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We expand the two-photon Hong-Ou-Mandel (HOM) effect onto a higher-dimensional set of spatial modes
and introduce an effect that allows controllable redistribution of quantum states over these modes using
directionally unbiased linear-optical four-ports without post-selection. The original HOM effect only allows
photon pairs to exit in two directions in space. But when accompanied by beam splitters and phase shifters, the
result is a directionally controllable two-photon HOM effect in four spatial modes, with direction controlled by
changing the phases in the system. This controllable quantum amplitude manipulation also allows demonstration
of a “delayed” HOM effect by exploiting phase shifters in a system of two connected multiport devices. By this
means, both spatial and temporal control of the propagation of the two-photon superposition state through a
network can be achieved.
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I. INTRODUCTION

The Hong-Ou-Mandel (HOM) effect is one of the most rec-
ognized quantum two-photon interference effects [1]. When
two indistinguishable photons arrive simultaneously at dif-
ferent inputs of a 50:50 beam splitter (BS), single-photon
amplitudes at each output cancel, resulting in quantum super-
position of two-photon states appearing at each output port,
as in Fig. 1. This traditional HOM method, observed on a
BS having two input and two output ports, always has the
two-photon state simultaneously occupying both output spa-
tial modes, leaving no room to engineer control of propagation
direction.

Various types of studies on quantum state transformations
in multiport devices have been performed such as two-photon
propagation in a multimode system [2,3], quantum interfer-
ence effects using a few photons [4–7], and propagation of
multiphotons [8–10]. Internal degrees of freedom are also
incorporated to enhance communication capacity [11–13].
Systems and procedures using multiphoton states, such as
boson sampling, have been analyzed using multiport beam
splitters both theoretically and experimentally [14–19]. The
HOM effect plays an important role in the field of quantum
metrology when two-photon |2002〉-type states are extended
to N-photon N00N state [20,21].

Additionally, coherent transport of quantum states has been
attracting attention, where single- and two-photon discrete-
time quantum walk schemes are employed to transfer and
process quantum states [22–26]. A quantum routing approach
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has been proposed to transfer unknown states in 1D and
2D structures to assist quantum communication protocols
[27–29].

Photon propagation control is especially crucial in a large
optical network to distribute quantum states between two
parties. The network can be formed by combining multiple
copies of four-port devices. The state manipulation schemes
we present can be integrated in quantum communication pro-
tocols since state retrieval timing can be chosen at will.

In this manuscript, we propose two-photon quantum state
engineering and transportation methods with a linear-optical
system which allows manipulation of photon amplitudes by
using linear-optical devices such as optical multiports, beam
splitters, and phase shifters.

Previously, such multiports have been introduced to
demonstrate a two-photon clustering effect in quantum walks
when multiple multiport devices are connected to form a chain
[30]. Clustering of two photons means that after encounter-
ing a multiport, the input two-photon amplitude separates
into a superposition of a right-moving and a left-moving
two-photon amplitude, with no amplitude for the photons
to move in opposite directions. By utilizing this separation,
a higher-dimensional unitary transformation enables flexible
quantum engineering designs of possible travel path com-
binations by switching relative phases within right-moving
and left-moving amplitudes independently. When two or more
multiports are combined, this control of quantum amplitudes
in a two-photon state allows demonstration of a “delayed”
HOM effect engaging also time-bin modes in addition to
spatial modes. To perform this delayed effect, two or more
multiports are required, and relative phase shifts between two
rails can reflect the incoming amplitudes. This controllable
reflection without mirrors can also be seen as an additional
state manipulation feature.
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FIG. 1. Hong-Ou-Mandel effect. Two identical photons are sent
into different beam splitter input ports. There are four possible out-
comes, two photons leaving one port, two photons leaving the other
port, each photon reflecting to give single photons at each exit, and
both transmitting to give single photons at each port. The coincidence
terms cancel out since they are identical but enter with opposite sign.
The final state is a superposition of two outcomes, each with both
photons clustered together at the same exit port.

We introduce two distinct systems. The first system utilizes
direct transformation of two-photons by the four-port device
using circulators. The second case does not have circulators
in the system. The photons are sent from the left side of
the beam splitters, then the amplitudes encounter the mul-
tiport device. This second system has not been analyzed in
the past. Specific input states for both distinguishable and
indistinguishable photons are redistributed between two par-
ties coherently. Therefore this system is particularly useful in
quantum routing type applications.

This paper is organized as follows. In Sec. II, we introduce
the main optical components used in this manuscript to per-
form quantum state transformation. These basic linear optical
devices are used to show HOM effect engaging in spatial
modes and time-bin modes, and is addressed in Sec. III. In
Sec. IV, we show redistribution of two photon states using the
devices introduced that are presented in Sec. II. The summary
of the results are given in Sec. V.

II. PHOTONIC STATE TRANSFORMATIONS VIA LINEAR
OPTICAL DEVICES

In this section, we consider photonic state transforma-
tions in higher-dimensional spatial modes using a unitary
four-dimensional Grover matrix [32] in place of the beam
splitter. In this section, we introduce the main systems that
will be used for linear state transformations, followed by the
basic photonic devices to implement them. Beam splitters and
the four-dimensional Grover matrix are the central system
component. We mainly use photon number representation to
describe states through out the manuscript. The general beam
splitter transformation matrix is(

ĉ
d̂

)
= 1√

2

(
1 1

−1 1

)(
â
b̂

)
, (1)

where â, b̂, ĉ, and d̂ are used to describe the input photon state
transformation. The labels are generalized here, therefore the
specific location dependent beam splitter transformations are
redefined in later sections. We use photon number states to
describe the system unless otherwise specified. The input state
is denoted as âb̂, where â and b̂ are respectively creation oper-
ators for the spatial modes a and b. The hat notation is dropped
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FIG. 2. (a) A possible experimental realization of a directionally
unbiased linear-optical four-port consists of four beam splitters, four
mirrors, and four phase shifters. A photon can enter any of the four
ports, and exit at any of the four ports (labeled as a, b, c, and d).
With a specific choice of phase settings, a Grover matrix can be
realized by coherently summing all possible paths to each output
[31]. A schematic symbol for this device is shown on the right.
(b) Single multiport transformation of a two-photon input state. The
input state of two correlated photons entering from the left is depicted
as ab (|1, 1〉). After scattering by a Grover multiport, the state trans-
forms into − 1

4 (a − b)2 + 1
4 (c + d )2, which has clear separation of

right- and left-moving two-photon amplitudes. No cross-terms with
photons moving in opposite directions occur.

henceforth. For a photon in spatial mode a with horizontally
polarized photon is denoted as aH and horizontally polarized
photon in mode b is denoted as bH . We omit polarization de-
grees of freedom when identical photons are used through out
the system. Photonic implementations of the Grover matrix
can be readily realized [33–37]. To be concrete, we use di-
rectionally unbiased linear-optical four-ports [Fig. 2(a)] as an
example. Consider sending two indistinguishable photons into
a four-dimensional multiport device realization of a Grover
matrix. This Grover operator, the multiport, described by the
unitary matrix

Grover = 1

2

⎛
⎜⎝

−1 1 1 1
1 −1 1 1
1 1 −1 1
1 1 1 −1

⎞
⎟⎠, (2)

has equal splitting ratios between all input-output combi-
nations and generalizes the BS transformation matrix given
below in Eq. (1). In general, photons in modes a and b are
transformed in the following manner:

a
M−→ 1

2 (−a + b + c + d ) and

b
M−→ 1

2 (a − b + c + d ). (3)

Theoretical analysis of the reversible Grover matrix has been
performed by linear-optical directionally unbiased four-ports
[31,38,39], which consist of four beam splitters, four phase
shifters, and four mirrors as indicated in Fig. 2(a). They
are represented schematically by the symbol in Fig. 2(b).
The three-port version of this device has been experimentally
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FIG. 3. A system setup with input photons supplied by circu-
lators. The system consists of two beam splitters, two multiport
devices, and two circulators. These circulators allow us to send pho-
tons from the left side of the multiport device without experiencing
a beam splitter transformation before entering the multiport device.
The input state split into right-moving and left-moving amplitudes
(shown as dotted arrows) upon multiport transformation.

demonstrated using bulk optical devices [40]. To have better
and precise control of phases, miniaturization of the device is
highly preferred to realize the four-port especially when sev-
eral multiport devices are required to carry out an experiment.
In general, directional unitary devices such as those of the
Reck and some other unitary matrix decomposition models
[41–45] can also realize a Grover matrix. However, direc-
tionally unbiased devices are advantageous when designing
the delayed HOM effect, as well as requiring fewer optical
resources. Identical photons are sent into two of the four
input-output ports from the left side [indicated in Fig. 2(b)].
We used multiport devices and beam splitters to form two
systems for state propagation. The photons are sent from the
left side of the system through out the manuscript. The first
BS multiport composite system is denoted as subscript 0 and
the other half is denoted as subscript 1. The result differs
depending on the input location of photons. Consider a system
consisting of two multiports and two beam splitters. There
are several ways to insert photons in the system, however we
choose two specific ones in this manuscript. To be able to
send a photon into the middle of the system, the setup needs
to be supplied with circulators, is shown in Fig. 3. Another
setup requires no circulators to propagate input photons. The
photons experience an extra transformation by a beam splitter
upon photon entrance. The system is graphically supplied in
Fig. 4. It needs to be noted that the number of multiports in the
system does not change the final outcome. We are using two
multiports as an example, however, the result is the same when
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FIG. 4. System setup without circulators. The input photons are
subjected to a beam splitter before they enter the multiport. The input
state is transformed and propagated in one direction (shown as dotted
arrows). The BS transformed input state is transformed again by the
first multiport devices.

the system has a single multiport or more than two multiports
as long as the devices are assumed to be lossless during the
propagation.

Brief comments on the mathematical structure of the trans-
formations carried out by the configurations given in Figs. 3
and 4 are given in Appendix.

A. Photon propagation using circulators

This method is used to distribute HOM pair between the
right and the left sides of the system. The original input state
a0b0 transforms to

a0b0
M−→ 1

2 (−a0 + b0 + c0 + d0) 1
2 (a0 − b0 + c0 + d0)

= − 1
4

(
a2

0 + b2
0

) + 1
2 a0b0 + 1

4

(
c2

0 + d2
0

) + 1
2 c0d0

= − 1
4 (a0 − b0)2 + 1

4 (c0 + d0)2, (4)

where we have used the commutation relation ab = ba since
the photons are identical and in different spatial locations.
Equation (4) shows that correlated photons are split into
right-moving 1

4 (c0 + d0)2 and left-moving − 1
4 (a0 − b0)2 am-

plitudes, with no cross terms. This absolute separation of
propagation direction without mixing of right-moving and
left-moving amplitudes is important because the photon pairs
remain distinctly localized and clustered at each step [30].
The right-moving amplitude is translated to 1

4 (a1 + b1)2 and

propagates without changing its form. 1
4 (a1 + b1)2 M−→ 1

4 (c1 +
d1)2. The left-moving amplitude − 1

4 (a0 − b0)2 stays the same
until BS transformation.

The controlled HOM effect can be observed in higher-
dimensional multiports assisted by extra beam splitters.
Imagine beam splitters inserted in the system as in Fig. 3. In-
put state ab is now transformed into − 1

4 (a − b)2 + 1
4 (c + d )2

as indicated above, then further transformed by beam splitters
to obtain HOM pairs between the right side and left side
of the system. The right and left sides of the system each
have two output ports, and the exit port of the photon pair
can be controlled by varying phase shift settings before the
beam splitters. A phase shift on the left side of the system
does not affect the result of the right side amplitude, and vice
versa. This system, having circulators at the beginning of the
system, is denoted as transformation pattern I, and the detailed
discussions of its transformation are in Sec. III.

B. Photon propagation without circulators

This method allows to redistribute input states between
right and left sides of the system without changing amplitudes.
Consider sending two photons from the left side of the beam
splitter as indicated in Fig. 4 then transform the output state
by the multiport device. We only consider the first multiport
transformation here. The rest of the transformation is given in
Sec. IV.

e0 f0
BS−→ − 1

2

(
a2

0 − b2
0

) M−→ − 1
2 (a0 − b0)(c0 + d0). (5)

The final state has cross-terms, and it is different from the case
with circulators in a sense that the output state is coupled. The
state does not provide clear separation between right-moving
and left-moving amplitudes. Even though, the state does not
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have clear distinction between right moving and left moving,
we still refer the amplitudes right- and left-moving amplitudes
unless special attention is required. This system having no
circulators is denoted as transformation pattern II, and the
detailed discussions of its transformation are in Sec. IV.

III. TRANSFORMATION PATTERN I: DIRECTIONALLY
CONTROLLABLE HOM EFFECT IN

HIGHER-DIMENSIONAL SPATIAL AND TEMPORAL
MODES

In this section, we discuss the transformation pattern I. The
higher-dimensional HOM effect is generated by the multiport-
based linear optics system with circulators at the inputs. The
propagation direction control and delays between amplitudes
are discussed in subsections. We use a single multiport device
to show the control effect and we introduce two multiport
devices in the system for delayed effect.

A. Control of propagation direction

Given that one two-photon amplitude must exit left and
one right, there are four possible combinations of outgoing
HOM pairs as indicated in Fig. 5. The combinations are,
(a): ( f 2

0 , e2
1), (b): (e2

0, e2
1), (c): (e2

0, f 2
1 ), and (d): ( f 2

0 , e2
1). This

means, in the case of (a) for example, the left-moving two-
photon amplitude leaves in mode f, and the right-moving
amplitude leaves in mode e. Directional control of the four
cases is readily demonstrated, as follows. In case (a), there is
only a beam splitter transformation after the multiport, giving

− 1
4 (a0 − b0)2 BS−→ − 1

4
√

2
(e0 − f0 − e0 − f0)2 = 1

2 f 2
0 ,

(6)
1
4 (c1 + d1)2 BS−→ − 1

4
√

2
(e1 − f1 + e1 + f1)2 = 1

2 e2
1.

The final output state is

1
2

(
f 2
0 + e2

1

) = 1√
2
(|0, 2〉0 + |2, 0〉1). (7)

In case (b), a phase plate is inserted in the lower arm of the left
side to switch the exit port from d to c. All the phase shifters
P are set to π , therefore transforming b → −b.

− 1
4 (a − b)2 + 1

4 (c + d )2 P−→ − 1
4 (a + b)2 + 1

4 (c + d )2

BS−→ 1
2

( − e2
0 + e2

1

) = 1√
2
(− |2, 0〉0 + |2, 0〉1). (8)

Compared to case (a), the exit port is switched from f to e. In
(c), phase plates are inserted in the lower arms of both right
and left sides. Photons in modes b and d are transformed to
−b and −d , respectively.

− 1
4 (a − b)2 + 1

4 (c + d )2 P−→ − 1
4 (a + b)2 + 1

4 (c − d )2

BS−→ 1
2

( − e2
0 − f 2

1

) = − 1√
2
(|2, 0〉0 + |0, 2〉1). (9)
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FIG. 5. Higher-dimensional HOM effect with directional con-
trol. Correlated photons, a0b0, are sent in from the circulators into
the first multiport. After the first multiport interaction, the incoming
photon pair splits into right-moving and left-moving two-photon am-
plitudes. The separately moving amplitudes are bunched at the beam
splitters on right and left sides. We can controllably switch between
four different output sites, and where the clustered output photons
appear depends on the location of the phase shifter P. In (a), no phase
plates are introduced, and the output biphoton amplitudes leave f0

and e1. The final state is 1√
2
(|0, 2〉0 + |2, 0〉1), meaning superposition

of two photons in mode f0 and two in mode e1. In case (b), the phase
shifter P = π is to the left, changing the relative phase between upper
and lower arms. Similarly in (c) and (d), other locations for the phase
shifters cause biphotons to leave in other spatial modes.

In (d), a phase plate is inserted in the lower arm of the right
side. A photon in mode d is transformed to −d .

− 1
4 (a − b)2 + 1

4 (c + d )2 P−→ − 1
4 (a − b)2 + 1

4 (c − d )2

BS−→ 1
2

(
f 2
0 − f 2

1

) = 1√
2
(|0, 2〉0 − |0, 2〉1). (10)

This demonstrates complete directional control of bipho-
ton propagation direction using only linear optical devices.
Directional control does not require changing splitting ratios
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FIG. 6. Delayed HOM effect. The two-photon amplitude transformation progresses in time from top to bottom. The distance traveled in a
single time step is indicated by vertical dashed lines. The original photons as well as photons in the target state are indicated using red circles.
The green striped circles indicate intermediate transformed state. The total number of photons are always two through out the transformations.
(a) Two multiports and beam splitters without phase shifters between the multiports. At the first step, the behavior is the same as for a single
multiport with beam splitters. The right-moving amplitude propagates through the second multiport, and left-moving amplitude propagates
through the beam splitter. The right-moving amplitude is delayed by one additional multiport transformation before a two-photon observation
probability will become available in spatial modes on the right. (b) Two multiports and beam splitters with a phase shifter P set at π between
multiports. When the P is present, the right-moving amplitude gains a relative phase between modes a1 and b1. Reflection occurs at the
multiport when the relative phase between the two is π . Therefore, the transformed amplitude reflects upon a second multiport encounter,
going back to the original state with opposite propagation direction. Reflection does not occur on this transformed left-moving amplitude,
therefore it continues to propagate leftward. The original left-moving amplitude becomes available for detection earlier than the transformed
left-moving amplitude.

at each linear optical device (BS and multiport) and occurs in
a lossless manner since no post-selection is required.

B. Delayed HOM effect

1. Delayed HOM effect without reflection

We introduce a phase shifter between two multiports as
in Fig. 6(b). Without the phase plate between two multi-
port devices, the photons behave exactly the same as in the
previous subsection. However, the phase shifter can change
propagation direction of right-moving amplitude to the left.
This reflection results in detecting HOM pairs only on the left
side, but with some delay between the two exiting amplitudes.
We start with the case without the phase shifter. The photon
insertion is the same as the previous case, coming from the

left side of the first multiport.

a0b0R
M−→ − 1

4 (a0 − b0)2
L + 1

4 (c0 + d0)2
R

T +BS, T−−−−−→ − 1
2 f 2

0L + 1
4 (a1 + b1)2

R

M−→ − 1
2 f 2

0L + 1
4 (c1 + d1)2

R
BS−→ − 1

2 f 2
0L + 1

2 e2
1R, (11)

where M, T, BS represents multiport, translation and beam
splitter transformation respectively. We use subscript R and
L to illustrate amplitudes propagating to the right or left. T
translates a photon amplitude by a single time step (for exam-
ple, 1

4 (c0 + d0)2 → 1
4 (a1 + b1)2). The second transformation

T + BS, T is read as applying T + BS on the first term and T
on the second term.
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The final state is

− 1
2 f 2

0L + 1
2 e2

1R = − 1√
2

( |0, 2〉0T0L − |2, 0〉1T1R

)
, (12)

where T0 is the time when the first biphoton amplitude
leaves the system and T1 is the exit time of the second. The
right-moving amplitude stays in the system longer than the
left-moving amplitude because of the extra multiport device
in the system, leading to time delay �T = T1 − T0.

2. Delayed HOM effect with reflection

When a π -phase shifter is inserted on one path between
the multiports, the right-moving amplitude gets reflected upon
the second multiport encounter. Instead of having two-photon
amplitudes on the right and left sides of the system, both
photon amplitudes end up leaving from the left. The HOM
effect still occurs but now with some delay between the two
amplitudes at the end of the BS. This is indicated in Fig. 6(b).

a0b0R
M−→ − 1

4 (a0 − b0)2
L + 1

4 (c0 + d0)2
R

T +BS, T +P−−−−−−→ − 1
2 f 2

0L + 1
4 (a1 − b1)2

R. (13)

The second transformation T + BS, T + P is read as applying
T + BS on the first term and T + P on the second term. Left-
moving photons leave before right-moving photons.

M−→ 1
4 (a1 − b1)2

L
P+T−−→ 1

4 (c0 + d0)2
L

M−→ 1
4 (a0 + b0)2

L
BS−→ 1

2 e2
0L. (14)

The final state,

− 1
2 f 2

0L + 1
2 e2

0L = − 1√
2
(|0, 2〉0T0L − |2, 0〉0T2L ), (15)

is now two HOM pair amplitudes, both on the left side of the
system, at output ports e0 and f0, with some time delay �T =
T2 − T0 between them. The first amplitude leaves port f0 at T0,
then the second leaves e0 and the time labeled T2.

IV. TRANSFORMATION PATTERN II: STATE
REDISTRIBUTION IN HIGHER-DIMENSIONAL SPATIAL

AND TEMPORAL MODES

A. State transformation and propagation

We have considered the case where the input photon state is
transformed by the multiport device right after photon inser-
tion in the previous section. Instead of using circulators, we
can transform the input state by the BS in advance and then
transform the state by using the multiport device. Even though
the Grover matrix spreads the input state equally in four direc-
tions, the end result preserves the original form of the input
state. We demonstrate a state redistribution property using
distinguishable and indistinguishable photons, meaning the
input state gets redistributed between right and left sides with-
out changing amplitudes. The propagation result is different
from the previous case. Consider sending two indistinguish-
able photons in the system. The input two photons have the
same polarization to make them indistinguishable. The input
photons are inserted from the left side of the beam splitter. The
beam splitter transforms the input state and propagates from
the left side to right side of the device without any reflections.
The amplitudes are transformed by the multiport device after
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FIG. 7. Quantum state redistribution with control of propagation
direction. We performed the same analysis as the higher-dimensional
HOM effect with direction control. By introducing phase shifters in
the system before beam splitters, we can change the exit direction
of the amplitudes. The starting state is e0 f0. The first beam splitter
transforms the input state, then they enter the multiport device. The
multiport transformed state goes through beam splitters on the right
and left sides. The final outcome has the same form as the input state.

the beam splitter transformation. This transformation splits
input photons into coupled right-moving and left-moving am-
plitudes. The coupled left-moving amplitudes reflected from
the first multiport counter propagates and transformed by the
first beam splitter from the right to the left. The right-moving
amplitude is transmitted without changes in amplitude. This
amplitude gets transmitted by the right-side beam splitter at
the end.

1. Indistinguishable photons

We examine the mathematical details on indistinguishable
photons in the system without circulators first. We consider
three cases by sending photons in spatial modes e and f. First,
we consider indistinguishable a pair of single photons from
spatial mode e and f.

eH0 fH0
BS−→ − 1

2

(
a2

H0 − b2
H0

)
M−→ − 1

2 (aH0 − bH0)(cH0 + dH0)

BS−→ −eH0eH1. (16)
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TABLE I. State transformations in a system with circulators. The first three states deal with indistinguishable photons by giving them the
same polarization. A state consisting of two single photons will become an HOM state. We analyzed HOM states as an initial state, and they
become either the HOM state or a two single-photon state. Distinguishable photons are also analyzed by introducing orthogonal polarizations.
The output states become coupled states meaning the original states are not preserved.

State transformation with circulators

Indistinguishable photons aH0bH0 → − 1
2

(
e2

H0 − e2
H1

)
HOM pair with +1 relative phase 1

2

(
a2

H0 + b2
H0

) → 1
2

(
e2

H0 + e2
H1

)
HOM pair with −1 relative phase 1

2

(
a2

H0 − b2
H0

) → −eH0eH1

Distinguishable photons aH0bV 0 → − 1
2

(
eH0 − eH1)(eV 0 + eV 1

)
Distinguishable HOM pair 1

2

(
a2

H0 ± b2
V 0

) → 1
4 {(eH0 − eH1)2 ± (eV 0 − eV 1)2}

HOM state with relative phase between two amplitudes equal
to +1 is considered here.

1
2

(
e2

H0 + f 2
H0

) BS−→ 1
2

(
a2

H0 + b2
H0

)
M−→ 1

4 (aH0 − bH0)2 + 1
4 (cH0 + dH0)2

BS−→ 1
2

(
e2

H0 + f 2
H1

)
. (17)

The input state is redistributed in a sense that one amplitude
is on the right side of the system and the other amplitude is
on the left side while maintaining the original structure of the
state.

HOM state with relative phase between two amplitudes
equal to −1 is considered here.

1
2

(
e2

H0 − f 2
H0

) BS−→ −aH0bH0

M−→ 1
4 (aH0 − bH0)2 − 1

4 (cH0 + dH0)2

BS−→ 1
2

(
e2

H0 − e2
H1

)
. (18)

In both cases, the output state is identical to the input state
except for the spatial modes.

2. Distinguishable photons

Now, we examine the case of distinguishable two photon
input. The procedure is identical to the previous case. We
begin with two distinguishable photons at each modes without
superposition.

eH0 fV 0
BS−→ 1

2 (aH0 − bH0)(aV 0 + bV 0)

M−→ − 1
2 (aH0 − bH0)(cV 0 + dV 0)

BS−→ −eH0eV 1. (19)

We examine the case of HOM states.

1
2

(
e2

H0 ± f 2
V 0

) BS−→ 1
4 (aH0 − bH0)2 ± 1

4 (aV 0 + bH0)2

M−→ 1
4 (aH0 − bH0)2 ± 1

4 (cV 0 + dH0)2

BS−→ 1
2

(
e2

H0 ± e2
V 1

)
. (20)

The control of exit location can be performed as well in
this scheme by introducing phase shifters in the system as
indicated in Fig. 7. This procedure does not destroy the re-
distribution property. There are four potential spatial modes

and by switching the phase shift before beam splitters, the
direction of propagation switches. The combinations are, (a):
(e0, f0) → (e0, e1), (b): (e0, f0) → (e0, f1), (c): (e0, f0) →
( f0, e1), and (d): (e0, f0) → ( f0, f1).

The result from the system with circulators is summarized
in Table I, the system without them is in Table II. In the
case of indistinguishable photons, the results are cyclic in
a sense that all three states can be produced by using the
other system. However, there is a significant difference when
distinguishable photons are considered.

B. Delayed state redistribution

We introduce the temporal delay effect as the higher-
dimensional HOM case by introducing a phase shifter
between two multiports.

1. Without reflection

When there is no phase shifter between the two multiports,
the result is identical to the system with a single multiport
from the previous section. The state transformation and prop-
agation is provided schematically in Fig. 8(a). The photons
are initially sent from the left side of the BS. The correlated
photons are transformed to HOM state through the BS.

e0 f0R
BS−→ 1

2

(
a2

0 − b2
0

)
R

M−→ − 1
2 (a0 − b0)L(c0 + d0)R. (21)

TABLE II. State transformations in a system without circulators.
The structure of the table is the same as the Table I. The first three
states deal with indistinguishable photons by giving them the same
polarization. The last two states handle distinguishable photons. The
output states preserve the same form as the input state. We start
the transformation from the system location 0, then the transformed
states are redistributed between location 0 and location 1. The result
shows coherent transportation of input states.

State transformation without circulators

Indistinguishable photons eH0 fH0 → −eH0eH1

HOM pair with +1 relative phase 1
2

(
e2

H0 + f 2
H0

) → 1
2

(
e2

H0 + e2
H1

)
HOM pair with −1 relative phase 1

2

(
e2

H0 − f 2
H0

) → 1
2

(
e2

H0 − f 2
H1

)
Distinguishable photons eH0 fV 0 → −eH0eV 1

Distinguishable HOM pair 1
2

(
e2

H0 ± f 2
V 0

) → 1
2

(
e2

H0 ± f 2
V 1

)
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FIG. 8. Delayed state redistribution. The two-photon amplitude transformation progresses in time from top to bottom. The distance traveled
in a single time step is indicated by vertical dashed lines. The total photon numbers are two in the system through out the propagation. At the
first step for both cases, the input two-photon state is transformed by the BS. The transformed state becomes the HOM state, and it is indicated
as red transparent overlapped circles occupying both modes. The initial and the final transformed state are indicated using solid red circles, and
intermediate states are indicated in striped yellow circles. (a) Two multiports and beam splitters without phase shifters between the multiports.
The HOM state enters the multiport and transformed taking the form of − 1

2 (a0 − b0 )(c0 + d0). The amplitudes are coupled, however, they
propagate without changing its amplitude. After several steps, the amplitudes occupying two rails converges to a single mode state after
transformation by beam splitters. The final state has the same form as the input state. (b) Two multiports and beam splitters with a phase shifter
P set at π between multiports. When the P is present, the right-moving coupled amplitude gains a relative phase between modes a1 and b1.
Reflection occurs at the multiport when the relative phase between the two is π . Therefore the transformed amplitude reflects upon a second
multiport encounter, going back to the original state with opposite propagation direction. Reflection does not occur on this transformed coupled
left-moving amplitude, therefore it continues to propagate leftward. The original left-moving amplitude becomes available for detection earlier
than the transformed left-moving amplitude.

The HOM state is transformed by the multiport device. This
state is in a coupled state because right-moving and left-
moving amplitudes are not separated. We propagate this state
through the BS on the left and translate the amplitudes moving
to the right.

BS,T−−→ − 1√
2

f0L(a1 + b1)R
M−→ − 1√

2
f0L(c1 + d1)R

BS−→ − f0T0Le1T1R (22)

The left-moving amplitude is transformed by the left BS while
right-moving amplitude propagates to the second multiport
device. We introduced temporal difference between the right-
moving and the left-moving photons.

2. With reflection

Reflection of amplitudes are introduced when there is a
phase shifter between two multiport devices as indicated in

063712-8
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Fig. 8(b).

e0 f0R
BS−→ 1

2

(
a2

0 − b2
0

)
R

M−→ − 1
2 (a0 − b0)L(c0 + d0)R

BS,T +P−−−−→ − 1√
2

f0L(a1 − b1)R (23)

The right-moving amplitude gains relative phase between
upper and lower rails, and this relative phase allows the am-
plitude to get reflected upon multiport encounter.

M−→ − 1√
2

f0L(a1 − b1)L
T +P−−→ − 1√

2
f0L(c0 + d0)L

M−→ − 1√
2

f0L(a0 + b0)L
BS−→ − f0T0Le0T2L (24)

The input photons do not have any delays between the two
at the beginning. The delay �T = T2 − T0 is introduced from
the reflection in the system.

V. CONCLUSION

We demonstrated higher-dimensional quantum state ma-
nipulation such as the HOM effect and state redistribution by
applying linear-optical four-ports realizing four-dimensional
Grover matrix accompanied by beam splitters and phase
shifters. Identical photons are sent into two of the four input-
output ports and split into right-moving and left-moving
amplitudes, with no cross terms to observe the HOM ef-
fect. This absolute separation of propagation direction without
mixing of right-moving and left-moving amplitudes insures
the photons remain clustered as they propagate through the
system. Variable phase shifts in the system allow the HOM
photon pairs to switch between four spatial output destina-
tions, which can increase information capacity. Time delays
between emerging parts of the clustered two-photon state
illustrating “delayed” HOM effect can be engineered using
two multiports. In addition, depending on the phase shifter
position, the propagation direction can be reversed so that
the right-moving amplitude can get reflected at the second
multiport, resulting in HOM pairs always leaving only from
the left side of the system and with a particular time-bin delay.
The same situations have been investigated in a system with-
out circulators. This system allows to redistribute the input
state between the right and the left side of the system without
changing amplitudes. The HOM effect and clustered photon
pairs are widely used in quantum information science. The
approach introduced here adds extra degrees of freedom, and
paves the way for applications that require control over the
spatial and temporal modes of the HOM amplitudes as they
move through one- and two-dimensional networks. We have
demonstrated two photon amplitude control in both spatial
and temporal modes. This two photon system can be ex-
tended to multiphoton input states, and manipulation of more
complex entangled states would be the next milestones to be
achieved.
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APPENDIX

In this Appendix, we briefly comment on the structure of
the transformations carried out by the apparatus with circula-
tors (Fig. 3) and without (Fig. 4). We assume all the input is
coming from the left side, and we look at the unitary matrix
that evolves the input for the amount of time required either to
transmit out the right side or to reflect back out the left side.
This will be represented by a six-by-six matrix: the first two
rows and columns represent the external lines on the left side,
the last two represent the external lines on the right side. The
middle two rows and columns represent the lines between the
two multiports. Some of the input will remain in this central
region initially, so these interior lines must be explicitly kept
in order to maintain unitarity.

Let U represent the single-photon evolution matrix with
circulators, as in Fig. 3, while V represents the same for the
case without circulators, Fig. 4. The difference in the two
cases is simply that for U the ingoing amplitudes bypass the
first beam splitter (but any left-moving output amplitude will
encounter it on the way out), while for V the amplitude on
the left will see the beam splitter both on the way in and the
way out.

The evolution matrices can be written as

U = (BS1P1)(BS2P2M2)M1P1 (A1)

V = (BS1P1)(BS2P2M2)M1P1BS1

= U · BS1. (A2)

Here BS1 and BS2 represent the left and right beam split-
ters, P1 and P2 represent the left and right phase shifters
(which can each be set to 0 or π ), and M1 and M2 represent
the left and right multiports. In the expression for U , the terms
in the first set of parentheses act on the amplitude that reflects
backwards from M1, while the terms in the second set act on
the portion of the amplitude transmitted at M1.

We attach subscripts (hence Uj and Vj) to indicate the
various cases discussed in the main text: j = 0 indicates that
all the phases are set to 0, j = 2 and j = 6 represent the
cases the phases are π in the lower left and lower right lines,
respectively, with all other phases zero. j = 26 indicates the
case with π at both lower lines, left and right. Then Uj and Vj

have the general forms:

Uj =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

Aj Bj
0 0
0 0

0 0
0 0

1
2 − 1

2

− 1
2

1
2

1
2

1
2

1
2

1
2

Cj
0 0
0 0

Dj

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (A3)

Vj =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

Ej Bj
0 0
0 0

0 0
0 0

1
2 − 1

2

− 1
2

1
2

1
2

1
2

1
2

1
2

Fj
0 0
0 0

Dj

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (A4)
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Depending on where the phase shifts are located, the A, B,
C, D matrices are always of one of the forms

±
(

0 0
1√
2

± 1√
2

)
or ±

( 1√
2

± 1√
2

0 0

)
. (A5)

The E and F submatrices always have one entry equal to ±1
and the other three entries vanishing, with the position of the
nonzero entry depending on the locations of the phase shifts
in the apparatus.

The corresponding matrices for two-photon transforma-
tions would be 36 × 36, and can be found by taking tensor
products of matrices of the forms above. Because of the dif-
ferent locations of the plus and minus signs in the A and B

submatrices, different phase shifter positions lead to different
combinations of constructive and destructive interference, and
therefore the output clusters in different pairs of exit ports, as
seen in the main text.

The expressions given in Eqs. (A3) and (A4) are lowest-
order approximations to the true transformation matrix.
Higher-order terms occur due to the possibility of the photon
amplitudes bouncing back and forth several times between
the two multiports. These higher-order terms are obtained
by replacing M2M1 in Eqs. (A1) and (A2) by higher iterates
(M2M1)n, with n > 1. For fixed input state, the amplitudes
at the outputs of these higher iterations will decay as n
increases.
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