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Two-photon geometric optics
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We report two-photon correlation experiments using spontaneous parametric down-conversion under a se-
vere manipulation of the input pump field. Considering the case of passing the laser beam through a focusing
lens before the down-conversion crystal, theoretical calculations and a series of imaging experiments demon-
strate two-photon geometric optics effects. In particular, the imaging in coincidence counts of an aperture
placed in one of the down-conversion beams is found to be the analog of a simple spherical mirror system,
which displays a “vacuum dispersion” effect in that the object and image distances are wavelength weighted.

PACS numbsds): 42.50.Dv, 03.65.Bz

[. INTRODUCTION simple “black box” source whose output is two correlated
photons in well defined directions. The interesting physics in
When a laser pump beam is incident on a noncentrosynthese setups occurs “down stream,” so to speak, where the
metric crystal, the nonlinear process of spontaneous paramgthotons are manipulated with polarizers, interferometers, de-
ric down-conversio(SPDQ of pump photons into pairs of tectors, etc. to see the desired effects.
correlated photons may occiit]. Recently, the inherently Recently, however, there have been several good studies
guantum mechanical two-photon states produced in SPD{58-6Q of the spatial distributions of the down-converted
have been used in a number of interesting experiments. Thghotons, and their correlations, with respect to several pa-
well known correlationg2—4] between thesignal andidler ~ rameters affecting the interactianside the crystal. In other
photons constituting a down-converted pair have been clewvords, still considering a plane-wave pump input, it is useful
erly used in a variety of situations ranging from the veryto examine the rigorous validity of the phase-matching con-
practical matter of absolute calibration of single-photon de-ditions for various pump spectral widths, crystal lengths, etc.
tectors[5—-9], to the intuition-challenging studies of photon In fact, the transverse spatial coherence properties of the
tunneling time[10] and interaction-free measuremdatl]. down-converted radiation have been used to observe two-
Furthermore, a variety of two-photon entangled states havphoton physical optics by means of interference and diffrac-
been produced by taking advantage of the polarization cotion in the coincidence counting rate when slits are intro-
relations of the signal and idler photons, as well as the freduced into the down-converted beapgd—63.
guency and momentum correlations expressed through the Therefore one of the remaining considerations concerning
well known phase-matching conditio4,12]. These en- SPDC is what will happen to the correlations of the signal
tangled states have proved to be an extremely useful exper@nd idler photons if there is a controlled manipulatadrthe
mental source for investigating the concepts of reality angpump beamin this paper, we pass the pump through a fo-
locality found in the Einstein-Podolsky-RosefEPR cusing lens so that the wave fronts entering the crystal can no
gedankenexperimeht3]. The convenience of SPDC has led longer be taken as plane-wave approximations. Rather, the
to many experiment&see, for exampld14—22) concerning wave-vector distribution allows the pump to be more accu-
tests of Bell's inequalitie$23] and has no doubt influenced rately thought of as having spherical wave fronts. What we
the thinking in recent proposals and theoretical papers corfind, through a theoretical model and a series of imaging
cerning some of the foundations of quantum mechanics. experiments, is a dramatic restructuring of the momentum
There have been numerous other observations of nonclaserrelations that can be interpreted through a simple model
sical state§24-264 and two-photon interferencésee, for based on geometric optics. In particular, we observe two-
example,[27-52) and SPDC has even been proposed anghoton effects that are analogous to standard imaging with a
used in the relatively new field of quantum cryptographyspherical mirror.
[563-55. SPDC has also been found useful in the character- The basic idea of the imaging experiment is shown in Fig.
ization of optical material§56], and various communication 1, which is a topologically equivalent cartoon of the actual
schemeg$57]. experimental setup. The plane wave fronts of the pump beam
In general, most of the above experiments have used pirare weakly focused through the crystal, producing pairs of
holes or other means to subselect certain transverse spatidiverging signal and idler photons. The signal beam travels a
modes of the down-conversion spectrum. Very roughlydistanceZ,; and encounters a detailed aperture in front of a
speaking, in these configurations the SPDC process has bekge detectoD ;. Because it is spatially insensitive, there is
thought of as an intense plane-wave pump input into a0 image or shadow of the aperture recordedy. The
idler beam travels a distané® and is met by a very tiny
detector D,, which is scanned around in the transverse
* Permanent address: Quantum Radiophysics Division, Depariplane. Therefore, by recordirgincidence countas a func-
ment of Physics, Moscow State University, Moscow 119899, Rustion of the transverse spatial coordinatesnf, we see an
sia. image of the aperture placed in the signal beam, even though
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FIG. 1. A topologically equivalent cartoon of the experimental FIG. 2. A schematic of the experimental setup.

setup. Correlated pairs of signal and idler photons are produced by

the SPDC process when an approximately plane-wave pump is fi351 1 nm line of an argon-ion laser, passes through a plano-
cused through a down-conversion crystal. An aperture is placed iEonvex lens whose focal length is 700 mm. The focused
front of a large, spatially insensitive detect@,, in the signal pump wave fronts are then used for the SPDC process in a 3
beam while a tiny detectoB),, is scanned in the transverse plane . . . .

mm thick nonlinear BBO g-BaB,0O,) crystal which is

of the idler beam. By mapping the coincidence counts as a functio ) )
of thex-y coordinates oD,, an image of the aperture can be seen. Placed 100 mm behind the lens. The BBO crystal is cut for a

Suprisingly, in order to see a sharp image the detector distancd¥Pe-Il phase matching situation which produces pairs of or-
Z, andZ, in the down-conversion bearaannot be arbitrarily cho-  thogonally polarized signale-ray plane of the BBQ and
sen, but must obey a two-photon geometric optics relation which isdler (o-ray plane of the BB@ Specifically, the optic axis
highly dependent on the placement of the lenBont of the crystal ~ makes an anglés=49.2° with the center pump directidthe
z direction which is normal to the input face of the crystal,
both detectors, Slngle ev-ent COUn-ting rate.S r-emai-n ConStantand the degenerate 702.2 nm Wave|ength photons of the
What is most fascinating here is that this imaging procesgjown-converted pairs emerge collinearly in thelirection.

critically depends on the use and placement of the lens. In ang\ever, the crystal is mounted on a tilting stage which
earlier papef64] a similar experiment was performed using a!ows ¢ to be changed. As will be seen, this allows us to
Estandba;d planteh—wave {:)lfmp, an1(_jha Ienstp_latced 't’_‘ th? S9N monstrate very interesting quantum effects by creating
€am between the crysta and . _he mostinteresting fea- - g ations where nondegenerate wavelength photons of a pair
ture of that experiment was that in order to see a sharp ima & herae from the crvstal in the collinear direction
in coincidence counts, the various distances between the de- Thge UV pump ybeam is separated from fhe down
tectors, the crystal, and the lens had to satisfy a two-photon . - . ) . . j
: - ; ; conversion radiation by a fused silica dispersion prism and
Gaussian thin lens equation. In pz_;\rtlc_ular, the quantum na-ent into a beam sto yThe remaining si npal and igler beams
ture of the two-photon state was highlighted by the fact thainter a polarizing GFI):;\n Thomson p?isr‘r? which splits each
the placement oD, was dictated by the distance of a ray ‘ oIl > > -
drawn backwards through the lens, reflecting off of the crys.dOWH'COHVGfSIOH pair by reflecting the e-ray-polapzed signal
tal and then forward t®,. This effect presented a dramatic P1otons while transmitting the o-ray-polarized idlers. The
example of the original EPR argument in the sense that th IleCtid sr;grr];alv\?rgotr?;?”:r?zvelsfva:rlabrl]e d'ﬁtazﬁe g”? pass
momentum entanglement of the two-photon state resulted if'"0Ug" a narrow ba er,, belore encountering detec-

a point-by-point transverse plane position correlation to prol°" Package, . The total optical distance from the crystal to

duce a sharp image. D, is calledZ,. Meanwhile, the transmitted idler photons

In the present paper, the use of the leefore the crystal tr_ayel a variable distance before. passing through filteand
provides a completely new situatidtne idea of this experi- Nitting detector packag®,, a distanceZ, away from the
ment was first discussed in RéB5]). In this arrangement, Crystal- In actuality, packag®, is a 2 cmdiameter strong
the distances between the detectors and the crystal satisfycg!lection lens(focal length of 22 mmwhich focuses all of
two-photon spherical mirror equation, rather than a Gaussial{!® incoming light onto a 0.8 mm diameter dry-ice-cooled
thin lens equation. Of additional interest is that these pre@valanche photodiode operating in the Geiger mode. There-
scribed distances are dependent on the wavelengths of tfi@re detector packagb, can essentially be thought of as a
down-converted photons. To demonstrate this dependencirge faced(i.e., 2 cm diameter single-photon detector
we therefore perform experiments using both the case wheyhich will henceforth be called D, .” The aperture to be
the signal and idler wavelengths are eq(the degenerate imaged is placed on the front face bf . Conversely, pack-

Case and the case when they are unec([ﬂaé nondegenerate ageDZ consists of a 0.5 mm diameter multimode fiber whose
case. output is mated with another dry-ice-cooled avalanche pho-

todiode. The input tip of the fiber is scanned in tg trans-
verse plane by two independent encoder drivers each capable
of submillimeter steps. Therefore the input tip of the fiber

A schematic of the experimental setup is shown in Fig. 2can simply be thought of as a small mobile 0.5 mm diameter
A roughly 2 mm diameter pump beam, obtained from thedetector which will be referred to asD’.” The output of

Il. THE EXPERIMENT
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each of the detectors is sent into a coincidence counting cir- _ .,
cuit with a 1.8 ns acceptance window. In each of the experiEp(r. ,z,t)= E,')ef'(wpthpz)J' d?k e !t rtkeg2 (g
ments, detector distanc&s andZ, will be specified, as will
the central frequencies of filtefs; andF,. Therefore, upon completing the square in the exponent of

For any given run of the experiment, the aperture to bahe integrand and carrying out the Gaussian integration, we
imaged in coincidence counts is placed on the front face ofind
detector packagP,. The shape of the aperture was chosen
to be a simple “unsymmetric cross” consisting of two per- Ep(FL Zt)= Erfefi(wpthpZ>eiff/20§_ (5)
pendicular equal size bafsoughly 4.5<1 mm?) that inter- .
sect slightly away from their centers. This particular aperture We see that Eq(5) has the form of a spherical wave,
was chosen because it is a very recognizable shape thatrigther than the usual plane-wave model considered in most
easily imaged, while still providing information about its ori- treatments of SPDC. It is important to note that it is this key
entation. difference which will lead to all of the interesting effects in

this paper.
lll. THEORY OF THE EXPERIMENT

. . . B. The interaction Hamiltonian and two-photon state
In general, the experiments presented in this paper pro-

duce an image of the aperture placed in the signal beam by Having a description of the pump field, we may now cal-
mapping the coincidence counting rate as the small detectéulate the interaction Hamiltonian for the type-Il SPDC pro-
D, is scanned around in the transverse plane of the idlef€SS occurring inside the crystal. The standard form of the
beam. Therefore the aim of this section is to calculate thétamiltonian is[67]

coincidence counting rate as a function of the transverse spa-

tial parameters involved. We shall see that minimizing this _7/,/,:6()] d3r*XE§)“E§f)E§)+ H.c., (6)
function to obtain the sharpest image results in an equation v

which dictates the distances between the detectors and the ] ]
crystal, or, in some sense, a two-photon focal plane locatiopyvhereV is the volume of the crystal covered by the classical

pump beamE(", which is given by Eq(5), and x is an

electric susceptibility tensor which describes the crystal's
nonlinearity. The guantized down-conversion field operators

The first step of our analysis is to calculate the classicainside the crystal are given by

pump field inside the down-conversion crystal. We assume a
standard normal-plane Gaussian intensity distribution of the
laser pump beam with a beam waisg located some dis-

tance on the order of 1 in front of the focusing lens. It is easy
to show by the propagation laws of Gaussian beams through . T :
thin Ienses¥166] tﬁat?hgfield at the front face of the crystal inghere j=o0.e and a‘zj 's the creation operator for the

A. Spherical wave fronts of the pump field inside the crystal
E}*):f d3lzjEjaE.e*i(kJ‘ZZ+|zlj.Ijlfwjt), (7)
v i

) " j-polarized mode of wave vectd;fj . Therefore the Hamil-
Ep(r,)=Eye/2%, (1)  tonian is

whereo?~ ¢/, (d—f—i (A /70?) f2). Heref is the focal ., _ j 3*f 3*f 3zt ot

P P p 0 F,=A1| d°ke | d°k, | d°ra; a;

length of the leng700 mm andd is the distance between ~ ' ! € v TR ke

the lens and the front face of the crystaDO mm). _ _ T T,
So inside the crystal the pump field is X gl (wet 0o~ wpltal(kp—ke, ~ko )2g=ilke Tk )11 gi/20pIr |

L +H.c., (8)
Eo(r, ,z,t)=J d?k, e~ ente ko2 KUTOE (k) ), (2) _ . _ _
where H.c. is the Hermitian conjugate and all unimportant
, , constants have been lumped into the factay ” We do the
\ivhere kp, is the z component of the pump field, and \oume integration as an area integral times an integral over
E,(K,) is just the Fourier transform of the pump field at the the crystal lengthL, and note that in our experiment the
front face of the crystal: cross sectional area of the crystal is much larger than that of
the pump beam. Thus thid?r | integration is essentially a
Ep(@): Epefnzfog/z_ ?) simple Gaussian over an infinite range, and we obtain

To simplify the integration, we need to extract out the .%]=A2J d3Eef d*k,ap a) elvet o oplt
k, dependence ik, and introduce a new pump field quan- ° e
tity Ky, whichis dgfi_ned in Appendix A as the magn?tude of « fLdzé(kpfkeszoz)zeoglz(IZeLJrIZOL)z_'_ He (9)
the pumpk vector if it were exactly parallel to the direc- 0
tion. As is shown in detail in Appendix A, after making the

“thin crystal approximation,” the pump field inside the crys- ~ We can now use the standard technique of first order per-
tal is given by turbation theory to describe the output state of the cry4tal
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i [ . . s o
[¥)=10)—+ f dt.70). (10 SEE f dPR(E e e ielke, Mo e (ke 1200 21y,
(14)

Since we are interested in coincidence counts we can igyhereT,=t,— Z,/c. Likewise, the field operator 4, is
nore the first term(the vacuum staje and the Hermitian

conjugate part which will itself only contribute vacuum. The L o2
two-photon part of the output state is thus Y= f d3kgE e @oT2glo, To @71 (Ko [7200) “Zag.

(15
|¢>=A2J’ d3I2eJ %Ko et wo— wp) Since we have the usual commutation relations for the

normalized creation and annihilation operators:

L , 2. = =
(k=Ko —Ko )Zno2/2 (kg +ko 25T 4T
XJO dzdKpKe,~ko,)2gp/2 (ke ko, akoake|0). (11) [aﬁj,aEir]zfsjifSERu (16)

State (11) looks very similar to the usual SPDC two- It IS €asy to see that with the two-photon stet@) and op-

photon state which results from plane-wave pump input. wérators(14) and(15) ,
see that the time integration has givensdunction in fre- ye(—
qguency which, as usual, leads to the so-called “frequency (YIS EL B VEL 1) = (0[BT EL )l
phase-matching condition.” However, we see that in that part =|A(T,,To)|2. (17)

of the state which would usually lead to the momentum (

VeCtOl) pha%e-n]atChing condition we have a Spherical—like |A(T1,T2)|2 is S|mp|y the square of the tWO_photon prob_
term, e7'2 ke, *ka )% |t is interesting that, by simply ma- ability amplitude. Very interesting physics is manifest in the
nipulating the pump field by passing it through a lens beforeevaluation of|A(T;,T,)|? but the mathematics becomes
the down-conversion crystal, we have redefined the exitingather complicated. The calculations are shown in full detail
directions that the down-converted photons will follow. As in Appendix B. The end result of the integration in E47)

will be seen in the results of the experiments, it is exactlyis

this restructuring of the ordinary momentum phase-matching

condition that leads to the interesting effects. |A(TL, To)|2= | Ay 2T1(T ) e HXI? [REVIME) —Im(Y)ReX)]
(18)
C. Coincidence counting rate and two-photon amplitude whereA, is an unimportant constant, aiti(T,,) is a rect-

In order to determine the optimal conditions of our imag-angular function whose value is one when the difference in
ing experiment, we need to calculate the coincidence coundletector firing times,T;—T,, is less than a certain value
ing rate of the two-photon stat@1), subject to a setup simi- (typically on the order of 100 fs; sd¢&6] for detail9 related
lar to that shown in Fig. 2. The average coincidence countingo the length of the crystal, and zero otherwise. This rectan-
rate is given by the usual Glauber formulatid@8,69: gular function describes the time dependence of the two-
photon probability amplitude. Of key importance to our
analysis, however, are the quantitigsand Y, which are

1 (T T
T (E( R E(+)
Re= lim Tf dTlfo dTa(ylEY "By BVl functions of the detectors’ spatial distances from the crystal:

0

T—o

XS(T1—Ty), (12 c

2
+o
Q, P

c c c
X=Zlﬂ—ezz Zlﬂ—e+ZZQ—J,
where the subscripts 1 and 2, respectively, indicate detectors
1 and 2, and5(T,—T,) is the square pulse coincidence time
window function which we take equal to one within a pre-
defined value off;— T, (usually about 2 ns

Recall from Fig. 2 that the orthogonally polarized photonswhere Q,= (27/\,) ¢ and Q.= (27/\,) ¢ are the central
of each down-converted pair travel nearly collinearly to afrequencies of the filters in front &, andD,, respectively.
polarizing beam splitter which reflects the e-ray signals to For any givenT; and T,, Eqg. (18) gives us an explicit
D, and transmits the-ray idlers toD,. Thus the free-space expression of the square of the two-photon probability am-
field operator aD; is plitude as a function of the transverse plane coordinates of

the detectorsr, andr, . In other words, given some tiny

N > N C N Cc
Yz<reL—roL>zoS+|relezzQ—O+|rollzzlﬂ—e, (19

E(1+>:f d3|2éEle—iwetlei[kéZZlHZél-fei]aiz/ (13) spot in the aperture described Bgi it essentially describes
‘ the regions in space described ’B:Sj where we can obtain a

) o . coincidence count. Since we are interested in obtaining the
whereay; is the annihilation operator of mode . clearest imagéin coincidence counjf the aperture placed

Making the paraxial approximation in free spdsee ap- in the signal beam, we want the value of this function to be
pendix A, Eq.(A3)] we have as small as possible. From Ed.8) it is clear to see that we
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have a minimum in the coincident counting rate “spot size” ]
when |X|? is a minimum. This give§see Appendix B, Eq. * Rt |
(B14)] 10 L e e
§ oo o-ray
N Ay 1 £’ {
Zihe  Zohg -4 20 g \>
Note that this technique is analogous to that used in the § ’ A N
standard derivations of simple geometric optics relations, for -0 — T T e
example, the Gaussian thin lens equation, where minimizing a5 ™
the single beam spot size results in an equation which dic- 05 0.7 0.8 0.9 1
tates a focal plane location and various magnification param- Wavelength (microns)

eters. What we will see from E@20) is that by minimizing

the coincidence count rate “spot size” we have derived what FIG. 3. Tuning curve for type-Il SPDC, when the pump beam
can be thought of as a simple “two-photon” spherical mirror direction lies along the axis, normal to the input face of the crys-
geometric optics equation. In other words, given values ofal. In all of the experiments, the signal and idler wavelengths of
Ne and\,, Eq. (20) requires the detectors to be located atinterest are those traveling in the nearly collinear directiem.,
specific distanceg, andZ, in order to have a sharp magni- Output angle~0°). For thecase wheny = 49.2°, this is the de-

fied image. generate cask, = A, = 702.2 nm.
1 1 2
IV. EXPERIMENTAL RESULTS —t —=— 22
, (22)
Z, Z, R

Equation(20) expresses the key ideas of this paper. Its
physical interpretation leaves one with a remarkable impreswhereR=f—d=600 mm is the approximate radius of cur-
sion concerning the quantum nature of the signal and idlevature of the focused pump wave fronts inside the crystal.
photons produced in SPDC. Tests of the predictions of Eqimmediately one is struck by the fact that EQ2) is the
(20) in two different cases clearly demonstrate what can bexact analog of the simple spherical mirror equation in or-
called “two-photon geometric optics.” In the first case, the dinary geometric opticszor a givenZ, (i.e., object distange
BBO crystal is oriented so that the signal and idler photonsandR, Eg.(22) predicts that a sharp image will be found at
which travel through our setufe.g., in the near collinear Z,, and it will be magnified by a factaf,/Z, .
direction have the same wavelength,=\, . In the second With the unsymmetric cross aperture placed on the face of
case, the nondegenerate case is usg@,\,. D,, we tested this prediction by moving, to a distance
Z; = 450 mm. A sharp image of the aperture was found in
coincidence counts wheld, was scanned in the transverse
) o ) ) ) plane located at a distangg = 900 mm, the distance at
In this case, the crystal is tilted so that its optic axis makesyhich Eq.(22) is satisfied. The result, shown in Fig. 4, is a
an angley=49.2 with the central pump directiofthe z  gensity plot of the number of coincidence counts per 20 sec
direction. In this arrangement, one way the ordinary phaseys 3 function of the idler beam transverse plane coordinates.

A. The degenerate case

matching condition$1,12] The data shown are raw data, with each square correspond-
B . .- ing to one resting collection location of the 0.5 mm diameter
wp=wetw,, Ky=Ketko (2D fiber tip of scanning detectd®,. In other words, it simulates

o ) ] a 15 mnt array of 900 equal sized pixels. The gray-scale
can be satisfied is when the signal and idler photons travejhades indicate the number of counts in each location, with
collinearly with the degenerate wavelength of 702.2 nm. Thighe lightest shade corresponding to the maximum number of
can be seen in the “tuning curvgl] shown in Fig 3, which  counts(about 300, while the darker and darker shades cor-
is a plot of the signafe-ray and idler(o-ray) wavelengths as  respond to fewer and fewer counts. The darkest shade indi-
a function of the crystal output angles. For a given pumpcates the background noise of about 40 counts.
wavelength and anglg the tuning curves can be easily de-  The sharp image of the aperture is clearly seen in Fig. 4.
rived from the square of the momentum phase-matching congyrthermore, note that the length of each of the bars forming
dition of EqS(21) and Snell’s law upon eXiting the CryStal. the unsymmetric Ccross is rough|y 9 mm, which is the pre-
The tuning curve shown in Fig. 3j5 for the planar caseicted double magnification of the 4.5 mm lengths in the
where the optic axisz direction, andk;, all lie in the same  original aperture.
plane. For the degenerate case experiment, we therefore usedConsidering that in this case the idler beam travels twice
identical filtersF; andF, centered at 702.2 nm with band- as far from the crystal as the signal beam, one might be
widths of about 83 nm, primarily used to cut off the scatteredtempted to think that this effect has no dependence on the
pump radiation. In practice, the size of the pinholes and théocusing lens, and is simply a result of the natural linear
aperture itself define the accepted angular spectrum, which sxpansion of the down-converted beams as they propagate
much less than this range, as can be seen from Fig. 3.  away from the crystal. To show that this is not true, we

Therefore, given that,= 351.1 nm, ando=\,= 702.2  simply remove the lens from our setup and repeat the data
nm, we see that E¢20), which dictates the clearest image in collection scan under otherwise identical experimental con-
coincidence counts, reduces to ditions. The result is shown in Fig. 5. In this completely
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FIG. 4. A map of the coincidence counts as a function of the
transverse plane coordinates Bf,. Each square represents one
resting collection location of the 0.5 mm diameter tip of detector
D,, with the lighter shades corresponding to higher numbers of
counts. The size of the bars making up the unsymmetric cross are(®
seen to be about 9 mm, which is the expected magnification factor
of 2 predicted from Eq(22) for the caseR=600 mm,Z, = 450 FIG. 6. A cartoon explanation of why a lens before the down-
mm, andZ, = 900 mm. As expected, the orientation of the image converting crystal results in a sharp image in coincidence counts:
was “flipped” from that of the aperture. (a) without the lens in place, the pump is approximated by plane-

wave fronts entering the crystal and for any given pdiin the
“blurred-out” image, the shape of the unsymmetric cross issignal beam, there is a large range in the idler beam which can give
almost unrecognizable, even though the maximum numbegoincidence countstb) However, when the lens is inserted, the
of counts is still close to 300. This clearly indicates that thePlane pump wave fronts are approximated as spherical, causing a
use of a lens in the pump beam imposes a focal planelik@cus'ng effect to arise in the coincidence counting rate.
condition on the correlations of the down-converted photons.
Although this blurriness in the coincidence count rate im-above, it is instructive to consider an intuitive picture of the

age can be predicted by rigorous calculations similar to thosdown-conversion processes and their dependence on the
lens. We consider the noncollinear topological equivalent of

our collinear-beam-and-beam-splitter setup, as discussed in
Fig. 1, and indicate the signal and idler photon detection
amplitudes by rays pointing in the mode directions. In this
nonrigorous model, shown in Fig. 6, the pump beam, dis-
tances, and angles are all exaggerated to simply demonstrate
the effects.

Since our collinear pinholes and narrow-band detector fil-
ters limit the signal and idler wavelengths to a very small
range around 702.2 nm, the signal photon and idler photon of
any given down-conversion pair emerge from the crystal at
equal and opposite angles with respect to the pump direction.
This can be seen from the linearity of the tuning curves in
Fig. 3 in the region close to 702.2 nm. It can also be seen

Blurry

12

10

y(mm)

4 from the transverse componentf the k-vector phase-
matching conditior{see Eq.(21)] taken in conjuction with
2 Snell’'s law upon exiting the crystal:
2 3 6 8 10 12 14 ||Ze|Sinae= | |20| SiNa = wSiNB.= w,SiNG,, (23
x(mm)

where anglesy are inside the crystal and angl@sare the
FIG. 5. A repeat of the scan shown in Fig. 4, but with the lensexiting angles. From Ed23), we see that whetd,~ w, then
removed from the system. Bo™=Be.
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In Fig. 6@ we examine the case where the lens is rerate is exactly the same as one would see if a screen were
moved from the system, and consider the pump to have aglaced atZ, and the avalanche photodiode bn, were re-
proximated plane-wave fronts entering the very thin crystalplaced by a classical pointlike light source, and the down-
In this arrangemenﬁp is always in thez direction. Due to  COnversion crystal by a reflecting spherical mirror. For this

the rather large cross sectional area of the pump beam, WE2SON, we refer to Eq20) as the “two-photon spherical

see that there are many locations in the transverse plane gpirror equation. . . .
the crystal where the down-conversion pair could be “cre- Whereas ordinary simple geometric optics phenomena are

ated.” From each of these possible creation poifsly conventionally observed on a screen or W|.tls|:.1gledetec— .

three are shownthere is a signal probability amplitude ray tor', thg two-photon georrllletn(': Optlﬁs bekllawor is observed in
. ) X : coincidence countgevealing its inherently quantum nature.

which could result in a detection at poiRt The correspond- ‘ 9 ya ature

L . . This is yet another example of why the two-photon state
ing idler amplitude ray is seen to propagate from the same,qqyced in SPDC cannot be thought of as simply the prod-
creation point at the expected equal and opposite angle Withet of two individual separated light quanta.

respect tck, at that point; thek, are indicated by the heavy
black arrows. As can be clearly seen, to every p&inh the

signal beam there corresponds a large range in the idler ) , , i
beam. Thus in coincidence counts the “image” of paits Further interesting tests of the “two-photon spherical mir-

a very large spot, and the “image” of any aperture made ug®" equation” can be performed when the signal and idler
of many such points would be completely blurred out, justVavelengths are not equal. In this case, E2f) does not
like Fig. 5. Although this oversimplified cartoon considers "educe to the simple form of E¢22), but

B. Nondegenerate case

only a very thin crystal, this type of problem becomes even 1 1 2
worse when a crystal of any appreciable thickness is used, as =_, (24)
has been discussed in several papbgs60. 7 ﬂ ﬁ } R

However, when a lens is added to the system before the 2, 228,

crystal, the approximated plane pump wave fronts which
pass through the lens are focused into roughly sphericabhere); (i=1,2) corresponds to the wavelength of the ra-
wave fronts whose radius of curvature is determined by theigiiation reaching detectdD; .
distance from the focal point of the lefigoint C in of Fig. In this equation the prescribed objéaperturg and image
6(b)]. Considering the same three possible creation pointsdistances are “wavelength weighted,” and it is clear that the
we see that the pump wave vectors always point toward thgnagnification factor is no longer a simple ratio 8§ and
center of curvature, poir€. Again each creation point pro- 7, but the weighted ratio =[(Z,/Z;)(Ao/\1)].
duces a signal probability amplitude ray which reaches point To test this unusual effect, we moved dete@grtowards
P, and the corresponding idler rays exit at an equal andhe crystal so thafZ,;=Z,= 450 mm. So that Eq(24) was
opposite angle with respect ﬁg at that creation point. Now, satisfied, we moved the lens further back from the crystal so
however, these idler rays are seerctoss at a single point thatf—d=R = 450 mm. As expected, using the degenerate
P’, rather than diverging as before. The result is a very cleawavelength case to test the system resulted in a sharp un-
image of pointP in coincidences when the scanning idler magnified image. We now imposed the more interesting non-
beam detector is located at a specific distance from the cryslegenerate case by tilting the top of the crystal towards the
tal. beam splitter so thaf, the angle between the optic axis and
It should be noted that in this ideal scenario it may appeathe central pump direction, equaled 45.8°. The tuning curve
that, in principle, the equal and opposite exit angle requirefor this pump angle is displayed in Fig(&/. It shows that
ment of Eq.(23) should not hold. This is due to the fact that the phase-matching conditions will be satisfied in the collin-
the pump wave vectors on the extreme sides of the focuseelr direction(i.e., output angle equal to) @hen the signal
beam no longer make an angle=49.2° with the optic axis, wavelength is\, = 788 nm and the idler wavelengthig =
and the phase-matching conditions must therefore changé32 nm.
Although this is rigorously true, we emphasize that in prac- We therefore placed a narrow wavelength bandpass filter
tical situations this effect is negligible. Considering the mildcentered at 788 nm in the signal beam in frontDof, and
focusing of the pump, this change ifn is not larger than one centered at 632 nm in the idler beam in fronDgf. The
several mrad, a range for which the tuning curve shown irbandpass width of these filters was approximately 2 nm. In
Fig. 3 does not appreciably change. The end result is thahis arrangement Eq24) is satisfied, and we expect a sharp
with resolution limited to the order of millimeters by the image with magnificatioM = N,/A 1= Ao/\.=0.8. The re-
diameter ofD,, Fig. 6 provides a somewhat realistic analy- sult of this data collection scan is shown in Fig. 8. For these
sis. data the step size of the scan was reduced from 0.5 mm to
In summary this analysis, as well as the rigorous treat9.25 mm in order to increase the quality of the smaller im-
ment culminating in Eq(20), indicate that with the lens in age. Since the step size was less than the diameter of the
place, we establish what can be thought of as a “two-photoiiber tip of D,, we can actually attribute some of the per-
focal plane.” The results shown in Figs. 4—6 depict a purelyceived blurriness of the image to the overldgack of reso-
guantum mechanical two-photon phenomenon very reminiglution) of the squares in Fig. 8. Nonetheless, we clearly rec-
cent of ordinary geometric optics. Considering the cartoorognize the shape of the unsymmetric cross and observe that
topological equivalent of our experiment shown in Figo)6 the bar length is about 3.6 mm, which is indeed a magnifi-
we see that the imaging behavior in the coincidence countingation of 0.8 of the original aperture length.
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© 10 /\‘(\ switched:\, = 632 nm,\, = 788 nm. The magnification value is
1 Tl now M= A,/\.=1.25.
-15 Rt
08 o7 0.8 0.9 1 Because we chosg, =Z,, this \-weighted behavior can
(®) Wavelength (microns) be dramatically observed by simply switching the filters in

front of the detectors so that the magnification will change
FIG. 7. Tuning curves for the two nondegenerate cases. Thérom \,/\;=Z to \,/\ ;= . Since we are using a polar-
crystal is tilted so thata) ¢=45.8°,(b) y=52.7°. In both cases the izing beam splitter to increase the coincidence counting rate,
fact that the central pump direction is no longer normal to the facesve had to change the phase-matching conditions so that the
of the crystal causes a distortion of the tuning curves which, ine—ray signal which reachd3; has wavelength 632 nm while
practicz_a, i_s accommod_ated by tilting the crystal slightly m@ess the o-ray idlers reachin@®, have wavelength 788 nm. As
to maximize the counting rates. can be seen in the tuning curve shown in Fig)7this is
accomplished by tilting the crystal in the opposite direction,
past the degenerate case configuration, uf#il52.7°. The
result of the scan under these conditions is shown in Fig. 9.

7| I TR Again a sharp image is seen, with the bar length roughly
equal to 5.6 mm. As expected, this is a magnification factor
6 M= A,/N;=1.25 of the original aperture’s value.
It is very interesting that by simply switching the wave-
EEE lengths of the down-conversion photons traveling through

our system we can dramatically alter the resulting coinci-
dence counting rate image. If one tries to imagine this non-

£ & : degenerate case in terms of the simple thought model of a
£ spherical reflecting mirror a very curious feature arises: for a
3 ] given incidence angle of a ray traveling into the mirror from

[ ] the aperture, the reflected angle is wavelength weighted. Be-
cause the optical distances between the detectors and the
effective “spherical mirror” are wavelength weighted, one
can imagine that the setup experiences some type of
L “vacuum dispersion.” In other words, even though the signal
and idler beams actually travel through free space, the imag-
ing behavior and Eq(24) act as if they were in dispersive

1 2 3 4 5 6 media_

x(mm)

V. CONCLUSIONS
FIG. 8. The nondegenerate case when= 788 nm,\, = 632 ]
nm, andZ, = Z, = 450 mm. The weighted behavior of the two- In summary, the use of a lens before the down-converting

photon spherical mirror equation is manifest as the bar length ofrystal results in significant alterations of the coincidence
about 3.6 mm is the predicted magnification of counting rate as a function of the transverse spatial coordi-
M=[(Z,/Z1)(No/\e)] = 0.8 times the original value. nates of the detectors. Using the approximately spherical
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X As seen in Eq(2), the pump field inside the crystal is
given by
OA
E(F zt)=f d2k. Ele iopte=i(kp 2tk T1) =ik 12
9 ptiL & 1 Ep z .
- P 7 (Al)
FLN i
P P R
f Yy In order to determine the exakt dependence d{pz, we
~ 7 note from Fig. 10 that
///// wp 2 .
kpZ: \/ ?ne(wpiap) _lkJ_|2- (A2)

Y
Considering the long focal length and relatively small pump

FIG. 10. A representation of the pump wave vector inside thediameter, we are justified in making the paraxial approxima-
crystal: the optic axis, OA, lies in the-z plane making an angle tjon
¢ with the z axis. In generallzp does not lie in thex-z plane, but .
makes an anglé, with OA, and an angle}, with the z axis. IZL is o~ ﬂn ( o)~ |k¢|2 A3)
the projection oizp into thex-y plane, making an angkg,, with the P, ¢ e\ @p: ¥ wp )
x axis. The same conventions hold for theay inside the crystal, 2 Ne(@p, 6p)
as discussed in Appendix B.

Furthermore, in the paraxial approximation we expand

pump wave fronts in an otherwise standard field-theoreticaj to first order ing, abouty:
p p :

calculation of this coincidence counting rate leads to modi-
fied wave-number phase-matching conditions and the deriva- ®p wp

tion of the “two-photon spherical mirror equationEq. ?ne(wp,b’p)%? Ne(wp, 1)

(20)]. For a given distance between the crystal 8ndn the

signal beam, this equation dictates a location in the idler

beam where there is a true point-by-point transverse coordi- + @ne(wpvl/f)(ﬁp_ P+ | (A4)
nate position correspondence between the signal and idler

photons, which can be considered as an image plane anghq see that Eq27) becomes

explained through analogies to simple geometric optics. The

two-photon imaging behavior is a direct result of the quan- |§L|2

tum mechanical correlations of the down-converted photons kp,~Kp+KoNy(wp, ) A6y~ T

which, in the spirit of “advanced wave” model&see, for P
example, Ref[65]), is seen to be exactly the same as on _

would observe on a screen placed in the idler beand;if %Ng::ephlpzb‘f’rlz;”i)s trEt:aL/rgia(g(]anit, fd)g(gf/ ?hlfa) ;E(I;’g x;vee\l/r(]acltor
were replaced by a pointlike light source behind th_e aperturg "\ are lying along thez axisK ,= (,/C) Ne(w, ). To

in the signal beam, and the pump wave fronts inside the - X

crystal were replaced by a spherical mirror. The quantuninderstand th&, dependence i §,, note from the geom-
nature of this situation is highlighted by the fact that the®ty Of Fig. 10 that

free-space distances required for sharp imaging are depen- cog ) = cog /) cog ) + sin( ) sin( ¥,) cog d)p).( :
A6

(A5)

dent on the wavelengths of the down-converted beams.
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APPENDIX A 0p)~cosy) 1= 3 Ko
In this appendix, we carry out the integration of the pump _ ||Zl|
field inside the crystal. A schematic of the components of +sin(¢) m+ -+ [cog ). (A7)
p

interest of the pumjx vector is shown in Fig. 10.

The input face of the crystal is parallel to tRey plane,
and the crystal is cut so that the optic axis makes an ang|
¢ with the z axis. The pump wave vectda?rp generally does d
not lie in thex-z plane but makes an angk, with the cog fp)~cog ‘/’)JF@COS( YA+ - (A8)
z-axis and an anglé, with the optic axis. Its perpendicular
componentzl is the projection into the-y plane making an  which implies that cos{,)—cos(/)~—sin(¥)Ad,. In com-
angle ¢, with the x axis. parison with Eq(31), we find thatA 6, is therefore given as

Eut we can also expand cagj to first order abouty:
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1]k, |2 k - (et iR (R o2
P P (A14)
Thus, from Eq.(29),

APPENDIX B: TWO-PHOTON
kp,~Kp—[KL[Np(wp, ) cod ¢p) PROBABILITY AMPLITUDE

| 2 In calculating the coincidence counting rate, the form of
L the mode creation and annhilation operators in the field op-
N 1 A10
2K 2K, [Ne(@p ¥)coty) 1] (A10) erators in conjunction with the two-photon stafd) led to
the introduction of a two-photon probability amplitude,

so that the integral givingp(ﬂ ,Z,t) is A(T¢,T,). In this appendix, we perform the integration re-
quired to expres&(T,,T,) as a simple function of the trans-
Ep(ﬂ ,Z,1) verse spatial coordinates. Inserting the field operators and

two-photon state int¢0|ESTE(™)|¢), we find

:E,e—iwptf deLefi[lerlf(IZfog/Z)] ) L
P A(Tl,T2)=A2J d3kef d3kof dz8(wet wo— w)p)
@ KL INp(@p #)cos dp) — K, |272Kp [Np(wp  w)coty) 1))z °
X e~ 1weT1g™10oT2gi (kp—ke —Ko )2
(A11) _ _
X eii (0’23/2) (IZELJFIEOL)Zei(k,eL-FeL+k,0L'I:0¢)
It is here that we make thethin crystal approximatioyi

for we see that ifz is small enough we might neglect the xe~ilke 20ecz 6711 %, cZ,. (B
computationally troublesome second term of the integrand.
For the sake of curiosity, we can get a rough idea of how Let us assume that we have filters in front of the detectors
small the crystal must be to make this approximation rigorthat only pass a small range of wavelengths and have central
ously true. We can estimate this value using numbers that afeequencies), and ). that exactly satisfy the frequenay
suitable to describe our actual experiment. For example, it ifunction in Eq.(B1):
not difficult to evaluateN (w,,4) and for a typical pump ,
wavelength of A, = 351.1 nm andy~50°, we get wo=Qot v, we=Qetv, (B2)
N,~0.08. Furthermore, given the mild focusing of the pump
beam we estimate the maximum valueygf to be about 3
mrad, and estimating, as 2m/\, we get

where v',v<Q,,Q¢; and Q¢+ Q,=w,. Then to do the
integration we expankieZ andkoz, which are inside the crys-

tal, using the paraxial approximations

K, INp(@p, )08 ) =~ K phpN (@ , #9)cOS )

W, ||Zol|2
<4000 mt. (A12) Ko, ~ & Nolwo) = ————,
2—ng( @)
Likewise, c
| LIZ % p we ke, |?
[N p(@p, ¢)cot( ) — 1]~ [Np(wp,)cot(¢) — 1] Ke,~ & Nel@e,0¢) = ——————, (B3)

2?9 Ne(we, ae)
~100 m*. (A13)

where 6, and all other angles and vectors of subscejzre
defined in exact analogy to the subscpptectors and angles
in Fig. 10. We can expankiOZ to first order inv':

Therefore, if we assume the crystal is sufficiently thin
(e.g., on the order of I¢ m), then the exponent in the
second term of the integral is much less thaand we may
neglect this term. This thin crystal approximation greatly -
simplifies the calculations without losing any of the physical v’ |k0l|
insight. Without it, we simply find through numerical calcu- Ko,~Ko+ u, 2K, '
lations that the propagation directions of the down-converted
photons inside the crystdand hence the eventual image where Ky= (Q,/c)n,(Q,) and ugt=d/dQ,[(Q/
magnification differ slightly in thex andy directions. As the c) n,(£2,)] is the inverse of the group velocity.
crystal gets longer and longer, this “distortion” of the final ~ We first expandk, to first order iné, about:
image becomes more apparent. However, this effect appears ‘
to be orders of magnitude smaller than the resolution of our o, K, |2
experimentwhich is primarily defined by the 0.5 mm diam- _ ~ _ne(we,{/,)Jr  Ne(@e, ) NGA fg— ————————
eter of D,), and may be safely neglected. Thus in the thin * € Z&n (00, 1))
crystal approximation the pump field inside the crystal is c ¢
given by (B5)

(B4)
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where A 0= 0,— = %wgcotw ¥C0SP. in analogy to Eq.
(A9) We have definedj.= [k, | (wec) ne(we, )] and

=[1/ny(we, ) ](d/ds)) ne(we,z,//) We can now expand
keZ to first order inv:

2
(Necotz,b 1),

||Z

keZ~K9+ —Ng|Ke |cos¢e+
(B6)

where Ko=(Q4C)ng(Qe,) and ug'=d/dQ[Q./
cne(Qe,¥)]. With these expressions we can now start to
evaluate Eq(B1). Note thatd®k.=d?k, dk., where to a
good approximation dke ~d (v/c). d3k,
~d2IZOLd(v’/c). Since §(we+ wo— wp) =(v+v') the v’
integration yields

— - L .
A(Tl,Tz)zAgj dzkeJ deOJ vaOdze"”(TlfDZ)

Likewise,

xel(K'e Te tK'o Te @ilke [NeCOSpez

x @~ ILEY2)lko, = (232)lke, [P+ ok Ko 1 (B7)
where T;,=T;—T,, D= 1/u,— 1/ue, and the3 are de-
fined as

c c
2__ 2
=—7Z,t05— ——
20 QOZZ (Tp nOQO Z,
E _Q_Zl O'p— r(l Nccoti) z.

(B8)

But note that in the thin crystal approximatiésee Ap-

pendix A) the z dependence in the integrand that depends on

ke, andk, is negligible. For example, the last term7 is
an insignificant fraction ofr when multiplied by IZO |? and
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the amount of time it takes for o-ray and e-ray wave packets
to cross the entire down-converting crysar], I1(T,,) ba-
sically describes the fact that although the pair of photons
can be created anywhere along the length of the crystal with
equal probability, they are created at the same time.

The remaining integrals over’k, andd®k, are simply
Gaussian and can be evaluated by completing the square in
each of the exponents of the integrand. The result is

A(T1,To)=A4lI(Typ)e 21X, (B10)

The complex quantitieX andY are defined as

X52222_0_4_ Zli+22i
0o“~e Qe Qo !

=Z © 2
— to
1

P Qe P

C
22
(o]

YElreJ_|22§+|rol|22g_20';23reL'FoL

> > > Cc > C
(reL_roL)zo';Z)""|reL|ZZZQ_O+|roL|ZZlQ_e-
(B11

Therefore

[A(T1, To) 2= A 2II(T)e” ™Y (B12)
since|I1(T,,)|?=1II(T,,) , and for a general complex num-
ber Z, |e~|?=e 2=, Furthermore, since botK andY

are complex,

Y

M x|~

Re(Y)Im(X)—Im(Y)Re(X)
Re(X)?+Im(X)?

(B13)

However, sincary~ ¢/w,[d—f—i (\y/ mw) f*] we see
from Eg. (B11) that
|

Zihe Zo\ 2

Ap Ap

Zike | Zo\

}‘p

M

2
(B14)

Re(X)= [ +(d- f)(

p

may be neglected in the integration. Likewise, the last termsmcec/ﬂ = \;/27. Meanwhile, the imaginary part of is

in 22 may also be dropped. Furthermore, estimates of .
ellke,INecostez showy that it may be neglected in the thin crystal

approximation. However, considering a typical valueDofs

on the order of 0.2 ns/m, we see that for any realistic value of

—c)\f2

(,Up 7Two

Zi\e
2

Zyh,

Im(X)= oy

(B15)

the filter width v, the quantitye™'"PZ is not negligible.
Therefore the integral over andz yields

fdvf dze (T2 P = fdzé(le D2)=11(Typ),
(B9)

wherell(T,,) is a unit step function which is only different
from zero when the difference in detection tim&s;-T,, is
between 0 an@®@L. SinceDL is essentially the difference in

So for any standard choice of the experimental parameters,
Im(X)<Re(X). Therefore the final evaluation of the square
of the two-photon probability amplitude gives

AT, Ty)[?
~ | Ay 2TT(Tp)e~ [/REOPTRE)ImO) - Im(V)ReX)],
(B16)

which is a minimum when R&()?=0.
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