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& = Az + Bu
y=Cx TimeDomain
)
§j=C(Is— A)~'Ba FrequencyDomain
Time-invariant case only
Recall:
(s —A)~! = _ ~adj(sI — A) (%)
[sI — Al
adj = adjoint, adjunct, adjugate
Now,

|sI — Al = 5" + ap_18""' + -+ ais+ag

is the characteristic polynomial.

(Convince yourself that each cofactor of sI — A is a polynomial of degree
<n.)

Hence, adj(s] — A) = E,_1s" '+ E, 28" 2+ ...+ Eis+ Ey

Thus,

En_lsnil 4+ -4+ Ei1s+ Ey
s"+an_ 18"+ as+agp

(sT —A)~' =
From (*),
(8" 4+ ap_15""' 4+ +ars+ag)l = Ey18" + Ep_os" '+ + E1s* + Eps

- AEn_lsnil — AE1$ - AEO
=FEp_18" 4 (Bn—a — AE,_1)s" ' 4+ (Ey — AE))s — AE

*This work is being done by various members of the class of 2012
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We equate coefficients:

I= En—l
an 1l =FE, 2— AEn—l
ol = E,_3— AE,

a1] = EO — AE1

aol = 7AE0
Theorem. The coefficients

ag, a1, *-+, Ap-1

E07 E17 ) En—l

. . =1 _ En_is" '+ Eis+E
in the expression (sI — A)™" = G e o sra

cessfully by means of the recursive formulas:

E,_1=1
1
(1) { Ey = AEp11 + agpal

may be determined suc-

(2) ap = —2tr(AEy) k=n—-1,n-2,---,0

Writing the algorithm:

[z =
_l_k:ﬂ—l
— &2 = — - tr(AE‘)
L . x
4 =k-1
E_Sr A‘Ejr+1+ak+l‘z—

chch

Proof. 1t is really required only to show (2).
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First, note:

AE, 1 =Al=A
AEn_Q = A2En_1 + an_ll = A2 + an_lA
AE,_3=A"+ a,_1A% + a,_2A

AE, = A" F 4 a, AR 4 g A

tr(AEy) = tr(A" ) + ap_1tr(APF D) 4o appqtr(A)

Claim 1: .
tr(A7) =Y N,
i=1
where A1,- -, A\, are the eigenvalues (not necessarily distinct) of A.

Proof of the claim:

For any matrix B, tr(B) = Y., Ni(B). (If B is any matrix, and P is a

change of basis that yields the Jordan Normal Form of B, call it Jg, then:

P7'BP =Jg
> Ai=tr(Jp) = tr(P~'BP) = tr(BPP™") = tr(B))
i=1
If X is an eigenvalue of A, then M is an eigenvalue of A7 (because Az =
Az = A%z = AAz = A\?z). The Claim 1 follows.
Hence,
tr(AEg) = Sn—k + Gn—1Sn—k—1 + - - + Qp1151,
where s; = Y7 M.

The theorem now follows from Newton’s formula
Sp—k + Gn_15p—k—1 + -+ agr151 = —(n — k)ay
O

Newton’s formula may be found in Fadeev, V.N. Computational Aspects of Linear Algebra,
Dover 1959.

Theorem. Consider the polynomial:

p(s) =8"+an_1"" '+ +ais+ag
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Let A1, -+ , Ay be the (not necessarily distinct) roots of this polynomial, and

let .
S — Z )\f
=1

Then fork=1,--- ,n,
Sk+an_1Sk—1++ap_p-151 +kan_ =0

Proof. Associate to each root A;, a monic polynomial of degree n-1 which has
root Ay, -+, Aiy -+, Ap, Where 7 \;” means that the i-th root is omitted from the
list. Denote this polynomial by:

"V al_ 58"+ +al = pi(s)

"+ ap_1s" "+ 4 ais+ag
S—>\i

" al_os"T? bt al =

=" (1 + M) TP (an—2 +an A+ A" 4

+ (a2 + aghi + @A + -+ ap AP 4 AT
+ (a1 + ashi +azA + 4 ap  APT2 4 AT

+ (a0 + @i + ash? 4 - ap AL+ AT)s !
+ -

But, of course, there are no terms with negative exponents.
Equating coefficients,

g =0p—1+ Ai
An—2 + an_1 i + A

ai =ag+az\;+---+ an,l)\?f?’ + )\?72
b=ar+aghi+ o ap g AT RN

)
S
|

Then,

)\1614}1@ + )\20/% 4+ )\na']’gI = Al(ak+1 + ak+2)\1 4+ .. 4 (lnfl)\?ik72 + )\?fkfl)
-+ )\2(ak+1 + ak+2A2 + e+ an_l)\g—k—Q + Ag_k_l)

+ An(ak-kl + ark_l,.QAn + .+ an_l)\sz72 + /\Z,k,,l)

This last expression

= Qk4+151 + Qk4282 + -+ Ap—1Sn—k—1 + Sn—k

+
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‘We know that each af€ is the sum of products of roots in the list A1, - - -, 5% e A
This may be written explicitly

ag = (=A)(=A2) -~ (=) -+ (=)
afz_l :—/\1—/\2—--~—5\i_..._)\n
aiz—3 =M FMA3 4+ A1,
— no product with A\; as a factor
More generally, the coefficient a} involves sum of products of roots taken

n-k-1 at a time. From this we may explicitly write down an expression for
Aag + -+ Apap

Eg.
Mg _y + Aot o+ -+ Ana_y
=AM(=A2 = A3 = = A) F (A = A3 = A== Ay)
+o A (A =A== A1)
= —2a,_2
Next,

Mg g+ Aol g+ -+ Auap_g
=AMz + XAy + - = A1) F Ao (M Az F A dg + - = A1)+
+oF A A F A3+ = A2 A1)

= —3an_3

This pattern persists, and in general,
a4 el = —ka, g

and this proves the theorem

The results presented in today’s lecture show how to get
C(sI - A)™'B
given A, B, C. i.e.

{ b=AvtBu 5 o(s1- 4)'Ba

y=Cx

Problem to think about: Given § = G(s)4, where G(s) is a matrix of proper
rational functions, find A, B, C.




