
Research Article Vol. 42, No. 12 / December 2025 / Journal of the Optical Society of America A 1907

Scalar computational primitives with
perturbative phase interferometry
Christopher R. Schwarze,1,* Anthony D. Manni,1 David S. Simon,1,2 AND
Alexander V. Sergienko1,3

1Department of Electrical andComputer Engineering and Photonics Center, Boston University, 8 SaintMary’s St., Boston,
Massachusetts 02215, USA
2Department of Physics and Astronomy, Stonehill College, 320Washington Street, Easton,Massachusetts 02357, USA
3Department of Physics, Boston University, 590 Commonwealth Avenue, Boston,Massachusetts 02215, USA
*crs2@bu.edu

Received 5 August 2025; revised 20 October 2025; accepted 22 October 2025; posted 23 October 2025; published 14 November 2025

We describe how weak phase modulations applied to classical coherent light in specially modified linear inter-
ferometers can be used to perform primitive computational tasks. Instead of encoding operations within a fixed
unitary state, the operations are enacted by moving from one state to another. This harnesses the particular phase
parameterization of an interferometer, allowing entirely linear optics to produce nonlinear operations such as
division and powers. This is due to the nonlinear structure of the underlying phase parameterizations. The realized
operations are approximate but can be made more accurate by decreasing the size of the input perturbations. For
each operation, the inputs and outputs are changes in phase relative to a fixed bias point. The output phase is ulti-
mately read out as a change in optical power. © 2025 Optica Publishing Group. All rights, including for text and data mining

(TDM), Artificial Intelligence (AI) training, and similar technologies, are reserved.
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1. INTRODUCTION

Alongside modern efforts in traditional quantum computing
with photonic qubits, much attention is being directed toward
optical computing with classical light sources. Broadly speaking,
this analog alternative is thought to be promising due to its
potential to increase the speed, bandwidth, and energy effi-
ciency of specific computing tasks relative to digital electronic
computers [1]. A review of modern approaches is given by
Ref. [2].

Certainly, light possesses some concrete characteristics
that appear amenable to building useful computing systems,
such as the interference of amplitudes, the many orthogonal
information-carrying modes, which can be accessed, and the
ability to carry information great distances in minimum time.
Nonetheless, a number of challenges need to be addressed, such
as the programming interface, limitations on realizable opera-
tions, accumulation of errors, and information bottlenecks that
could drastically hinder the overall compute throughput.

A particular class of computations of widespread interest is
matrix–vector multiplication [3–8], in part due to its heavy and
ever-increasing role in contemporary approaches to machine
learning [9–14]. Certain optical techniques for matrix–vector
multiplication include spatial-light modulation [2,15,16], pho-
tonic meshes [17,18], reprogrammable multimode waveguides
[19], and photoelectric multiplication [20]. In many of these
approaches, the n × n matrix transformation U0 is obtained

by tuning some m internal phases 8= (φ1, φ2, . . . , φm) of an
interferometer to realize the scattering action U(8). This auto-
matically provides a basis for programmability but introduces
two related complications. The first is that the programming can
be nontrivial due to the indirect encoding between the elements
of8 and the elements of U(8); algorithms are often required to
load a desired matrix U0 using an iterative procedure that uses
feedback in the form of measurements of U(8). The procedure
ends when U(8) is sufficiently close to U . Once the phases
8 are fixed, the computation itself is fast. But when the target
U0 needs to be changed, the system needs to be placed at a new
bias point in 8, and the associated reconfiguration time can
be costly.

U0 ≈U(8) is a single point in the parameter space of U
spanned by8. Errors in the construction of U and/or selection
of a desired8 lead to deviations from the obtained matrix U(8)
and the desired matrix U0, which in effect produce a different
computation than what was targeted. The indirect encoding
is also responsible for an undesirable accumulation of errors,
as a single φ j can affect many elements of U0. Another aspect
of positioning the system at just one point in the parameter
space spanned by U(8) is that it discards the device’s particular
parameterization of the phases 8 in that space, which is due
to the graphical structure of the interferometer. For a general
network of scatterers forming another aggregate, phase-tunable
scatterer, the parameterization is highly dependent on both the
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properties of the constituent scatterers and their interconnect
topology.

For a fixed wavelength and polarization, the local geometry
of some neighborhood of scattering states in a given interfer-
ometer’s parameter space may be understood in terms of a local
expansion around some point 80. The expansion coefficients
dictate physical quantities such as phase responsivity and fre-
quency dispersion coefficients. Unlike the individual values of
the state amplitudes at a given state (of a fixed frequency and
polarization), these quantities are tied to the particular parame-
terization used. Different wavelengths and/or polarizations will
have their own associated parameter spaces, which in general can
be quite different in character; broadband and non-polarizing
devices are designed to drive these differing modal parameter
spaces toward coalescence.

Certain phase parameterizations have desirable properties,
which can only be harnessed as a resource for computation if
multiple states in a neighborhood of the state space are involved
in the same computational procedure. A more elaborate descrip-
tion of this will be provided in the following section. In general,
the considered phase modulation technique could be electri-
cal, thermal, optical (via self-phase modulation or cross-phase
modulation) etc. Crucially, instead of designing computations
enacted at a particular point of parameter space, we propose a
scheme that enacts computation by a change in state from one point
to another in some compact subset of the parameter space. Then,
allowing the magnitude of the change to be a continuously
varying parameter, the various subsets of the parameter space
considered become the grounds of different operations.

The proposed optical computing scheme is conceptually
compared to the traditional, fixed-state encoding in Fig. 1.
With our proposed encoding, we will illustrate how the four
arithmetic primitives can be obtained from the same basic inter-
ferometric configuration. The scheme uses entirely linear optics
yet is able to produce nonlinear operations such as division and
powers due to the nonlinear nature of the parameterizations
considered. Although this approach is presently used to produce
a variety of scalar operations, it can be extended to matrix and
vector operations, which will be left for future work.

In the following section, more details and examples are pro-
vided on the notion of a scattering state space parameterization.
A brief review of the relevant background on the linear-optical
scattering matrix formalism can be found in Section 2 of Ref.
[21]. In Section 3, the perturbative phase optical computing
scheme is described for individual and cascaded scalar opera-
tions. Throughout this paper, we will adopt a particular phase
parameterization to illustrate the concept, which is derived in
the following section. This parameterization is chosen since
it is prevalent, versatile, and straightforward to realize. Still,
other undiscovered parameterizations may exist that are more
accurate over a larger input range. In the final section, we discuss
the results, consider possible extensions and adaptations of this
approach, draw connections to related work, and summarize
final conclusions.

Fig. 1. Comparison of interferometric encoding schemes. The
traditional approach (top) assigns information values to individual
points in the parameter space. This ties information to the optical
state (i.e., the photon number distribution among various spatial
modes) but discards the geometric information in the parameter space.
The proposed approach (bottom) ties the information to a change
in the optical state induced by a change in one or more phases. In
coupled-phase interferometers, changing one phase can deform the
curve, which is defined by spanning another phase. In this encod-
ing approach, the nature of the deformation can now be used to
enact certain information-processing operations. That is, 1P rep-
resents a computed output for a given set of inputs (1φ1, 1φ2). In
particular, 1P is intended to directly read out the change in phase
1γ (1φ1, 1φ2), so all computations are entirely encoded in the
optical phase. Examples derived in the text include addition and
subtraction (Section 3.1), multiplication (Section 3.2), nonlinear
operations such as squaring or scalar inversion (Section 3.3), and
cascaded application of these (Section 3.4).

2. SCATTERING STATE SPACE
PARAMETERIZATIONS

Let the set of linear field scattering transformations spanned
by a phase-tunable device U be U = {U(φ1, φ2, . . . , φm)|

(φ1, . . . , φm) ∈Cm
}. For lossless systems, U is a subset of

the unitary group U(n) and the phase parameters lie in
Rm . In this case, the phases may be restricted to lie in the set
[−π, π ]m , [0, 2π ]m , or any shifted version thereof without loss
of generality.

The set U can be referred to as U ’s “state space” because it
describes the different optical states that U generates when its
phase parameters are swept. A state |ψin〉 incident to U will be
mapped to |ψout〉 =U(φ1, . . . , φm)|ψin〉. The state space can
be visualized by treating each column of U as a vector inCn and
tracing the paths these vectors sweep as the parameters 8 are
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Fig. 2. Geometric objects such as the circle plotted on the top may
be parameterized in different ways. The horizontal component of two
example parameterizations of this circle, f1(t)= (cos(2π t), sin(2π t))
and f2(t)= (cos(2π t2), sin(2π t2)) for 0≤ t ≤ 1 is shown on the right
[22]. In the same sense, optical interferometers can parameterize a
given scattering state space in different ways. This is exemplified in the
Michelson and Grover–Michelson interferometers compared in Fig. 3.

varied. If the input phases to a device U are re-parametrized by
a continuous map γ sending (φ1, . . . , φm) to γ (φ1, . . . , φm),
the space U itself does not change, but the manner in which
these paths are traced will change. This implies that the manner
in which the device responds to physical modifications of the
phase parameters will change as well. However, if the system is
confined to a single fixed state, the underlying parameterization
is irrelevant.

The function γ is the phase outputted by an interferometer,
which depends on the structure of the interferometer itself. The
phasesφ1, . . . , φm are the user-controllable input phases. When
U(φ1, . . . , φm) is replaced by U(γ (φ1, . . . , φm)), any tunable
scattering system concerned only with individual points will be
unaltered, but a perspective concerned with the neighborhoods
around various points will witness a change in the structure
of these neighborhoods. As a textbook example, the same
goes for any parametrized plane curve f(t)= (x1(t), x2(t))
when the parameterization of t changes [22]. As indicated
in Fig. 2, the plane curves f1(t)= (cos(2π t), sin(2π t)) and
f2(t)= (cos(2π t2), sin(2π t2)) for 0≤ t ≤ 1 are different

Fig. 3. Traditional Michelson interferometer (left) is formed with
a beam splitter B and two end mirrors. When light scatters into B ,
all of the light passes from the input ports 1 and 2 to the mirror arms;
there is no back-scatter or light coupled between ports 1 and 2. Thus,
the light enters through the mirror arms, acquires an optical phase
of φ j in arm j , and exits the device in one pass. However, replacing
the beam splitter with a four-port Grover coin G now allows light to
scatter from one port to another with an equal probability of 25%. The
resulting device, the Grover–Michelson interferometer (right), is now
a multi-pass system of coupled resonator mirror-arms and is governed
by an effective phase γ (φ1, φ2) [23]. This mapping γ is a nonlinear
reparameterization of the physical phases (φ1, φ2). It is explicitly given
by γ (φ1, φ2)= arctan((sin(φ1 + φ2)− sin φ1 − sin φ2)/(cos(φ1 +

φ2)− cos φ1 − cos φ2 + (1+ cos2(φ1 − φ2))/2)). Additional plots
of these different parameterizations can be found in Fig. 5 of Ref. [23]
and experimentally in Fig. 6 of Ref. [24].

parameterizations of the same geometric object, the unit circle.
f2 can be recognized as f1 subject to the reparameterization
γ (t)= t2.

In the same way that different curve parameterizations can
represent the same geometric object, different interferometers
may provide different parameterizations of the same scattering
state space. After all, each element of a tunable U also traces
a curve in the complex plane as its parameters are varied. An
example of this distinction in the context of interferometry is
given by the Michelson and Grover–Michelson interferometers.
These devices are depicted schematically in Fig. 3. The Grover–
Michelson is obtained when the beam splitter of a traditional
Michelson interferometer is replaced by a certain generalization,
which produces four beams of equal intensity instead of the
regular two [23,24]. This amounts to employing the Grover
scattering matrix,

G =
1

2

−1 1 1 1
1 −1 1 1
1 1 −1 1
1 1 1 −1

 , (1)

in place of the regular beam-splitter matrix,

B =
1
√

2

 0 0 1 1
0 0 1 −1
1 1 0 0
1 −1 0 0

 . (2)
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The substituted scatterer G has a 1/4 probability for light to
back-scatter and a 1/4 probability for transmitting to each of the
other ports. This entails the formation of coupled resonators in
the arms of the interferometer, leading to a nonlinear response
in the round-trip phases φ1 and φ2, which is not present in the
traditional Michelson interferometer. In the Michelson interfer-
ometer, the optical power output is sinusoidal in φ1 for any φ2,
whereas in the Grover–Michelson system, each value of φ2 produces
an entirely new curve inφ1.

The two devices both cover the space of two-port, reciprocal
unitary scatterers. This equates to spanning the line R + T = 1
where R is the reflection probability and T is the transmission
probability. This means both are able to act as a two-port beam
splitter of any desired splitting ratio, or more generally, produce
any U(2) scattering device up to external phase shifts. However,
the different phase parameterizations possessed by each device
generate different curves R and/or T versus φ1 for various fixed
φ2. In turn, these different curves exhibit regions of varying
phase sensitivity and produce fringes of different shapes. In par-
ticular, φ2 will translate the sinusoid produced by a Michelson
interferometer but will continuously deform the curves of a
Grover–Michelson, producing curves with regions of very flat
and very sharp slopes, as depicted in Fig. 5 of Ref. [23].

Next, we will consider two-port scatterers that are fully trans-
mitting. These devices can only enact a phase transformation on
the light passing through them: |ψout〉 = e iγ

|ψin〉. This leads to
a generalized notion of a phase shift, where the phase γ acquired
by the incident state is a reparameterization of the physical phase
φ applied within the device. Certain γ = γ (φ) can amplify
small changes in the inputted physical phase into effectively
larger ones without changing the intensity or direction of the
light passing through [25]. Thus, this class of parameteriza-
tions can behave as a linear amplifier of optical phase. As will be
exemplified shortly, it is straightforward to construct systems
where the parameterization itself can be continuously tuned by
an auxiliary phase, which will be denoted δ. For each value of δ,
a new reparameterization is given by the map φ→ γ (φ, δ). In
that context,γ is promoted from a function to homotopy.

Perhaps the simplest example of a linear optical phase ampli-
fier can be formed from an elementary optical ring cavity.
As shown in Fig. 4 (left), this could be generated by looping
together two ports of a beam splitter, if the two ports lie on
opposite facets or share the same surface of reflection. The
other configuration produces a traditional Sagnac interferom-
eter and will not be used here. An analogous implementation
of the looped-splitter ring cavity is also formed by coupling
a microring resonator to a single bus waveguide. In either
case, we assume the loop of length ` carries a physical phase
φ = 2πn(λ)`/λ, where λ is the wavelength of a perfectly coher-
ent monochromatic source, and n is the refractive index of the
material forming the loop. Then, the output amplitude b is
found by summing all possible paths through the system, which
are indexed by the number of round-trips taken through the ring
cavity. For the case where the looped facets are adjacent to one
another, one finds [25]

b =

(
r + t2e iφ

∞∑
N=0

(r e iφ)N

)
= r +

t2e iφ

1− r e iφ

=
r − (r 2

− t2)e iφ

1− r e iφ
, (3)

Fig. 4. Different forms of a looped beam divider, including the
three configurations on the left, produce an output equivalent to the
same, common reparameterization of the loop phase φ→ γ (φ), with
γ given by Eq. (9). With lossless components, all energy entering the
device must exit from the same port, so the net scattering action is the
acquisition of a phase factor e iγ (φ). These elementary “phase ampli-
fiers” can thus be viewed as a phase-controlled source of optical phase.
The configuration on the right is a traditional Sagnac interferometer
and only produces the phase factor of e iφ , unless a non-reciprocal phase
is inserted in the loop. In that case, energy is split between the two
output ports depending on the strength of the non-reciprocal phase.

where r and t are the reflection and transmission coefficients
of the beam splitter, respectively. If the beam splitter is lossless,
then |b| = 1 regardless of the particular values of r and t . This
allows b to be expressed as a phase factor, i.e., b = e iγ (φ,r ,t) for
some function γ . This fact underlies the rest of this paper, so we
will now establish it in greater detail, after which we conclude
the section by obtaining the particular functional form of γ for
this looped beam-splitter configuration.

We first note that, being lossless, the beam splitter must have a
unitary scattering matrix. This implies both |r |2 + |t|2 = 1 and
r ∗t + t∗r = 0. Then, defining r = |r |e iφr and t = |t|e iφt ,
the second constraint implies cos(φr − φt)= 0, or that
φr − φt = π/2+ πn for any integer n.

Next, we consider the quantity r 2
− t2, which appears in the

final form of Eq. (3). We have

r 2
− t2
= |r |2e 2iφr − |t|2e i2φt

= |r |2e 2iφr − (1− |r |2)e i2φr−iπ−2iπn
= e i2φr . (4)

Now, after placing this and the definition of r = |r |e iφr into
Eq. (3), b becomes

b =
|r |e iφr − e 2iφr+iφ

1− |r |e iφr+iφ
= e iφr

(
|r | − e iφr+iφ

1− |r |e iφr+iφ

)
, (5)

from which we can explicitly compute

|b|2 = b∗b =

∣∣∣∣e iφr

(
|r | − e iφr+iφ

1− |r |e iφr+iφ

)∣∣∣∣2

=
|r |2 + 1− |r |(e−iφr−iφ

+ e iφr+iφ)

|r |2 + 1− |r |(e−iφr−iφ + e iφr+iφ)
= 1. (6)

The value of φr bears no physical meaning since it can be
expressed as a global phase shift. This can be seen by writing out
the full scattering matrix for this unitary beam-splitter, given by
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(
|r |e iφr |t|e iφt

|t|e iφt |r |e iφr

)

=

(
|r |e iφr −i e iφr−iπn

√
1− |r |2

−i e iφr−iπn
√

1− |r |2 |r |e iφr

)

= e iφr

(
|r | ±i

√
1− |r |2

±i
√

1− |r |2 |r |

)
. (7)

In tandem, we see the role of φr in Eq. (5) is merely a fixed
translation in the total phase of b as well as a constant shift in the
definition ofφ, both of which are globally indeterminate.

So, again without any loss of generality, φr can be freely fixed
at any value. We will take φr = 0, so that r is real (r = |r |) and
r 2
− t2
= 1. Within this choice of gauge, then, we may simplify

Eq. (5) to

b =
r − e iφ

1− r e iφ
. (8)

Now defining γ = arg b, so that b = e iγ , analysis of the pre-
ceding equation shows

γ (φ, r )= arctan

(
sin φ(1− r 2)

cos φ(1+ r 2)− 2r

)
, (9)

where r ∈ [0, 1). In passing, we remark that in the third case of
Fig. 4, where the looped facets are on opposite sides of the beam
splitter, the only change in the analysis of b is that r and t are
interchanged in Eq. (3). To obtain the analogous form of γ in
Eq. (9), but parametrized in terms of a real-valued t instead of a
real-valued r , the gaugeφr = π/2 must be employed.

In general, the beam-splitter coefficients r and t are read-
ily made phase tunable. This could be done, for example, by
replacing the static beam splitter with a constant-phase Mach–
Zehnder interferometer [26] or a standard Mach–Zehnder
operated in the dual-drive configuration, where the two arms
are locked to oppositely directed phases about a common bias
point. Denoting δ as the phase that tunes the splitting ratio of
the beam splitter, we may write r = cos δ (and t = i sin δ) for a
phase δ. Comparing this parameterization of r and t in terms of
δ to Eq. (7), we see that it is expressed in the gauge employed in
Eqs. (8)–(9). In this gauge, thenγ becomes

γ (φ, δ)= arctan

(
sin(φ) sin2(δ)

cos(φ)(1+ cos2(δ))− 2 cos(δ)

)
. (10)

This is a common parameterization present in many physi-
cally distinct devices. The slight modification of adding φ
to the above γ would produce the parameterization real-
ized by a Grover–Sagnac interferometer [27], in which δ is a
non-reciprocal phase. This added φ may be lumped into the
definition of the reference phase used to read out γ , so it can be
discarded without loss of generality. The same phase response
γ may also be produced in a fully reflective system by forming a
Gires–Tournois interferometer with tunable reflectance. This is
readily accomplished by adding a retro-reflecting mirror to one
of the two ports of a Grover–Sagnac interferometer.

Although an infinite number of different phase parameteri-
zations exist, the form of Eq. (10) will be the working example for

the remainder of this work. Similarly, we will only consider using
a traditional Mach–Zehnder interferometer as a readout for the
phase-amplified γ , although other phase readout configurations
might be considered. Assume γ is applied in one arm and, in the
other arm, a reference phase θ is placed. The output reflection
or transmission probability P for single-photon input, which
is proportional to the output power for coherent input, will still
vary continuously between 0 and 1. However, the behavior of P
in a neighborhood around some point φ0 will depend strongly
onγ . In particular,

P (γ (φ, δ), θ)= sin2((γ (φ, δ)− θ)/2). (11)

If γ could be controlled directly, sweeping γ would produce
a standard sinusoidal interferogram. But since only the physical
phase φ can be directly controlled, the interferogram P versus
φ will become altered according to how γ reparametrizes φ.
This can locally create regions with relatively high or low slope,
curvature, etc., compared to the original parameterization,
which is implemented with a traditional phase shift φ in place
of γ (φ). These different regions then form the bases of different
computational operations.

3. PERTURBATIVE PHASE OPTICAL
COMPUTING

In the following, we consider various series expansions that
allow P (γ (φ, δ), θ) to act as a surrogate for a desired function
L(φ, δ, θ). L is the quantity we would like to compute, and P
is what the optical system produces in response to the varying
phase inputs.

P is the probability that an incident photon emerges from a
given port of an interferometer. The collection of probabilities
corresponding to all of the output ports forms a discrete prob-
ability distribution. The values of the underlying probabilities
and, therefore, the aggregate distribution vary as the values
of the phase parameters change. In other words, the internal
phases parametrize a family of discrete probability distributions,
and it is the nature of this parameterization that will be used to
approximate computational operations. In this work, the focus
is confined to a single output port’s probability.

Although the computational signal is measured with a
scattering probability measurement, the underlying math-
ematical operations are encoded in only the phase portion of the
complex-valued scattering amplitude. The reference phase at
the readout is always biased to ensure the transition from this
phase-encoded amplitude to probability is as direct as possible
at the bias point. In the present context, where all realized oper-
ations are scalar-valued, this encoding simplifies the process of
tailoring computations out of a phase reparameterization γ and
enacting them directly with phase shifters.

As with other perturbative expansions, the error associated
with using P in place of L can be made smaller by moving closer
to the expansion point. In the first and simplest case, optical
phase addition will be read out by a change in optical power
proportional to the sum of the changes in power, which would
have resulted if they were applied individually. As a result, we
have the computation L(φ, δ, θ)= φ + θ being well approxi-
mated by P (γ (φ, δ), θ) for a fixed δ and variable φ, θ in some
neighborhood of a bias point (φ0, θ0).
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This perturbative approach to addition in a linear optical
system is analogous to employing a Hookean spring for the addi-
tion of numbers, which are encoded by the masses of material
bodies. Assuming the spring constant is known (meaning the
scale is calibrated), the mass inputs are verified from the individ-
ual displacements they produce when affixed to the spring under
the influence of gravity. Then the sum of two or more masses
is encoded in the total displacement of the spring when all are
hung from the scale simultaneously. Hence, the scheme requires
linearity, assuming the sum of forces produces a displacement,
which is equal to the sum of the displacements which would
have resulted from the individual application of each force.

After addition, which naturally includes the inverse operation
subtraction, we employ the coupling between φ and δ to design
a proxy for multiplication as well as the nonlinear function
L(φ, δ)= δ2/φ. This coupling may be represented by a non-
vanishing term ∂2 P /∂φ∂δ, which is absent from traditional
interferometers. Then we end with a discussion of cascaded
scalar operations.

A. Addition and Subtraction

First, consider the expansion of P [Eq. (11)] about a fixed bias
point (φ0, θ0). This expansion and, thus, all of its coefficients
are functions of the variable δ. To leading order in perturbations
1φ and1θ , we have

P (γ (φ0 +1φ, δ), θ0 +1θ)≈ (12a)

P (γ (φ0, δ), θ0)+
∂ P
∂γ

∂γ

∂φ

∣∣∣∣
(φ0,δ,θ0)

1φ +
∂ P
∂θ

∣∣∣∣
(φ0,δ,θ0)

1θ = sin2((γ (φ0, δ)− θ0)/2)+
1

2
sin(γ (φ0, δ)− θ0)

× (γ ′(φ0, δ)1φ −1θ),

(12b)

where γ ′(φ0, δ) is being used as shorthand for the function
∂γ /∂φ, evaluated at the bias point. Now set the bias phases to
satisfy (γ (φ0, δ)− θ0)/2= π/4+ 2πn for any integer n. For
the γ in Eq. (10), γ = 0 for any value of δwhenφ = 0. So, with-
out loss of generality, we select φ0 = 0 and θ0 = 3π/2. Then
sin2((γ (φ0, δ)− θ0)/2)= 1/2 and sin(γ (φ0, δ)− θ0)= 1, so
the expansion reduces to

P ≈
1

2
+

1

2
(γ ′(φ0, δ)1φ −1θ). (13)

Relative to this bias point, the change in probability 1P is
given by

1P =
1

2
(γ ′(φ0, δ)1φ −1θ). (14)

Thus, by measuring this change in probability, we subtract
the input phase perturbations. The perturbation φ is also scaled
by the phase amplification factor from the parameterization γ ,
allowing generic linear transformations of 1φ to be obtained,
up to an overall scale factor. The reference arm could readily be
given a parameterization of its own as well, but for now, we set

Fig. 5. (Top) Output probability P (γ (φ, δ)) versus phase φ of a
lossless, phase-amplified Mach–Zehnder interferometer for various
phases δ. P = sin2((γ (φ, δ)− 3π/2) is the probability of a single
photon entering a given input port emerging at one of the two output
ports, with that of the other output port being 1− P . The particular
amplification function γ used here is defined in Eq. (10). (Bottom)
Percent error in treating P as a linear function about the origin for
the same δ in the above case. If shifted by the value −1/2, the target
function and approximant would be odd functions about φ = 0.
This implies that the absolute error is an even function about φ = 0,
since the mutual offset cancels there. However, the offset in the target
function remains in the calculation of relative (percent) error, breaking
that symmetry, as evident in the plot.

δ = π/2 so that γ (φ)= φ, P is sinusoidal, γ ′(φ0, δ)= 1, and
1P = (1φ −1θ)/2.
1P is a signed quantity. The input perturbations can readily

be directed with opposite signs, generating the addition of 1φ
and1θ . Or, we might set1θ = 0 and apply two perturbations
φ1 and φ2 in series in the same arm to naturally sum the phases,
leading to1P = (1φ1 +1φ2)/2, which again can be directed
with opposite signs in order to subtract. This notion can be
applied more than once: a series of separately controlled phase
shifters in the same arm will all be summed together [28,29].

When δ is shifted away fromπ/2, the strength of the summed
phase perturbation in that arm is modified according to the
phase amplification factor. For γ (φ0, δ) > 1, the output signal
is amplified, making detection easier. However, the dynamic
range is reduced due to an increase in the magnitude of the
higher-order expansion coefficients at bias. Conversely, for
γ (φ0, δ) < 1, the size of the interval (−1φ,1φ) over which
addition can be conducted below a given error threshold can be
substantially increased. This is similarly due to a decrease in the
magnitude of higher-order coefficients which accompanies the
decrease in slope at bias.

Examples of these different operational regimes are shown
in the top portion of Fig. (5). The percent error associated with
using these functions as an approximation to a line, upon which
phases may be summed exactly, is shown in the lower portion.
This error is only generated in the phase interval around the
origin, where the true, linear function is greater than zero, to
avoid singularities present in the definition of percent error.
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The linearity assumption will begin to break down as the
displacements from the bias point become large. The addition is
generally valid to leading order (in1φ j ), as we are using a non-
linear sinusoid as an approximate surrogate for the ideal linear
addition function. θ0 = 3π/2 was selected deliberately for the
sake of biasing at an inflection point, where the second deriva-
tive of P with respect to φ vanishes at bias. This comparatively
improves the accuracy at larger displacements.

Outside the present context, this regime is generally able to
improve the overall linearity of a Mach–Zehnder interferom-
eter’s response. Schemes where this may be beneficial include
optical phase feedback systems, phase imaging systems, and
other computational schemes [14]. Or, with a single-phase
perturbation 1φ, varying δ allows 1φ to be rescaled by a
constant.

Effective addition and subtraction can be obtained by
selecting some 1φmax, which bounds the error to a desired
maximum. The perturbations are made with the quantity
ε j1φmax for continuously varying ε ∈ [−1, 1]. This is equiva-
lent to tuning the continuously varying parameter φ in the set
(φ0 −1φmax, φ0 +1φmax). Selecting a smaller 1φmax makes
the procedure more accurate but makes the changes in power
smaller and, therefore, intrinsically more difficult to resolve. It
also imposes tighter restrictions on the granularity or resolution
of ε j .

The variables ε j are of arbitrary units. Units are, in effect,
chosen by deciding, during the act of decoding, how a single
input phase affects the output probability change. One can
envision many schemes for this, which may depend on how
one desires to integrate this computing unit in a larger system.
If quantified by percent error, the computation accuracy is
independent of the choice of units.

B. Multiplication

As a function of both φ and δ, γ may be viewed as a δ-indexed
family of curves γδ(φ) where the slope with respect to φ about
some point is controlled by δ. Locally, the influence of δ on
the slope of γ with respect to φ is described by a nonvanishing
mixture term:

∂

∂δ

(
∂γ

∂φ

)
=
∂2γ

∂δ∂φ
, (15)

in the power series for γ expanded about (φ0, δ0). We may
view the bias point δ0 as selecting a curve from the family.
Perturbations 1δ away from δ0 perturb the curve itself, which
causes a change in the slope at the pointφ0. If γ were linear in its
arguments, this term would vanish, as is the case for a traditional
Michelson or Mach–Zehnder interferometer.

The cross-partial term (16) describes first-order coupling
between φ and δ and becomes relevant once both φ and δ are
perturbed. Carrying out this latter expansion, we obtain

P (γ (φ0 +1φ, δ0 +1δ), θ)

≈ P (γ (φ0, δ0), θ)+
∂ P
∂φ

∣∣∣∣
(φ0,δ0,θ)

1φ +
∂ P
∂δ

∣∣∣∣
(φ0,δ0,θ)

1δ

+
∂2 P
∂φ∂δ

∣∣∣∣
(φ0,δ0,θ)

1φ1δ

(16a)

= sin2((γ (φ0, δ0)− θ)/2)+
1

2
sin(γ (φ0, δ0)− θ)

×

(
∂γ

∂φ

∣∣∣∣
(φ0,δ0)

1φ +
∂γ

∂δ

∣∣∣∣
(φ0,δ0)

1δ

+
∂2γ

∂φ∂δ

∣∣∣∣
(φ0,δ0)

1φ1δ

)
+

1

2
cos(γ (φ0, δ0)− θ)

×
∂γ

∂φ

∣∣∣∣
(φ0,δ0)

∂γ

∂δ

∣∣∣∣
(φ0,δ0)

1φ1δ. (16b)

Generally, alteration of the entire curve γδ(φ) that results
from 1δ will affect not just the slope but also the offset and
potentially higher-order terms at φ0. To attain leading-order
accuracy, the higher-order terms can be ignored, but a change
in offset or so-called bias shift resulting from the ∂γ /∂δ term
will mask the change due to the product term proportional
to 1φ1δ. To observe the product of phase perturbations in
isolation, this term must be removed, but this is readily accom-
plished. In fact, for this particular γ , ∂nγ /∂δn

= 0 for all n
when evaluated at φ = 0, no matter the value of δ. Similarly,
setting θ = 3π/2 will ensure that sin(γ (φ = 0, δ)− θ)= 1
and cos(γ (φ = 0, δ)− θ)= 0. This simplifies the expansion
(18) to

P (γ (φ0 +1φ, δ0 +1δ), θ)

≈
1

2
+

1

2

(
∂γ

∂φ

∣∣∣∣
(φ0,δ0)

1φ +
∂2γ

∂φ∂δ

∣∣∣∣
(φ0,δ0)

1φ1δ

)
, (17)

from which we see

1P := P (γ (φ0 +1φ, δ0 +1δ), θ = 3π/2)

− P (γ (φ0 +1φ, δ0), θ = 3π/2)

≈
1

2

∂2γ

∂φ∂δ

∣∣∣∣
(φ0,δ0)

1φ1δ. (18)

In this configuration, the reference signal is captured after φ
is perturbed away from φ0 = 0. From this reference point, the
change in P , which results from perturbing δ is proportional to
the product1φ1δ.

1. FiniteDifferenceApproximations

Additional analysis of the previous equation reveals its limita-
tions and points toward a simple change that will substantially
improve its accuracy. For this sake, we may conceptually treat
1P as a homotopy in 1φ, which is indexed by 1δ. For each
value of 1δ, the homotopy function is approximately a line
with slope, which is approximately given by (1/2)∂2γ /

∂φ∂δ|(φ0,δ0)1δ. The approximations are accurate for both
small1φ and1δ.

From the previous subsection and as exemplified by Fig. 5,
it is known that the value of δ0 can be assigned to make the
homotopy functions act linearly in 1φ about φ0 = 0 over a
broad region of1φ and1δ. In the neighborhood of such a δ0,
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Fig. 6. To produce a1P approximately proportional to the function1φ1δ, the slope of1P with respect to changes in1φ, evaluated at the bias
point, should be proportional to1δ and with nonzero proportionality constant. This slope is shown on the left for several values of δ0. Selecting δ0

to induce linear behavior in1φ, such as around δ0 = 4.14 (dashed line), leads to a comparatively nonlinear response in1δ when it is ideally linear.
The effect of this nonlinearity can be reduced with a central difference approximation for1P instead of the forward difference one. This is illustrated
by the plot on the right, which compares the two approximations to the linear target function, (1/2)∂2 P/∂δ∂φ|(φ0,δ0)1δ at the bias point (φ0, δ0)=

(0, 4.14).

different values of1δ produce a different slope ∂(1P )/∂(1φ)
at the origin 1φ = 0. Therefore, the final aspect of producing
an approximation proportional to the function1φ1δ is main-
taining the correct, constant variation of the slope ∂(1P )/∂(1φ)
with respect to1δ.

To assess this, we directly compute ∂(1P )/∂(1φ) at the
bias point (φ0 = 0, δ0) as a function of 1δ. This analysis is
fundamentally tied to the underlying phase γ and less so to the
probability, since the choice of θ and φ0 has established that
∂ P/∂φ|(φ0,δ) = (1/2)∂γ /∂φ|(φ0,δ) = γ

′(φ0, δ) for any δ.
Differentiating Eq. (18) and substituting in this expression, we
obtain

∂(1P )
∂(1φ)

∣∣∣∣
(φ0=0,δ0)

=
∂(1P )
∂φ

∣∣∣∣
(φ0=0,δ0)

=
1

2
(γ ′(φ0 = 0, δ0 +1δ)− γ

′(φ0 = 0, δ0)). (19)

The right hand side can be identified as a forward finite dif-
ference approximation for the derivative of γ ′ with respect to δ.
Accordingly,

γ ′(φ0 = 0, δ0 +1δ)− γ
′(φ0 = 0, δ0)

≈
∂γ ′

∂δ

∣∣∣∣
(φ0=0,δ0)

1δ =
∂2γ

∂φ∂δ

∣∣∣∣
(φ0=0,δ0)

1δ. (20)

The approximation in the preceding equation is valid to order
1δ but can be improved to order O(1δ)2 by employing to a
central difference (CD) approximation. The corresponding
probability difference is

1PCD := P (γ (φ0 +1φ, δ0 +1δ/2), θ = 3π/2)

− P (γ (φ0 +1φ, δ0 −1δ/2), θ = 3π/2). (21)

A backward difference could also be employed, but this pro-
vides no more accuracy than the forward difference.

Conceptually, the relative accuracy of the employed finite
difference approximation reduces to the degree to which the
function1P is linear in1δ around δ0, after δ0 has been fixed in
order to produce linear behavior in 1φ about φ0 = 0. For this
particularγ , the change in1P with respect to1φ is given by

∂(1P )
∂(1φ)

∣∣∣∣
1φ=0,δ=δ0+1δ

=
1

2

(
cot2

(
δ0 +1δ

2

)
− cot2

(
δ0

2

))
, (22)

and is shown in Fig. 6 (left) for several values of 1δ. Selecting
a δ0 that induces linear behavior in 1φ (e.g., around the
value δ0 = 4.14) will come at the cost of considerable cur-
vature in the region around δ0, where 1δ is to be varied. As
a result, the central difference approximation significantly
outperforms the forward difference one here, as exemplified
in Fig. 6 (right). The target function is obtained by evalu-
ating the actual cross-partial derivative. For γ in Eq. (10),
∂2γ /∂φ∂δ|(φ0=0,δ0) =− cot(δ0/2) csc2(δ0/2).

A plot contrasting the approximation percent error for the
forward difference approximant of Eq. (18) and the central
difference approximant of Eq. (21) is shown in Fig. 7 (top).
Again, the system is biased at (φ0, δ0, θ0)= (0, 4.14, 3π/2).
Although the central difference approach is considerably more
accurate, especially when 1δ is varied, neither is truly perfect
when1δ is greater than zero. Notwithstanding, a rudimentary
calibration of the output signal can be conducted, wherein the
signal at a user-chosen calibration point (1φc , 1δc ) is rescaled
by a constant such that the error is zero at the calibration point.
This simple rescaling can, e.g., be accomplished by tweaking
the gain of the transimpedance amplifier of the photocurrent or
perhaps optically with an additional phase amplification stage.
In any case, applying that constant scale factor to all other mea-
surements further reduces the error around the neighborhood
of the calibration point. This is exemplified in Fig. 7 (bottom),
where (1φc , 1δc )= (0.2, 0.2). There, it can be observed that
the error is zero at the calibration point and near zero around it
as 1φ is varied. Moreover, the central difference approximant
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Fig. 7. (Top) Percent error for multiplication approximation. The
true function is (1/2) ∂

2 P
∂δ∂φ
|(φ0,δ0)1φ1δ, the forward difference (FD)

approximant is given by Eq. (18) and the central difference (CD)
approximant is given by Eq. (21). (Bottom) Percent error for calibrated
multiplication. Calibration entails rescaling the approximant by the
value, which brings the error to zero at an arbitrarily chosen calibra-
tion point, here chosen to be (1φc , 1δc )= (0.2, 0.2). The central
difference approximation is considerably more robust to changes in
1δ away from the calibration point. Because the target and approxi-
mant are both symmetric functions about the expansion point φ = 0
(for all values of δ), the computed error functions maintain this even
symmetry.

is considerably more robust to changes in 1δ away from the
calibration point.

It is possible that a different interferometric configura-
tion, possibly in conjunction with a more sophisticated,
dynamic recalibration procedure and/or the use of higher-
order finite difference approximations, naturally admits a
more accurate product. The current configuration is favor-
able due to its lack of bias shift, i.e., ∂γ /∂δ is zero at bias as
well as its relatively low resource count. Notwithstanding,
an arbitrary γ with a bias shift can still effectively be used
for phase multiplication if the contributions for both indi-
vidual perturbations are subtracted away. This method
allows any bias point (φ0, δ0) to be used and defines 1P :=
P (γ (φ0 + 1φ, δ0 +1δ), θ)− P (γ (φ0 + 1φ, δ0), θ)−

P (γ (φ0, δ0 +1δ), θ)+ P (γ (φ0, δ0), θ). The subtractions
could either be done sequentially with multiple measurements
or in parallel with multiple computation units.

C. Nonlinear Operations

In the prior subsections, linear arithmetic operations were
obtained with approximately linear regions of the phase ampli-
fication map γ . Now we consider nonlinear regions of the γ
of Eq. (10) to obtain a nonlinear approximant for scalar inver-
sion, which outperforms the associated linear approximation.
Around the point φ = δ, the function γ (φ, δ) approximates
f (φ, δ)=−δ2/φ. Or, by redefining φ→−φ, an approxi-
mant for δ2/φ is obtained. This redefinition is equivalent to
perturbing the phase about its bias point in the opposite direc-
tion. This could be accomplished by inverting the polarity in
standard electro-optic platforms, using a material with a neg-
ative electro-optic coefficient [30] with regular polarity, or in
thermo-optic phase shifters, selecting a material with a negative
thermo-optic coefficient [31].

The validity of this approximation can be understood by
comparing the leading-order terms in the polynomial expansion
of each function about the pointφ = δ. We have

δ2

φ
=

δ2

δ + (φ − δ)
≈ δ − (φ − δ)+

(φ − δ)2

δ
−
(φ − δ)3

δ2

+O((φ − δ)4),
(23a)

γ (−φ, δ)≈ δ − (φ − δ)+
(φ − δ)2

tan(δ)
−
(φ − δ)3

tan2(δ)

+O((φ − δ)4). (23b)

The expressions agree to first order and remain similar
through third order. The only difference is that δ is replaced
with tan(δ) in the denominator of the second- and third-order
terms. These become more accurate as δ becomes smaller, since
tan(δ)≈ δ +O(δ3). At higher orders, however, the coefficients
are less similar and do not coalesce in the limit δ→ 0. Examples
of thisγ operating in this mode are shown in Fig. 8.

Althoughγ is a nonlinear function, it is still, strictly speaking,
only a first-order approximation to δ2/φ when the value of δ
is unrestricted. For this more general case, as φ approaches δ, a
second-order Taylor expansion will eventually start to exhibit
higher accuracy. However, γ generally outperforms the regular
linear first-order approximation, since its higher-order coeffi-
cients better match those of the true function. Moreover, for
larger values of |φ − δ|, γ exhibits higher accuracy than even
the second-order approximation, thereby exhibiting a higher
dynamic range for certain error thresholds. This is illustrated in
Fig. 9, where the curves of Fig. 8 are shown at a finer scale in the
top portion, with the associated approximation errors shown
below.

As the error curves illustrate in Fig. 9 (bottom), the dynamic
range of this approximationγ only weakly varies with δ, whereas
a traditional first-order approximation would exhibit a dynamic
range strongly dependent on δ. Intuitively, this is because γ
bends with the hyperbola δ2/φ as δ is varied. Beyond this, γ
induces lower error over a much larger range than a quadratic
approximation.
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Fig. 8. Two examples of γ (Eq. (10), solid curves) operating
around φ = δ to approximate the function δ2/φ (dashed curves). The
approximation breaks down near the origin, φ = 0 and is 2π periodic.
Zoomed-in details of these curves are presented in Fig. 9, and the
associated probability is shown in Fig. 10.

Fig. 9. (Top) Finer details of the curves shown in Fig. 8. Quadratic
Taylor approximations are plotted for each case in green. (Bottom)
Associated percent error for each curve is shown. As δ decreases, the
hyperbola δ2/φ sharpens, and the range of quadratic approximation
for a given accuracy margin shrinks. However, the associated dynamic
range for γ remains nearly constant with respect to δ. The lack of sym-
metry in the error responses about each expansion point stems from the
fact that the target function is not symmetric about these points.

The present form γ ≈±δ2/φ can be employed to obtain two
elementary nonlinear functions, both of which are conic sec-
tions. For fixed φ, it provides quadratic behavior in δ, with the
fixedφ value determining the parabola’s scale or units. Likewise,
fixing δ sets a scale for the scalar inversion of φ, producing a
hyperbolic response. In particular, after freely selecting δ0, φ is
biased atφ0 = δ0.

The nonlinear operating regime of γ differs from the above
cases in that φ is biased away from the origin at the value φ = δ.
This shift in bias point generates a corresponding shift in the

output probability or intensity when this γ is read out. In gen-
eral, when γ is converted to a measurable quantity P such as
probability or optical intensity, it is composed with a function,
which may be viewed as a type of filter f . Ideally, this filter
is the identity map since this would perfectly reproduce γ :
P = f (γ )= γ for all values of the underlying parameters. In
reality, there are theoretical limitations on the output of an inter-
ferometric readout, such as periodicity of the function, as well as
experimental nuances, which could alter the filter behavior such
as detector saturation. Therefore, in order to most faithfully
reproduce a region of γ at the final output, θ is selected so that
an associated region of interest falls into a locally linear portion
of the sinusoid.

In the two-beam overlap readout considered here, the filter is
a sinusoidal function, which can be translated by modifying the
reference phase θ . For θ = 3π/2, we have

P = sin2((γ − 3π/2)/2)=
1

2
(1+ sin(γ ))≈

1

2
(1+ γ ),

(24)
where the approximation holds for small values of γ (φ, δ),
which is about the originφ = 0 for all δ. However, in the present
case, the region of interest is about φ = δ for any given δ. In
order to make the approximation valid in an analogous way for
the general case, θ must be shifted by the bias point to give

P = sin2((γ − γ0 − 3π/2)/2)=
1

2
(1+ sin(γ − γ0))

≈
1

2
(1+ γ − γ0), (25)

where now the approximation holds for γ near its bias point,
i.e., small values of |γ − γ0|. In the present case, we have

P ≈
1

2
(1+ γ − γ0)≈

1

2

(
1+

δ2

φ
− δ

)
, (26)

and so it can be seen that P is now shifted by an additional
term proportional to δ in addition to the standard offset of 1/2.
While decreasing δ can mitigate this shift, the shift could also
be corrected in several ways, such as by the fan-in of an auxiliary
beam calibrated to produce1P = δ/2. Incoherently summing
the beams on the same detector will produce the desired result.
Alternatively, two arbitrary computations can be added coher-
ently by overlapping their beams at different ports of a beam
splitter. This is equivalent to nesting the individual computa-
tion circuits within different arms of a larger Mach–Zehnder
interferometer.

After using either of these procedures to shift the outputted
probability difference from the scalar inversion circuit, a
direct comparison to the desired function δ2/φ can be made.
Examples of the output probability and its associated approxi-
mation error are shown in Fig. 10. The approximation breaks
down near the origin φ = 0, where the targeted hyperbola (blue
and red curves in Fig. 10) approaches a vertical asymptote. The
probability function (black and gray curves in Fig. 10) must be
periodic and bounded, so it eventually must return through the
origin 1P = 0 instead of continuing to diverge. At the point
(φ, δ)= (0, 0), there is a pole in γ . Moving toward this pole by
further reducing δ improves the approximation in this region,
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Fig. 10. (Left) Outputted change in probability1P for γ ≈ δ2/φ. The probability has been shifted by an additional δ/2− 1/2 to produce1P .
The δ/2 term is needed to correct a shift that results from being biased away from the origin φ = 0, as discussed in the main text. Negative values of
1P correspond to decreases in optical power, while positive values correspond to increases in optical power. Although the target functions (blue and
red curves) diverge as φ approaches the origin,1P (black and gray curves) must stay bounded. Therefore, once1P reaches its extreme values as φ is
brought toward the origin, the approximation severely breaks down. (right) Corresponding percent error in approximation of scalar inversion using
1P (solid curves) and γ (dashed curves), illustrating that the phase approximation error is further modified by the readout.

causing the resonance about φ = 0 to become increasingly
narrow.

From Eq. (25), we note that adding an additional π to θ
would flip the sign of the sin function, allowing −γ to be
produced in the output probability instead. This eliminates
the need to externally enact the map φ→−φ whenever γ
is being read out directly. However, this is not a general rem-
edy when γ is used within a larger phase-encoded procedure:
there, the function e−iγ is needed, which is not the same as
e iγ+iπ

=−e iγ .

D. Cascaded Scalar Operations

Cascading the phase parameterizations equates to a recursive
nesting of their corresponding interferometers. This composes
the phase functions they each produce, passing the output of one
as input to the other. This is in contrast to methods that daisy-
chain scattering devices in series, passing the output scattering
state as an input state to the next device.

For example, it can be shown that placing the basic γ
unit of Fig. 4 and Eq. (10) inside the loop of another simi-
lar unit would produce the aggregate phase transformation
γ (γ (φ1, r1)+ φ2, r2), where φ j is the total loop phase of the
ring j , and r j is the reflection amplitude for that ring’s scattering
interface. This configuration is shown schematically with table-
top beam splitters and equivalently with guided ring resonators
in Fig. 11. The portions of the outer ring’s phase on either side of
the inner unit need to be tracked separately, but the final output
only depends on their sumφ2.

There are multiple ways to establish that nesting these inter-
ferometers will compose their phase parameterizations. The
following approach recursively uses the single-loop result of
Eq. (3). Its validity is rooted in two facts. First, due to the feed-
forward nature of this system, all of the light entering port 1
will exit at port 2. The final amplitude at port 2 is then the sum

Fig. 11. Nesting the interferometers will compose their under-
lying parameterizations, producing approximations for cascaded
computations. Two equivalent cases are shown here, nesting the
parameterization γ of Eq. (10) within itself, producing a final output
phase factor of exp iγ (γ (φ1, r1)+ φ2L + φ2R , r2).

of all possible paths through the system, from port 1 to port 2,
weighted by the scattering coefficients each path encounters as it
traverses the two loops. The second fact is that this sum will be
correct so long as all possible paths are accounted for, regardless
of the manner of their enumeration. In particular, it makes
no difference if combinatorially derived subsets of paths are
summed first, and then, after this, these summed components
are added together. This is because the overarching addition of
all paths is commutative.

Exploiting this fact, one can immediately sum the round-trip
paths that correspond to some amplitude portion entering the
inner ring into a steady state, using the results for a single ring.
The rest of the calculation is then reduced to counting the paths,
which enter the inner ring, scaling these by the corresponding
inner-ring steady-state amplitude. The calculation proceeds as
follows. When light enters the double loop system at port 1, a
transient amplitude of r2 goes to the output with an amplitude
t2 exciting ring 2. This acquires the φ2R portion of the total
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phase around the ring φ2 and then couples to the other ring.
A factor of t1 is given to the portion coupling to ring 1, while
r1 goes to the portion staying in ring 2. If we identify photon
creation operators a †

j with the external port j and likewise b†
j

with the ring j , then the initial dynamics of the photon entering
port 1 can be expressed like so:

a †
1→ r2a †

2 + t2e iφ2R (r1b†
2 + t1b†

1). (27)

The recursion relation for b†
2 making one full round trip is

b†
2→ e iφ2L t2a †

2 + r2e iφ2(r1b†
2 + t1b†

1). (28)

From the analysis of the single-loop system, it is known that,

in the steady state b†
1→

t1e iφ1

1−r1e iφ1
b†

2. This is precisely the inter-

mediate summing of sub-paths described above. This result can
be placed into the above formulas, which in turn reduces the b†

2
recursion formula to

b†
2→ e iφ2L t2a †

2 + r2e iφ2

(
r1 +

t2
1 e iφ1

1− r1e iφ1

)
b†

2

= e iφ2L t2a †
2 + r2e iφ2+iγ1(φ1)b†

2, (29)

so that the steady-state mapping of b†
2 is

b†
2→

(
t2e iφ2L

1− r2e iφ2+iγ1(φ1)

)
a †

2 . (30)

By placing this result into the expression for b†
1’s steady state,

we obtain b†
1’s steady state in terms of the output mode a †

2 .
Finally, we place these two steady-state expressions (only in
terms of a †

2) into the transient expression (30), obtaining a final
output amplitude b of

b = r2 + t2e iφ2R

(
t2e iφ2L

1− r2e iφ2+iγ1(φ1)

) [
r1 + t1

(
t1e iφ1

1− r1e iφ1

)]
,

(31a)

= r2 +
t2
2 e iφ2

1− r2e iφ2+iγ1(φ1)
[e iγ1(φ1)], (31b)

= e iγ2(φ2+γ1(φ1)). (31c)

A general source of error in cascading scalar functions arises
if the output value of the inner function does not fall close to
the center of the biased region of the outer function. In other
words, the inner function needs to take on values near the outer
function’s bias point, or else the outer function’s approxima-
tion is expected to break down. This issue is relevant to this
specific γ , as it pertains to nesting inversion and multiplication
to obtain direct division. The multiplication regime is biased
about φ = 0, while inversion is biased about φ = δ. This means
that for the outer multiplication to be valid, the output of the
inversion must be near 0. The output of this inversion is approx-
imately given by δ2

1/φ, which itself is a good approximation
when φ is near δ1. Increasing φ will improve the quality of the
multiplication approximation at the expense of the inversion
one.

Nevertheless, the present γ is apt for cascading some opera-
tions without significant degradation in accuracy. For example,

Fig. 12. Illustration of a cascaded scalar operation. The parameter-
ization γ [Eq. (10)] is nested within itself, as shown in Fig. 11, which
can produce the output phase γ (γ (φ, δ1), δ2). This can be biased to
obtain an approximation to the nesting of the operation δ2/φ within
itself, i.e., φ(δ2/δ1)

2. Although cascading generally will result in error
accumulation, this can be reduced by ensuring the inner operation’s
output falls close to the center of the output operation’s most accurate
region.

if both the inner and outer parameterizations are biased in the
inversion regime, and φ2 is set to 0 modulo 2π , the net output
would beγ (γ (φ, δ1), δ2)≈ γ (δ

2
1/(−φ), δ2) forφ near δ1. The

minus sign is acquired because it is γ (−φ, δ), which approx-
imates δ2/φ; see Eq. (23). Next, we assume δ2

1/(−φ) is near
δ2, so that the outer division is valid to a good approximation.
This is, in effect, assuming φ, δ1, and δ2 are all approximately
the same. Applying the inversion approximation again, the
end result is γ (δ2

1/(−φ), δ2)≈ φ(δ2/δ1)
2. This cascading has

produced an approximation for a function proportional to the
square of the quotient of two numbers. Fixing φ and δ2 allow
approximations for f (x )= 1/x 2 to be obtained. An example
of this is depicted at the top of Fig. 12, with corresponding
error curves at the bottom. Overlaid with these, for the sake of
comparison, is an example from the approximation of δ2/φ.

Generally, the nature of error accumulation from cascad-
ing depends on the individual functions involved and their
own accuracies. Although a detailed study of this is beyond
the present scope, we note here that, in principle, a variety of
functions can be produced from repeated cascades of this γ . For
example, nesting γ in its second argument while fixing the value
of the first argument repeatedly would allow the f (x )= x 2

approximation to be cascaded so that an approximation for any
even power in x or 1/x is produced.

The increase in the number of required phase shifters or
beam-splitter resources resulting from cascading is found by
counting the number of parameters introduced by the nesting
process. For instance, if a one-argument function is nested
continually within other one-argument functions, the total
number of free parameters will stay constant. However, allowing
for a translation of each output before it is passed to the next
input will lead to a linear increase in phase parameters with
the nesting depth. Similarly, nesting two-argument functions
within just one argument of each other will maintain a linear
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Table 1. Summary of Operations Enacted by Perturbing the Phase Function γ (φ, δ) Defined in Eq. (10)
a

Operation Bias Input Output

Addition/subtraction φ0 = 0, δ0 = π/2 1φ1,1φ2 in series 1γ ≈1φ1 ±1φ2

Multiplication φ0 = 0, δ0 = 4.14 (or nearby) 1φ,1δ 1γ ≈1φ1δ

Scalar inversion φ0 = δ0 1φ 1γ ≈ 1/(φ0 +1φ)

Squares φ0 = δ0 1δ 1γ ≈ (δ0 +1δ)
2

aAll operation outputs are defined up to an overall scale factor, which is omitted in the last column.

increase in required resources. However, if multiple arguments
of a parameterization are continually nested, the number of
required resources will scale exponentially due to the expo-
nential increase in free parameters. Hence, continually nesting
two-argument functions within both arguments of each other
will double the total number of arguments at each layer, leading
to an exponential scaling of resources required.

4. DISCUSSION AND CONCLUSION

The analog primitive operations introduced in this work are
built on the use of small changes in phase about a bias point.
All operations considered were encoded entirely in a phase
change 1γ . These operations are summarized in Table 1. The
computed output 1γ was converted to a probability 1P
in the most direct manner that a simple two-beam interfer-
ence readout would permit, but other readouts remain to be
explored. Improved readouts could be used to reduce the over-
head error associated with the conversion between phase and
probability for large input phase displacements. This ultimately
pertains to controlling the terms in the Taylor series for P ,
with the goal being to make P as linear in γ as possible. With
the basic Mach–Zehnder readout employed throughout this
paper, the readout parameter θ was selected to attain linear-
ity through second order. But it cannot do better than this: if
P := sin2((γ (φ, . . .)− θ)/2), the first few derivatives of P are

∂ P
∂φ
:= P ′(γ, θ)=

1

2
γ ′ sin(γ − θ), (32a)

P ′′ =
1

2
(γ ′′ sin(γ − θ)− γ ′2 cos(γ − θ)), (32b)

P ′′′ =
1

2
(γ ′′′ − γ ′3) sin(γ − θ)+

3

2
γ ′γ ′′ cos(γ − θ).

(32c)
Selecting the value θ = γ0 − π/2− πm for any integer m

will set the first two derivatives to half of the corresponding
derivative in γ . But at the third order, this readout breaks down:
the derivatives of γ start to mix as the coefficients of the sine
and cosine functions of θ , becoming inseparable. An improved
readout might be able to isolate the corresponding derivative of
γ through higher orders than the current readout.

In general, this approach allows higher computational accu-
racy to be obtained by further limiting the maximum change in
the input phase. This also reduces the expected power consumed
by each phase control channel, which is a critical aspect of scal-
ing to very high-dimensional systems [32]. Generally speaking,
by the power-series methodology used to construct the approxi-
mation, the working range of the computations will increase as

the threshold of maximum error tolerated is increased. The exact
nature of this relationship will depend on the parameterization
as well as the bias point used. The relevant information can be
extracted from a plot of error, as in Figs. 5, 7, and 10. For a given
maximum error threshold ε > 0, the corresponding working
range is found by seeking the first input points φ1 and φ2 on
either side of the bias point, which generate an error value (in
absolute value) that intersects the horizontal line at y = ε.

This procedure was numerically applied to the error curves
generated in the above plots to provide an illustration of some of
the different working ranges this γ can produce for its various
operations. The corresponding maximum percent error versus
total working range curves are shown in Fig. 13. As expected, the
range decreases with the error threshold. The inversion curves
exhibit essentially the same range for different values of δ, as
described in the discussion surrounding Fig. 10. The multi-
plication curves, which use the central difference formulation,
exhibit comparatively erroneous behavior, bottoming out on the
order of 1% error. This arises from the multiple approximations
involved in the same computation, one in φ and another in δ,
each accumulating errors. Hence, convergence to zero error
requires reducing the magnitude of1δ as well as1φ. The basic
calibration procedure discussed above can be used to ameliorate
this.

Encoding over multiple scattering states instead of a fixed
state allowed the structure of the parameter space to influence
the computation, allowing practical nonlinear operations to
be obtained. These differential-phase-encoded operations also
have the benefit of being directly encoded by the physically
applied parameter, such as voltage or temperature. This cir-
cumvents the need for a complete reconfiguration algorithm to
establish each desired operator, as in traditional unitary mesh
schemes. In the present approach, only a one-time calibration
is required to establish the correct bias points. But, if a system
without active phase stabilization undergoes significant bias
drift, e.g., from thermal fluctuations, it must be recalibrated.
While the calibration holds, reconfiguration of the entire system
can occur in a single pass after adjusting each phase param-
eter once. In mesh schemes, rounds of iteration must occur to
establish the desired operation.

Unknown shifts in bias could generate a major detriment to
accuracy. Noise in the phase controllers and/or optical source,
if not properly averaged away, could add error on top of the
approximation error. In conjunction with this, significant
deviation from the ideal system performance due to fabrication
defects or loss could affect the accuracy of some operations to
varying degrees. In some cases, the deviations may partially
cancel out due to the differential nature of the encoding. These
practical aspects remain to be explored elsewhere.
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Fig. 13. Dynamic range of the input parameter φ versus maximum percent error for the computations illustrated in prior sections, all originating
from the same parameterization of Eq. (10). The range for a given error is found by seeking the first parameter values on either side of the bias point
which produce the error in question.

A connection to finite differences was examined when con-
structing approximations for linear operations. This connection
provides a direct approach for further generalizing the present
results to control higher-order expansion terms when construct-
ing a generic approximant 1P . This might be envisioned to
obtain higher-order corrections to low-order terms, low-order
term cancellations for the sake of obtaining higher-order non-
linear terms in isolation, and other general tailoring of more
complicated approximations. However, this would invariably
come at the expense of more terms in the definition of 1P ,
increasing the readout complexity and resource count.

Universal binary logic gates can be constructed from arith-
metic operations. Addition translates to OR, multiplication
to AND, and scalar inversion to NOT. So, despite the present
technique being fully analog, it could be cast into a discrete
formalism in order to combat noise and error accumulation. A
variety of proposed optical computing schemes are based on a
digital encoding [33–40]. In these approaches, logic levels are
typically established by a shift in the resonant frequency of a
transmission dip or peak. In the present approach, however, all
levels are in the value of the phase at a particular wavelength.
This allows the use of multiple optical frequencies to be reserved
for uses such as parallel processing channels, redundancy
encoding, time-binning, etc.

In this work, we have introduced several different compu-
tationally oriented operating regimes of a particular optical
phase amplification map, Eq. (10). The focus on a single map
is to illustrate the basic operating principle and highlight its
flexibility in producing different scalar operations. Certainly,
other interferometric configurations might be produced that
have their own phase mapping characteristics, which in turn
may produce a greater variety of higher accuracy computations
within this paradigm. Later, the approach will be generalized to
matrix and vector operations.

The map of Eq. (10) is realized with relatively common
yet versatile components such as the beam splitter and ring
resonator. In the context of optical information processing,
these devices have conventionally been crucial for modulation,

filtering, and multiplexing systems. Common configurations
using these have also been proposed for the sake of realizing vari-
ous nonlinear activation functions for optical neural networks
[41–43]. Finally, we highlight that this is but one computing
scheme that takes advantage of the potentially rich mapping
between the parameter space and computation space of a linear
interferometer. Other potentially nonperturbative computing
schemes might be envisioned, which harness this mapping as
well.
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