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Abstract
A particular type of linear optical multiport, the Grover four-port, has previously been
shown to couple the spatial symmetry of a photon to its direction of travel. It is shown
here that use of a nonstandard choice of qubit, based on symmetry, allows Grover four
ports to act as compact, low-resource deterministic linear optical controlledNOTgates,
with no post-selection or ancilla measurements required. This approach allows pro-
grammable devices, made from Grover multiports in combination with other standard
optical components, that can implement multiple different one-, two-, and three-qubit
gates, including the Fredkin and Toffoli gates.
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1 Introduction

Although optical platforms for quantum computing have many advantages, such as
high speed, low energy consumption, and room temperature operation, the lack of
direct photon–photon interactions at normal energies makes controlled gates difficult
to implement. One approach is to introduce interactions via nonlinear optical materials
[1–6], but the resulting interactions between two single photons are very weak at nor-
mal levels of nonlinearity. On the other hand, the KLM scheme [7] provides a means
of implementing universal quantum computation with only linear optical elements and
detectors. A judicious choice of measurements can create a “measurement-induced”
nonlinearity. However, the KLM approach has two drawbacks. First, the resources
required tend to grow rapidly with the number of qubits. Second, the operation is
probabilistic, working only when particular measurement results have been obtained.
KLM-based and other interference-based approaches have been experimentally imple-
mented in many different ways, for example in Refs. [8–12]. Various methods have
been used to improve scalability, such as by using cluster state methods [13–16] or
avoiding the teleportation used in the original KLM approach [17]. Up to this point,
probabilistic controlled NOT gates implemented experimentally have been able to
achieve efficiencies up to about 40% [18] with quantum fidelities of 80 to 95% [18–
20].

More recently, proposals have been made to implement CNOT and other controlled
gates with Kerr nonlinearities [21] or silicon-vacancy spins [22] in a manner that
promises success probabilities and fidelities approaching 100%.

A different approach has been to attach multiple qubits to a single photon in such a
way that the qubits can interact with each other [23–25]. This allows controlled gates
to be implemented in a simpler form, and if extra degrees of freedom are added as
a means of additional control, the CNOT gate can be implemented deterministically
with linear optics.

Here, we propose an approach that involves encoding qubits into the symmetry or
antisymmetry of dual-rail states under horizontal or vertical reflections, independent of
the number of particles in the state. Wemay thus change the value of a symmetry qubit
either by applying phase shifts or by adding or removing a photon with appropriate
symmetry to the system. In addition, we take advantage of the fact that directionally
unbiased multiports [26–28] can introduce correlations between the symmetry and
propagation direction of photon states, allowing a coupling of two different qubits.

In some respects, the proposed approach is similar to the use of synthetic dimensions
[29–31], in which spatial dimensions are simulated by alternative variables like orbital
angular momentum or energy; this allows, for example, the simulation of gauge fields
[32] or the simulation of electron motions in a spatial lattice by microwave-driven
Rydberg energy level transitions [33]. In the present case, qubits are simulated by
more abstract quantities that may be attached to a single photon or may be distributed
over n-photon states of any n. Although we focus primarily on the single-photon case,
some aspects of the proposed approach work for multiphoton states as well and will
be commented on in Sect. 4.

The approach here, although restricted to qubits, bears similarities to high-
dimensional quantum computing, which uses d-dimensional qudits in place of
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2-dimensional qubits [22, 34–39]: our approach could be adapted to form a higher-
dimensional Hilbert space by, for example, taking the pair of symmetry and direction
qubits defined below to form a single four-dimensional qudit.

In Sect. 2, we first introduce the qubits and give a brief review of directionally
unbiased multiports. We then look in Sect. 3 at systems in which two qubits of interest
are encoded onto the same photon, but reflect symmetry about different axes, allow-
ing construction of a broad set of one- and two-qubit single-photon gates. A brief
discussion of two-photon symmetry states is given in Sect. 4. In Sect. 5, we return
to single-photon states, but now adding couplings between the symmetry states and
polarization, allowing the implementation of a range of three-qubit gates, including
Fredkin and Toffoli gates. Conclusions are discussed briefly in Sect. 6.

Themain result of this paper is that a broad range of two- and three-qubit operations
can be performed in a simple manner, with all qubits encoded on a single photon.
Extending this to scalable multiphoton quantum computing is more problematic, as
is discussed in Sect. 4, but may be possible with the addition of nonlinear optical
components or other extensions of the current formalism.

The approach here is universal for any computation involving no more than three
qubits. It might be possible to extend this universality to slightly larger numbers of
qubits by incorporating more degrees of freedom, for example angular momentum or
time bins. However, to extend to large numbers of qubits in a scalable manner, it is
likely that the current approach would need to be combined with other approaches,
such as nonlinear materials or KLM methods.

Throughout the following, care must be taken to distinguish, for example, between
two-photon states and two-qubit states, since a single photon may be carrying multiple
qubits, and conversely, a single qubit may be distributed over a multiple-photon state.

2 Photonic qubits and unbiasedmultiports

First, consider a dual-rail system. Label left- and right-moving states on the upper
rail as |a〉L/R = â†L/R |0〉. States on the lower rail are labeled |b〉L/R = b̂†L/R |0〉.
We will generally be dealing with states that are distributed over both rails, rather
than localized on one. In particular, define the symmetrically and antisymmetrically
distributed states,

|S〉L/R = 1√
2

(|a〉 + |b〉)L/R (1)

= 1√
2

(
â†L/R |0〉 + b̂†L/R |0〉) (2)

|A〉L/R = 1√
2

(|a〉 − |b〉)L/R (3)

= 1√
2

(
â†L/R |0〉 − b̂†L/R |0〉). (4)
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Fig. 1 A directionally unbiased Grover four-port. All four lines can serve as both input and output. Input
at any one port produces equal amplitude output at all four ports, with an extra π phase shift at the input
port relative to the others

There are several binary variables associated with each photon that can be used to
define qubits, but for the moment we focus on two: (i) The travel direction: for the j th
photon, define a bit value D j , where D j = 0 for right-moving photons and D j = 1
for left-moving. (ii) The symmetry under interchange of the two rails: the symmetry
qubit is defined by S j = 0 for the symmetric state and S j = 1 for the antisymmetric
state.

The reason for emphasizing these two variables is that they can be coupled to each
other using a Grover multiport [26–28, 40, 41]. (We will see in Sect. 5 that they can be
coupled to polarization, as well.) Directionally unbiased optical multiports are n-port
devices that generalize beam splitters in two ways: the number of ports can be any
integer n ≥ 3, and the output can exit any of the n ports, including the original input
port. The directionally unbiased three-port has been demonstrated experimentally in
bulk [27] and fiber [28] implementations. The four-port has been implemented in bulk
optics experiments [42] and via a pair of Y-couplers [43]. Here, we use the four-port
version (Fig. 1), which will be referred to as a Grover multiport due to the fact that
it provides a physical implementation of the Grover coin operation used in quantum
walks and search algorithms [44, 45]. Grover multiports have recently been found
useful for distributing entangled states through networks [46, 47] and for expanding
the capabilities of interferometers [42, 48–51].

Here, we represent each Grover multiport as a four-port device, in which each input
line doubles as an output line. But it can also be mapped into a feed-forward eight-port
of the type considered in [52].

In a basis labeled by the four ports, the action of the Grover multiport is given by
the matrix U :

U = 1

2

⎛

⎜⎜
⎝

−1 1 1 1
1 −1 1 1
1 1 −1 1
1 1 1 −1

⎞

⎟⎟
⎠ . (5)

The Grover multiport preserves the symmetry of incoming states, but causes a
change in direction that is conditioned on the symmetry [53]:

U : |S〉R → |S〉R, |A〉R → −|A〉L . (6)

Here, if a right-moving incoming state is on lines a and b of Fig. 1, then the outgoing
state will be on lines c, d for the symmetric case and a, b for the antisymmetric case.
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Fig. 2 Grover four-port acts as a CNOT on the symmetry and direction qubits. The input and output S and
D qubits in the left-hand table correspond to the logical qubits in the right-hand table. In each table, the
first two columns are the input values, the last two columns are output. The CNOT gate acts independently
of the number of photons: S and D can be the symmetry and direction of a single photon, or could be the
total symmetry and direction of a multiphoton state

(Left-moving input states are affected similarly.) More explicitly,

1√
2

(
â† + b̂†

)
R |0〉 → 1√

2

(
ĉ† + d̂†

)
R |0〉 (7)

1√
2

(
â† − b̂†

)
R |0〉 → − 1√

2

(
â† − b̂†

)
L |0〉. (8)

This coupling of symmetry with direction leads to interference that can mimic an
interaction between photons, as was demonstrated by the photon-clustering effect
discussed in Ref. [53].

For a two-photon state (or more generally, for n photon states), the qubit variables
defined above are generalized by adding the qubit values of the individual photons,
modulo 2: D = ⊕D j ,S = ⊕S j , where ⊕ is mod 2 addition and the sum is over all
photons. So, for example, the right-moving two-particle states |S〉R |S〉R and |A〉R |A〉R
are symmetric overall, S = 0, and have D = 0, while the states |A〉R |S〉R and
|S〉R |A〉R are antisymmetric, S = 1, with D = 0.

S and D are parities under reflection about a pair of orthogonal axes, S about the
horizontal axis (parallel to the dual rails), and D about the vertical axis through the
center of the multiport. Although they both measure symmetry or antisymmetry about
an axis, we give them different names, “symmetry” and “direction”, in order to clearly
distinguish between them. Nevertheless, we will also sometimes refer to both S and
D collectively as “symmetry qubits” when the context is clear. The parity qubits of
Refs. [7, 17] are a special case of the symmetry qubits defined here.

3 Single-photon linear optical symmetry-based gates

In this section we look at one- and two-qubit quantum logic gates that can act on single
photons. Here, the symmetry and direction qubits S andD are assumed to be encoded
onto the same photon.
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= phase-shiftπ

(a)

G G

(b)

Fig. 3 NOT gates for the symmetry and direction qubits. a Placing a π phase shift in one line of a dual-rail
system will flip the symmetry S of the state, |S〉 ↔ |A〉. The phase shift therefore acts as a NOT gate on
the single-photon S-qubit state. b A π phase shifter between two Grover four ports similarly acts as NOT
gate on D, while leaving S unaffected. A simple two-sided mirror would also achieve the same result

c

f

e

d

(a)

+

S

-

A

In Out

S+A

S A-

(b)

Fig. 4 A beam splitter (a) can distinguish between symmetric and antisymmetric single-photon states by
directing them into different single-rail output modes as shown in (b). The dot denotes the side of the beam
splitter at which each single-photon symmetric state exits as a single-rail state. The BS therefore can act as
a single-photon Hadamard gate, since the two single-rail modes can be viewed as equal superpositions of
symmetric and antisymmetric dual-rail modes, as in (b)

As a first example of a single-photon S-qubit gate, the Grover multiport of Fig. 1
acts as a controlled NOT (CNOT) gate Fig. 2, as can be verified by tracing the possible
input states through the system, keeping inmind that symmetric states transmit through
G, while antisymmetric states reflect. (Overall phases of the output states are being
ignored here.) Notice that, although we are discussing single-photon states with S and
D attached to the same photon, the CNOT gate in fact also works for multiphoton
states, as long as S and D are taken to be the total symmetry and direction of the
entire state, as discussed in more detail in Sect. 4.

Additional symmetry-based gates are easy to envision. For example, a π phase
shifter placed in one rail of a dual-rail system can flip the S-symmetry of the single-
photon state, |S〉 ↔ |A〉, without altering direction. So, adding such a phase shift to a
Grover multiport, as shown in Fig. 3a, produces a NOT gate for the symmetry qubit. A
NOT gate that acts on direction without affecting S is also easy to construct, as shown
in Fig. 3b.

A non-polarizing beam splitter easily provides a realization of the single-photon
S-qubit Hadamard gate. We assume that the beam splitter of Fig. 4a is a standard

dielectric 50/50 beam splitter described by the matrix 1√
2

(
1 1
1 −1

)
, where the input

lines are c and d, the outputs are e and f .
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Fig. 5 Pauli gates acting on the symmetry qubit, S. a–c, respectively, implement the Pauli X , Y , Z gates
on single-photon states

The action of the beam splitter in Fig. 4a is therefore to turn symmetric or antisym-
metric input on lines c and d into single-rail outputs on lines e or f that are equal
superpositions of symmetric and antisymmetric states (Fig. 4b),

BS : |S〉cd → |e〉 = 1√
2

(
|S〉e f + |A〉e f

)
(9)

BS : |A〉cd → | f 〉 = 1√
2

(
|S〉e f − |A〉e f

)
. (10)

This is exactly the action of a Hadamard gate. The action clearly also works in reverse,
allowing single-rail states to be converted into dual-rail symmetry qubits. Notice that
there is a sort of complementarity between the Grover four-port and the beam split-
ter. While the Grover multiport acts on propagation direction and leaves symmetry
unchanged, the beam splitter mixes symmetry states while leaving the feed-forward
propagation direction unchanged. Combining the action of the two allows control over
both degrees of freedom.

Pauli gates acting on S can also be implemented, as illustrated in Fig. 5. In each
case, the first beam splitter separates the symmetric and antisymmetric states onto
different rails, so that they can be operated on independently, then the second beam
splitter converts them back to dual-rail symmetry qubits. Note that the dots on the
second beam splitter are in a different position for the X and Y gates relative to the Z
gate, indicating an off-diagonal interchange of S and A for the former cases.

Similarly, Pauli gates acting on direction are shown in Fig. 6.
More general phase gates acting on symmetry can also be constructed, by replacing

the π phase shift in Fig. 5c by other phase shifts φ, leading to the action |S〉 → |S〉,
|A〉 → eiφ |A〉.

The symmetry and directional information can be inter-converted, S ↔ D, using
an arrangement such as that of Fig. 7. This serves as a SWAP gate, interchanging the
values of the directional and symmetry qubits. This arrangement will in fact perform
a SWAP operation for S andD not just on single-photon states, but on n-photon states
of any n ≥ 1.

More complicated circuits can be readily constructed that involve these various
gates acting in series. A simple example is in Fig. 8, in which a SWAP gate followed
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Mirrors

(a)

π/2

π/2

Mirrors

(b)

In

Mirror

= Optical Circulator

Out

(c)

Fig. 6 Pauli gates acting on the direction qubit,D. a–c, respectively, implement the Pauli X , Y , Z gates on
single-photon states, up to an overall global phase. For the X gate, each directional qubit is simply reflected
by a mirror. For the Y gate, the same is done, but with initially left-moving qubits given an extra π

2 phase
shift per pass, relative to the initially right-movingmodes. For the Z gate, the total round-trip phase between
circulator and mirror (including any mirror phase) should be a multiple of 2π

G nInI

Out

OutOut

Out

= phase-shiftπ =optical circulator

Fig. 7 A SWAP gate: the output has the values of the symmetry and direction qubits interchanged, S ↔ D.
The optical circulators are used to separate the input from the output states

by a NOT gate (shown schematically in Fig. 8a) can be implemented as in Fig. 8b. A
more involved example is shown in Fig. 9.

4 Two-photon linear optical gates

Using two-photon input states instead of single photons, the qubits defined abovemight
not be attached to each photon individually, but could be distributed over the full two-
photon state, i.e., S and D are the total symmetry and direction of all the photons
together. Consider a Grover coin (Fig. 1) acting on these qubits, with two photons
entering from left or right, on the dual rails. Each photon is either in a symmetric or
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Fig. 8 a Schematic for a circuit
that interchanges two qubits and
then negates one. b A realization
of this circuit acting on S and D
qubits

(a)

G
c

d

a

b

= phase shiftπ

(b)

(a)

SWAP

G

G

nInI

OutOut

(b)

Fig. 9 A slightly more complicated circuit example. The circuit shown schematically in (a) can be imple-
mented using S and D qubits as shown in (b). The blue circles are optical circulators, and the SWAP gate
in the middle of the diagram is that of Fig. 7

antisymmetric state. Imagine for example, one right-moving photon entering from the
left in a symmetric state, |S〉R . Considering all the possibilities for the second photon,
the multiport then acts as follows (ignoring overall phases):

|S〉R |S〉R → |S〉R |S〉R (11)

|S〉R |S〉L → |S〉R |S〉L (12)

|S〉R |A〉R → |S〉R |A〉L (13)

|S〉R |A〉L → |S〉R |A〉R (14)

Given the logical bits defined above, this translates into the truth table

In Out
00 00
01 01
10 11
11 10

.

The first qubit (control) is S and the second (target) is D. This is again a standard
CNOT truth table. It is easily checked that all other possible input combinations (for
example, replacing the first photon state by |A〉R) just reproduce copies of the same
table. So we have a completely deterministic two-qubit two-photon controlled gate,
with no post-selection or nonlinearity required.

Here, the qubits S, D cannot be viewed as attached to either photon individually.
In fact, they can be viewed as differences between the symmetry or direction of the
two photons, since mod-two sums are the same as mod-two differences. So the Grover
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c

d

f

e

Antisymmetric
output

Symmetric
output

Input

Fig. 10 Separating symmetric and antisymmetric states into different directions for use in additional gates:
single-rail states entering the dotted side exit as symmetric dual-rail states, while those entering at the
undotted side exit as antisymmetric states in a different spatial direction

multiport can also be viewed as a quantum comparator, determining whether proper-
ties of different photons are the same or opposite, without actually measuring those
properties.

Note the important fact that |S〉 and |A〉 sharing the same pair of rails can be easily
separated from each other for independent processing, simply by passing through
a beam splitter (the first BS of Fig. 10), since the beam splitter acts as follows on
two-photon input states:

|S, S〉 → |ee〉, |S, A〉 → |e f 〉, |A, A〉 → | f f 〉. (15)

So states that are overall symmetric (S = 0) lead to both photons exiting on the
same output line, while overall antisymmetry (S = 1) leads to coincidences across
both lines. This is essentially just the Hong-Ou-Mandel effect [54]. A set of photon-
counting detectors after the beam splitter will easily distinguish the symmetry states
by measuring coincidences versus double counts. If instead of detectors, these lines
contain additional beam splitters (the two outgoing beam splitters in Fig. 10), the
single-rail states on e and f are converted back into dual-rail states that can be directed
into different spatial directions for use in additional gates.

No nonlinear materials, probabilistic operations, or post-selection are required for
the CNOT to operate. However, the ability to implement deterministic CNOT gates
with linear optics does not come for free; the traditional difficulty in implementing
the CNOT has simply been moved into a difficulty in implementing other logical
components. It is not obvious how to construct a symmetry-qubit Hadamard gate for
these multiphoton states. Nevertheless, the ability to move the difficulty into other
components can be a useful means to simplify some types of quantum circuits.

Another difficulty in working with n-photon symmetry and direction states for
n > 1 is that although it is easy to project physical states onto symmetry states, the
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PBS

in

out

in

out
Fig. 11 A polarizing beam splitter (PBS) can couple polarization information to direction, conditioning
whether the output direction flips on the value of the input polarization. Here, it is assumed that the PBS
reflects vertically-polarized light and transmits horizontal polarizations

inversemapping is not unique. For example, the symmetry statewithS = D = 0 could
correspond to any of the physical states |S〉L |S〉L , |S〉R |S〉R , |A〉L |A〉L , or |A〉R |A〉R
(or to a superposition of them).

Therefore,we avoid these problemsby returning in the next section to the casewhere
multiple qubits are encoded on a single photon: for single-photon states, invertibility
is not a problem and, as shown in Sect. 3, the Hadamard gate is easily implemented.

5 Three-qubit gates

In Sect. 3 we displayed one- and two-qubit gates based on symmetry and direction
qubits. Here, we show that by also considering the photon’s polarization, a variety of
three-qubit gates can be implemented with a single photon. We take the polarization
qubit to have value P = 0 for horizontal polarization and P = 1 for vertical.

Recall from Sect. 2 that the Grover multiport couples the symmetry and direction
to each other, and can act as a CNOT on direction, with symmetry as control. In a
similar manner, a polarizing beam splitter (PBS) can be viewed as coupling direction
with polarization. This can be seen in Fig. 11, where the PBS acts as a CNOT on
direction, with polarization as control: when the photon is horizontally-polarized, the
output direction is unchanged, while for vertical polarization the direction flips. (Here,
we always assume the PBS reflects V polarization and transmits H .) In the figure, the
situation is drawn for a single-rail system, but the action is the same on a dual-rail
state when a PBS is inserted into both rails. In a similar manner, a PBS combined
with non-polarizing beam splitters can couple polarization to symmetry, using the
single-rail to dual-rail mapping discussed in Sect. 3.

Nowwe consider three-qubit circuits. As a first example, the circuit of Fig. 12 imple-
ments a three-qubit Toffoli gate. Polarization and symmetry act as the two controls and
direction as the target, with all three qubits carried by a single photon. Note that the
Toffoli gate by itself forms a universal gate set, capable of simulating any reversible
unitary operation. However, in practice the fact that all of the qubits are attached to a
single photon limits the range of computational tasks that can be performed to those
involving only a small number of qubits. It is possible that clever use of symmetry
qubits attached to multiphoton states may allow effective couplings between qubits
on different photons; but the non-invertibility of the mapping between physical qubits
and symmetry qubits for two-photon states potentially forms an obstacle to that goal.
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PBS

G

H

V

(a)

Input
binary

Input
P S  D

After G:
P S  D

Output
binary

0  0  0
0  0  1
0  1  0
0  1  1
1  0  0
1  0  1
1  1  0
1  1  1

0  0  0
0  0  1
0  1  0
0  1  1
1  0  0
1  0  1
1  1  1
1  1  0

H  S  R
H  S  L
H A R
H A L
V S  R
V S  L
V A R
V A L

H  S  R
H  S  L
H A R
H A L
V S  R
V S  L
V A L
V A R

(b)

Fig. 12 a A three-qubit Toffoli gate can be implemented by the circuit shown schematically here, by using
symmetry, direction, and polarization qubits. b The incoming and outgoing physical and logical qubits are
as shown in the table

PBS

SWAP

H

V

(a)

Input
binary

Input
P S  D

After G:
P S  D

Output
binary

0  0  0
0  0  1
0  1  0
0  1  1
1  0  0
1  0  1
1  1  0
1  1  1

0  0  0
0  0  1
0  1  0
0  1  1
1  0  0
1 1  0
1      10
1  1 1

H  S  R
H  S  L
H A R
H A L
V S  R
V S  L
V A R
V A L

H  S  R
H  S  L
H A R
H A L
V S  R
V A  R
V S  L
V A L

(b)

Fig. 13 a A three-qubit Fredkin gate can be implemented by the circuit shown schematically here. The
SWAP gate is that of Fig. 7, with optical circulators used direct the SWAP gate input and output into the
proper directions. b The incoming and outgoing physical and logical qubits are as shown in the table

Replacing the Grover multiport in Fig. 12a with the SWAP gate of Fig. 7, we arrive
at the Fredkin, or controlled swap gate, shown in Fig. 13.

The previous devices can be generalized by adding phase shifts in order to control
their operation. For example, consider the device of Fig. 14, which generalizes the
Toffoli gate setup. By changing the values of the phases, a variety of different three-
qubit tasks can be implemented. The general case for arbitrary phases is discussed
in the appendix. Here we just display a few illustrative examples in cases where the
phase shifts φ1 to φ4 are either 0 or π .

First consider some controlled gates. When φ1 = φ2 = φ3 = φ4 = 0, the device
obviously reduces to a Toffoli gate with direction as target: it acts when both controls,
symmetry and polarization, equal 1. But, for example, if φ1 = φ2 = π and φ3 =
φ4 = 0, then the circuit again serves as a Toffoli gate acting on direction, however
now acting only when the first control is P = 1 and the second control is S = 0.
Its action is described in the (HSR, HSL, H AR, H AL, V SR, V SL, V AR, V AL)
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basis by the matrix ⎛

⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜
⎝

1
1
1
1

0 −1
−1 0

1
1

⎞

⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟
⎠

. (16)

(The minus signs, resulting from reflection phases, can be corrected for, in order to
make all entries positive, if desired.) As a further example, if φ1 = φ3 = φ4 = 0 and
φ2 = π , then there is one control P and two targets, with the gate acting only when
control value is P = 1. The action on the targets is now more complicated: if D = S
the symmetry flips, while if D �= S then the direction flips. Effectively, S and D now
each act as the second control for each other.

The device can also act on both H and V polarizations, with different actions on
each. For example if φ1 = φ4 = π and φ2 = φ3 = 0, then vertical states flip their
direction if and only if they are symmetric, while all horizontal states reverse their
symmetry. This is expressed in matrix form by

⎛

⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜
⎝

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

0 −1
−1 0

1 0
0 1

⎞

⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟
⎠

. (17)

In contrast, if φ1 = φ3 = π and φ2 = φ4 = 0, then horizontal states again flip their
symmetry, but vertical states flip their direction if and only if they are antisymmetric.
The corresponding matrix is

⎛

⎜⎜
⎜⎜⎜⎜⎜
⎜⎜⎜
⎝

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

1 0
0 1

0 −1
−1 0

⎞

⎟⎟
⎟⎟⎟⎟⎟
⎟⎟⎟
⎠

. (18)

The blocks in the matrices for this device can easily be seen to have several sym-
metries under interchanges of the phases: for example, interchanging φ2 ↔ φ4 and
φ1 ↔ φ3 leaves the lower right block (the action on vertical states) invariant, while the
interchangesφ1 ↔ φ2 andφ3 ↔ φ4 leave the upper left block (horizontal) unchanged.
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G

H

V

φ1 φ2

φ4φ3

Fig. 14 A programmable device that can implement multiple different three-qubit logic operations based
on whether the phase shifts φ j are set to 0 or π

By allowing the phase shifts to be externally controlled, the device of Fig. 14 can
therefore be programmed to carry out multiple different three-qubit processes. By
changing phases, a variety of different couplings between polarization, symmetry, and
direction can be arranged. This can be further generalized by placing additional Grover
coins, swap gates, or other devices in the upper and lower branches of the circuit,
allowing expansion of the operations that can be performed. In addition, polarization
rotators can be added to go beyond the 4 × 4 block diagonal forms of the examples
above. These additional expansions will be explored elsewhere.

6 Conclusion

It has been shown that by defining nonstandard synthetic symmetry-based qubits, it is
possible to construct a universal set of deterministic one-, two-, and three-qubit gates
with linear optical devices.

Although not examined in detail here, it is easy to envision adding in additional
degrees of freedom such as time bins and orbital angular momentum to implement
n-qubit gates with n > 3. The main point is that different degrees of freedom, such as
symmetry and polarization, can bemixed andmatched in order increase the capabilities
of a system. This is in contrast to earlier approaches, such as [23], that encodedmultiple
qubits onto a single photon via a single degree of freedom that took on a larger number
of values (for example, which-path information in a system with many paths).

Assuming N degrees of freedom are encoded into a single photon, the resources
required to carry out N -qubit gates grows relatively slowly with N . Each added degree
of freedom seems to require no more than two additional pairs of beam splitters (one
pair on each side of the Grover multiports) to spatially separate that variable from
the others, and each of those beam splitters can require at most one new multiport to
feed into. So we would expect the resources required for N qubits to scale linearly
in N . This is borne out by the examples given in earlier sections. The low resources
required in this approach can be seen starkly by comparing to analogous gates in other
approaches; for example, compare the parsimony of the Toffoli gate of the previous
section to the Toffoli gate described in Fig. 3 of [21], which requires 10 beam splitters
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and two X gates, plus six swap gates (each with additional beam splitters and X gates
embedded inside each swap gate), as well as a cross-Kerr nonlinearity.

A central message here is that computing capabilities in a specific platform are
dependent on the choice of qubit variable, and that by defining more abstract synthetic
qubits it may be possible to perform computations with a given platform that cannot
be conducted with standard qubit definitions. For example, linear optical CNOT gates,
which are difficult to achieve using polarization or other standard qubit platforms, are
easy to implement using symmetry qubits. In the quest for practical quantum infor-
mation processing capabilities, the search for advantageous synthetic qubits should
therefore be pursued in parallel to work on improvement to hardware capabilities.

Appendix A: General form of the three-qubit device

Here we briefly outline the general form of the matrix for the circuit for Fig. 14.
Consider the segment of the circuit shown in Fig. 15. Working in the basis
(SR, SL, AR, AL), the action of the Grover multiport is

G =

⎛

⎜⎜
⎝

1
1

0 −1
−1 0

⎞

⎟⎟
⎠ , (A1)

and each of the phase shifts takes the form

Uj (φ j ) = eiφ j /2

⎛

⎜⎜
⎝

c j 0 −is j 0
0 c j 0 −is j

−is j 0 s j 0
0 −is j 0 c j

⎞

⎟⎟
⎠ , (A2)

for j = 1, 2. Here, we have abbreviated c j = cosφ j and s j = sin φ j . So the complete
segment in Fig. 15 is given by

U2GU1 = ei(φ1+φ2)/2

⎛

⎜⎜
⎝

c1c2 s1s2 −ic2s1 is2c1
s1s2 c1c2 is2c1 −ic2s1

−is2c1 ic2s1 −s1s2 −c2c1
ic2s1 −is2c1 −c1c2 −s1s2

⎞

⎟⎟
⎠ . (A3)

Tracing each of the possible input states through the system then allows the matrix
determining the action of the full system to be constructed. The action will be different

Fig. 15 The segment of the
device in Fig. 14 that acts on
vertically-polarized states G

φ2φ1
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on horizontally and vertically polarized states (without mixing the polarizations), so
the matrix takes block diagonal form:

Utotal =
(
eiφ

′′
A 0

0 eiφB

)
, (A4)

where φ = φ1+φ2
2 and φ′ = φ3+φ4

2 , and where the blocks A and B, representing the
action on horizontal and vertical states, respectively, are given by

A =

⎛

⎜
⎜
⎝

cosφ′′ 0 −i sin φ′′ 0
0 cosφ′′ 0 −i sin φ′′

−i sin φ′′ 0 cosφ′′ 0
0 −i sin φ′′ 0 cosφ′′

⎞

⎟
⎟
⎠ , (A5)

B =

⎛

⎜⎜
⎝

cc′ s′ 2e−i�φ −isc′ ic′s′e−i�φ

s2ei�φ cc′ isc ei�φ −ics′
−ics′ is′c′e−i�φ −ss′ −c′ 2e−i�φ

isc ei�φ −isc′ −c2ei�φ −ss′

⎞

⎟⎟
⎠ . (A6)

Here we have defined c = cosφ, c′ = cosφ′ (and similar for the sines), as well as
�φ = φ − φ′ and φ′′ = φ3+φ4

2 .
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