £, + A", so prices pi (A") are
decreasing. This implies that p{'(A") > pi’ , (A") = p(kn) for all ¢ < t,. Since
i) = (1= p(A")F+ p(A" (R, oy > 07 (A7) = =Sty and pH(,) > v, ths
further implies that p(A,) — cg > p(A™)v. Hence, if prices pZ(A") are decreasing,

then pf (A") — cg > p(A™)v for all t < 1, + A",
Recall that

ﬁiHnJrA" = D(Rj, oan) = (1= P(An))’%gwm + P(An)PL(REHn+2An)

~H ~H L/ ~H
— Kt +oar — Pipan = (An)( K, 4oan — P ("ifn-s-m.n))
— ﬁerQAn ﬁEHnJrA” — e*(r+>\)A”(/~££n+2An _ﬁngAn) + e—rA"(l efAAn>(/€tn+2An . pL<R£Hn+2An)>’

(18)

e—rA(l_ef)\A)

where the last line uses p(A) = “S——a>. Moreover, pf’ satisfies (17), and so

Fipan =P, = € VYR an = Pl aan) T (= e (R an — PH(RE L an)
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Combining this with (18) yields

ﬁ{Hn _ ﬁ{Hn+An — (1 o e—rA")(/%g—i_An . /%an+2An) + e—rAn(l . e—)\ATL)(pL(,%gL—i_An) . pL(Ran+2An

~H >/%H

i An i onn and pr(-) is weakly increas-

where the strict inequality follows since &;
ing.
Towards an induction, suppose that pff > pff .. for all ¢’ = ¢t + A", ... {,. I now
show that p;’ > pff An. Since p’ and pfi A satisfy (17), it follows that
H H

B = Plian = (1= ™) (Rfian — Rifonn) +e A (Pian — Pryaan)

+e (1= e (0" (Rlian) — PP (Riiaan)) > 0.

By the Coase conjecture, for all k, UF(k) — v as A — 0; i.e., the seller earns
a profit margin of v on each sale she makes when her costs are c¢;. Since the profit
margin (pff — cg) that she earns on each sale when her cost is cg is larger than pv,
in the limit as n — oo the seller’s profits from selling when her costs are cy are
larger than what she would get by waiting until her costs fall to ¢;, and then playing
the continuation equilibrium. Hence, constraint (16) is satisfied under sequences
{pH(A™), & (A™)} when n is sufficiently large.

The arguments above show that, for n large enough, {#F(A"),p (A")} satis-
fies all the conditions in Theorem A.1(ii). Hence, for n large enough, there exists
(o, 1) € X5(A™) that induces {F(A™), p(A™)}. But this contradicts the fact that,
for all n, (2", u2") is a welfare maximizing equilibrium in X5(A") (recall that ineffi-
ciencies under {pff(A"), F(A™)} are smaller than under {pf (A"), kZ(A™)}). There-
fore, K@) —p*(A) »0as A —0. N

For all x € [v,7] and A > 0, let U*(k; A) be the seller’s continuation profits when
her cost is ¢, and her belief cutoff is k. Define 7l (k; A) = F(r)U(k; A).

Lemma B.2 (no atoms). Fiz a sequence {A"} — 0. For each n, let (c®", p2")
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be a welfare mazimizing equilibrium in X°(A"), and let {kT(A™), pf(A™)} be the
sequences of prices and belief cutoffs induced by (o®", u™"). There exists B > 0 such
that, for all t € T(A™),

o P A7) — Flsfi g (A7) _

n—0o0 An B

Hence, for allt € T(A"), k' (A™) — KL an (A™) = 0 as n — o0o.

F(rE (A™) = F(rH 5 (A7)
AN

Proof. Note first that, for all n, there exists ¢, such that =0

for all t > t,; i.e., t, is the last period at which the seller makes sales when costs are
high.
Consider next ¢t < £,,. By Lemma A.1, and using 7% (x; A) = F(k)U*(x; A),

(F (ki (A")) = F (s an(A")pp (A") < 78 (s (A"); A™)(1 = 727
+ e (TR (k! (A); AT) — w8 (R an (A7); A™)).
(19)

Let p®(k; A) be the price that a low cost seller would charge when her cutoff beliefs
are r in a setting with time period A. Note that, since p*(x; A) € [v, pZ(7; A)] for all

T (g (A"); A") = 78 (ki an (A"); A") < p(T; A" (F (57 (A") = F (ki an (A™)))-

Combining this with (19),

1— efrA"

An
(20)

F(r{"(A") = F(k{ian(A"))
An

(" (A= ph (T A")) < w8 (s (A™); A7)

Next, recall from the proof of Lemma B.1 that prices p(A") are decreasing: for
all £ < f, p(AT) > plT (A7) — ﬁ(,ww%) > (0t (AM) = (1 — pAM)o"(A") +

p(A™M)p (v*(A™); A™). Since lima 0 p(A) = lima o v*(A) = ¢y and lima o p%(v; A) =

r+)\’
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v, it follows that

. ny oAty n A r
hggolfpf(A)— A (UA)>CH+T+>\Q—QZCH—T+)\Q>O.

The strict inequality holds since, by Assumption 1, v*(A) € (v,7), and so lima_,o v*(A) =

r—‘r)\c > .

Using this in inequality (20)

. F(ri'(A") — F(rfia(A") 1 L H Ay Ay LT €
hgl_)sogp An < hlr?—?ololp DA — e A (5 An) (k' (A™); A )T
T+ A -

~(r+Neg —rv

where the last inequality uses lima o7 (k;A) = F(k)v <v. W

Proof of Theorem 2. Note first that, by (15), sequences {x; (A), p/'(A) her(a)

are such that, for all ¢ < t,

frea(A) = pf (&) = e TR (R{A(A) = plia(D))
+e (1= e M) (rEa(A) = pH(REA(A); A)). (21)

For each t € [0,00), let pf(t) = lima ,op (A) and &7 (t) = lima_0 K7 (A) (if
needed, take a convergent subsequence, which exists by Helly’s Selection Theorem).

Dividing both sides of (21) by A and rearranging,

HA) — pH (A _eTA — e~ (rtNA
pi (A) Apt+A( ) Zli,{iA(A)(l X ) —pfiA(A)(l X )
A=) oy
+e N yZ (’{t-s-A(A)?A)- (22)

Taking limits on both sides of (22) as A — 0 and using lima o p*(x,A) = v and
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limayo 57 (A) — k{4 A(A) = 0 (Lemma B.2),

H H H
P (A) = pialA) _ _dp ()  u _ H
ilg}) A = =R (t) — (r+X)p7(t) + \v.

Under the most efficient equilibrium, it must be that inequality (9) holds with
equality for almost all ¢t € T(A). Using 7l(k; A) = F(rk)UL(k; A),

Py (D) (F (ki (D)) = Fria(A)) = 75(ky (A); A) — 8 (ki A (A); A)

+ (1= e ) rt (s A(A); A). (23)
Note next that, for all k, <" € [v,7] with k > &/, the following inequalities hold:

7 (s A) — 74 A) > 0(F (k) — F()
7 (s A) — 7 (5 A) < pF(T; A) (F(s) — F().

The inequalities follow since, for all belief cutoffs &, p*(%;A) € [v, p*(v; A)]. Com-
bining these inequalities with (23), and dividing through by A, yields

F(r'(A) = F(ria(4)  1—e"®

v A + 7 (5a(A); A)
oty P Q) = Fint 80
<yt ) LR FUEAB) 122 (a): ).

Taking the limit as A — 0 and using lima_0 pZ(7; A) = v and lima_o 75 (k; A) =

vF(k),

F(r{(A)) = F(ria(A))

PR fm A = vl 5 +ruF(s"()
= lin F(r; (A)) —AF(HHA(A)) _ _dmdt(t) FRT () = wffg _(2)
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The boundary condition for x#(-) is £ (0) = ¥. To derive the boundary condition
for p"(-), let © = lima_,0 v*(A) = “*2¢y. By Lemma B.1, belief cutoffs £ (t) reaches
& = "¢y at finite time ¢ = inf{t > 0 : k”(t) = 0}. The price at which the seller
sells to a buyer with valuation v must be such that this buyer is indifferent between

buying now, or Waiting until costs fall to ¢, and getting the good at price v. Hence,

pH(t) = 0+ 2v=cy+=5v. W

C Proofs of Propositions 3, 4, 5 and 6

Proof of Proposition 3. I start by showing that k — P (k) > ﬁ(/ﬁ — v) for

all k > 0. Since PH(kH(t)) = pf(t) for all t < £, this is equivalent to showing that

k() — pH(t) > Ti/\(/{H(t) — ) for all t <, or that

vt < t, D(t) = r(k"(t) — p" (1)) + Mv — p™(t)) > 0.

Using equation (5),

D) = Td/fdt(t) (r + )\)dpdt(t)
:rd“dt(t) (r+ N [r(& () = p () + Mo — p™ (1))]
_dr"(t)
=+ (r+ A)D(D). (24)

Note that p () = o — Ti/\(ﬁ —v) = & (t) - H%\(IQH@?) — ), and so D(t) = 0. Since

me < 0 for all t+ < ¢, it follows that D'(f) < 0. Hence, D(t) > 0 for all t < #

close to t. Towards a contradiction, suppose there exists ¢ < ¢ with D(¢) < 0, and
let £ = sup{t < t: D(t) < 0}. Since D(t) is continuous, D(f) = 0. Moreover, since
D(t) > 0 for all t € (,1), it must be that D’(f) > 0. Using (24), and noting that
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42(0)),_; < 0and D(f) =0,

- drM(t) i + (r + \)D(f) < 0,

a contradiction. Hence, D(t) > 0 for all t < . And so kK — P (k) > T_%\(/{ —v) for
all Kk > 0.

I now show part (ii). For each cy, let §(cy) = 2cy be the efficient cutoff for
cost cg, and let P (k; cy) denote the solution to (8) and boundary condition for cost
-

Fix ¢}y > cg, so 0(cyy) > 9(cy). Note that o(cy) — PH(t(cy);cn) = ri,\@(CH) —

A

(k=) for all & > 9(cy); in

v). By the arguments above, k — P (k;cy) >

particular, 0(cy) — PH(0(cy); cr) > T%\(@(C}I) —v) = 9(cy) — PH(0(cy); ), and so
PH(0(cly); cy) > PH(0(cy); )

I now show that P (k;cyy) > PH(k;cy) for all k € [0(cy),v]. Towards a
contradiction, suppose the result is not true, and let & = inf{x € [0(cy),7] :
PH(k;cy) < PH(k;cy)}. Since PH(k;cyy) and P (k;cy) are continuous and since
PH(d(cy); cy) > PH(0(cy); crr), it must be that & > 9(c}y) and P (&; cy) = P2 (&; cy).
But then, P (-;c};) and PH(-; cy) both solve ODE (8), with P (; c}y) = P (&; cy);
and so PH(:;cy) = PH(:;cy), a contradiction. Hence, PH(k;cy) > PH(k;cy) for
all K € [0(cy),v]. Finally, by equation (6), the speed of trade falls when prices
pf(t) = PP (kM (t)) increase.

I now turn to part (i). Fix distributions F; and Fy such that F; dominates Fj
in terms of the reverse hazard rate. Let PY(k;F;) denote the solution to (8) and
boundary condition under distribution £;.

[ start by showing that P (x; F}) > P (k; F,) for all kK > 9. Note first that
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A (0 — v) for i = 0, 1. Using (8), for i = 0,1,

r+A S\
dPH (k; F)| _0
dl{ k=0 — 9
d* P (k; F)| B rfi(@) PHE(D) — v
dr? =CTUEM) v

H 2pH (.. . ~ ~
Since fl((z)) > fo U) for all v, dpd#h:ﬁ > ”#(f’mh:@. Hence, there exists v > ©

such that PH(/-{; Fl) > PH(k; Fy) for all k € (0,0).

Towards a contradiction, suppose that the result is not true, and let £ = inf{x >
0 : PH(k; F) < PH(k; Fy)}. Since PH (k; Fy) and P2 (k; Fy) are continuous, P (i; Fy) =
PH(F; Fy). Since P (r; Fy) > PH(k; Fy) for all k € (v R), it must be that M‘K:g <

dPHé:;F_O)‘nzﬁ- But P*(k; F1) = PY(&; Fy) and fl = > {;OL(K)) together with ODE

dPH (k;F1)
P |n:f£ >

dpH /@FO
d |I€ R

(8) implies a contrad1ct10n Therefore, PH(r; Fy) >
PH(k; Fy) for all k > 9. Lastly, since prices are higher under F; than under Fj, by
equation (7) the rate at which the seller makes sales is slower under F; than under
F.

Lastly, I turn to part (iii). For each A, let (\) = 22cy, and let P (k;\) denote

the solution to (8) and boundary condition for A\. Note that dP};,(:;’\) lk=o()= 0. Note

further that

d .. (‘3 A B r

Hence, for all X' > X\ close enough to A, it must that PH(6(N); N) > PHE(G(N); \).
Since P (-; \') and P (-; \) are continuous, there exists & > 6(\') such that P (; \') >
PH(k;\) for all k € (6()\), k). Next, note that by equation (6), the speed of trade
falls when prices pf (t) = PH(kf(t)) increase. Hence, for all t with k() € (d(\), &),

the speed of trade is lower under \'. W

Proof of Proposition 4. Equation (7) and the fact that, for all ¢ < ¢, p#(t) >
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de® (1) f(" (1))
dt F(kH(t)

p(t) = cy + —25v > v,” together imply that — goes to zero for all t as
v — 0. Note then that, in the limit as v — 0, the seller only trades with the buyer

once costs are ¢y, at pricev — 0. H

Proof of Proposition 5. It is easy to check that mechanism MFB: (a) is budget
balance, (b) satisfies IC for the buyer, (c) satisfies IR for buyer and seller, and (d)
implements the efficient outcome under truthful reporting. I now show that the
mechanism also satisfies IC for the seller. Consider first a seller who reported ¢y = cy
at t = 0. Then, for all £ > 0, the seller strictly prefers to report ¢; = cy if her current
cost is ¢y, while she is indifferent between reporting ¢y, or cg if her cost is ¢;,. Hence,
truthful reporting is (weakly) optimal.

Consider next time t = 0. A seller with initial cost ¢y obtains a payoff of p(A)v
from reporting truthfully, and gets a payoft of v — ¢y from reporting ¢y = c;. Recall
than v*(A) = #’&) > v, where the inequality follows from Assumption 1. Hence,
p(A)v > v — cy, so a seller with initial cost ¢y strictly prefers to report truthfully.

A seller with initial cost ¢, gets a payoff of v if she reports truthfully. Her payoff
from reporting ¢y = cy is (1 — F(v*(A)))(cu + p(A)v) + F(v*(A))p(A)v. Reporting
truthfully is optimal when (1 — p(A))v > (1 — F(v*(A)))cy. W

Proof of Proposition 6. Note first that, since the seller makes all the offers, prices
p(v, ¢) must satisfy p(v,c) > v for all v € [v,7] and ¢ € {cp,cy}: in any PBE, all
buyer types accept a price v with probability 1.23 This implies that, in any PBE, the
profits of a seller with initial cost cy are bounded below by pv. Indeed, a seller with
initial cost ¢y can wait until her cost falls to ¢y, charge price v, and make a sale with
probability 1, earning pv.

Consider first the case in which (7, p) is the outcome induced by some equilibrium

22By Assumption 1, v < 9 = %CH.

23This follows from the arguments in Lemma 1 in Gul et al. (1985), or Lemma S10 in Ortner
(2017).
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in $(A). Suppose by contradiction that the result is not true, so 7 = 778, Let U(v)
be the utility that a buyer with type v gets under this outcome:

e (y — plu, ) + (1= q)e ™™ e (v — p(v, ep)))].

By incentive compatibility, U(v) satisfies:

FB(

U(U) — U(y) +/ E[qe—rrFB(x,cH) + (1 _ q)e—rr x,CL)]dx (25)

for all v € [v,7]. Since p(v,c) > v for all v, U(v) = 0.

Consider first v < v*, and note that

U(v) = gp(v = p(v, cu)) + (1 = q)(v = p(v, c1))

=qp(v —v) + (1 — q)(v — v), (26)

where the first equality uses the properties of 775 (v, ¢y) and the second follows from
equation (25), using U(v) = 0. Since p(v,cq) > v for ¢ € {cp,cy} and for all v,
equation (26) implies p(v, c) = p(v,cy) = v for all v < v*.

Consider next v > v*, and note that

U(v) = q(v —p(v,ca)) + (1 = q)(v — p(v,cr))

=qlp(v" —v) + (v —v")] + (1 = q)(v — ), (27)

where again the first equality uses the properties of 715 (v, ¢y) and the second follows

from equation (25), using U(v) = 0. Equation (27) implies that, for all v > v*,

qp(v,cg) + (1 = q)p(v,cr) = qv* — p(v* — V)] + (1 = @QJuv = q(cy + pv) + (1 — q)v,

where the last equality uses v* — ¢y = pv*. Since p(v, cp) > v for all v, it follows that

p(v,ch) < ey + pv. 1 now show that p(v,cr) = v and p(v, cy) = cxg + pv for almost
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all v > v*. Suppose not, so there exists a positive measure of buyer types v > v*
with p(v,cy) < ey + pv. Since p(v,cy) = v for all v < v*, the profits of seller with

¢op = cy under outcome (7,p) are

(1 = F*)E[p(v, cu) = culv 2 0]+ F(u")pu < pu.

But this cannot be, since a seller with ¢y = cy can obtain pv by waiting until her
costs fall to ¢, and charging price v. Hence, p(v,cy) = ¢y + pv and p(v, cr) = v for
almost all v > v*.

By the arguments above, under outcome (7, p) a seller with ¢y = ¢, earns profits
v. The profits that this seller can obtain by mimicking a seller with ¢y = ¢y, and then
playing as if her cost fell to ¢y, at time sA are (1 — F(v*))(cy + pv) + e ™2 F(v*)v,
which is strictly larger than v for all sA small enough (since, by Assumption 1,

vt = > v = o+ pu > v), a contradiction. Hence, 7 # 715,

Consider next the case in which (7, p) is the point-wise limiting outcome induced
by some sequence of equilibria (", u™), with (o™, ©) € L(A™) for all n and with
A" — 0. Note first that, by Dominated Convergence, (25) must hold under (7, p).
Hence, both (26) and (27) must also hold under (7, p). And so, by the same arguments
as above, we must have p(v,c) = p(v,cy) = v for all v < v* and p(v,cy) = cy + pv
and p(v,cp) = v for almost all v > v*.

Finally, fix € > 0 small. For n large enough, seller’s profits at t = 0 under (¢, u™)
are lower than v+e¢/2 when ¢y = ¢p. Similarly, for n large enough, a seller with ¢y = ¢,
can obtain profits at least as large as (1 — F(v*))(cyg + pv) + e " F(v*)v — €/2 by
mimicking a seller with ¢y = ¢y at time ¢t = 0, and then playing as if her cost fell to
cr, at time A,,. Since cy + pv > v, such a deviation is profitable for € > 0 small and

for all n sufficiently large. Hence, 7 # 772, 1
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D Pooling Equilibria

This appendix studies pooling equilibria such that (i) the seller posts the same price
at times ¢ = 0,...,7 regardless of her cost; and (ii) from time 7 + A onwards, a
high cost seller posts high prices that are rejected with probability 1 (for instance,
prices above 7), and a low cost seller plays the continuation strategy of the one-
sided private information game. The goal is to show that outcomes under this class
of pooling equilibria are bounded away from the first-best outcome whenever ¢ =
prob(co = cy) < 1.

Note first that, if A > 0 is bounded away from zero, the outcome under such
equilibria would be bounded away from the first-best outcome. Hence, I focus on
showing that the equilibrium outcome under such equilibria is bounded away from
the first-best outcome when A is small.

Consider such a pooling equilibrium. Let k € [v,7] be the lowest value buyer who
buys at the last pooling period 7 > 0, and let p denote the price the seller charges at
7. For each t = 0, A, 2A, ..., let ¢, < ¢ be the probability that the seller’s cost is cy

at period t: i.e., ¢ = ¢ x e~ < ¢. Note then that price p must satisfy

k=P > Greap(s = pP(8) + (1= grea)e™ (5 = p* (k)

= p< k(1= griap— (1= grea)e™) + " (k) (greap + (1 — gria)e ™). (28)

Indeed, under such an equilibrium, at period 7 a buyer of type x can obtain the payoff

in the right-hand side of the first line by delaying trade until the seller charges price

A

5 and lima o pY (k) = v, we have that for all n > 0 there

pE (k). Since lima ;0 p =
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exists A; > 0 such that, for all A < A,

A A
< 1_7' —_/\ 1_7' T N 1_7
p_li( Gred ( Q+A))+Q<Q+AT+)\+( Q+A))+77
T
= T 1_7'
KJCI+AT+)\+Q< Q+Ar+)\)+77

T T
< 1—qg—0 29
_qu+A+y( qr+A)+n, (29)

where the last inequality uses k > v and ¢ > ¢, 4a.

The continuation profits a seller with cost cy gets at the beginning of period 7

under this equilibrium are (p — cH)F(“PZg;?(”) + f((é?) prl(k), where k, > k is the

seller’s belief cutoff at the beginning of time 7.2* Note then that

(p— c@”ﬁf@ﬁﬁ) + 5&)) prt (k) = pu
= (p—cn) F(ﬁ})(;?(ﬁ) > pyF(K})(;j(ﬁ) - F]jj((z)p(y — ' (K)), (30)

where the first inequality follows since a high cost seller can always wait until her

costs fall to ¢, charge a price equal to v, and sell immediately at this price.?” Since

lima 0 7" (k) = v, and since ¢y = 0, the inequality in (30) implies that, for all
n > 0 there exists A, such that p > cy + Ti/\y —n =50+ T_%\Q — 1 whenever

A < A,. Combining this with (29), it follows that for all A < A = min{A;, Ay},

r n ] r S r - A 5
K v — 0 v —
qr—l—A - qr—i-/\ T r+A r+ AT g

r
— 1—q)> b — Kg— — 2
Qr—i—/\( q)_r+/\v Kq?“—k)\

Finally, by Assumption 1, there exists 7 > 0 such that v = © — . Using this in the

24For instance, if 7 = 0, so there is only one pooling period, then x, = .

25Indeed, since the seller makes all the offers, in any PBE all buyer types accept a price v with
probability 1; this follows from the arguments in Lemma 1 in Gul et al. (1985), or Lemma S10 in
Ortner (2017).
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inequality above yields

T (1 ) > ro T
— UV — K
q_r+)\ qr+)\
1-— A2
<:>n—@27—q—r+ —77.
q r o q

Since n > 0 is arbitrary, we get that for small enough A, x must be bounded away

from the first-best cutoff whenever ¢ € (0,1).
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