Online Supplement: Information Based Inference with Misspecification 1

ONLINE APPENDIX FOR: “INFORMATION BASED INFERENCE
IN MODELS WITH SET-VALUED PREDICTIONS AND MISSPECIFICATION"

APPENDIX B: LEMMAS USED IN PROOFS OF MAIN THEOREMS
B.1. Pseudo-True Sets and Score Function

We give three lemmas that we use to show the differentiability of L(6|z). To ease
notation, we drop conditioning on X. We let C denote the collection of closed subsets
of ). Molchanov and Molinari (2018, Section 2.2) show that core(rgy(-)) can be ex-
pressed as core(vy(-)) = {Q € M(Zy) : vp(A) < Q(A) < v;(A), ACC}, with v (A) =
Jyy HG(w;0) N A # 0)dFy(u)." Let A C 2Y be a collection of events. Among sets in A,
let A_ collect all restrictions such that v5(A) = v/;(A). That is, the sets belonging to .A_
imply equality restrictions. We then let .A> collect the remaining events. Let A denote the

|| — 1 dimensional unit-simplex. Consider the following problem:

P(A):  o(6;A)=max > poly)Ing(y) (B.1)
7 yey

st Y qly) > v(A), A€ As (B.2)
yeA

> aly)=rp(A), A€ A, (B.3)
yeA

Let A C Y. As ) is finite, one may represent the probability that any distribution P with

probability mass function p € A assigns to a set A through a representer a of A, by writing
P(A)=p'a,

with a € {0, 1}M. For example, take ) = {(0,0), (0,1), (1,0),(1,1)}, A= {(1,0),(1,1)},
and @ = (0,0,1,1) 7. Then, P(A) = p' a. Similarly, for some b € {0,1}1¥], the constraints
"For a given compact set A C ), vy (A) is the capacity functional of G(u;6) (Molchanov and Molinari, 2018,

Definition 1.23), and vy(A) =1 — v5 (A°), with A° the complement of A and v (-) extended to the family of
open sets (e.g., Molchanov and Molinari, 2018, p.20), and where vy is the containment functional of G(+;0).
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in (B.2)-(B.3) can be written as
quAZl/g(A), AecAs and quA:VQ(A), Ae A_.

For any pair of sets Ay, Ay C ) with associated representer vectors a',a? € {0, 1}|y |, their
union A; U As and intersections A; N Ay are represented by at Vv a? (componentwise max-

imum) and a' A a? (componentwise minimum). For any event A C ) with A = UleAi,

P(A) = > ()P 4).

T#0,1C{1,...k} iel

In terms of corresponding vectors, p' a = Z#@Jg{l’m,k}(—1)|I|+1p (A;es @')- Since this

holds for any p in the probability simplex, we must have

a= > (=N d). (B.4)

T#0,1C{1,...k} iel

This means that the representers of the events A and Aj, ..., Ay are linearly dependent.

The following lemma shows that the opposite is also true.

LEMMA B.1: Letd®, ..., da" be the representers of Ao, . .., Ay. The following statements
are equivalent: (1) {/\iel at, 1#0,1C{o,..., k}} are linearly dependent; (2) There ex-
ists j €{0,..., k} such that Ay = U;cqo. i 51 Ai-

PROOF: Order the elements of ) as {y1, 2, . .. ,ym}. (2. = 1.) follows from (B.4). For
(1.=2.),w.l.o.g. take j = 0 and suppose C' = Ap \ UleAi is nonempty. Collect the indices
of outcomes belonging to C'in I C {1,...,|V|}. Take y; € C' C ). The representer e; of
yj is a |Y|-dimensional vector whose j-th component is 1, and the remaining components
are all 0s. Note that y; ¢ U¥_, A; implies that the j-th component of A\;; a’ is O for any I #
0,1 C{1,...,k}. Hence, e; cannot be expressed as a linear combination of { Nier at, I #
0,1 C{1,...,k} } As y; € Ay, this means a? cannot be expressed as linear combination of
{ Nicra', I #0,1 C{1,...,k}}. Hence, {a®, \;c;a’, 1 # 0,1 C{1,...,k}} are linearly
independent. The case with UleAi \ Ap # () can be analyzed similarly. Q.E.D.
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LEMMA B.2: Let Assumption I hold. Then (i) there exists a collection AGe) C 2Y pot
dependent on 0 € © such that core(vp(-)) = {Q € M(Sy) : Q(A) > vy(A), A € A} for
core(vy(-)) in (3.2), and no collection A* C 2% of cardinality smaller than A*®) suffices
to characterize core(vg(+)); (ii) the optimal value of P(A%®)) is L(0|z); (iii) the solution
¢* € A to problem P(A%9) is unique and also solves problem P(AY) with A = { A :

ACY, Aclosed}; (iv) its associated Lagrange multiplier vector \* is unique.

PROOF: Part (i). A family of closed sets A* is a core determining class (Galichon and
Henry, 2011) if any probability measure () defined on ) satisfying the inequalities Q(A) >
vp(A) forall A€ A* satisfies the inequalities (Q(A) > vy(A) for all closed sets A C ). A
family of closed sets A is a smallest core determining class (Luo, Ponomarev, and Wang,
2025) if it has the smallest cardinality among all core determining classes. Part (i) follows
directly by Corollary 1.1 in Luo, Ponomarev, and Wang (2025), due to Assumption 1-b, as
their result shows that if the support of the random set G(U|x;6), conditional on X = z
does not depend on 6, neither does the smallest core determining class.

Part (ii). By the definition of a smallest core determining class, the collection of inequal-
ities in A(*¢) yields the same constraint set as in (3.23). The solution to P(A(*e)) exists by
the continuity of the objective function and the compactness of the probability simplex.

Part (iii). As ¢ — Elngq is strictly concave and the domain of ¢ is convex, uniqueness
of ¢* follows. As the collection of inequalities in Alxe) yields the same constraint set as in
(3.23), ¢* solves also the original problem in (3.23).

Part (iv). The constraint set consists of linear (in)equalities. Hence, the Karush-Kuhn-
Tucker conditions hold at the feasible point ¢* with Lagrange multiplier \*. A sufficient
condition for A* to be unique is that the Linear Independence Constraint Qualification
(LICQ) holds. To establish this, we first note that the full set of constraints can be expressed
as (e.g., Molchanov and Molinari, 2018, Section 2.2):

v5(A)>q ba>vg(A), ACY:1<[AI<[|V]/2], (B.5)

where | - | denotes the cardinality of the set in its argument, and [-| represents the smallest

integer greater than or equal to its argument. (B.5) follows because for any set A C ) and
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its complement A° =)\ A, one has by =1 — bae and vy(A) =1 — v;(A°). This implies
that the gradient of any pair of inequalities in (B.5) equals a representer b,. Moreover,
either only one of the two inequalities in (B.5) can be an active inequality, or we are in the
presence of an equality restriction. Next, recall that we are further restricting the collection
of sets in (B.5) to be the ones in A*¢). If the LICQ condition fails, there must exist a
collection of sets A; € {A C A% : 1 <|A| < [|V]/2]}, j=1,...,k, such that quAj =
vp(A;), q'bg=1p(A), and, by Lemma B.1, A = Uj—1,... xA;. This in turn implies

vp(A)> Y DIy () Ai).

TA0,IC{1,.. k } iel

and we have that the inequality for the set A is satisfied whenever the inequalities for the
sets Aj, j =1,...,k are satisfied. But this contradicts Alxe) being an exact core determining

class because such a set A could be removed from it. Q.E.D.

LEMMA B.3: Under the assumptions of Theorem 3.2, ¢(-, ) as defined in (3.28) is jointly

continuous in (0,p).

PROOF: Passing the infimum in (3.28) inside the integral and recalling qy . from (3.5),
we can write ¢<07p) - f)( Pz (x)v(eapyhsa [L’)dé(l‘), where U(eapy|m; [E) = infqy|x€q197x I(py|m| |Qy|m)
and, denoting H (py|,) = — [} Pyl (y|7) Inpyj. (y]7)du(y),

[(py|x||Qy|:c) = _H(py|x) - /ypym(mz) In Qy\m(y|$)dﬂ(y)' (B.6)

Let (0, pn) be a sequence such that (6,,,p,) — (0,p), where p, 1. (y|2) — pyj2(ylz) — 0

uniformly in y and z, and ||py, » — prL% — 0. Then,

600.0) = 00.0) = [ pncl)0Ou o)) = [ pela)o(8.pyp)is(o)
:/ pn,x(x)[v(en»pmmmax) - U(vay\xaxﬂdg(x) +/ [ n,x(J:) —px(I)]U(Q,py‘m,l’>d§($).
Jx X

J/ (& J/
N N~

(4) (i)
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Using Assumption 1-(e), [v(0, py|z, T)| < 32, ey Pyl (y]®) Inl<dylnl=:K, and (ii)can

be bounded by K||py o — pz|| [ 0. Term (7) can be further decomposed as follows:

/Xpn,:b(w)[v(envpn,ya:vx) - U(evpn,y\asvx)]dé(x) +/;an,$(x)[v(97pn,y|az7x) - v(evpthx)]dg(x) :

~~

(i—a) (i—b)

Recall that v(6n, Py y|z, ¥) = —H (Ppy|a) — Ep, ., Inqg y|x(Y\a3) |z]. By the mean-value theorem

and Theorem 3.1, there exists 0~n between 0,, and 0 such that

(i —a) < /X Pra(@)[Ep, 55 (Y lespayo)lal|l6n — Olde(@) < MY2[6, — 0],

where the last inequality follows because supgeg E[[|so(Y'| X5 py)2) |I2] < M and

1B 156,10 V1K) Xy < 1B, 055, 410 (V1K i) X < M2

2yl

Hence, (i — a) tends to 0 as 6, — 0. To show that also (i — b) vanishes, let [|p,, — p;|m||1 =

> yey Pyja(ylz) = py, (y|z)|. For any 6 and py,., p; |, such that [|py, —pj, [lr <1/2,

’U(evpy\a:; 'T) - U(e,p;‘x; J,‘)’ < Qy|iI€l£19,w I(py\x‘ ’qu) - qy‘iggﬁw I(p;|g:”q§y|x)

< sup  {(pypallaye) — 10y llay0.)| < @y — Py,
qy\zeqﬂ,w

where w(v) = vlin dTY +v ln% by Lemma 2.7 in Csiszar and Korner (2011) and (B.6), and the con-

vergence is uniform in = as we assumed py, |, (y|7) — py|.(y|z) — O uniformly in y and z. Q.E.D.

B.2. Derivation of Results and Verification of Conditions for the Entry Game Example 1

PROPOSITION B.1: Under the assumptions laid out in Example 1, (i) the profiled likeli-
hood g, gl JOT Y € {(0,0),(0,1),(1,0),(1,1)} is given in equations (3.17)-(3.20). (ii) The

score function is given in equations (3.24)-(3.27).

PROOF: In this example g, ((0,1)|z) = n1(6; ) — |, ((1,0)|z). Let 2 = gy, ((1,0)]x)
and c(0) = poy.((0,0)|z) In Fy(Sy0,0)}a:0) + Poyle((1,1)]2) In Fy(S{(1,1)})e:0)- Using
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that 3 g, (9|z) = 1, rewrite the optimization problem as

V() = sup c(0) + poyjo (1, 0)2) I 2 + o,y (0, 1)) Inir (8 2) — 2)

st.z—mn3(0;x) >0 and 12(0;x) —2>0,

Define the Lagrangian of this problem by

'C(Z’ A, 9) = 0(9) +p0,y|x<(17 0)|J]) Inz +p0,y\m((07 1)|ZL’) 111(771(9;@ - Z)

+ A1(z = m3(0;2)) + Aa(n2(6; 2) — 2).

Part (i). Since ¢(6) does not affect the solution, we drop it in what follows. The Karush-
Kuhn-Tucker (KKT) conditions of this problem are —py ,|,-(1, 0fz)2 +P0,y[2(0, 1|z) m —
A+ A =0, 1(n3(0;2) —2) =0, Aa(z —12(0;2)) = 0, and Ay, Ay > 0. Then, (3.17)-(3.20)
are obtained by solving the KKT conditions for three cases: (1) Ay = Ay = 0; (2) Ay > 0;
(3) A1 > 0. (See Kaido and Molinari, 2024, pp.6-7, for a full derivation.)

Part (ii). To establish this result, we let 6(t) = 6 + th,h € R? and define V(t) =

V(6(t)), L(z,\,t)=L(z,\,0(t)), so that the Lagrangian becomes

)" VoFo(Sy1,1)}z0) b
Fo(S{(1,1)}|2:0)

; VoFy(S N
L1(2,X,0(1)) = P, ((0,0) ) TS 001zt

h
Fy(S((0,0)}|;0) +p0,y\x((171)|$)

)T
+ Pyl (0, 1)) VLD 4 X Vg (0;2) Th + Ao Vma(0;2) .

Hence, for any sequence {t¢,} with ¢, | 0, the maximizer of L(z, A, 0 + t,h) exists. The
domain of the control variable and parameter [0,1] x (—e¢, ¢) is bounded, hence the inf-
boundedness assumption of Rockafellar (1984) holds, ensuring that the parametric opti-
mization problem indexed by ¢ is directionally stable in the sense of Gauvin and Janin
(1990). Using that (¢*, \*) are unique as shown above, we apply Gauvin and Janin (1990,
Corollary 4.2) to obtain full differentiability of V. The derivative of V(t) can be obtained
analytically solving three cases: (1) A1 = X2 =0; (2) A1 =0,22 > 0; 3) A1 >0, 2 =0.
(See Kaido and Molinari, 2024, p.8, for a full derivation.) Q.E.D.
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PROPOSITION B.2: The mapping v +— ©*(vy) in Example 1 on p. 17 is continuous.

PROOF: Denoting J; = 0.5 + 0, we have ©*(p,) = Z*(p,) — [0.5 0.5] T for =*(p,) =
1,1)[1
{9 €0.05,0.52 : 9102 = py((1,1)|1); % <91 <1—p,((0,1)[1)}. We then have
that for any § € © and ¥ = [0.5 0.5] T + 6,

[1;1 pv<<1~71>|1>]T 9

1

dist(6, ©*(py)) = dist(¥, =" (py)) = _ min

V1€B(py)

: (B.7)

with B(p,) = [max{0.05,2pw((1, 1)[1), %}mm {0.5, LY 11—, ((0, 1)|1)H.
Recall that p,(y|1) is an affine function of ~y for all y € ). Hence, the objective function
in the minimization problem in (B.7) is jointly continuous in ¥; and p., and B(p,) con-
verges in Hausdorff distance to B(pg) when py — p,, (where for non-empty intervals
A =lay,az), B = [b1,ba] C R, distg(A, B) = max{|a; — b1|, |az — b2|}), and hence it is
a continuous correspondence on I'. It follows that all assumptions of Berge’s maximum
theorem are satisfied, and v — dist(6, ©*(p,)) is continuous on I'. Hence, by Rockafellar
and Wets (2005, Proposition 5.11), v — ©*(p,) is both upper and lower hemicontinuous

on I', and hence is continuous at v = 0. O.E.D.

B.2.1. Verification of Assumptions

Assumptions 2, 3 (iv), and the requirement in (3.35), are high-level conditions to be ver-
ified in each application of our method. Below we do so for the entry game example, under

some regularity conditions. We first provide some notation that will be useful throughout.

Let ||py|. 1% = supyey supzex [Py (y]2)]. For j = 1,2, we let:
Zi(X;pyje) = Pyl ((1,0)[X)71(0; X) — (9y|((1,0)[X) + py - ((0,1)[X))nj41(6; X), (B.8)

with the functions 71(0;2),n2(0;x),n3(0;z) defined in (3.11)-(3.13). As n2(0; X) >
n3(0; X), Z1(x;py)e) < Z2(x;py),). We use the functions Z1, Z3 to define indicators Iy
that re-express the sets Oy, ¢ = 1,2, 3, in (3.14)-(3.16):

Ly (z;pyj2) = 1{Z1(x;py‘m) <0}1{Za(x;py).) > 0} (B.9)



L (z;py1e) = H{Z1 (25 py)r) > 0} (B.10)

H3(x§py|az) = 1{22(x§py|a:) < O} (B.11)

One may rewrite the score functions in (3.24)-(3.27) as

) ~ VoFp(S{(0,0)}]a:0)
59((070)|xapy|x)_ Fe(S{(o,o)}u;e) )

) ~ VoFp(S{1,1)}2:0)
S@((L 1)|xapy|a¢) - FH(S{(l,l)}|x;0)

Y

so((0Dl:y) = S T (o3 pyte) + S ey 2 Pye) G ) 5Pyl

v o, Vv 0, \v 0; .
s0((1,0)[5 pyj) = TGO, (2:py ) + 2O, (2 py0) + TLBED T (25, ).

glal

For any vector a = (a1,...,aq, ), define the differential operator by Dlal = TR
1.0,

where |a| = Z?X a;. Then, for a function i : X — R, let

D" h(a)=D"h(z/)
o=

|11 ]|00,o = max sup |[D®h(x)| + max sup
lal<[e] = la|=[a] £z
Let C{;(X) be the set of continuous functions h : X — R with ||A|sc,q < M. We next

provide regularity conditions under which we verify Assumptions 2 and 3 (iv) .

ASSUMPTION B.1: For the entry game model in Example 1,
(i) There exists C >0 s.t. ||Vgn;(0;2)|| <C, j=1,...,3,forall x € X.
(ii) There exists ¢ >0 s.t. H={py|, : X = [0, 1Y Pyl (Y|T) > e, V(y,x) €Y X X}
(iii) If X has a component with continuous distribution, the probability density function
(p.d.f) of Z;|Xq, for j = 1,2, is uniformly bounded on the support of Z;| X4, where
Xq denotes the subvector of X containing discrete covariates with finite support. If

there are no discrete covariates, the restriction is on the unconditional p.d.f. of Z;.

ASSUMPTION B.2: (a) E HM

Fo(Sty}|a:0)

2
} < C for y=1(0,0),(1,1) for some 0 <
C < oo
(b) One of the following conditions hold:
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(i) X is a vector of discrete random variables and X C RYX is a finite set.
(ii) X is a vector of continuous random variables and X C RIX s a bounded, con-

vex set with nonempty interior. For some ¢ >0, M >0, and o > dx,
H= {py|r t X — [07 1]‘y| :py\x(y") € C]O\Z(X)ay €, py\x(y‘x) >c> Ovv(%x) €Y x X}

(iii) X = (X, CT ,XdT)T consists of subvectors X. and X;, where X, is continuously
distributed and X is discretely distributed. X = X, x Xy C R, where X, C

RIXe s a bounded convex set with nonempty interior, and X,; C R4 js a finite

set. For some ¢ >0, M > 0, a > dx, Lipschitz functions ¢, k=1,...,|)|, and

some functions . and (,

H={pylo : X = [0, 1V Dyl Wkl ®) = ok (Ceyrlze), Calyrlza)), Ce(yrl-) € CRr(Xe),

—-M Sﬁd(yk‘xd) S M,\Vag e Xy, k=1,...,dy, py|x<y’x) >c> O,V(y,l') € yXX}

REMARK B.1: Assumption B.1(i) is satisfied, for example, when the vector U has a
multivariate Normal distribution, provided the correlation among any two of its entries is
bounded away from one (in absolute value). In Assumption B.2(b)(iii), we assume that Pyle
combines a function of continuous covariates X, with a function of discrete covariates X
using a Lipschitz function, which covers many transformations of interest (see, e.g., van der
Vaart and Wellner, 1996, p. 192). More general transformations can be allowed for, as far

as one may ensure that the metric entropy of H can be controlled properly.

PROPOSITION B.3: Suppose Assumptions 1 and B.1 hold for the entry game model in

Example 1. Then Assumption 2 also holds.

PROOF: Recall mg(z;py),.) = El[sg(Y[X;py0) | X =] =32 ey oyl (y]T)s0(y, 73 py)0)-
For py|.,Po.yl» € H, we aim to bound E[|[mg(X;py.) — me(X;pgy.)|l]- The score
depends on p,, only through I(z;py,) = (Ii(2;pyjz), L2(2;py)z)s I3(7;py),)). Hence,
AT pylzs Poyle) = Imo(@5py|e) — mo(@5pgy)e) || # O only if I(z; py),) # 123 po y|.)- The
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TABLE B.I

VALUES OF A(x;py‘z,po,ym) WHEN H(z;py|m) # I[(x;p()’y‘z)

H(l”; py\z) H<T7 p(],y\z) A(L Py|z» p(],y\z)

1,0,0 0,1,0 2(0; 0;x 0;x 0; 0;
;0 | 0; El 0 0; Hpo,y\z((LO)‘I) <VI(7)271(29(‘F)1) - V;})]ﬂ(l(')(w;)) +p0,y|x((07 1)‘T>(VOZ$EQ ; 7720(:9]25) 2 V7(])1n(19<,b)1))

|
|

0.0 (1.0)1) (TgzfG — TomiE) ) o (0. D) (Tl — VoG Tunite) )

(1,0,0) 0,0,1)
(0,0,1) (1,0,0)

0; 0 0; 0;
a1, 0)) (Tp) — SH0) (0, Do) (TG lO) — Sa )

(0,1,0) 0,0,1)
(0,0,1) (0,1,0)

values of A(x; Pylas po’ym) are given in Table B.I. We consider two subcases (i) X is dis-
crete and A is finite, and (ii) X contains a continuously distributed variable (the case where
all components of X are continuously distributed is treated as a special case of the latter).

(i) Discrete X: Let X' be a finite set, Xp = {z € X' : Z1(z;pg y|o) # 0, Z2(7; 0 y|2) 7 0},
and ¢ = minge x, minj=12|Z;(z; po y|,-)|- By Lemma B.4, A(z; py |, poy|r) = 0 forall z €
Xp and py|, such that ||py, — poy|.ll% < 6 for all § < c/4, hence they do not contribute
to the L'-norm of A(; Pylas Poy|e)- Take € X. Suppose, e.g., that 0 = Z1(x;pg y|,) <
Z(; o y|e)- To have A(Z;py|qs Do y|2) 7 0, let py|, be such that ||py 1, — po yj. [l < 6 and
Z1(;py)) > 0. This yields I(x, py,) = (0,1,0) and I(x, pg 4|,,) = (1,0,0). Per Table B.I,

v 0; X v 0;x)—V 0;
APy Poyla) = [Poy1a (101X TZ2EED 4 pi (0, 1)|X) TG el

Von1(6;X)
— 0.1 ((1,O)IX) + o 1o (0. 1) X) T80 | B.12)
Note that Z1(z;py ;) = 0 is equivalent to
0; X
P01 (1,0)]X) = [P0 41 ((1,0)|X) + po o (0, DX 2EG. (B.13)

Po, y|3:((0 1)| ) —1— pO,y|x((1,0)|X)
Po y|1((1 0)|X)+p0 y\L((O 1)|X p07y|7;((170)|X)+p0,y|x((071)|x) ’

Since we obtain

pO,y|x(<071)|X) [p() y|m((1 0)’X)+p0 y|x<(0 1)”‘3]% (B.14)
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Substituting (B.13)-(B.14) into (B.12) yields A(z:pyp,. o yle) = H[po’y‘m((l,O)]X) +

o0 1) (SR + eneigmies) - St

can be applied to z € A§ such that Z1(z;pgy|,) < Z2(%;pgy|,) = 0. Finally, consider

= 0. A similar argument

x € & such that Z1(z; p y|e) = Z2(;po,y)2) = 0. This occurs only if n2(6; x) = n3(6; x).
Hence, Z1(z; py|,) = Z2(; py),) for any p,,.. It then suffices to consider only one of Z;’s.
For example let p|, be such that ||p,, — poy.llx < 0 and Zi(x;p,),) > 0. Then, the
same analysis as above leads to A(Z;py|,,Po y|) = 0. Therefore, for all p,, such that

|Py|z — Poy|zll# < 0 for a sufficiently small §, the pathwise derivative is 0, as

HE[mg(X;p;/‘m) — mg(X;p()’y‘x)] H < E[Hma(X;pg,\x) - mG(XSPO,y|a:)H]

= P0a(@)A@; Dy Poyle) + > P0.w(2) A Py Poyle) =0

z€Xy reX§

(ii) X contains a continuously distributed variable:

Let X4 be a subvector of X containing discrete covariates. Recall that A(x, Pylz>Poy|z) 7
0 when ]I(a:;py|x) + ]I(x;p07y|x). This occurs when sgn(Z; (:c;py|x)) #sgn(Z; (:l:;p07y|x)) for
some j. By (B.8) and sup,¢ x [;(0;2)| <1, ||pye — Po,y|e|l2¢ < & implies

SEE |Zj($;py|x) - Zj(x;p07y|:c>| < 367 j: 172

Therefore, if sgn(Z;(z; py|2)) # sen(Z;(z; po y|2)) and [[py|z — Po y|z|l% < 9, one must have

| Zj(2;po y|2)| < 30. Hence, the pathwise derivative is again zero because

| E[mo(X;py1e) = ma(Xs0,4)] | < B[ lmo(X3py3) =m0 (X3 0,10 1]

< B A(X;pyjas b0 yie) ({30 < Z1(X:poy10) < 36} +1{-30 < Z5(X;p010) < 30))|
(4) (i)
< K&E[/ 1{—35 <n< 35}fZl\Xd(Z1)d21 + / 1{—35 <z < 35}fZ2|Xd<22)d2’2] < 052’

where inequality (i) follows by Lemma B.5 and the law of iterated expectations, and in-

equality (ii) follows by Assumption B.1 (iii) for 0 < ¢ < oo some constant. Q.E.D.
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LEMMA B.4: Let X be afinite set, and let Xo = {x € X : Z1(x;pg y|2) # 0, Z2(2; po y|o:) 7

0}. Let ¢ = minge x, minj—1 2 Z;(2;pg y|2)|- Then, A(x;py|z,Poy)e) = 0 for any x € Xy

and py|,; such that ||py |, — po yjzlln < /4.

PROOF: Take = € Xp. Suppose Z1(;pg ;) > ¢ > 0 so that I(z; g, 1,) = (0,1,0). Let
Pyle Satisty [Py — Poyjzlln < ¢/4. Then, by (B.8) and |n;(x;0)| < 1, and the triangle
inequality, Z1(2;py|.) > Z1(2; D0 y|z) — 3¢> te> 0, implying I(z; py|,) = (0,1,0). From
Table B.I, A(z; py|z, Po y|2) = 0. Other cases can be analyzed similarly. Q.E.D.

LEMMA B.5: Suppose Assumptions 1 and B.1 hold for the entry game model in Example
1. For 6 >0, let py|, be such that ||p,, — o y|z |1 < 0. Then, there exists 0 < K < 0o such
that for all x € X, A(T;Dyjes Poyle) < KO.

PROOF: From Table B.I, A(%;py|q; o y|) = 0 when I(x; py ;) = 1(2; pg 4| ). Therefore,
we focus on cases with I(z; py,;) # 1(z; o y|.) below. Consider the case where I(x;p,, ) =

(0,1,0) and I(x; pg 4|,,) = (1,0,0). By (B.9)-(B.11), this occurs when
Z1(%5po yjz) <0, Z1(2;3py|e) > 0. (B.15)
Furthermore, by (B.8) and sup,c x [1;(¢; )| <1, [[py|» — Poy|e |l < § implies
sup [ Z1(2; py|e) — Z1(2; Poy|e )| < 30. (B.16)

reX

Combining (B.15)-(B.16) yields —34 < Zl(x;p07y|x) <0.By (B.8) and 7;(0;z) > c,

(PO (1, 0)l2) + poyje (0, )|2) 2555 — 20

< Pogla(1,0)|7) < (041 ((1,0)[2) + Py (0, D7) 252 (B.17)

Using Assumption B.1 (ii), this may also be written as

772(9§$) _ 3 5 < pO,y\x((lvO)|x) < 172(9;;10)
771(9§$) C(p07y|$((170)|X)+p0,y\z((0v1)‘X)) - (pO,y|x((170)|X)+p0,y|:r((071)|X)) - 7/1(6;1').
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. Pyl (0.1)]2) - Doyl (LO)]2) .
SinCe {0 X 00,51 (ODIXN —  ~ Groa (LX) T 0., (ODX))» Ve obtain
. n2(0;2) pO,y\z((()?l)'x) _ n2(05) 3
L =300 = oy (00X 190, (OO =1~ 01@0) T o2 (COTK) 105 (O DTN

This may in turn be written as

(Pogia((1,0)[2) + Po,y 1o (0, 1)]r)) 2L (Cir)

< Poglo (0, D)]2) < (041 ((1,0)[2) + Py o (0, 1)]) ELZEED 4 35 (B.18)

By (B.17) and (B.18), let us write

Pogla(1,0)]) = (Po y1a((1,0)[) + Poy1a( (0, 1)]2)) G + 71 gy () (B.19)
Pogle (0, 1)]2) = (o 41 ((1,0)[2) + P 1o (0, 1)]2) HEDZEED 4y ) (), (B.20)

where 7(; 0)(z) € [=36/c,0] and 7 (g 1)(z) € [0,35/c] for all x € X. From Table B.1, the
value of A(%;py|e, Po y|) When 1(z; py,) = (0,1,0) and I(2;pg ,1,) = (1,0,0) is

\v4 0, v 0;x)—V 0,
A3 yjas Po i) = [P0y (1, 0)12) VBB 1 (0, 1) ) Vo) Ve 02

= P0.yfa (L. 0)[2) + P12 (0. 1)) Vo |

(B.21)

By (B.19)-(B.20), the terms inside the norm in (B.21) can therefore be written as

\Y 0;x \Y 0;x)—V 0;x \Y 0;x
[po,y|x<<1,o>\x>+po,y|z<<o,1>\:v>]( it | Tt St ﬁf?e(;x)))

+ T a0 @) + PR G e @),

By the triangle inequality, 7;(6; z) > ¢, and Assumption B.1 (i), we obtain

ra, 0)
n2(6;7)

+ ([[Voni(6; )| + [|[Vonz(6;2)])) %

A5 Pyla Pogle) < [Vena(0; )|
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<385+ 565,

which establishes the claim of the lemma for I(z;p,,) = (0,1,0) and I(z;pg ) =
(1,0,0). The other cases can be analyzed similarly. Q.E.D.

We next establish stochastic equicontinuity for the empirical process

n
Gn(p) = Y (50(Yil Xisp) — E[so(Yil Xiip)]), peH
i=1
In the definition of G,,, the structural parameter 6 is fixed. Hence, the function class F =
{f(y,x) : f(y,x) = sg(y|z;p),p € H} is defined by mixing and matching p with fixed

functions such as 7;(z, ). For example, we may write sp((1,0)|z;p) as

Vm]
n; (6

Mw

((1 O |:L‘ Po y|:r l‘ py|a:)

J=1

where I[;(z;py, ), j = 1,2, 3, are defined in (B.9)-(B.11).

PROPOSITION B.4: Suppose Assumptions 1, B.1, and B.2 hold for the entry game model

in Example 1. Then Assumption 3 (iv) also holds.

PROOF: Let

{f Flwsp) = Vo Iy (S((0,0)}]z:60) }7

Fo(S((0,0)}|a:6)

— {f:f(w;p): g Vem(0:x) ¢ (z:p) +Z€z(ve7l1(913) Von; (0:2)) 1 (@ip),l=1,...,dy, pGH},

T m @) 15 (0;x)

e'Voni(0;x

Jj=1

{f Flwip) = Vo (S, 1)}|x9)}

Fo(S¢(1,1)}|a:0)

where for each [, ¢; denotes the [-th standard basis vector in R,



ONLINE SUPPLEMENT: INFORMATION BASED INFERENCE WITH MISSPECIFICATION 15

The score satisfies sp(-;py|) € F = > ;cy Fy - 1{y = y}. In view of Theorem 2.10.6

(and Examples 2.10.7 and 2.10.10) in van der Vaart and Wellner (1996), to verify Assump-
tion 3 (iv) it suffices to show that F; is P-Donsker for each . The P-Donskerness of F; for
y=1(0,0),(1,1) follows from each set being a singleton and Assumption B.2 (a). Below,
we show F(q ) is P-Donsker. The analysis for F(q 1) is similar and is therefore omitted.
Discrete X: First, suppose that X is a vector of discrete random variables and Assumption
B.2(b)(i) holds. We show that ]:(1,0) is a Vapnik-Chervonenkis (VC) class, which satisfies
Pollard’s uniform entropy condition. As Y x X’ is finite, H is finite-dimensional. By van der
Vaart and Wellner (1996, Lemma 2.6.15), this class has VC-index V (H) < dy X dx + 2,
and hence #H is a VC-class. The finite set of functions & = {nj(ﬁ,-),a%knj(a'),j =
1,....,3,k=1,...,dp} is also a VC-class. As F(1,0) collects functions that can be ex-
pressed as combinations of functions from H and £ by multiplication, addition, division,
and composition with an indicator function 1{- > 0}, F(1,0) is a VC-class (van der Vaart
and Wellner, 1996, Lemma 2.6.18). Assumptions 1 and B.1(i) ensure that there is an enve-
lope (constant) function F' = 3C'/c such that | f| < F for all f € F(; ). By Theorem 2.5.2
in van der Vaart and Wellner (1996), F (1 ¢ is a P-Donsker class.
Continuous X: Next, suppose that X is a vector of continuous random variables and
Assumption B.2(b)(ii) holds. We show F(1 o) is P-Donsker by verifying the conditions
in Chen et al. (2003, Theorem 3). We first show the L2-Holder continuity of f € F(1,0)
in p. In what follows, let U ; = €;Vyn;(0;X)/n;(0;X), l=1,...,d, j=1,...,3 and
uy,; = €;Vn;(0;x)/nj(0;x). By the triangle inequality,

3
sup  |f(wsp)) = flwip)P < sup Y ui;
lp—p' [l <0 lp—p I <6 5=

L (z;p") = Tj(z;p), (B.22)

Below, we focus on uf 5|I3(z;p’) — I3(x;p)|, one of the terms in the sum on the right hand

side of (B.22). The two other terms can be analyzed similarly. For ¢ sufficiently small,

E| sup Upll3(X;p) — HS(X;p)|]
lp—p' I <0
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:]E[ sup  UB|H{Za(Xspl,) <0} — H{Za(Xspy,) < 0}|].
lp—p/ | <6

/

By (B.8) and sup,¢ v [nj(0;x)| < 1, whenever prl»’v

—py|mHH < J, we have

sup |Zj (5 0ly1,) — Zj(@3pyje)| < 30, j=1,2. (B.23)
x

We next use the argument in Chen et al. (2003, p. 1600). Combining one side of (B.23),
with the addition of a non-negative constant, we have Za(z;py|,;) — 30 < Za(x; p; ‘m) <

Zg(x;p;u) + 36, and hence
W Zs(2:py)e) — 30 <0} > 1{Za(;py,) <0} > 1{Za(w;py,) +36 <0} (B.24)

Similarly, Zg(m;pfy‘x) — 30 < Zo(%;py|or) < Z2(w;5py|r) + 30 implies

Y Za(x5p),,) — 30 <0} =2 1{Za(w;pyp) < 0} = 1{Za(wpy),) +30 <0} (B.29)
Combining (B.24)-(B.25), for any p/, p with ||p’ — p|| <0,

|1{Zg(a:;p;/|x) <0} — HZa(z;py)2) <0} < H{Za(z;py)2) — 30 < 0} — 1{Z2(w;py,) + 36 < 0}

< 1{~38 < Za(x;p,,) < 30}

where without loss of generality we assumed that 1{ Z2(x; py|,,) =36 < 0} = 1{Za(z; py ) +
36 <0} > 1{Zg(9:;p;|x) —-35<0}— 1{Z2(a:;p;|x) + 34 < 0}. By the argument above, the
law of iterated expectations, and Assumptions B.1(1), B.2(b)(ii), and B.2(a),

E| sw  UBH{Z(X;p),) <0} - {Z:(Xipy,) <0}
lp—p' | <0

<E [Ul%31{—35 < Zo(X;py) < 35}]

< f—; / {30 < 22 <38} fz,(22)dza < K&, (B.26)
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for some constant K > 0, where the last inequality follows from Assumption B.1 (iii).

Applying a similar argument to the other two terms in (B.22), one can obtain

1/

]E[ sup If(W;p')—f(W;p)l2] e (B.27)

lp—p'lln <o

for some K’ > 0. Hence f is L?-Holder continuous in p with Holder exponent 1/2.

Recall that X' is a bounded convex subset of RX with nonempty interior. By Theorem
2.7.1 in van der Vaart and Wellner (1996), In N (2,3, (X), || - [l0) < K (1) 2AX/% for some
K > 0. Note that H C (C$,;(X))” and | V| = 4. Foreach y € Y, let {p1(y|), ..., pr(y|)} be
an e?-cover for C{; (X') with respect to the sup norm. Then, {(p;, ((0,0)),p;,((0,1)]-), p;5((1,0)]-),
P, (L, 1)]-), 51 €{1,...,k},l=1,...,4} forms an €>-cover for (C{,(X))Y with respect to
the maximum of the sup norms. Hence,

2dx /a

1
M@, [ - ) < () (B.25)

which in turn implies In N (¢2, H, || - [|oo) < 4K (%)MX/OC, Since o > dx, we have

/ VIN@,H, [ ) de < . (B.29)
0

We can now apply Theorem 3 in Chen et al. (2003), which ensures that F; ¢ is P-Donsker.
Mixed X: Finally, suppose that X contains both continuous and discrete variables and
Assumption B.2(b)(iii) holds. Again, we use Theorem 3 in Chen et al. (2003). We can

argue as in the previous case, but (B.26) is modified as follows:

E| sup  Ups[1{Za(X;p),) <0} — {Z2(X;pya) < O}I}
lp—p I <é

<E [Uf31{—35 < Zo(Xipya) < 36}]

2
<SE

/1{—3(5 <z9 < 35}fX2|Xd(22)d22} < Ko, (B.30)
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for some constant ' > 0, where the last inequality follows from Assumption B.1(iii).

Therefore, (B.27) holds.
1 ) 2dX /a

Next we show (B.29). Recall that N (€2,C$(X), | - loo) < eK(E for some K > 0.

Furthermore, x4 +— £4(yx|24) belongs to a finite-dmensional space [—M, M| with cov-
ering number N (€2, [—M, M|, || - ||o0) < (\/W)Nim(?(d)

- €

. For each [, let pc,1(yl|')’ B

Pe.ny (y1]-) be an €2-cover of C§;(X,). Similarly, let pg 1 (vi|-), - - -, pa.n, (y1]-) be an e2-cover

of [—M, M]*. Then, for any Pyl € H and [ € {1,...,4}, there exist k; € {1,..., N1},
ko € {1,...,No}, and (¢c(yi|-), Lalyk|)) € C3 (&) x [—M, M]¥ such that

sup |yt W) — D (D, (Wile), Paky (W] 4)) |

r=(x6,2)) €Xex Xy

= sup o1 (pe(yi|ze), Pa(yilTa)) — Ok (e ey (Wil Te), Pa gy (Wil Ta))]
r=(z,2))) €Xex Xy

< Cmax{[|pe(ul) = peey Wil oo 1Pa(il) = Pajes wil)lloc} < C€,

for some 0 < C' < oo due to the Lipschitz continuity of ¢y,. Therefore {(pc.k, (v1]-), Pd.k, (1] -))?:1,
kre{l,... N1}, kae{l,...,No},1€{1,...,4}} is an C'e*>-cover of H. Hence,

N(EQ’H’ “ ’ HOO) < (N(€2/O,C%4(X), H ' HOO) X N<€2/07 [_M’ M]Xd> H ' ||OO)>4’

which in turn implies, for some K’ > 0 for all ¢ small enough,

dx/a dx/a
N (2, H, || - [|o) < 4K (@>2 x/ + 8 dim () In (Y2M) gK'(ﬁ)z Xl

Again, by a > d, we obtain (B.29). This completes the proof of the proposition.  Q.E.D.

We conclude this section by arguing that provided X has at least one component with
continuous distribution, under Assumptions 3 (ii), B.1 (iii), and B.2 (a), the consistency of
the covariance matrix estimator f]nﬁ* required in (3.35) holds. This follows from (B.27),
arguing as in Powell et al. (1989, Theorem 3.4), leveraging Assumption 3 (ii) and that for
y=(0,0),(1,1) the score does not depend on p,, , |, together with Assumption B.2 (a).
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B.3. Uniform Convergence for Series Estimators of po

In this section we provide sufficient conditions under which it is possible to verify As-
sumption 3(ii)’ in Theorem 3.4 through an application of results in Chen and Christensen
(2015). A formal verification of Assumption 3(ii)’ is available from the authors upon re-
quest. For simplicity, we focus on the setting where all components of X are continuous.
We let b (z) = (bg1(z),...,bxx () € RE be a collection of K basis functions, and
let B = (bE(X1),...,05(X,)) e RK. We let 1, = (1{Y; = y},..., 1{YV,, = y})". We

approximate each py(y|-) by the series estimator:
pu(ylz) =b" () (B'B)” B'1,.

We let BSpl(, [0,1]9X, ) denote a B-spline sieve of degree v and dimension K on the
domain [0,1]%%, and Wav(K, [0, 1]%X ~) denote a Wavelet sieve basis of regularity v and
dimension K on the domain [0, 1]%X. The construction of these sieve spaces is discussed in

Chen and Christensen (2015, Section 6). We maintain the following restrictions:

ASSUMPTION B.3: (1) X = [0,1]% and pq x is uniformly bounded away from zero
on X. (2) Assumption B.2-(ii) holds and ||py|, |1 = subycy subyex [Pyl (y]2)]- (3) The
sieve space is either BSpl(K,[0,1]9% ~) or Wav(K, [0,1]9% ,~) with v > max{a, 1}. (4)
Ak = sup pep[Amin(Ep (bl (Xi)bl (X)) 72 S 1.

Assumption B.3-(4) essentially assumes a uniform lower bound on the minimum
eigenvalue of Ep[bX (X;)bX (X;)]. Under Assumption B.3, one can leverage Theorems
2.1 and 3.4 and Lemma 2.3 in Chen and Christensen (2015) to show that if K =<
(n/Inn)dx/Gatdx) then ||p, — pg el = Op ((n/In n)_ﬁ). In particular, one can

attain the desired rate op(n~'/4) if o > dx /2.

APPENDIX C: ADDITIONAL EXAMPLES

Example C.1 (Discrete choice with unobserved heterogeneity in choice sets). Consider a
discrete choice model, with a finite universe of alternatives J = {1,..., J}. Let each al-

ternative be characterized by a vector of covariates X;, which might vary across decision
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Glulw;0) = {1,2}

Glulz:0) = {2,3) Clulei6) =  Glulas0) =
{(0,1)} {(0,1),(1, 1)}
Glulz;0) = {(1,1)}
Gula; 0) =
Glulw:0) = {1,3} {(0,0),(1,1)
| Glulz:0) =
{(0,0)}
Gula; 0) =
{(0,0),(1,0)}

Gulz:0) = {(1,0)}

(a) Heterogeneous choice sets (b) Panel dynamic discrete choice

FIGURE C.1.—Stylized depictions of G(-|z;#) in Example C.1 (Panel (a), with 7(X;,U;6) = m(X;;0) + Uj,
J ={1,2,3}, k=2, and 7(j, k; ) = 7(xk;0) — 7(x;;0)) and Example C.2 (Panel (b), with 8 > 0).

makers, and let X = [X;,j € J]. Let U € R9 denote a vector of decision maker and/or
alternative specific unobservable attributes. As in the model proposed by Barseghyan et al.
(2021), the decision maker draws a choice set C' C 7 according to an unknown distribution,
with P(|C| > k) = 1 for some known ~ > 2, and chooses the alternative Y € C' that max-
imizes over alternatives j € J the utility (X}, U;0): Y € argmaxcom(X;,U;0). The
researcher observes (Y, X), but not C, and wishes to learn features of # and the distribution
of U. For given € © and = € X, Barseghyan et al. (2021, Lemma A.1) show that the set
of model implied optimal choices is a measurable correspondence given by the J — k + 1
best alternatives in 7, so that G(U|z;0) = Uxc 7.k |=x { arg maxje g (x5, U;0) }.

We depict it in Panel (a) of Figure C.1, for || =3 and 7(z;,U;0) = m(X;;0) + U; with
U= (Uj,j€J),as afunction of (u1 — u3,uz — ug). In this example, if U has full support
on R”, Assumption 1(b) is immediately satisfied with Ag = {K CY: |K|>J —x+1}
because each set of alternatives in J of size J — k + 1 can realize as the J — x + 1 best.
Assumption 1(c)-(d) can be verified similarly to how they are verified for Example 1.

It is also instructive to think about whether the introduction of a selection mechanism can
allow for application of the method proposed in Chen et al. (2018) to this example.> Let
P(Y; = j| Xi; 0, R) denote the model-implied conditional probability that alternative j € J

?In the case of the entry game in Example 1, the selection mechanism in (3.3) can be integrated out against the
distribution of U to obtain a function that plays the role of the nuisance parameter in Chen et al. (2018).
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is chosen given X; and (0, R), where R(-; X;,U;) denotes the conditional probability mass
function of C; given (X;,U;). Forall j € 7,

P(Y; = j|Xi;0,R) = /Z

(s (x(X336) + 04) = ) RO )
KCJ

keK

To be able to apply Chen et al.’s (2018) method, one needs to further restrict the model
and assume that R does not depend on U, in which case R(-; X;) can come out of the in-
tegral. Doing so, however, severely restricts the class of models to which the procedure is
applicable, since it requires the distribution of choice sets to be independent of preferences.
Important examples of choice set formation mechanisms that violate this requirement in-
clude sequential search, rational inattention, and elimination by aspects (when the aspect

with respect to which elimination occurs is the unobserved characteristic Uj). 0

Example C.1 (Continued — Geometric Properties of ©*(pg)). We now specialize Exam-
ple C.1 to an instance where the mapping p — ©*(p) is continuous, as discussed in Sec-
tion 3.4, but ©*(pg) shrinks to a singleton as the amount of misspecification increases. Let
J={1,2,3} and X; =[¢; b;Z%], Z* € {zp,z1} and 2z, < zp, with ¢; < ¢ < c3 and
b1 > by > b3z known constants (so that X; varies stochastically across decision makers, but
non-stochastically across alternatives). Let m(X;,U;6) = —((1 - U)b; Z* + U(c; + b;Z7))
and Fy(u) = u’. This example is inspired by the study in Barseghyan et al. (2021, Fig-
ure 1-a, Section 6.1.1) of decision making under risk,> but for analytic tractability we
use a utility function linear in Z*. It follows that, given Z* = z alternative j is chosen
if and only if U > %z; henceforth, let A = % >0, so that Py(G ={1,2}|Z* =2) =

— (A2)? = n(0; 2). We assume that (bj,c;),j € {1,2,3} are such that Az € (0,1) for
both z =z, and z = zp, and that Py(C' = {1,3}|Z* =2,U)=1if U > Az, and Py(C =
{1,3}|Z* = 2,U) =0.5if U < Az. This implies that the true data generating process satis-
fies po g (1]2) =1 - (Az)?, Po,y|=(2]2) = Poy.(3|2) = $(Az)?. We generate misspecifica-
tion similarly to what we did in Example 1 on p.17: the researcher observes a misclassified

covariate Z with Py(Z* = zy|Z = 2) =k(z,7) = (1 —9)1(z = zg) + 71(2 = 21).

Here, c; represents the deductible associated with insurance product j and b; Z the product’s price.
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We then have that for y = 2,3, p,, 1. (y[2) = (1= (Azg)? +~(Azp)?] if z = 2 and

Pryle(Wl2) = 517(Azm)’ + (1= ) (Az,)]if 2 = zp3 and p ). (12) = 1 = o aja(ylz) —
D+.3)2(y]2). If v = 0, the model is correctly specified and

ln(lfpo,y\z(uz))

Wn(Az) 0, n

In(1—pg |- (1]2)—=po 4 |2(2]2)) . (C.1)
ze{zr,2H}

In(Az)

Orlm) = |,
The bound in (C.1) has the familiar form of an intersection of intervals. Intuitively, for v > 0
this bound remains non-empty provided the distributions p, . (-[21) and p, . (-|2x) are
sufficiently compatible with each other, and in that case ©*(p,,) = ©(p,) because the mis-
specification is non-detectable: it is possible that p, belongs to the model Q as in Defini-
tion 3.1. But for + sufficiently large, the distributions p., |, (-|2) and p, |, (-|2) become
incompatible, p, ¢ Q, O7(p,) =0, and ©*(p,) becomes a singleton. In what follows we
more formally explain these facts.

In this example, qp . = {¢ € A : ¢(1) < n(0#;2), ¢3 <1 — (0;2)}. Following similar
steps to the ones we used for Example 1, one can show that in this example, q;7y|z(y|z) =
Dyylz(y]2) for y =1,2,3if 0 € O1(2;p4y2) =10 : Dy - (1|2) <005 2) < pyy2(1]2) +
P21 45 (012) = TR n(0:2) for y = 1,2 and g, (3]2) = 1 -
1(0;2) if 0 € O2(z;pyy).) = {0 :1(0;2) > Py yo(12) + Pyypo(2[2)}: and g5 (y]2) =
p%ylzagiﬂjz(gm (1—n(6;2)) fory =2,3 and q§7ylz(1|z) =n(0;z)if 0 € @g(z;p%mz) =

{60 :m(0;2) < pyy-(1]2)}. Concerning the score function, we have sq(y|2;p, ) = 0 if

—1In(Az)(Az)? .
0 € O1(2:y12); 50(Y]Zi Dy 1) = 1o far for y = 1,2 and s(3)2:py ) = In Az if

—In(Az)(Az)? .
0 € Os(2:py 1) s0(112: Dy 1) = —Hdor and sg(y|ipy ) = In Az for y = 2,3 if
RS @3<Z;p,y7y|z).

Next, let 7 be defined so that py . (1[2m) = Py ). (1|2L) + P5,y(2(2]21). Algebraic ma-

nipulations show that if v <7, then ©*(p,) = ©1(py) as in (C.1) with pg replaced by p..
However, O (py) = 0 for all v € (7,1]. Yet, recalling that at any §* € ©*(p,) it must hold
that E[sg(Y'|Z; 4 4|-)] = 0, one can show that E[sy(Y'[Z;p, )] = 0 if and only if either

ln(AZL) [pﬂ/,y\z(?"ZL)_(AzL)g] + ln(AZH) [1_(AZH)a_p’y,y|z(1|ZH)]
1—(Az)? 1—(Azp)?

=0,
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or

In(Azp) [Py, 1. Blzm) —(Azp)?] n In(Azp)[1-(Az1)? —p,, 1. (1]2L)] —0
1 )

1—(Azg)? —(Azp)?

but not both. Then, ©*(p,) equals the singleton value of § that solves the one that holds. [J

Example C.2 (Panel dynamic discrete choice). Decision maker ¢ chooses between actions

y =0 and y = 1 across multiple time periods, according to
Yitzl{Xit'Y‘i_}/it—lﬁ‘i_ai‘i‘eit20}7 ’L.:].,...,n7 t:]-aaT

with Yj; their decision in period ¢, X;; a vector of observed covariates in period ¢, «;
an individual-specific unobserved effect that is fixed over time, and €;; an idiosyncratic
unobserved effect that varies over time. When (3 # 0, period t’s choice depends on pre-
vious periods’ choices, introducing state dependence. The researcher observes (Yit, Xjt)
fori=1,...,nand t =1,...,T, but does not observe Yy, so that {Y;1,...,Y;r} is not
fully determined and the model is incomplete (Heckman, 1978, Honoré and Tamer, 2006).
Nonetheless, for given (X, a4, €;¢), t =1,..., T, the model constrains the possible values

that (Yj;,t =1,...,T) can take. For example, with 7" = 2, one has:

X 7y +a;+e1 >0} if Yip =0,

Y =
' X y+B+ai+e1 >0} ifYig=1,

Yie = X5y + Y8+ a; +e2 >0} if Yig=0or Yy = 1.

Denoting the unobservables as U;; = «a; + €4, for given 0 = (v,5) € © and x € X,
Chen and Kaido (2023) derive the measurable (e.g., Molchanov and Molinari, 2018, Ex-
ample 1.5) correspondence G/(-|z;6) as the set of values (y1,y2) € {0,1}? that satisfy the
above equations. The correspondence is depicted in Panel (b) of Figure C.1 as a func-
tion of (u1,ug) for the case that § > 0. Similar examples arise in nonparametric mod-
els of state dependence (e.g., Torgovitsky, 2019). In this example, if the parameter space

for 8 is a subset of R, Assumption 1 (b) is satisfied because then for all § € O,
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Ac = {{(0,0)},{(0, )}, {(1,0)}, {(1, 1)}, {(0, 1), (1,1)},{(0,0), (1,1)},{(0,0), (1,0)} }.

Assumption 1 (c),(e) can be verified similarly to how they are verified for Example 1. [

APPENDIX D: ALLOWING supp(G(+|z;6)) TO DEPEND ON ¢

Assumption 1-(b) requires Ag(z) = supp(G(-|x;0)) to be invariant across ¢ € O. This
condition can be dispensed with through the use of Clarke’s subdifferentials (Clarke, 1990),
at the cost of a more cumbersome procedure as we show here. For simplicity, we illustrate
the approach for the two player entry game with payoffs given in Example 1 and let (d1,2)
belong to parameter space [J,0]? 3 0. This is an instructive case because supp(G/(-|z;60))
changes depending on which quadrant (d1,d2) belong to, while being invariant to 6 for
(01, d2) in the interior of a quadrant, and for d; - §3 = 0 the region of multiplicity in Figure 1
disappears. When sign(d; - d2) < 0, a PSNE does not exist for certain values of 6 (see,
e.g. Tamer, 2003, Figure 2) and following Beresteanu et al. (2011, Appendix D) we let
G(+]0) = Y for these values of §. Throughout, we assume that © only includes values for
Corr (U1, Usz) bounded away from +1.

The value function is V/(0]x) = sup,cq, . 2 yey Poyle(l®) Ing(y), with g9, = qux if
0109 =0, g = qp, if 51 > 0,02 > 0, 49 = qg',, if sign(d1 - 2) < 0, and g9, = qg'y, if
01 < 0,09 < 0. The set qg; corresponds to the one in (3.6), while

B = {0 € A q((0,0)) = Fy((—00, =21 ), (—00, ~w262)
a((1,1)) = Fy([—11,00), [—26h, 0));
a((1,0)) = Fy([=11,00), (—00, —260));
a((0,1)) = Fy((—o0,—2181), [~22,0)) }.
Bh.e = {0 € A1 4((0,0)) = Fy((=00, ~z151 — b1), (~00, ~r26h))
+ Fy([—z181 — 61, —2151), (—00, =232 — 62))
4((0,0)) < Fy((—50, —21B1), (—00, —22));

q((1,0)) = Fy([~2151,00), (=00, =202 — 02));
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a((0, 1)) = Fy((=00, 11 — 81), [=352,00)) },

af, = {a €A1 g((0,0) > Fyl(—00, 1), (—00, 23 — 82));
q((1,1)) > Fy([~2151 — 01,00), [~222 — d2,00));
q((1,0)) = Fy([—2151,00), (—00, =282 — d2))

a((0,1)) > Fyl(=00, 11 — 81), (—226,00)) }.

with A the unit simplex in R*. We assume that Fy((—o0,t1],(—00,ts]) is jointly con-
tinuous in (t1,t2,60) and for all t1,t5 € R, Fy((—o0,t1],(—00,ta]), Fy([t1,00),[t2,00)),
Fy([t1,00), (=00, ta]), Fy((—o0,t1],[t2,00)) € Ryt. By Theorem 3.1-(i), for € © such
that (J1,d2) is in the interior of a quadrant, V' (f|z) is continuously differentiable in 6,
and provided q;7y|x(y|x) > ¢, Py — a.s. the gradient is bounded. Let V! denote V' (6|x) for
1,02 > 0, and use similar notation for the other cases and for the gradient of VV'(6|z). In
our entry game example, when &1 < 0,2 < 0 we proved that VV'!! equals the inner prod-
uct of P0,y|z with the score vector in (3.24)-(3.27). A similar derivation can be carried out
to obtain VV! when §; > 0,02 > 0 and VV!I when §; - §2 < 0. Moreover, one can show
that whenever 91 - 02 = 0, the formulas for V' coming from the adjacent quadrants coin-
cide. Hence V is continuous on ©. Because each gradient VV!, VI w11 is continuous
and © is compact, the gradients are bounded on each quadrant. As there are finitely many
quadrants, V' (6|z) is locally Lipschitz on € (Clarke, 1990, p.25); however, V' (0|x) fails to
be differentiable at 6 : 4102 = 0. By Theorem 2.5.1 in Clarke (1990, p.63), for 1" any set of

Lebesgue mesaure zero in R%, the Clarke generalized gradient of V at 6 is

aVO(9|.CE) = conv {lim VV(QZ) 10, — 9, 0; §7_f T, 0; : 61042 7& O} .
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Let WJ, J € {I, 11,111} denote the continuous extensions of V'V’ to the closure of the

quadrant associated with qg .» denoted ©’. Then

((VVI(6la)}, heo
S conv{WL(@M),WIL(wa)}, 51=0,05>0, or 6 > 0,0 =0,
conv{VV (0|z),VV (0]x)}, 01 =0,02 <0, or 61 < 0,0 =0,
| conv{VV' (82), YV (0]x), TV (8]z)}, 61 =62 =0.

Next, Theorem 3.1-(ii) shows that E[sy(Y'|X;pg )] = 0 for all & € ©*(pg). Corre-
spondingly, we first note that when vectors 6 : §; - d2 = 0 belong to ©, 9V °(0) is set valued
and no longer a singleton. Correspondingly, we use the Aumann expectation of 9V ° (0| X)
(Molchanov and Molinari, 2018, Chapter 3) to collect all the possible values of the expected
score. Armed with this set-valued expectation, we invoke Proposition 2.3.2 in Clarke (1990,

p-38), by which if L(#) attains a local maximum at 6, then
0€E[0°V (67| X)].

For each 6 € ©, by Clarke (1990, Proposition 2.1.2) and Molchanov and Molinari (2018,
Theorem 3.11), the set E [0°V (0| X)] is closed and convex FPy-a.s., hence we can represent
it using its support function. Moreover, its Clarke subdifferential is equal to the gradient
for 6 such that V(0|X) is differentiable Py-a.s. As the only non-differentiability points
are 0 : 0109 = 0, and this set of values is known, we can build a confidence set for 6 that

dispenses with Assumption 1-(b). Fix € > 0, say ¢ = 1079, and let
CSp=1{0€6¢: To(0) < caya} U {0 € Oc: Vndu(0,E, [0°V(0]1X))]) < cara(9)}, (D.1)

with, for any nonempty and compact sets A, B, di (A, B) = sup,c 4 infpep [ja — 0|, and
O, ={0€0O:|6102] <€}, O =0O \ O, and cg(f) the 1 — o quantile of the limit
distribution of d (E[9°V (0] X)],E, [0°V (0| X;)]) (using that d(0,E,, [0°V (0] X;)]) <
Ay (E[6°V (0] X)],E, [0°V (0] X;)]) under the null that 0 € E[0°V (0| X)]). If 8°V (| X;)
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were observed, we could adapt Beresteanu and Molinari (2008)’s results and consistent
bootstrap procedure to estimate the critical values of the limit distribution, to establish
asymptotic validity of C'S,, in (D.1). However, in our application 9°V (6| X;) depends on
Po,y|» Which is unknown and nonparametrically estimated in first stage. Semenova (2023)
and Liu and Molinari (2025) derive the limit distribution of support function processes simi-
lar to the one associated with d (E [0°V (6| X)], E,, [0°V (8| X;)]), accounting for first-step
nonparametric estimation, and they put forward consistent bootstrap procedures to esti-
mate the critical values. Due to space constraints and the fact that our main proposal trades
computationally tractability for the stronger Assumption 1-(b), we leave to future research

extending their results to our context.
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