Dynamic Systems Theory - State-space Linear
Systems *

September 13, 2012

Jordan Normal Form
For each );, define the sequence of generalized eigenspaces

M¥ = ker(A — XI)*

MY cC M'C ...c M'"= My,
(This is called as a flag of sub-spaces)

Note: Since we are only working with one eigenvalue, we dropped the subscript.

Also define

Wk = (A - A)kC"
Wiy =Ww*

We choose a basis for M,y = M" of the form {ui,...,um,} such that
{u1,...,um, } is a basis for M*. Other than this, there is nothing special about
this basis.

We now modify the basis through a step-by-step procedure to get a representa-
tion of the desired form for the eigenvalue .

Let {tm, ,41,---,Un, be those basis elements that are in M but not in M*~!.
These elements do not need to be replaced but for consistency of notation, we
change their names to

’Umt,1+17 v 7Umt

*This work is being done by various members of the class of 2012
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Now set
Vmy 4w = (A — )‘I)vmt,ﬁu
(recalling (A — AI)M* 1 — M¥)
Consider the set {uy, ..., Um, o} U{Umy_s+1s- s Vmy_otme—ms_1 }

and we claim that this is a linearly independent set.

Proof of claim: If it is not linearly independent, there will be a non-trivial linear
combination yielding 0, in which atleast one of the coeflicients of one of the v;’s
would be non zero(this is because the set {u1, ..., um, ,} is linearly independent
of construction).

This means that a non-trivial linear combination of v;’s is in M*~? and thus,
(A — XI)*~2 would map this linear combination to zero. Then, (4 — AI)*~!

would map a non-trivial linear combination of vectors in {vp,, ,+1,--,Um, | to
0. This non-trivial linear combination would thus be in M*~!, contradicting the
construction of the basis {uy, ..., um, }. This proves the claim.

Now, this linearly independent subset of M!~! can be extended to form a

: t—1
basis {u1, ..., Um, } U{Um, o+1,- -5 Um,_, ; for M*—1.
Next set,
(A= AUy ot = Uy g4 forv=1,...,mp_1 —my_o
Proceed as before to obtain a new basis, {1, ..., Um, 4} U{Um, s41,---,Vm,_ 5}
of M2
Proceeding in this manner, we obtain a basis {v1,...,vn,} of the entire gen-

eralized eigenspace (My)) such that {v1,...,vm,} is a basis for M* and (A —
AV 40 = Umy_y+0 for k> 1(and mo =0 ).
Another way to write this is,

AV 40 = AUpytv + Uy, 40 for £ > 1.
The basis we seek is obtained by re-ordering these spaces,
V1, Um 41, VUmo+1y- -y Umy_1+1
V2, Umy+2

Uy s !

With respect to this ordering of the basis, the matrix has the form,
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A1 0 0 0
0 X 1 0 0
00X ... 00
t—rows |. . . | . 0
0 0 O Al
0 0 0 0 Aj
(A 1 0 0 0]
0 X 1 0 0
0 0 A 0 0
0
00 0 . A1
10 0 0 0 A
0 0

Each of the blocks has the eigenvalue A on the diagonal and 1’s on the super
diagonal. The diagonal blocks are called Jordan Blocks.

Example:

O OO O >
O OO >
O Ol > = O
o > o o O
> =l OO

Suppose, a matrix with real entries has complex eigenvalues. Then you might
have a Jordan normal form such as

A

O O > =
o o o
> =o o

0
0
0
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Where A is complex (A = a + () and (A = o — ¢3) is it’s complex conjugate.
One can do a similarity transformation

A matrix U is said to be unitary if U* = U~!, where U* = UZ. Consider the

unitary matrix.
(V2 2
U—<—L/\/2 1/¢2>

Lo R L CE 1)

_ ( (a+18)/v2 (wéﬁ)/\/2> (1/\/2 L/\/2>
—(a+p)/V2 (a=B)/V2 ) \t/v2 1/y2

-G )

Similarly,
a+p 0 1 0
U| 0 0 a+ 8 0 1 Uu*| 0
0|U 0 0 o+ uf 0 0 | U*
0 0 0 a— 13
a —pf 1 0
|8 a 0 1
“ 10 0 a -8
0 0 f «

This computation can be generalized to lead us to the notion of real Jordan

Normal Form.
If A\=a+ 6, A\ = a— 10 are complex conjugate eigenvalues of an n x n real
matrix A and each of these eigenvalues has multiplicity S, the real Jordan form

of the corresponding block is

100 0 A1 00 1000 ati8 0
00 10 0 A 0 0 0010 |_ 0 a—uf
0100 00 X 1 0100 | 0 0  a+f
000 1 00 0 X 000 1 0 0

+ oo o
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A I 0 0
0 Anp 0 0
0 0 Aupy Db
0 0 0 A, 5
Aap)
0
0 :
0
0
Mk = ker(A — AI)FH!
={v: (A= A)ktly =0}
MF ={w:(A—A)kw =0} Let v € MFFL,

Then, let w = (A — A)v

Then, (A—X)kw = (A—- )1y =0

=we Mk

5

0 0

0 0

A,p Iz
0 Aaﬁ)




