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The Michelson interferometric phase detection resolution can be enhanced by replacing conventional
beam splitters with novel directionally unbiased four-port scatterers, such as Grover coins. We present a
quantitative analysis of the noise-to-signal ratio of sideband frequencies generated by gravitational-wave-
induced phase perturbations in a Grover-Michelson interferometer (GMI). We discuss the principles of
GMI signal enhancement and demonstrate how combining this configuration with additional light
recycling arrangements further enhances the performance.
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I. INTRODUCTION

Long-baseline, terrestrial laser interferometers such as
Advanced LIGO (aLIGO) in the U.S. and VIRGO in
Europe rely on minute displacements of suspended mirrors
to detect small perturbations to spacetime due to passing
gravitational waves (GWs) [1–4]. The noise-to-signal ratio
(NSR) of the frequency sidebands generated by such waves
depends on the power and storage time of the light inside
the device, dictating the smallest detectable GW amplitude
[5]. State-of-the-art detectors employ dual-recycled Fabry-
Perot Michelson interferometers [6–9], where power and
signal recycling mirrors are placed at the input and output
of the central beam splitter, respectively, and Fabry-Perot
cavities are placed in each arm of the Michelson interfer-
ometer to increase the effective path length and recirculat-
ing power. The broadband gain in sensitivity of a dual-
recycled interferometer is fixed by the finesse and loss of
light recycling cavities, while the amplitudes of the high-
frequency sidebands are limited by the storage time and
coherence length of the carrier wave [10,11]. In addition to
quantum shot noise, major contributions to signal noise
include the radiation pressure on the suspended end mirrors
due to the many kilowatts of recirculating power in the

cavities, frequency and intensity noise of the laser source,
and coating thermal noise (CTN) [12,13]. These noise
sources limit the sensitivity of terrestrial interferometers to
low-frequency GWs generated by compact binary systems,
supernovae, and pulsars [4]. Recent work by Krenn et al.
involved the digital discovery of GW detector topologies
with enhanced sensitivity compared to the state of the art by
using artificial intelligence and numerical optimization
[14]. The authors produced 50 successful designs that
tended to be resource heavy and governed by physics that is
less intuitive than in first-principles methods.
Another approach to designing new GW detectors

involves the use of novel interferometers based on direc-
tionally unbiased multiports, which support tunable sensi-
tivity by adjusting the positions of the two end mirrors
[15,16]. In such devices, the central beam splitter of,
e.g., a Michelson or Sagnac interferometer, is replaced
by a four-port Grover coin, which enables the coupling
between mirror arms by reflecting light back through
entry ports [17–20]. A recent benchtop demonstration of
a Grover-Michelson interferometer (GMI) showed an
increase in output sensitivity to differential arm length of
more than an order of magnitude compared to a conven-
tional Michelson interferometer [21].
As will be seen below, the optical power recirculating in

a GMI is proportional to the common and differential arm
lengths and can be increased by several orders of magni-
tude over the input power. In Sec. II, we discuss the
operating principle of a Grover-Michelson interferometer
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and derive the device’s cavity field equations. In Sec. III,
we present expressions for the amplitude and NSR of
sideband frequencies generated by GWs within a GMI and
compare them with those of a conventional MI. In Sec. IV,
we implement the FINESSE Python package to numerically
analyze the NSR of a GMI in the presence of radiation
pressure and compare it with that of a simplified layout of
aLIGO [22]. In Sec. V, we study how the performance of
the GMI can be enhanced with additional light recycling
configurations and show that both power and signal
recycling, separately, can achieve reductions in NSR
compared to a standard GMI at frequencies below
25 Hz. In Sec. VI, we discuss the practical aspects of
implementing a long-baseline GMI-based gravitational-
wave detector (GWD) and provide operational targets
for the laser frequency and intensity noise that will enable
the GMI’s enhancement in strain sensitivity.

II. GROVER-MICHELSON INTERFEROMETER

A. Operating principle

The central component in a Michelson interferometer is
the beam splitter, which can be thought of as a feedforward
or “directionally biased” four port, since a photon entering
one port can only exit two of the four available ports. In
contrast, a Grover coin provides input photons with equal
probabilities of exiting all four of the ports, including the
one through which it entered [15]. Thus, the Grover-
Michelson interferometer is constructed by replacing the
central beam splitter of a traditional Michelson interfer-
ometer with a Grover coin [21]. Figure 1 provides a
graphical representation of the distinction between scatter-
ing properties of the two components. The unitary matrix of
the beam splitter (BS) is represented in the four-mode basis
to highlight the feedforward behavior in contrast to the
directionally unbiased Grover coin.
The Grover coin scattering behavior is described by the

unitary operator G,

G ¼ 1

2

0
BBBB@

−1 1 1 1

1 −1 1 1

1 1 −1 1

1 1 1 −1

1
CCCCA; ð1Þ

where the minus signs along the diagonal result from
reflected photon amplitudes acquiring a π-phase shift, i.e.,
reversing their direction of propagation. Labeling the ports
a, b, c, d, then the Grover coin transforms an incoming
photon in, e.g., port a as follows:

Gâ†j0i ¼ 1

2
ð−â† þ b̂† þ ĉ† þ d̂†Þj0i; ð2Þ

where â† is the creation operator for a single photon in
mode a, and so on. Placing mirrors at two of the output

ports of the Grover coin results in a Grover-Michelson
interferometer, as shown in Fig. 2, where the reflections
in the Grover coin establish phase-dependent coupled
cavities.
Schwarze et al. demonstrated that a Grover coin can be

implemented in free space using a combination of two
balanced beam splitters and two mirrors [23]. This embodi-
ment is favorable in that it does not form any resonant
cavities within the coin and can be made broadband
and insensitive to polarization, depending on the beam
splitters used. Throughout this paper, we consider plane

FIG. 1. Graphical representation of the actions of a dielectric
beam splitter and a Grover coin. Their corresponding 4 × 4
unitary matrices are provided next to each graphic. The dielectric
beam splitter routes incoming photons from one input to two
output ports, with a relative phase determined by the orientation
of the dielectric film. Because of Fresnel reflectance, the output
amplitudes acquire a π-phase shift when incident on the film from
air and no phase shift when incident through the bulk of the
substrate. The Grover coin routes photons to all four output ports,
regardless of the input port. Output amplitudes acquire a π-phase
shift when reflected back to their input port.

FIG. 2. Abstract representation (left) and physical implemen-
tation (right) of a Grover-Michelson interferometer for gravita-
tional-wave detection. A Grover coin can be decomposed into a
combination of balanced beam splitters and mirrors with relative
phase shifts all set to 0 mod 2π. The end test masses (ETMs) in
the interferometer arms are suspended, weighing 40 kg each.
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monochromatic waves of a single polarization propagating
through a Grover-Michelson interferometer, where the
Grover coin is built with balanced, lossless, dielectric
beam splitters oriented such that the coated surfaces of
BS1 and BS2 face the internal mirrors M1 and M2,
respectively (see Fig. 2). The northern and eastern ports
of BS2 are connected to mirror-coated end test masses
(ETMs), which are mechanically suspended to sample the
effect of proper length distortion caused by passing GWs.
Defining the two cavities as north (N) and east (E), the
cavity relative field amplitude equations are (see
Appendix A for derivation)

ENðEÞ
E0

¼ ejθð1 − rEðNÞr2ejðϕEðNÞþϕ2ÞÞ
2 − r2ejϕ2ðrNejϕN þ rEejϕEÞ ; ð3Þ

where E0 is the incident carrier wave amplitude of wave-
length λ0 and wave number k0 ¼ 2π=λ0, j ¼

ffiffiffiffiffiffi
−1

p
is the

imaginary unit, rNðrEÞ and ϕN ¼ 2k0LNðϕE ¼ 2k0LEÞ are
the amplitude reflectance of the north(east) end mirrors and
round-trip phases accumulated in the north(east) arms of
lengths LNðLEÞ, respectively, r2 is the reflectivity of the
second internal Grover coin mirror, and ϕ2 ¼ 2k0L2 is the
round-trip phase accumulated in the internalmirrorM2path.
The normalized field transmitted through the bottom

output port of the Grover coin, Ẽt ¼ Et=E0, is (see
Appendix B)

Ẽt ¼
ej2θ

2

�
rNejϕN þ rEejϕE − 2r2rNrEejðϕ2þϕNþϕEÞ

r2ejϕ2ðrNejϕN þ rEejϕEÞ − 2

�

þ 1

2
r1ejϕ1 ; ð4Þ

where r1 is the amplitude reflectance of internal mirror M1
and ϕ1 ¼ 2k0L1 is the round-trip phase accumulated in the
M1 arm. In the case of a pure Grover coin, that is, a single
scatterer represented by (1), the values r1ejϕ1 ; r2ejϕ2 , and
ejθ are set to 1. In practice, operation of a GMI in this
configuration requires control of five different phases, three
internal to the coin, and two external. Assuming unit
reflectivity of the end mirrors, the transmitted field ampli-
tude becomes identical to that derived in [21] using the
quantum optical formalism,

Ẽt ¼
1

2

�
ejϕN þ ejϕE − 2ejðϕNþϕEÞ

ejϕN þ ejϕE − 2
þ 1

�
; ð5Þ

and similarly, the reflected field amplitude is

Ẽr ¼
1

2

�
ejϕN þ ejϕE − 2ejðϕNþϕEÞ

ejϕN þ ejϕE − 2
− 1

�
: ð6Þ

For input through the bottom port, the expressions for Ẽt

and Ẽr are swapped. Note that the complex term in (5) is

defined on the unit circle and can thus be represented by a
single phasor

ejγðϕN;ϕEÞ ≡ ejϕN þ ejϕE − 2ejðϕNþϕEÞ

ejϕN þ ejϕE − 2
ð7Þ

with the mapped nonlinear phase γðϕN;ϕEÞ defined as
argfejγg (see Appendix C),

γ ≡ atan2

�
sinΘ − sinϕN − sinϕE;

× cosΘ − cosϕN − cosϕE þ 1

2
½1þ cosϕ�

�
; ð8Þ

where Θ ¼ ϕN þ ϕE, ϕ ¼ ϕN − ϕE, and atan2 is the two-
argument arctangent. The transmitted and reflected electric
fields may be redefined in terms of γ as

Et

E0

¼ ejγ=2 cos

�
γ

2

�
;

Er

E0

¼ jejγ=2 sin

�
γ

2

�
: ð9Þ

We see from (9) that the interferometer is placed on a
bright fringe, or maximum transmission, whenever γ takes
on a value of 0 mod 2π, i.e., when the numerator in (8)
vanishes. This condition is met when the sum of the round-
trip phases in the northern and eastern arms is equal to 2πn,
n∈Z (see Appendix D). Figure 3 shows the function
γðϕN;ϕEÞ vs ϕE for different values of ϕN , along with the
transmitted intensity in the bottom port of the first beam

FIG. 3. Nonlinear phase function γðϕE;ϕNÞ and transmission
efficiency of a GMI vs the scanning phase, which, here, is the
round-trip phase of the eastern arm, ϕE. Each trace corresponds to
a different bias point of the round-trip phase in the northern
interferometer arm, ϕN . As the biasing phase is scanned, the γ
phase approaches a step function with respect to scanning phase,
and the transmission exhibits narrowing peaks at ϕE ¼ 2π − ϕN .
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splitter (BS1). The characteristic behavior of the Grover-
Michelson interferometer is shown, where one mirror arm
sets the shape of the response curve, while the other arm
scans along it. This can also be expressed in relative terms
by the smaller of the two differences in phases of maxima
and minima. We identify the minima with 2πn, but this is
arbitrary fixing of a global phase. Repeated scanning of one
phase allows determination of the other phase by locating
the transmission peak and width. This differs from the
behavior of the standard Michelson interferometer, where
the second phase simply translates the curve without
changing its shape [21]. It is important to note that, in
the presence of loss, there is a trade-off between the phase
resolution and the output power at the GMI transmission
port. At bias points of increasing sensitivity, the transmitted
power drops exponentially as a result of accumulated loss
in the interferometer cavities. This effect is depicted in
Fig. 4, where the plot in Fig. 4(a) shows the GMI behavior
for lossless mirrors at several bias points, and the plot
Fig. 4(b) shows the same for mirror transmission and loss
of 15 × 10−6 and 5 × 10−6, respectively. Although the
reduction in transmitted power at the detector presents a
challenge in locating the bright fringe, it allows the
interferometer to operate purely on the bright fringe
without the need to filter out residual pump light, as it
is already weak.

B. Conventional light recycling

Advanced LIGO implements a dual-recycled Fabry-
Perot Michelson interferometer, in which a 125 W laser
operating at 1064 nm is injected through the back side of a

power recycling mirror (PRM) and into the central beam
splitter [1]. Each arm has a Fabry-Perot cavity consisting of
suspended mirrors, the internal test mass (ITM), and ETM.
A signal recycling mirror (SRM) is placed at the antisym-
metric (dark) port of the interferometer.
The Michelson interferometer is operated at a small dc

bias from the dark fringe, rendering the MI portion a single
effective mirror with reflectivity proportional to the differ-
ential arm length. The Michelson mirror and PRM form a
Fabry-Perot cavity, commonly referred to as the power
recycling cavity, which allows laser power to build up and
amplify the sensitivity of the device to GW-induced
perturbations in the test masses [7]. The Fabry-Perot
cavities increase the effective path length, recirculating
power, and storage time of light in the arms. Proper control
of the SRM position allows a single sideband frequency to
resonate between the MI output and the SRM, increasing
the signal power by constructive interference [6]. The
optical layout diagram for the aLIGO benchmark consid-
ered in this study is provided in Fig. 5.

III. SIGNAL SIDEBANDS IN A GROVER-
MICHELSON INTERFEROMETER

Assuming a simple sinusoidal modulation due to an
hþ-polarized GW, the phase accumulated by light along
the path of a harmonic spacetime distortion is given in
Ref. [6] as

ϕ ¼ k0L ∓ ω0

2

Z
t

t−L=c
h0 cosðωgwtþ ϕgwÞdt ¼ k0L ∓ δϕ;

ð10Þ

where δϕ is the phase modulation,

δϕ¼h0ω0

ωgw
cos

�
ωgwtþϕgw−ωgw

L
c

�
sin

�
ωgw

L
2c

�
; ð11Þ

FIG. 4. Normalized GMI transmission vs eastern arm phase ϕE
at various ϕN bias points in the (a) absence and (b) presence of
loss in all of the mirrors. Mirror loss has the effect of reducing
transmission at the bright fringe and broadening the peak with
respect to the scanning phase.

FIG. 5. Optical layout diagram for the simplified aLIGO
configuration evaluated in our numerical study. PRM and
SRM have power transmittances of 3% and 20%, respectively.
ETMs are set to a relative phase of π − 0.00025° to bias at the
dark fringe. The ITMs have a power transmittance of 1.4%, and
the interferometer arms are 4 km long.
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and h0, ωgw, and ϕgw are the gravitational-wave strain
magnitude, frequency, and phase, respectively. Note that
strain, h ¼ δL=L, is a unitless quantity. Phase modulation
induces new sideband frequencies with wave number
kgw ¼ ωgw=c that exit the interferometer and can be
detected by operating at a small offset from the dark fringe
and demodulating the photodetector beat signal at the
gravitational-wave frequency [24]. The practice of operat-
ing at a small offset, or “dc bias,” from the dark fringe is
referred to as dc readout [25] and will be considered
exclusively throughout this paper. Alternative approaches
that bias the device purely on the dark fringe include
homodyne readout using a local oscillator that beats
together with the interferometer output, or heterodyne
readout, which involves modulating the input carrier before
the interferometer to generate a high-frequency sideband
that mixes with GW-generated sidebands [26].
In the case of a GMI operating at a point of strong cavity

coupling, the carrier field in the arms and the output
amplitudes of the sidebands are amplified by the magnitude
of the average recirculating cavity power. This increases the
effective number of times the carrier wave bounces off the
end mirrors, similar to the effect of adding a power
recycling mirror to a conventional MI, and it is variable
by tuning the bias phases. The transfer function from a
gravitational-wave signal to the output photodiode signal in
a GMI, TGMðωgwÞ, is the same as that of the MI multiplied
by the cavity field magnitude [cf. Eq. (5.41) in Ref. [24] ],

TGMðωgwÞ ¼
P0jEcjω0

ωgw
sinðk0δoffÞ sin

�
ωgwL̄

c

��
W
h

�
; ð12Þ

where L̄ ¼ ðLN þ LEÞ=2 is the common arm length. Note
that gravitational waves with frequencies that are integer
multiples of 2πc=L̄ interfere destructively in the interfer-
ometer due to the quadrupolar nature of the radiation. The
field Ec ¼ ðEN − EEÞ=2E0 is the average of the two cavity
relative field amplitudes; the minus sign arises because in
each cavity one of the recirculating fields reflects off the
Grover coin back into the same cavity, while the other
cavity field transmits through it. The power at the detector
that is linear in h is also linear in both the input laser power
and the magnitude of the cavity field enhancement [27].
Assuming unit reflectance in mirror M2, round-trip phase
ϕ2 ¼ 0, and identical test-mass mirrors with amplitude
reflectance r ¼ ffiffiffiffi

R
p

, the power enhancement gain factor G
for a given bias point ϕN ¼ −ϕE ¼ �θ can be written as

GðθÞ ¼ R sin2 θ
2þ 2R cos2 θ − 4R cos θ

: ð13Þ

In principle, G depends on ωgw since ϕN;E ¼ 2k0LN;E � δϕ
where δϕ ∝ ωgw, but the strain h is on the order of 10−21,
which has negligible effect on the phase of the carrier wave,

so G is a broadband quantity similar to the gain factor in
power recycling.
The minimum detectable strain amplitude of a gravita-

tional wave is quantified by the NSR of the sideband
amplitudes exiting the interferometer. The shot-noise-lim-
ited NSR for the GMI is [cf. Eq. (6.21) in Ref. [24] ]

NSRGM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ℏ

ω0P0G

s
ωgw

sinðωgwL̄=cÞ
�

hffiffiffiffiffiffi
Hz

p
�
; ð14Þ

which is a factor of 1=
ffiffiffi
G

p
smaller than that of a conven-

tional MI. Note that, in the presence of mirror loss, a full
treatment in the two-photon formalism, established by
Caves and Schumaker [28–30] and applied to GW detec-
tors by Buonanno and Chen [31] and Corbitt et al. [32],
would be required. A complete derivation of the NSR of a
lossy GMI is beyond the scope of this work, but the method
is implemented in the FINESSE software. The solid lines in
Fig. 6 show the results of Eqs. (12) and (14) compared to
their counterparts for a standard MI [Eqs. (5.41) and (6.21)
in Ref. [24] ].
The GMI was biased at a round-trip phase of

ϕN ¼ −ϕE ¼ 0.06°, which was empirically found to pro-
vide strong sensitivity and bandwidth. In this configuration,
the Grover-Michelson interferometer is more than 3 orders
of magnitude more sensitive than a standard Michelson

FIG. 6. Magnitude (top) and noise-to-signal ratio, or strain
sensitivity (bottom), of the GW transfer function amplitude for a
Grover-Michelson and a Michelson interferometer with 4 km arm
lengths, input power of 125 W, and lossless, stationary end
mirrors. In each scenario, a small dc offset bias on the order of
1 mrad is employed to allow signal extraction. Solid red lines
indicate the analytical results of Eqs. (12) and (14) for the GMI
biased at ϕE ¼ −ϕN ¼ 0.06°.
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interferometer without light recycling. To confirm the
validity of the analytical equations, we simulated the
GMI using the Python interface for the open source inter-
ferometer simulation program FINESSE (frequency-domain
interferometer simulation software). The software calcu-
lates noise by propagating the quantum vacuum field from
all the open ports in the interferometer to the readout using
the transfer matrix method [22]. The numerical data are
shown by the dashed lines and agree well with the
analytical values.

IV. NUMERICAL COMPARISON OF GROVER-
MICHELSON WITH ALIGO

Because of the extremely small strain amplitudes asso-
ciated with GW radiation, mechanical noise in suspended
test masses dominates the sensitivity spectrum at levels
beyond the shot-noise limit. Radiation pressure noise is

particularly strong at low frequencies and is proportional to
the power recirculating in the arm cavities and the masses
of the suspended mirrors [24]. To quantify this effect, we
simulated the GMI in FINESSE to compare it with the
advanced LIGO interferometer as a baseline. We used the
parameters in the FINESSE example file for aLIGO [24] for
both interferometers, which include a 1.064 μm laser
power of 125 W and 40 kg test masses with 1 × 106 Q
resonances at 1 Hz.
In all the GMI settings considered, the phases are such

that ϕE ¼ −ϕE − δoff , where δoff is a dc offset bias. In the
left column of Fig. 7, we set δ ¼ 0°, and in the right
column, we set δ ¼ 0.001°. In both the lossless and lossy
cases, the ϕN bias point provides a tunable response with
enhancements over the aLIGO benchmark. With lossless
mirrors, the GMI can provide a broadband enhancement of
over an order of magnitude at higher frequencies with zero
offset bias and lower frequencies with a small offset. This
behavior is reminiscent of tuned recycling [6]. With lossy
mirrors, the GMI can provide narrow band enhancements
below 30 Hz and a tunable notch that narrows as the bias
point approaches ðϕN;ϕEÞ ¼ ð0; 0Þ, and the small offset
has a negligible effect. The reason for the reduced sensi-
tivity in the GMI compared to aLIGO in the presence of
mirror transmission is due to the fact that the lossy GMI has
more open ports through which vacuum fluctuations can
enter and contribute to noise. In principle, a single-
component Grover coin would not experience this effect,
as it would have the same number of open ports as aLIGO
and perhaps be more robust to loss in the end mirror
coatings.

V. ENHANCING GMI PERFORMANCE FURTHER
WITH LIGHT RECYCLING CONFIGURATIONS

To evaluate whether GMI performance could be
improved, we investigated its combination with several
light recycling schemes numerically using FINESSE.
Optical layout diagrams and corresponding strain sensi-
tivities for power recycling (PR), signal recycling (SR),
and dual recycling (DR) in a GMI are shown in
Fig. 8. We implemented the same laser power, mirror
parameters, and radiation pressure effects as in Fig. 7,
with ϕE ¼ −ϕN ¼ 0.2°.
The PRM power transmission was set to 0.1% in the PR

configuration to maximize low-frequency enhancement
and set to 3% in the DR configuration to match the
PRM transmission in the aLIGO configuration. The
SRM power transmission was set to 20% to match that
of the aLIGO configuration. In each plot, the standard GMI
and aLIGO benchmark are included for comparison. We
also show the effect of switching the first Grover coin
internal mirror M1 between relative phase shifts of ϕ1 ¼ 0°
and 180°, i.e., between transmitting and reflecting behavior.
The addition of a power recycling mirror to the GMI

provides a quantum-limited strain sensitivity of less than

FIG. 7. Top: optical layout diagrams of the Grover-Michelson
interferometer and simplified aLIGO configuration. Bottom:
comparison of strain sensitivity in the presence of radiation
pressure noise for aLIGO and various settings of the GMI bias
point (a), (b) without mirror losses and (c), (d) with 15 × 10−6

power transmission and 5 × 10−6 power loss in the mirrors. For
each GMI configuration, ϕE is always biased to the point
2π − ϕN . In all cases, we consider lossless, balanced beam
splitters, a laser power of 125 W, and radiation pressure noise
effects.
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3 × 10−23 ½h= ffiffiffiffiffiffi
Hz

p � at frequencies in the range
∼1 – 300 Hz, which is an improvement over the aLIGO
configuration at frequencies below 20 Hz by up to 2 orders
of magnitude. Signal recycling provides a slight improve-
ment over the standard GMI at frequencies below 1 kHz.
For dual recycling, there is only a modest improvement in
10−22 ½h= ffiffiffiffiffiffi

Hz
p � at frequencies between 1 and 20 Hz com-

pared to both aLIGO and the standard GMI, although it is
possible that we did not consider optimal recycling mirror
parameters such as transmittance and phase.
In the case of power recycling, signal enhancement

occurs when the GMI is in reflective mode (ϕ1 ¼ 180°),
establishing a Fabry-Perot cavity between the PRM and the
GMI, as in conventional power recycling. In the SR
configuration, this enhancement occurs when the GMI is
highly transmissive to the carrier (left) input and reflective
to the recycled (bottom) input, thereby establishing a
Fabry-Perot cavity between the SRM and the GMI.
Reduction in sensitivity at high frequencies is likely the
result of the storage time in the nested cavities exceeding
the finite coherence time of the pump laser.

VI. PRACTICAL CONSIDERATIONS FOR A
LONG-BASELINE GMI

Until now, only a benchtop implementation of the GMI
has been demonstrated [21], raising valid questions about
its viability as a long-baseline GW detector. State-of-the-art
mirror positioning and feedback are implemented in
modern GW detectors to ensure that the cavity test masses
are controlled within 0.1 pm rms, and beam pointing is
controlled within approximately 10 nrad rms to avoid
coupling to higher-order transverse modes [33–35]. This
level of control would be sufficient to implement a GMI-
based detector with a bias point of 0.001° relative phase, or
about 3 pm. The mirrors in a light-recycled Michelson
interferometer typically have a slight curvature to minimize
transverse mode coupling, so a GMI would require the
same for all mirrors in the device.
The simplified aLIGO configuration considered here

requires positioning of the PRM, SRM, beam splitter, and
two suspended mirrors in each cavity, or seven compo-
nents. A GMI would require positioning M1, M2, both
beam splitters, and the two suspended test masses, or six
components, with an optional seventh if a PRM or SRM is
implemented. In practice, all major components of aLIGO
are suspended to isolate them from seismic and thermal
noise. The same case would apply to a GMI, though the
entire Grover coin assembly could be mounted on the same
suspension platform, as if it were a single component.
With current state-of-the-art mirror coatings [36], a

scaled version of the GMI could provide enhanced sensi-
tivity in the sub-50-Hz range, especially if a PRM is used.
To enable the full range of tunable sensitivity enhancement,
i.e., the data displayed in the top row of Fig. 7, mirror
transmission and loss on the order of 10−8 would be
required. Although this is outside the current capabilities
of most coating vendors, the field is constantly reducing
loss through advancement in materials science and fab-
rication methods.
In this study, we did not consider squeezed vacuum

inputs, although it is straightforward to analyze numerically
and provides a reduction in quantum shot noise, regardless
of the layout of the interferometer [28].
An important feature for the practical implementation of

a GMI for GW detection is that, for a given ϕN bias, setting
ϕE ¼ −ϕN places the interferometer on a “bright fringe.”
Ideally, the intensity of the carrier wave at the output is
small to avoid detector saturation, which is why the
interferometer is conventionally biased a small way off
the “dark fringe.” For a small ϕN bias in a GMI, the
transmission drops off exponentially from the bright fringe,
so a small dc offset in ϕE from this point also provides low
carrier intensity at the detector while maintaining strong
sensitivity to path-length distortions. Alternatively, the
GMI transmission behavior can be converted to reflection
by biasing the first internal mirror M1 to a point of round-
trip phase ϕ1 ¼ π so that the device can be biased off a dark

FIG. 8. Optical layout diagrams and numerically simulated strain
sensitivity spectra of (a) power-, (b) signal-, and (c) dual-recycled
GMI. StandardGMI and aLIGOperformances are shown in red and
black on each plot, respectively. Each interferometer was simulated
with internal Grover coin phase ϕ1 set to 0° and 180°, displayed in
blueandgreen, respectively.Radiationpressure is taken intoaccount
for each trace, and each mirror possesses a power loss of 5 × 10−6.
Thepower transmissionof thePRMis0.1%for thePRconfiguration
and 3% for the DR configuration. The SRM power transmission is
20% inboth theSRandDRdevices.TheGMIbiaspoint in each case
is (ϕN;ϕEÞ ¼ ð0.2°;−0.2°Þ.
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fringe. Alternative approaches to removing unwanted
strong carrier light include the use of a Fabry-Perot cavity
at the output of the device [37].

A. Laser frequency and intensity noise

As a result of the GMI performance strongly depending
on both the common and differential arm lengths, it does
not possess the same common-mode suppression as con-
ventional Michelsons interferometer do. Thus, a GMI-
based GWD would require a laser source with reduced
intensity and frequency noise beyond what is achieved in
aLIGO’s prestabilized laser (PSL) system, which involves
three stages of optical feedback and control loops [38]. The
final control stage of the PSL in aLIGO involves locking
the laser frequency to the 4 km arm length using in- and
out-of-loop detectors. A similar control scheme for the
GMI is envisioned where the in-loop detection occurs
between the two beam splitters of the Grover coin.
Laser noise refers to fluctuations in the instantaneous

frequency or intensity of the carrier laser, which can appear
as differential phase fluctuations in the arms and over-
whelm the gravitational-wave signal. The out-of-loop laser
frequency and intensity noise, i.e., the remnant noise
propagating through the interferometer after the control
loops, are on the order of 10−6 Hz=

ffiffiffiffiffiffi
Hz

p
and 10−9 W=

ffiffiffiffiffiffi
Hz

p
at 100 Hz, respectively, according to data published from
aLIGO’s third and fourth observing runs [39,40]. To
compute the laser frequency and intensity noise budgets
in a GMI GWD, the transfer function was calculated for
each, multiplied by their reported power spectral densities
(PSDs), and divided by the gravitational-wave signal to
obtain units of strain=

ffiffiffiffiffiffi
Hz

p
.

Figure 9 displays the contributions of laser and fre-
quency noise to the strain sensitivity spectrum of a GMI
GWD compared to those of aLIGO. Laser frequency
noise is represented by dashed lines, intensity noise is
shown by dotted lines, and the quantum limit including
radiation pressure is shown by solid lines. The operating
points of the GMI considered here are ðϕN;ϕEÞ ¼
ð0.02°;−0.02° − δoffÞ, where the offset δoff is 0° in
Fig. 9(a) and 0.0001° in Fig. 9(b), to demonstrate the
effect of laser noise in the high- and low-frequency
operating modes of the GMI, respectively.
The red dashed and dotted lines represent laser noise

contributions from the reported out-of-loop values of
aLIGO. The blue traces represent noise generated by
reduced out-of-loop noise values that would enable
enhancements in GW strain sensitivity in the GMI. The
out-of-loop laser frequency noise required to enable GW
detection in a GMI is 2 orders of magnitude lower than that
published in the third and fourth aLIGO observation runs.
The out-of-loop intensity noise required to achieve the
same effect is a factor of 6 lower than that reported.
Obviously, such a reduction in laser frequency noise would
require considerable advancement in laser stabilization

technology, which presents the greatest hurdle to enabling
the use of a GMI as a long-baseline gravitational-wave
detector.

B. Coating thermal noise

Another source of noise in GW detectors is the random
thermal motion in the mirror suspensions, substrates, and
optical coatings. The coating thermal noise due to
Brownian motion is particularly dominant at low frequen-
cies and eclipses the quantum noise of aLIGO near 100 Hz.
The mirror coatings are based on Bragg reflectors, com-
prising many layers of alternating high and low refractive
index, to create highly reflective surfaces. To quantify the
effect of CTN in the GMI, we used the PSD of total thermal
noise, including substrate and coating noise reported in
Ref. [41], which was estimated to be

ffiffiffiffiffiffiffiffiffiffi
SCTN

p
¼ 1.13 × 10−20

�
100 Hz

f

�
0.45 mffiffiffiffiffiffi

Hz
p : ð15Þ

FIG. 9. Noise budget for practical and targeted out-of-loop
laser source noise in a GMI GWD. GMI bias points used
to generate data were (a) ðϕN;ϕEÞ ¼ ð0.02°;−0.02°Þ and
(b) ð0.02°;−0.0201°Þ. Coating transmission and loss values were
set to 15 × 10−9 and 5 × 10−9, respectively, to demonstrate
performance limit.
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This is multiplied by the ratio of transfer functions between
the single mirror motion and differential mirror motion in
each interferometer, which is essentially unity at all
frequencies. To obtain units of strain, we divide by the
cavity length of 4 km. The results of CTN in a GMI GWD
and aLIGO are presented in Fig. 10, where the coating
noise is in dashed lines and the quantum noise is in solid
lines. The same GMI bias points were used as in Fig. 9, and
coating transmission and loss values were set to 15 × 10−9

and 5 × 10−9, respectively. The data suggest that the CTN
is sufficiently subdominant to enable the low-frequency
sensitivity enhancement in the GMI, but is dominant at
frequencies below 3 kHz in the high-frequency GMI
setting. At frequencies above 300 Hz, the total sensitivity
can still provide an advantage over aLIGO.

C. Power handling considerations

Because of the high recirculating powers in interferom-
eters such as the GMI and dual-recycled Fabry-Perot (FP)
MI, thin-film coating damage and thermal lensing must be
avoided to maintain device uptime and stable operation.
Table I provides the simulated steady-state power levels
incident on critical components in the GMI and aLIGO.
The GMI bias point used to generate the data was the same
as in the previous three figures. The powers at both internal
and external cavity mirrors in aLIGO are the same for the
northern and eastern arms, so the entries in the table are
simply labeled “ITM” and “ETM” for brevity.
The recirculating power in the Fabry-Perot arm cavities

of aLIGO is on the order of 2 × 106 W, or 2 MW. In the
GMI, the recirculating power increases as the round-trip
phase in both arms approaches 0 mod 2π and is
unbounded, in principle, provided that an infinite number
of round trips is obtained. For example, monitoring the

power incident on the Grover coin mirror M2 in a FINESSE

simulation yields a value of 200 MW for a GMI set to the
bias point used in Figs. 9 and 10. Note that, in such a
simulation, only plane waves are considered.
In practice, however, transverse mode coupling and loss

in the optical components will limit the achievable number
of round trips. Setting the coating loss to levels of 10−8 for
all components in the GMI allows the same GW sensitivity
as with lossless components, but the recirculating power
drops to the same 2 MW level as in the FP arm cavities
of aLIGO.
To avoid coating damage and minimize thermal lensing

in aLIGO, thin-film coatings are deposited by ion-beam
sputtering, which is known to produce dense films with low
absorption loss, high laser damage thresholds, and low
thermal noise [41]. Large beams are also used to minimize
power density and reduce Brownian noise in the coatings
[41]. The same protocols would be required for the GMI,
and a larger beam radius may be needed to ensure that the
high power at the second Grover coin beam splitter, BS2,
does not cause considerable thermal lensing.

VII. CONCLUSION

Through a physics-first approach, we derived the
coupled cavity equations in a Grover-Michelson interfer-
ometer to determine the optimal bias points for achieving
high recirculating power inside the interferometer. It has
been shown through numerical simulation that the GMI has
the potential to provide an advantage in strain sensitivity
compared to aLIGO at frequencies below 30 Hz or in the
100 Hz–10 kHz range, which is tunable based on the
biasing point. The range of low-frequency performance can
be broadened by adding a power or signal recycling mirror
and switching the GMI to reflective or transmissive
behavior, respectively. The novelty of this device is that
it has the potential to achieve state-of-the-art sensitivity to

FIG. 10. Noise budget for total coating thermal noise in a
GMI GWD compared with that of aLIGO. The reported CTN
spectrum from aLIGO’s fourth observing run was used as input.
Data for the GMI were generated using a bias point of
(ϕN , ϕEÞ ¼ ð0.02°;−0.02° − δoff ), where δoff ¼ 0° in (a) and
0.0001° in (b).

TABLE I. Steady-state power levels incident on critical com-
ponents in a GMI and aLIGO for 125 W of input laser power,
calculated using power detectors in FINESSE. The GMI bias point
is ðϕN;ϕEÞ ¼ ð0.02°;−0.0201°Þ. A small amount of loss on the
order of 10−8 is applied to each of the components in both the
GMI and aLIGO, representing “lossless” performance without
allowing the calculated cavity powers to approach unrealistic
values.

Grover-Michelson

BS2 (MW) M2 (MW) ETMN (MW) ETME (MW)

2.52 2.52 1.25 1.27

Advanced LIGO

BS (kW) PRM (kW) ITM (MW) ETM (MW)

16.4 16.4 2.33 2.33
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gravitational waves without the need for Fabry-Perot
cavities in the arms, provided the laser source frequency
and intensity noise can be sufficiently suppressed.
In the ongoing design of novel GW detectors, direc-

tionally unbiased multiports provide a new suite of tools to
improve the sensitivity of these devices. The phase tuna-
bility of the GMI can provide a new benefit compared to
standard light recycling techniques, which require modifi-
cation of the mirror coatings or variable reflectivity
recycling mirrors to achieve modular behavior. As thin-
film mirror coating technology progresses to the point of
10−8 level loss figures and laser noise is continually
optimized, the GMI will provide a strong alternative to
the current state of the art in GW detection. Future work
may be conducted to demonstrate the noise characteristics
of a benchtop GMI system at higher modulation frequen-
cies, along with analysis of different noise reduction and
readout strategies.
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APPENDIX A: DERIVATION OF GMI CAVITY
FIELD AMPLITUDES (3)

A Grover coin can be decomposed into two Y couplers,
each of which is composed of a beam splitter and a mirror
placed at the reflective port [23]. The transfer matrix for a
lossless, balanced dielectric beam splitter is

1ffiffiffi
2

p
�
1 1

1 −1

�
; ðA1Þ

where the negative sign is the result of Fresnel reflectance
at the air-film interface. The action of a mirror on an
amplitude simply adds a coefficient of −r, or rejπ, where r
is the amplitude reflectivity of the mirror. Consider a field
E0 incident on the left port of the Grover coin in Fig. 2.
After being transmitted through the first beam splitter and
traversing the space between the two beam splitters, the
field is now Ẽ0 ¼ E0ejθ=

ffiffiffi
2

p
. This amplitude impinges

on the second beam splitter, routing it into the northern
and eastern arms of the interferometer, reflecting off the
mirrors back to the beam splitter. Depending on the round-
trip phase in each arm, the amplitudes can recombine
coherently to either exit the device or remain inside
by reflecting back and forth between the end mirrors
and the internal Grover coin mirror M2, or some

combination of the two. The fields in the cavities are
coupled as follows:

EN ¼ Ẽ0ffiffiffi
2

p þ
�

1ffiffiffi
2

p
�

2

ð−rNÞð−r2ÞejðϕNþϕ2ÞEN

þ 1ffiffiffi
2

p
�
−

1ffiffiffi
2

p
�
ð−rEÞð−r2ÞejðϕEþϕ2ÞEE; ðA2Þ

EE ¼ Ẽ0ffiffiffi
2

p þ
�
−

1ffiffiffi
2

p
�

2

ð−rEÞð−r2ÞejðϕEþϕ2ÞEE

þ 1ffiffiffi
2

p
�
−

1ffiffiffi
2

p
�
ð−rNÞð−r2ÞejðϕNþϕ2ÞEN: ðA3Þ

Collecting like terms results in

EN ¼ E0ejθ − rEr2ejðϕEþϕ2Þ

2 − rNr2ejðϕNþϕ2Þ ; ðA4Þ

EE ¼ E0ejθ − rNr2ejðϕNþϕ2Þ

2 − rEr2ejðϕEþϕ2Þ : ðA5Þ

Substituting (A5) for EE in (A4) and solving for EN,

EN ¼ E0ejθð1 − r2rEejðϕEþϕ2ÞÞ
2 − r2ejϕ2ðrEejϕE þ rNejϕN Þ : ðA6Þ

Substituting (A4) for EN in (A5) and solving for EE,

EE ¼ E0ejθð1 − r2rNejðϕNþϕ2ÞÞ
2 − r2ejϕ2ðrEejϕE þ rNejϕN Þ : ðA7Þ

APPENDIX B: DERIVATION OF GMI
TRANSMISSION (4)

The field transmitted at the output port of the Grover
coin, i.e., the bottom port of BS1, is a coherent super-
position of the field returning from the first mirror M1 and
the one returning from the input port of BS2,

Et ¼
1

2
½E0r1ejϕ1 þ ð−rNÞejϕNEN þ ð−rEÞejϕE �: ðB1Þ

Substituting (A6) for EN and (A7) for EE, this becomes
(after normalizing to E0)

Et

E0

¼ ej2θ

2

�ðrNejϕN þ rEejϕE − 2rNrEr2ejΦÞ
r2ejϕ2ðrNejϕN þ rEejϕEÞ − 2

�
þ r1ejϕ1

2
;

ðB2Þ

where Φ ¼ ϕN þ ϕE þ ϕ2. The field reflected from the
GMI is the same but with a minus sign in front of the
final term due to the orientation of the dielectric beam
splitter, i.e.,
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Er

E0

¼ ej2θ

2

�ðrNejϕN þ rEejϕE − 2rNrEr2ejΦÞ
r2ejϕ2ðrNejϕN þ rEejϕEÞ − 2

�
−
r1ejϕ1

2
:

ðB3Þ

APPENDIX C: DERIVATION OF GMI PHASE
FUNCTION (8)

The argument of (7) is defined as γðϕN;ϕEÞ ¼
atan2ðℑfejγg;ℜfejγgÞ, where ℑf·g and ℜf·g denote the
imaginary and real parts of f·g, respectively. The complex
ratio in ejγ can be rewritten as nd�=dd�, where n is the
numerator and d the denominator. This gives

ðejϕN þ ejϕE − 2ejðϕNþϕEÞÞðe−jϕN þ e−jϕE − 2Þ
jejϕN þ ejϕE − 2j2 : ðC1Þ

The argument then becomes atan2ðℑfnd�g;ℜfnd�gÞ,
since the common real denominator dd� cancels out.
Using Euler’s identity 2 cos x ¼ ðejx þ e−jxÞ, the numer-
ator simplifies to

2þ 2 cos ðϕN − ϕEÞ þ 4ðejðϕNþϕEÞ − ejϕN − ejϕEÞ: ðC2Þ

Using Euler’s identity again, ejx ¼ cos xþ j sin x, the
nonlinear phase is

γðϕN;ϕEÞ ¼ atan2

�
sinΘ − sinϕN − sinϕE; cosΘ − cosϕN − cosϕE þ 1

2
ð1þ cosϕÞ

�
; ðC3Þ

where Θ ¼ ϕN þ ϕE and ϕ ¼ ϕN − ϕE.

APPENDIX D: GMI TRANSMISSION MAXIMA

Since the transmitted intensity is proportional to cos2ðγ=2Þ, there will be transmission maxima whenever the numerator in
(8) takes on a value of 0 mod 2π. Using the identity sinðxþ yÞ ¼ sin x cos yþ cos x sin y, the numerator can be rewritten as

sinϕN cosϕE þ cosϕN sinϕE − sinϕN − sinϕE

¼ sinϕNðcosϕE − 1Þ þ sinϕEðcosϕN − 1Þ: ðD1Þ

Applying the identity cosð2xÞ − 1 ¼ −2 sin2 x, we have

−2 sinϕN sin2
�
ϕE

2

�
− 2 sinϕE sin2

�
ϕN

2

�
: ðD2Þ

The identity sinð2xÞ ¼ 2 sin x cos x yields

− 4 sin

�
ϕN

2

�
cos

�
ϕN

2

�
sin2

�
ϕE

2

�
− 4 sin

�
ϕE

2

�
cos

�
ϕE

2

�
sin2

�
ϕN

2

�

¼ −4 sin
�
ϕN

2

�
sin

�
ϕE

2

��
sin

�
ϕE

2

�
cos

�
ϕN

2

�
þ sin

�
ϕN

2

�
cos

�
ϕE

2

��
: ðD3Þ

Implementing the first identity again yields the condition
for transmission extrema,

−4 sin
�
ϕN

2

�
sin

�
ϕE

2

�
sin

�
ϕN þ ϕE

2

�
¼ 0: ðD4Þ

The trivial solutions ϕN ¼ 0 mod 2π and ϕE ¼ 0 mod 2π
are spurious zero crossings in γ; they produce γ ¼ 0 but
physically constitute destructive interference at the output
port with the amplitude returning to BS1 from M1. This is
seen in (4) where, setting ϕE ¼ 0 for a finite ϕN , the
transmitted field is

Ẽt ¼
1

2

�
1 − ejϕN

ejϕN − 1
þ 1

�
¼ 0: ðD5Þ

The condition ϕE ¼ −ϕN produces the transmission
maxima observed in Fig. 3, where the two cavities
contribute to the resonance symmetrically. However, it is
important to note that this is in the case of balanced beam
splitters and round-trip phases of ϕ1, ϕ2, and θ all set to
values of 0 mod 2π. A shift in any of the three produces a
global phase shift of the nonlinear phase level sets, and
imbalanced beam splitters result in reduced visibility.
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