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1 Introduction

Does relevant private information typically confer a positive economic rent to those who
possess it? Surprisingly, the answer given by the literature to this question is negative. A
number of studies, including, most notably, Crémer and McLean (1985, 1988), have shown
that under standard assumptions — the existence of a common prior, a fixed finite number
of types, risk neutrality, and no limited liability — an uninformed principal facing privately-
informed players can generically implement any decision rule he could implement were that
private information accessible to him (d’Aspremont et al. 2003, Kosenok and Severinov
2004). An uninformed seller, for example, should generically be able to extract the full
surplus of any number of privately-informed bidders in an auction. As these “full-surplus-
extraction” results imply that the players’ private information is (generically) irrelevant,
they have been said to “cast doubt on the value of the current mechanism design paradigm
as a model of institutional design” (McAfee and Reny, 1992, p. 400).

Since full-surplus-extraction results make heavy use of the assumption that the type
spaces have a fixed finite size, it is natural to ask to which extent this assumption is crucial
for obtaining these results. This assumption is problematic because there is no a priori
finite bound on the number of types needed for modeling a situation involving asymmetric
information. Indeed, the universal type space (Mertens and Zamir, 1985) that embeds all
such models is infinite, and its consistent subspaces can be arbitrarily large. Supposing
that any common prior on this universal type space could just as well serve as a plausible
model of a situation involving asymmetric information, is it “typically” the case that full-
surplus-extraction is possible? This is the question addressed in this paper.! The other two
important assumptions necessary for full surplus extraction, namely, risk neutrality and no
limited liability, are maintained throughout the analysis.

If beliefs are endowed with the minimal topology that allows for the formulation of each
player’s beliefs about the state of nature and the beliefs of other players (the topology of weak
convergence), then the set of common priors with finite support is dense in the space of all
common priors®. Combining this observation with the results of Crémer and McLean (1985,
1988) for finite type spaces implies that the set of priors that permit full-surplus-extraction
is dense in the space of all possible common priors.

Recently, Neeman (2004) showed that full-surplus-extraction is possible only if the type
space has the “beliefs determine preferences” property, which requires that almost every
possible belief of every player about other players’ types is associated (with probability one)

!The reason we confine our attention to subspaces with a common prior is twofold. First, confining
attention to such consistent subspaces (in the sense of Harsanyi 1967-68) of the universal type space and
their associated common priors is standard practice in information economics. Indeed, this practice, which
has been called the Harsanyi doctrine, is considered by some to be a hallmark of Bayesian rationality (see
the discussion in Aumann 1998, Gul 1998 and Morris 1995). Second, the universal type space has a product
structure — it includes all the possible combinations of players’ beliefs and private signals. Hence, as should
become clear below when the terms are defined, beliefs do not determine preferences in the universal type
space, and consequently full-surplus-extraction is generically impossible there. Thus the question is settled
in this case.

2Mertens, Sorin and Zamir (1994), p. 156, thm. 3.1.



with a unique valuation or private signal of the player. Neeman (2004) also showed that
arbitrarily close to any consistent finite type space, there is another consistent finite type
space in which beliefs do not determine preferences, and consequently full surplus cannot be
extracted. It thus follows that both the set of priors that allow for full-surplus-extraction
(henceforth, FSE priors), and its complement — the set of priors that do not allow for full-
surplus-extraction (henceforth, NFSE priors), are dense in the space of all finite-support
priors, and hence also in the space of all priors. In particular, with the topology of weak
convergence, neither of these sets is open and dense.

However, just as both the rationals and the irrationals are dense in the set of real numbers
although the set of irrationals is larger in other senses (cardinality, Lebesgue measure), it is
also conceivable that one of the subsets of common priors above is larger than the other in
some meaningful sense.

One may think of two general approaches that may permit such a sharper result. First, it
may be argued that the topology of weak convergence on priors is not the natural topology
to apply in a strategic setting. Intuitively, two priors can be said to be “close” if and only if
they induce “similar” equilibrium behavior.> Indeed, preliminary results (Kajii and Morris,
1998) suggest that such a notion of strategic proximity may induce a stronger topology on
the set of priors. However, a characterization of strategic proximity in terms of beliefs is not
yet available. If and when such a characterization is obtained, then it may turn out that the
resulting stronger topology renders one of the subsets of common priors above both open
and dense, while its complement would not be dense. The results that are obtained in this
paper imply that the set of FSE priors would not be open in such a stronger topology, and
so only the complementary set of NFSE remains a candidate to become open and dense.

Second, it is also possible to consider non-topological notions of genericity, such as the
measure-theoretic notion of full Lebesgue measure. However, the notion of full Lebesgue
measure cannot be applied directly because it can meaningfully capture the idea of a set being
“large” only in finite-dimensional spaces. The space of common priors on the universal type
space (or even the smaller space of common priors with a finite support) is not only infinite
but also infinite-dimensional. It is therefore necessary to consider a measure-theoretic notion
of genericity that can be applied in infinite-dimensional topological vector spaces. Such an
appropriate notion, called prevalence, was originally conceived by Christensen (1974) and
Hunt et al. (1992) and further developed by Anderson and Zame (2001) as an extension
of the idea of full Lebesgue measure to infinite-dimensional spaces. The complement of a
prevalent set is called shy. The collection of shy sets in a finite-dimensional space is identical
to the collection of sets with Lebesgue measure zero. In an infinite-dimensional space, shy
sets retain the properties of zero-probability events: no open set is shy, and the collection of
shy sets is closed under subsets, under translations, and under countable unions.

We show that the subset of FSE priors is shy within the set of common priors on the
universal type space. It therefore follows that the complement of the set of FSE priors, or
the subset of NFSE priors, is generic. The same result also obtains if attention is restricted
to the subset of priors with finite-support.

3See Morris (2002) for such an argument and Dekel et al. (2004) for two possible definitions.



In fact, the set of FSE priors is non-generic even in a more direct and intuitive sense: It
is a proper face of the convex body of priors that has an infinite co-dimension, i.e. this set
“misses” infinitely many dimensions of the entire set of common priors.

The proof of this result is based on the following argument. Only mixtures of FSE priors
yield FSE priors, while a mixture of a NFSE and any other prior yields a NFSE prior.
This asymmetry “in favor” of the NFSE priors delivers the result. What makes this result
mathematically non-trivial is the fact that the set of FSE priors is nevertheless dense (with
the topology of weak convergence) in the set of all priors on the universal space.

The rest of the paper proceeds as follows. For simplicity, we begin in the next section
with the consideration of the classic problem of a seller of an object who designs an auction
for n risk neutral bidders with private valuations, with the goal of maximizing his expected
revenue. In Section 3, we explain how our results can be applied to any mechanism design
problem with interdependent types. Section 4 surveys the related literature, and section 5
concludes. Proofs are relegated to the appendix.

2 Surplus Extraction in Single Object Auctions with
Private Values

We consider the problem of a seller who wishes to design an auction that would maximize the
expected revenue he obtains by selling some object to one out of a set of n risk neutral bidders
with private valuations for the object. Each bidder or player may refuse to participate in
the seller’s auction, but if she agrees to participate, then she is bound by the outcome of the
auction.

Let N = {1,...,n} denote the set of bidders or players. Bidder i’s valuation or willingness
to pay for the object is denoted by v; € V;. The set of bidder ¢’s valuations V; is assumed
to be a complete, separable, metric space (in particular, V; may be finite). The payoff to a
bidder with valuation v; who wins the object with probability ¢ and who pays an expected
amount m is given by ¢ - v; — m. We refer to v; as bidder i’s preference or preference type.
Let V=V x---xV,. The set V is the basic space of uncertainty for this problem.

The behavior of the bidders in the auction may obviously depend on their willingness to
pay for the object. It therefore follows that the bidders’ behavior may also depend on their
beliefs about other bidders’ willingness to pay, because such beliefs possibly convey important
information about the way other bidders will behave in the auction. For the same reason,
beliefs about beliefs are also important, and so are beliefs about beliefs about beliefs, and so
on, ad infinitum. A complete analysis of the seller’s problem therefore requires a model that
allows for the specification of the bidders’ entire infinite hierarchy of beliefs about beliefs
about beliefs ... about whatever is relevant in the auction. Such infinite hierarchies of beliefs
may be conveniently encoded in what is known as a type space.



2.1 Type Spaces

Bidder 7’s private information is captured by its type 6; € ©;. The sets of bidders’ types
©,, 1 € N, are assumed to be complete, separable, metric spaces. For every space X, let
A (X) denote the space of probability measures over X. Fach type 6; € O, is associated
with a preference type v; (0;) € V; which describes 6;’s willingness to pay for the object,
and with a belief-type b; (0;) € A(©O_;) which is a probability measure on the space of other
bidders’ types ©_; =[] i ©,. The space of probability measures A (6©_;) is endowed with
the topology of weak convergence.

Each type of each bidder is assumed to know its own willingness to pay for the object
and its own beliefs. Since we focus our attention in this section on a private values model,
each type 6,’s preference type v; (6;) is defined independently of 6,’s belief type ZZ (0;). This
assumption is relaxed in the next section.?

A product space © = [[,.y ©; of the players’ type spaces is called a private values type
space. Each profile of types 6 € © is called a state of the world.

2.2 The Private Values Universal Type Space

Given the basic space of uncertainty V = V; x --- x V,, and the set of bidders N, there exists’
a private values universal type space

TPV — /—T@'PV

into which every other private values type space can be mapped in a beliefs-preserving way.
That is, for every type space © =[], ©; there exists a unique set of measurable mappings®

Bi:0;, =T, ieN

satisfying

and
b; (B; (6,)) (A) = b; (6) (BZL (A))

for every measurable set A C T'YV | where

E,i : @,i — Tiv

is defined by
E_; ((ej)j;éi) = (B (05)),; -

4The assumption that each type knows its own belief is captured by defining ?)\Z (0;) as a probability
measure over ©_; rather than over ©; x ©_;. The implied presumption about the bidders’ introspective
ability is standard, and is maintained throughout the paper.

5The proof of existence follows from a slight adaptation of the arguments contained in Mertens and Zamir
(1985), Brandenburger and Dekel (1993), or Heifetz (1993).

Swhich are in fact also continuous



The universal type set TV of bidder i € N is isomorphic to the product space
Vi x A(TEY)

by the mapping
Ti — <EJ\Z (Tz) 7/b\i (Tz)> .

Thus in what follows we use the terms 77" and V; x A (T£}) interchangeably.
Finally, for the rest of this section we drop the superscript “PV” from the notation
whenever there is no risk of confusion.

2.3 Priors

A probability measure p; on a private values type space © = [],_y ©; is called a prior for
bidder i if bidder i’s belief-types b; (0;) are the posteriors of p;. That is, p; is a prior for
bidder ¢ if for every real-valued continuous function ¢ : © — R

/61- (/92 ® (91‘, é,l) db; (0,) (él)) dpije, (0;) = /C;)gp (0) dp; (0) (1)

where p;e, is the marginal of p; on ©;.

A probability measure p on O is called a common prior, or prior for short, if it is a prior
for every bidder ¢ € N. The support of a prior p is called a Harsanyi-consistent subspace.

It is immediate from the definition that the set of priors for bidder i is convex: If p;, pl €
A (©) are two priors for bidder i, then so is ap; + (1 — a) p} for every a € [0,1]. It follows
that the set of common priors is also convex.

Since every private values type space can be embedded in the private values universal
type space, no loss of generality is implied by restricting attention to priors on the private
values universal type space T. We thus take the set of priors on the private values universal
space, denoted PFV, to be the set of relevant “environments” for our study.

Definition 1. A prior p € A(T) satisfies the Beliefs-Determine-Preferences (BDP) prop-
erty’ for bidder i € N if there exists a measurable subset T? C T, such that the marginal
pir; of p on T; assigns probability 1 to 77,

Dir; (sz) =1,
and no pair of distinct types 7; # 7, in T} hold the same beliefs —
b(ri) #b(r)

for every two different types 7;, 7 € T7.

"The notion of beliefs-determine-preferences generalizes the one in Neeman (2004) and is closely related
to Bergemann and Morris (2003) one-to-one property and to d’Aspremont et al.’s (2003, 2004) notion of no
free beliefs.



A prior p that satisfies the beliefs-determine-preferences property for bidder 7 is called a
BDP prior for bidder ¢. A prior p that is a BDP prior for every bidder ¢ € N is called a BDP
prior. Since any pair of distinct types 7; # 7, in the private values universal space differ
either by their belief-type or by their preference-type,® there is no pair of distinct types in
T? who hold identical beliefs but different preferences. In other words, a prior p satisfies the
BDP property for bidder i if there exists a p-probability 1 set V' x BY where B C A (T_;),
and a function that maps bidder ¢’s beliefs to its willingness to pay

o7 B —

such that T} is isomorphic to the graph {(31 (14) , 0; (TZ)> cT, €TY } of ®F.

By the revelation principle, no loss of generality is implied by assuming that the seller
employs an incentive compatible and individually rational “direct revelation” auction game
or mechanism (g; : T'— [0, 1] ,m; : T"— [0, 1]),. 5 in which each bidder i is asked to report
its type 7; € T;, and then to participate in a lottery in which it pays an amount m; (¢), and
wins the object with probability ¢; (t) .

A mechanism (g;, m;),. y is incentive-compatible (IC) if every type 7; € T; of every bidder
1 € N maximizes its expected payoff by truthfully reporting its type, or

| i) =i (7o) b (7 (72
> [ @m0 () = me (7 7)) b () () (1O

for every 7 € T;.
A mechanism (g;, m;),.y is individually-rational if every type 7; € T; of every bidder
1 € N prefers to participate in the mechanism than to opt out, or

~

/ (@ (s 70) 05 (72) = s (s 7)) by (72) (F—2) 0. (IR)

Definition 2. A prior p permits the full-surplus-extraction from a set K C N of bidders
if there exists an incentive compatible and individually rational mechanism (g;, m;),. that
generates an expected payment to the seller that is equal to the full surplus generated by
the bidders in K —

> [ mi)dp(r) = [ max i (r} o (7).

A prior that permits the full-surplus-extraction from the set K of bidders is called a full-
surplus-extraction (FSE) prior for K.

8If there were two distinct types 7; # 7/ with the same preferences and beliefs in the private values
universal type space, then the beliefs-preserving mappings of type spaces into the universal space would not
have been unique, thus contradicting the definition of the universal type space.



Remark 1 (FSE implies that IR must be binding). Fix a prior p. In order to extract
the full surplus from the bidders in K C N in the environment described by p, in p-almost
every state of the world 7 € T, the seller must sell the object to the bidder in K who has
the highest willingness to pay for it at 7 at an expected price that is equal to this bidder’s
valuation of the object. The individual rationality constraint implies that the seller cannot
sell the object to any bidder in K at 7 for a higher price, and selling the object for a lower
price implies a failure to extract the full surplus that is generated by the bidders in K.
It therefore follows that the individual rationality constraint must be binding for any type
7; € T} of a bidder in K that wins the object with a positive probability under a mechanism
(@i, m;);c that extracts the full surplus of the bidders in K.

Remark 2 (FSE from different sets of players). The fact that a prior may permit the
extraction of the full surplus from the set NV of bidders does not imply that it is possible to
extract the full surplus of each single bidder. For example, if there are two bidders and it is
commonly known that bidder 1’s willingness to pay for the object is strictly lower than that
of player 2’s, then it is possible to extract the full surplus of the set of bidders {1, 2} if and
only if it is possible to extract the full surplus of bidder 2 alone. However, if it is possible
to extract the full surplus of each single bidder, then it is also possible to extract the full
surplus of the set N of bidders.

Next, we show that BDP is necessary for full-surplus-extraction. Specifically, we show
that if a prior p permits the extraction of bidder i’s full surplus p-almost surely, then p is a
BDP prior for player 7.

Proposition 1. A prior p that is a FSE prior for bidder i is a BDP prior for bidder 1.

2.4 Genericity

A natural definition of genericity is that of full Lebesgue measure. Unfortunately, there is
no direct analog for Lebesgue measure in infinite dimensional spaces. Unlike the Lebesgue
measure in a finite-dimensional Euclidian space R¥, which is spread uniformly across the
space, in infinite-dimensional spaces there does not exist any (sigma-additive) translation
invariant measure. For example, in an infinite-dimensional separable Banach space, any
open ball of radius 7 > 0 contains an infinite sequence of disjoint open balls of radius 7,
so if a translation-invariant measure were to assign a positive measure to these balls, then
the r-ball would be assigned an infinite measure for any r > 0.° Therefore, probabilities or
measures in infinite-dimensional spaces are not satisfactory devices for determining whether

events are “typical” or not.

9Furthermore, confining attention to full-support quasi-invariant measures, which preserve null-sets under
translations (such as the Gaussian measures on the Euclidean spaces), is unhelpful either. Under fairly general
conditions, if there does not exist a non-trivial full support invariant measure on an infinite-dimensional space,
then neither does there exist such a quasi-invariant measure (see, e.g., Yamasaki, 1985).



Recently a general notion of largeness, which coincides with full Lebesgue measure in
finite-dimensional spaces, has been proposed. An event E in a finite-dimensional Euclidian
space R* has Lebesgue measure zero if and only if there exists a positive measure ;1 on R¥ such
that F and all its translations {x + y:z € E}, y € R*, have pu-measure zero. Christensen
(1974) and Hunt, Sauer, and York (1992) have relied on this observation and defined a Borel
subset of a complete metric topological vector space to be shy if there exists a positive
measure p on the space such that the set and all its translations have y-measure zero. They
called the complement of a shy set prevalent. They showed that shy sets satisfy all the
properties one would expect “small” or “negligible” events to satisfy. Namely, a subset of a
shy set is shy, every translation of a shy set is shy, a countable union of shy sets is shy, and
no open set is shy.

Anderson and Zame (2001) have adapted Christensen (1974) and Hunt et al.’s (1992)
definition to the case in which the relevant parameter set is a convex subset C' of a topological
vector space X. Since we are interested in determining the genericity of the set of FSE priors
relative to the convex set of priors on the universal type space, this is the definition which
is appropriate for our purpose.

It turns out that for our analysis it is not necessary to rely on Anderson and Zame’s
general definition of shyness, but rather on a simpler and stronger notion called “finite
shyness.” Let Ag denote the Lebesgue measure on a finite-dimensional subspace H C X.

Definition 3. (Anderson and Zame, 2001) A universally measurable' subset £ C C
is finitely shy in C' C X if there exists a finite-dimensional subspace H C X such that
A (C+p) > 0 for some p € X and Ay (£ + z) = 0 for every z € X. An arbitrary subset
F C X is finitely shy in C' if it is contained in a finitely shy universally measurable set.

Anderson and Zame (2001) show that if a set F is finitely shy in C' then it is also shy in
C. A subset Y C C is said to be prevalent in C' if its complement C'\Y is shy in C.1!

Example 1. The set of everywhere differentiable concave functions is finitely shy in the
cone of all concave functions (though it is of second-category)!? — see Anderson and Zame
(2001).

Example 2. Both the subspaces of purely atomic measures and purely non-atomic measures
are finitely shy in the space of all measures on a Euclidian space (with any topology in which
these subspaces are Borel, or more generally, universally measurable) — see Stinchcombe

10A subset F C X is universally measurable if it is measurable with respect to the completion of every
regular Borel probability measure on X.

Tn their definition, Anderson and Zame required the convex subset C' C X to be completely metrizable,
but as they mention in a footnote, the definition makes sense even without this requirement, which is needed
only for establishing some enhanced properties of shyness and prevalence (e.g., that if E is prevalent in F' and
F is prevalent in G then F is prevalent in ). This additional requirement is not needed for establishing the
basic desiderata that a subset of a shy set is shy, that every translation of a shy set is shy, that a countable
union of shy sets is shy, and that no open set is shy.

12Gee Remark 3 at the end of this subsection



(2001). The subspace of non-atomic measures is of second category in the space of all
measures with the topology of weak convergence, but when the topology is strengthened to
that of the total variation norm, the complement of this subspace (the measures with some
atoms) becomes open and dense.

The fact that no invariant measure exists on infinite-dimensional vector spaces prevents
the notion of prevalence from satisfying all the properties that full Lebesgue measure sat-
isfies in finite-dimensional spaces. For example, there could be a subset E of an infinite-
dimensional space Y x Z such that the sections {z € Z : (y, z) € E} are shy in Z for every
y € Y, while E itself is not shy in Y x Z (Anderson and Zame 2001, example 4). This, of
course, is impossible if Y x Z is finite dimensional.

The sets that we identify as non-generic in our analysis are small also in a stronger and
more straightforward sense. Each such set is contained in a proper face of the convex body
(of priors), and moreover the face in which they are contained has an infinite co-dimension.
That is, it “misses” infinitely many dimensions of that convex body.

Definition 4. (Rockafellar, 1970) A convex subset F' of a convex set C'is called a face if
whenever f € F'is a convex combination of z,y € C, then z,y € F.

Definition 5. A face F of C'is called a proper face when F' is a proper subset of C. The
co-dimension of I’ in C' is the dimension of the minimal subspace Y of X such that C is
contained in the subspace spanned by F' and Y.

Under fairly general conditions, it can be shown that a proper face of a convex set is
finitely shy in the set. A proper face of a convex set is also null. In a recent paper, Perry and
Reny (2003) define a set A to be null if it is a countable union of finitely shy sets {A4,} ~,,

where for each n there exists a one-dimensional subspace H, = {ax, : « € R} such that
Am, (A, +x) =0 for every z € X.

Lemma 1. Let C' be a convex subset of the topological vector space X. Suppose that X
is endowed with a topology that satisfies the following property: for every ¢ # ¢ € C and
A C R the one-dimensional set

{a(c={d):ae A}

is a Borel subset of X if and only if A is a Borel subset of R. Let F' be a Borel set which is
a proper face of C. Then F' is finitely shy in C' and null.

Remark 3 (Alternative notions of genericity). There are two distinct concepts con-
cerning the pervasiveness of a property or a set. One concept concerns directly the size of
the set. In Euclidian spaces, this is captured by the set having full Lebesgue measure, and its
complement having Lebesgue measure zero. A property that obtains in a set of full Lebesgue
measure is called “generic.” Inter alia, a set of full Lebesgue measure is dense in the ambient
Euclidian space. The second concept concerns the persistence or robustness of the property
which describes the set. This concept is captured by the requirement that the set be open.

10



A hybrid concept combines the previous two to require that a set be both open and dense
to be considered “large.” This hybrid topological notion does not coincide with largeness
in the sense of size, because there are open and dense subsets of a Euclidian space with
arbitrarily small Lebesgue measure. This topological notion is sometimes stretched further,
so that sets of the second category, namely, sets that contain a countable intersection of open
and dense sets, are also considered “large.”

The fact that, as mentioned above, there is no analog for Lebesgue measure in infinite
dimensional spaces, has led some researchers to use the notion of second category as a notion
of largeness in infinite-dimensional spaces. Sets of the second category do indeed satisfy some
desiderata that every notion of pervasiveness should satisfy: Sets of the first category, which
are the complements of sets of the second category are (1) closed under countable unions,
(2) a subset of a first-category set is of first-category, (3) a translation of a first-category set
is of first-category, and (4) no open set is of first-category. However, these desiderata are
only necessary, not sufficient, properties for largeness in the sense of size.!* Indeed, there
are subsets of the Euclidian space that are of second-category but have Lebesgue measure

zero. !4

2.5 FSE Priors are Non-Generic

In this section we show that the set of FSE priors, denoted F, is a proper face of the set of
priors on the private values universal type space, P, and that F has an infinite co-dimension
in P. In particular, F is finitely shy in P by lemma 1.

Positive multiples of priors in P constitute a convex cone of (positive) measures. Taking
the differences of pairs of such measures yields the vector space of signed measures that are
generated by P, denoted M. We assume that the topological vector space M is endowed
with a topology that satisfies the following two properties: (1) the mappings

(p,p) — p+p
(,p) — ap

are continuous in p,p’ € P and o € R; and (2) a subset A C R is Borel if and only if for
every pair of priors p,p’ € P the one-dimensional set of weighted averages

{ap+(1-a)p :a € A} (2)

is a Borel subset of M. These two properties are satisfied by a large variety of topologies
on M, including the topology of weak convergence and the topology of the total variation
norm, but not by extremely strong topologies such as the totally disconnected topology in

13For Example, Mas-Colell (1985, p. 318) writes: “Although the topological notion of genericity discrimi-
nates a bit more than merely asserting the density of a given property, it has to be thought of as much less
sharp than the measure theoretic concept available in the finite-dimensional case.”

MFor example, let 71,72,... be an enumeration of the rationals in R, and let A, =
Uzozl (Tn - WIH,TH + szlﬂ) Then Ay is open and dense but has Lebesgue measure %, and ﬂ?:l Ay
is of second category but has zero Lebesgue measure.

11



which every subset of M is open. The result below applies to any metric topology on M
which satisfies the two properties above and that is also at least as strong as the topology
of weak convergence.!®

Theorem 1. The set B of BDP priors for bidder 7 is a proper face of the convex set P of
priors on the private values universal type space. Moreover, B has an infinite co-dimension
in P.

Corollary 1. The set B of BDP priors is finitely shy and null in the set of common priors
P.

Corollary 2. The set F of Full-Surplus-Extraction priors for player ¢ is contained in a
proper face with infinite co-dimension within the set of common priors P. In particular, F
is finitely shy and null in P.

Remark 4 (Priors with a finite support). Inspection of the argument presented in
this section reveals that it also implies that the set F; of FSE priors with a finite support
(finite-support priors) for player i is a proper face of infinite co-dimension (and hence finitely
shy and null) in the space of all finite-support private values priors P, on the universal space
T'. The proofs apply verbatim.

2.6 Approximate Full Surplus Extraction and Robust Surplus Ex-
traction

Until now we have addressed the issue of full surplus extraction. It remains an open question
whether or not it is generically possible to approximate full surplus extraction. We conjec-
ture, but have been so far unable to prove, that for every ¢ > 0, both the set of priors in
which it is possible to extract at least 1 — ¢ of the available surplus, and the set of priors in
which it is impossible to extract at least 1 — € of the available surplus, are not small in the
sense that neither of them is shy.!®

A conceptually distinct question concerns the robustness of the extent of surplus extrac-
tion. Suppose that for a given prior p the principal has designed an optimal mechanism g,
that extracts as much surplus as possible. If it turns out that the principal has mis-specified
the prior slightly, would the mechanism p,, extract nearly as much of the surplus as could
be extracted with the correct prior? We conjecture that the answer to this question is neg-
ative, and furthermore that the extent of surplus extraction by a fixed optimal mechanism

15In particular, if a topology of strategic proximity as discussed in the introduction belongs to this range
of topologies, then our result implies that the shy subset of FSE priors cannot be open in that topology.
Hence, only the set of NFSE priors could be both open and dense in such a topology.

6For the case of public good provision, Neeman (2004) describes an example where if beliefs do not
determine preferences, then the probability that the public good can be provided decreases to zero with the
number of players while efficiency requires that the public good be provided with probability 1. It therefore
follows that in such a setting the total surplus that can be extracted from the players converges to zero at
the same time that the total surplus that could be generated by the players remains uniformly bounded away
from zero.
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is generally discontinuous in the prior. That is, we conjecture that arbitrarily close to any
prior p, there exists another prior p’ such that the mechanism p,, extracts a much smaller
portion of the surplus than the portion of surplus that y, extracts under p.t7

Finally, it is also interesting to know how the portion of the extractable surplus varies
with the prior p, when the mechanism is allowed to vary optimally with the prior. Since
the set of FSE priors is dense (even though, as we showed, it is non-generic), the portion of
the extractable surplus is discontinuous at any NFSE prior. The percentage of the surplus
that can possibly be extracted as a function of the prior is thus discontinuous “almost
everywhere” (i.e., on a prevalent set of priors). We conjecture that the extractable surplus
may nevertheless be continuous at the non-generic set of environments described by the FSE
priors themselves.

2.7 The Relationship to Crémer and McLean’s Results

Crémer and McLean (1988) showed that within the set of models with a fized finite number
of types n; > 2 for each player i (or equivalently, within the set of priors that are supported
on a fized finite number of types n; > 2 for each player i), the set of priors that permit
full-surplus extraction from any bidder is generic. Our argument cannot be phrased in this
more limited setting, because the set of priors that are supported on a fixed finite number
of types is not conver. For example, the mixture of the common priors that are represented
by the two matrices

Ty = (v2,b2) | T2 = (172, b2> Th = (vg,bh) | T = (172, b’2>
T = (Ul,bl) a b Tll = (’Ul,bll) a v
T = (51,b1> c d = (ﬂl,bfl) d d
17Consider the sequence of common priors
v=1|v=2-1
Pn = v=1 % % .
— T 1 1
v=2—31 § 3

For every n, the mechanism that extracts full surplus for the prior
| )
fails to extract more than % for any element of the sequence because it excludes bidders with WTP 2 — % in
spite of the fact that total surplus on the sequence converges to %

Weinstein and Yildiz (2004) present a related result. They show that unless a game is dominance-solvable,

every equilibrium is highly sensitive to higher-order beliefs. Note that with the topology of weak convergence,
a player’s type is continuous in its beliefs of any given order.

—_
<

v

p= v=1
v =2

o l=fol—] ||
kel— 1] ||
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(where a+b+c+d=d +b + +d =1, but either ab’ # a'b or ed' # 'd) is not the prior
that is represented by the matrix

= (v, 4)) | 7 = (,8%)
= (v,b) | %(a+d) = (b+ V)
#=(08) | tetre) | e+

but rather the following prior

o = (v,02) | Fo = (T,n) | 7h = (v, ) | 7 = (7, 0%)
71 = (v1,01) %a %b 0 0
T = <1~11,l~71> 5c 3d 0 0
7= (0, b)) 0 0 Iy Iy
# = (0,0) 0 0 1 Ly

which is supported on 8 rather than 4 states.
In particular, the mixture of the common priors that are represented by the two matrices

'UQZO 'l~12:1 'UQZO '[12:1
U1 % 0 V1 = 0 %
i=1] 0 : hi=1] 3 0
is not
U2:O 732:1
1 % i (3)
=1 : 1
but rather
’U2:0 772:1 U2:O 732:1
v =0] 3 0 0 0
=1 0 T 0 0 (4)
vy =0| 0 0 0 1
=1 0 0 2 0

(Notably, the average (4) preserves the fact that it is common knowledge that bidders know
each other’s type, while (3) does not.)

3 Implementation with Interdependent Valuations

In this section, we demonstrate how the results obtained in the previous section for an
auction problem with private values can be generalized to any mechanism design problem
with interdependent types. Specifically, we ask whether a given decision rule, which is a
mapping from players’ types into outcomes is generically implementable. Whenever possible,
we rely on the notation used in the previous section.

14



Let N = {1,...,n} be a finite set of players, and X a measurable set of outcomes. The
players’ preferences over outcomes depend on the state of nature k € K. The space of states
of nature K is our basic space of uncertainty. It is assumed to be a complete, separable,
metric space, that is endowed with its Borel o-field. When the state of nature is k € K, the
outcome x € X prevails, and player ¢ receives a monetary transfer m;, her payoff is given by

u; (z, k) +m;

where

u,: X X K —- R

is a Borel measurable utility function. The players are assumed to be expected payoff
maximizers.

3.1 Type Spaces

For every player ¢ € N, the set of player i’s types ©; is assumed to be a complete, separable,
metric space. Every type 0; € ©; is associated with a probability measure on the space of
states of nature K and the other players’ types O_; = [] it ©;. The space of probability
measures A (K x ©_;) is endowed with the topology of weak convergence. With a slight
abuse of notation, we say that ©; C A (K x ©_;).

This formulation, which implies that the uncertainty of 8; € ©; is about K x ©_; but not
about ©;, captures the idea that each type has a sufficiently developed introspective ability
to determine its own belief.

Type 0;’s belief type b; (0;) € A(©_;) is the marginal 0;¢_, of the probability measure
0; on the other players’ types ©_;. Type 60,’s preference type v; (0;) is any version of the
expected payoff functions

U, (:z: ei,e_i) X xO, >R, 6co,

that satisfies

/@i U, (5 <t9¢, é—z) ;05 é%) dbiye_, = /Kx@l- Uu; <5 (Qi, é,l) ,,E;) o),

for every measurable decision rule § : © — X.

The type space is the product © = [],.y ©; of the players’ type sets. Each 6 € © is
called a state of the world.

The private-values setting of the previous section is a particular case of the formulation
described in this section. If a type 6; is a product probability

t; = ‘9i|K X ‘9i|®,i

then the expected payoff functions Uj; (3?; 0;, é_,) are independent of _;, and can therefore
be denoted U; (Z;6;) .

15



In the setting of the single object private values auction considered in the previous section,
outcomes x = (z1, ..., z,) are given by vectors that describe the probability with which each
bidder or player wins the object. Bidders’ payoffs are linear in the probability with which
they win the object and are independent of both other bidders’ types and the probabilities
with which other bidders win the object. Hence, if we let 1; denote the vector that has 1
in the i-th place and 0 everywhere else, then for every vector x, U; (z;0;) = z; - U; (1;;6;) .
Moreover, because U; (1;;0;) describes 6;’s utility when it wins the object for sure, which
we denoted in the previous section by v; (6;), every type’s preferences can be completely
described by its preference type v; (6;) .

To further illustrate the definition, consider now the case of a single object pure common
value auction with two bidders. In this case k € K is the true value of the object. Suppose
that bidder 1 knows the value k& with certainty; that bidder 2 has no private information,
only a belief which specifies the probabilities p; of the potential values of k; and that all of
this is common knowledge among the bidders. Then bidder 2 has a single type 6,. Bidder
1’s types have the form'®

Hlf:ékx552, ke K,

respectively. Bidder 1’s preference and belief types are therefore given by
@\1 ((9];) = U1 (.T,elf,ég) = .’L‘lk
bl ((9?) — 5@2
The unique type 05 of bidder 2 is a probability measure over K x ©;, which assigns probability

pr to the combination (k, Hlf) for k € K, and zero probability to any other combination in
K x ©;. The preference and belief types of 0, are given by

@\2 (ég) (l’, Qlf) = U2 ($; @2, 9’1“) = ZL’Q/{T
b (02) (6) = m

. , . . . , k
Thus bidder 2’s preference type depends non-trivially on bidder 1’s type 67.

3.2 The Universal Type Space

Given the basic space of uncertainty K and the set of players IV, there exists a universal type

space
T=]]%
ieN
into which every other type space T' can be uniquely mapped in a beliefs-preserving way
(Mertens and Zamir, 1985; Brandenburger and Dekel, 1993; Heifetz, 1993). That is, for
every type space © there exists a unique set of measurable mappings!® (E; : ©; — T;) iEN
satisfying

18§ denotes the unit-mass probability measure.
9which are in fact also continuous.
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for every measurable A C K x T_;, where
E_Z‘ZKX@_iﬁKXT_i

is defined by
BE_; (k:, (‘93')#1‘) - (k:, (B (ej))jqéi)

It turns out that in the universal type space for player i, T; is isomorphic with A (K x T';)
(and not just with a subset of it) for every i € N. We therefore refer to 7; and A (K x T_;)
interchangeably.

The private-values universal type space T*V described in the previous section is a subset
of the universal type space T' that is presented here in the special case in which K = [],_y Vi.
It is the subset of T" in which it is commonly known that each player i’s types 7; € T;, 1 € N,
have a product form as follows

Ti = Tiv; X TiV_ixT_;-

The definition of a common prior on the universal space is the same as in section 2.3
above. The space of environments of interest is the set of priors P on the universal type
space T

3.3 EDR Priors are Non-Generic

In section 2 we have considered private-values environments of a particular kind, in which the
private preferences of a player could be represented by a one-dimensional valuation. All the
results about the genericity of full surplus extraction obtained in Section 2 also obtain under
the general (quasi-linear) setup defined at the beginning of this section. We now proceed to
consider the implementation of general decision rules.

Definition 6. A prior p with support 7, permits the implementation of a decision rule
0 : T, — X if there exists an incentive compatible and individually rational direct revelation
mechanism <5 (M) N> where m; : T, — R denotes the payment to player 7 as a function of
the players’ types.?’ A prior that permits the implementation of every decision rule is called
an EDR prior.

Definition 7. A prior p with support 7}, permits the full extraction of the players surplus
relative to a decision rule § : T, — X if there exists an incentive compatible and individually

20 A direct revelation mechanism <(5, (mi);e N> is incentive compatible if

/T (U5 (5 iy 7)) ma i 7)) b () () > / (U3 (8 (7}, 7—0)) +ms (v}, 7—0)) dby (72) (7—1)

T

for every player i € N, and player 4’s types 74, 7, in the support of p. It is individually-rational if
[ W r) 4 mir 7o) dbs () (-0 2 0
T ;

for every player ¢ € N, and player i’s types 7; in the support of p.
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rational direct revelation mechanism <5 (i) e N> that implements 0 with payment functions
that leave each type of each player in T}, with zero surplus.?!

Remark 5. As in the previous section, the revelation principle implies that in the two
definitions above, no loss of generality is entailed by restricting attention to direct revelation
mechanisms.

Remark 6. The previous section was devoted to investigating the possibility of the extrac-
tion of the players’ full surplus relative to an ex-post efficient allocation rule in the context
of a single object private values auction.

Recently, Aoyagi (1998), d’Aspremont, Crémer, and Gérard-Varet (2003) and Kosenok
and Severinov (2004) showed that in models with at least 3 players and a fixed finite number
of types for each player that is larger than or equal to 2,%? it is generically possible to
implement every decision rule.?® In contrast, we show below that finite-support EDR priors
are BDP priors. Since the set By of finite-support BDP priors is non generic within the set
Py of all finite-support priors (the proofs of Theorem 1 and Corollary 1 apply verbatim),
we conclude that the set £ of finite-support EDR priors is non-generic within Py.

In order to establish this result, we impose the mild assumption that for every player ¢
there exists an outcome z, that if implemented, generates a payoff of 0 for player 7 regardless
of player i’s type. Allowing the players to “opt out” of the mechanism ensures the existence
of such outcomes.

Proposition 2. A finite support EDR prior is a BDP prior.

Corollary 3. The set & of finite-support EDR priors is non-generic in the set of priors
with finite support P;. The set & is contained in a proper face with infinite co-dimension
in Py, and is therefore finitely shy and null.

4 Related Literature

Myerson (1981) showed that a seller in an auction may be able to exploit the presence of
correlation among bidders to extract the bidders’ full surplus. Crémer and McLean (1985,

?IThat is, the payment functions (m;),. are such that

. m; (Ti,%_i) dbz (Tz) (%—i) = — /T Uz ((5 (Ti,%_i)) dbz (Tz) (%—i)
for every player ¢ € N, and player i’s types 7; in the support of p.

22Kosenok and Severinov (2004) require one player to have at least 3 types when there are exactly 3
players.

23d’Aspremont et al. (2004) do not require interim individual rationality but rather budget-balance.
However, every budget balanced mechanism can be transformed into an individualy rational mechanism by
adding a sufficiently large constant to each player’s payment function m;. Kosenok and Severinov (2004) do
require both interim individual rationality and budget balance.
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1988) showed that a monopolistic seller can generically extract the full surplus of risk neu-
tral consumers and bidders, respectively, in models with a fixed, finite, number of types.?*
McAfee and Reny (1992) constructed a similar auction to the one described by Crémer and
McLean that (approximately) extracts the full surplus of the bidders when the number of
bidders’ types is uncountably large, but did not explicitly address the issue of genericity.
McAfee et al. (1989), Johnson et al. (1992), and Brusco (1998) have established related re-
sults in more specific contexts. For a general formulation of the full surplus extraction result,
which allows for a continuum of multidimensional, mutually payoff relevant agents’ types,
see Johnson et al. (2002). Recently, Aoyagi (1998), d’Aspremont et al. (2003) and Kosenok
and Severinov (2004) showed that it is generically possible to implement any decision rule
in models with a fixed finite number of types.??-26

In the two previous sections we showed that the conclusions about the generic possibility
of full surplus extraction and about the implementation of every decision rule are reversed
when one considers the set of all models with any finite number of types. This still leaves
open the question of whether or not a specific decision rule can be generically implemented.
An answer to this question can be provided for the case of efficient decision rules.

Implementation of a decision rule requires that the mechanism designer be able to induce
players to reveal both the preference and belief components of their types. A player’s beliefs
about other players’ types can always be fully extracted at a cost by standard arguments
(see e.g. d’Aspremont and Gérard-Varet, 1979). Thus a mechanism designer may generally
face a trade-off between the cost and benefit of extracting a player’s belief. However, if
the decision rule to be implemented is efficient, then as shown by Bergemann and Morris
(2003), the players’ beliefs can be extracted at no cost. It therefore follows that it is possible
to provide a precise characterization of whether a given efficient social choice function is
(interim) implementable on arbitrary finite type spaces in terms of conditions that arise
when looking at standard implementation in an environment with stochastically independent
types (for details, see Bergemann and Morris, 2003). The gist of this characterization is that
after a player’s belief type has been costlessly extracted, then if the player’s beliefs do not
determine its preferences, the player has to be given some rent in order to induce it to reveal
its payoff type truthfully, in a similar way to the rent players have to be given when their
types are stochastically independent.

A number of authors have argued that the conditions that are imposed in order to obtain
these full-rent-extraction results, while standard in many applications, are nevertheless very

24Crémer and McLean (1988, Appendix B) have indicated how some of their results can be generalized
to allow for a continuum of types. See Parreiras (2004) for an alternative characterization of Crémer and
McLean’s results in terms of the principal’s belief about the quality of the agents’ information.

2>What turns out to be the necessary and sufficient condition for implementation of every decision rule
was first introduced by d’Aspremont and Gérard-Varet (1982). d’Aspremont et al. (2004) demonstrate that
this condition (condition B) is strictly weaker than Aoyagi’s (1998) strict regularity condition which have
been shown to be sufficient for implementation of every decision rule. Kosenok and Severinov (2004) devise
a stronger condition, Identifiability, which enables surplus extraction with a mechansim that also satisfies
interim individual rationality.

26See Lopomo, Rigotti, and Shannon (2004) for an altogether different perspective on the subject of full
surplus extraction.
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strong. Crémer and McLean (1988) suggested that full rent extraction is not robust to the
introduction of risk aversion or limited liability constraints, and emphasized the dependence
of these results on the common prior assumption. Following their suggestion, Robert (1991)
showed that for any given auction mechanism, when agents are risk averse or face limited
liability constraints, the function that relates the common prior to the seller’s profit and
to total surplus (and hence also to the sum of information rents captured by the agents)
is continuous in the prior. Since it is known that agents do obtain positive information
rents in independent environments, Robert concluded that full information rent extraction
also fails in “nearly independent” environments with risk averse agents or agents that face
limited liability constraints. More recently, Laffont and Martimort (2000) have established
the continuity of the mechanism’s outcome function also for environments with risk-neutral
agents who are not constrained by limited liability, but who may form collusive coalitions.
Intuitively, the reason that full rent extraction fails under these circumstances is that the
auction mechanisms that extract the full buyers’ rent rely on lotteries whose variance in-
creases to infinity at independence. Thus, in nearly independent environments, mechanisms
that rely on such lotteries violate the buyers’ limited liability or participation constraints.
Because these lotteries also prescribe payments to and from agents that strongly depend on
the actions of other agents, mechanisms that rely on such lotteries are highly susceptible
to collusion among the agents, and fail in nearly independent environments where these
payments are large.

5 Conclusion

This paper makes a contribution to the growing literature about robust mechanism design
that has stemmed out of Robert Wilson’s view that further progress in game theory depends
“on successive reduction in the base of common knowledge required to conduct useful analyses
of practical problems” (Wilson, 1987).%” As shown by Neeman (2004), full-surplus extraction
hinges on there being common belief that a player’s belief determines, or predicts with
certainty, the player’s preferences. Once this assumption is relaxed, the full surplus of the
players cannot be extracted. This paper presents a model in which it is shown that it
is generically incorrect to assume that the mechanism designer and players maintain such
common belief assumptions.

6 Appendix: Proofs

Proof of Proposition 1. Suppose that p is a FSE prior for bidder i. Let (g;,m;);.5 be
an incentive compatible and individually rational mechanism that extracts the full surplus
of bidder i. By Remark 1, bidder ¢ must win the object with p-probability 1 under the

27See, e.g., Bergemann and Morris (2003), Chung and Ely (2004), Neeman (2003, 2004), Weinstein and
Yildiz (2004) and the references therein.
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mechanism (g;, m;),;, and bidder ¢’s individual rationality constraint must be binding with
p-probability 1 under the mechanism (g;, m;); . -

Suppose that p is not a BDP prior for bidder 7. It follows that there exist two disjoint
measurable subsets of bidder i’s types, A;, A, C T;, that each have a positive p-probability

pir (Ai) >0, p (47) >0,
and the same range of beliefs
bi (A;) = b; (A}) € A(T-y),
but different valuations. That is, if 7, € A; and 7} € A} are such that
bi (r7) = bi (7:)
then
0; (75) < 0; (15) .
In particular, for every type 7; € A; there exists a type 7; € A, such that b, (1h) = b, (1;) but
0; (1}) < 0; (1) . It follows that

/ (45 (72 70) s (72) = i (75, 72)) s (72) (F—s)

v

> (qi (T, 7—3) 03 (75) — my (75, 7—3)) dbi (7)) (F)
> 0.

The first inequality follows from the (IC) constraint for type 7;; the following equality fol-
lows from the fact that b; (7}) = b; (1;); the next strict inequality follows from the fact that
0; (1) < ¥; (1;) and that ¢; (7}, 7_;) = 1 for p-almost every type 7; € A’; and the last inequal-
ity follows from the (IR) constraint for type 7. It therefore follows that bidder i’s individual
rationality constraint is not binding for p-almost every type 7; € A;. A contradiction. [ |

Proof of Lemma 1. Let g € C'\ F and let f € F. Consider the one-dimensional subspace
of X
H={a(g—f):aeR}.

Let Ay be Lebesgue measure on H. We have that a (¢ — f)+ f =ag+ (1 —a) f € C if and
only if a € [0,1] and hence Ay (C'— f) =1 > 0. However, Ay (F + z) = 0 for every x € X.
In fact H N (F + x) is either empty or a singleton. Indeed, assume by contradiction that
fitz = hi=a1(9—f)
fotz = hy=ax(9—f)
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where hy,hy € H, fi, fo € F and a3 > ay. Then

fi—fo= (a1 —a2)g— (o1 — ) f,

or
1 (a1 — 062) . 1 (Oél — Oé2)

f+1+(oz1—a2) _1+(()61—()42)f2+1+(061—042)

1 -+ (a1 — 042) !
where the left-hand side is a convex combination of fi, f € F, and hence in F, while the

right-hand side is a convex combination of f; and ¢. Since F' is a face, this implies that
f2, g € F, contradicting the assumption that g € C'\ F. [ |

Proof of Theorem 1. We first have to show that B is convex. Suppose that

f=afi+(1-a)fs

where fi, fo € B. We have to show that f € B.
Because f;, k = 1,2 are BDP priors for player 4, there exist subsets T/ C T such that

the projection Tif * of T/+ on T; is the graph of a function
o . gl g,

(where B/* is the projection of T/* on A (T.;)), and for every 7 = (..., 7;,...) € T/ and
every player j # 4, the marginal b, (Tj)m of 7; on T; assigns probability 1 to Tl-f *. This means
that if
ThNT? £ ()

then for every 7 = (...,7;,...) € T/' NT/2 and every player j # 4, the marginal /b\j (Tj)m
of 7; on T; assigns probability 1 to Tl-f N Tif *. It then follows that the graphs of <I>{ ' and CIDf 2
coincide on B/ N B> almost surely according to both fir, and for,, because on T* N T2
each of the priors is an average of j’s beliefs {gj (r)):7=(..,75,...) €TIN sz}. So if
we define @; : B/* UB” — S, by

o' (b;) b € B
&% (b;)  otherwise

then both fy7; and fy7; assign probability 1 to the graph of ®;.
This implies that the marginal of f = af; + (1 — «) f» on T; assigns measure zero to the
complement of the graph of ®;, and hence f is a BDP prior.
Next, we have to show that B is a face of P. Suppose that a BDP prior f € B is a convex
combination
f=ap+(l1—a)g

where « € (0,1) and p, ¢ € P. We have to show that p,q € B.
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We argue by contradiction. Suppose, without loss of generality, that p € P\ B. It
follows that for some bidder i € N there exist two disjoint measurable subsets of i’s types,
A;, AL C T;, that each have a positive p-probability

P (Ai) >0, p, (4) >0,
and the same range of beliefs
bi (A) = bi (A) € A(T),
but different valuations — if 7; € A; and 7, € A} are such that
bi (73) = bi (7:)
then

It follows that also

f\Ti (AZ) = ap, (AZ) + (1 - (1/) 4\t (AZ) >0,
fr, (A = apz, (A7) + (1 —a) qr, (A7) >0,

so f is not a BDP prior, in contradiction with our assumption.

Last, we have to show that the co-dimension of B in P is infinite. This follows from the
fact that there are infinitely many (in fact, a continuum) of i.i.d. common priors which are
not convex combinations of other priors, and the fact that i.i.d priors are not BDP.

To see this, consider two different bidders 7, j, and two distinct valuations of each —
v; # v; € Vi, v; # v; € V. Then there is a continuum of priors p,, with 7,5 € (0,1),
such that the support of each such prior consists of 4 type-pairs: With the prior p,, that
bidder 7 has the valuation v; with probability r and the valuation v; with probability 1 — r;
while independently of i’s valuation, bidder j has the valuation v; with probability s and the
valuation v} with probability 1 — s. With this prior, with probability 1 each bidder has the
same belief about the other’s types irrespective of her own valuation, so p, s is not a BDP
prior.?® Moreover, each prior p, s is not a convex combination of other common priors in P,
because if (r, s) # (17, s"), then the priors p, s and p,» & on the universal space T" have disjoint
supports.?’ |

Proof of Corollary 1. This follows from Theorem 1, lemma 1 and lemma 2 below. [
Lemma 2. The set B of BDP priors for bidder i is a Borel subset of the space of priors P.

Proof of Lemma 2. If the lemma obtains when P is equipped with the topology of weak
convergence, it also obtains for any stronger metric topology. It is therefore enough to
proceed assuming that P is equipped with the topology of weak convergence.

281f there are more bidders, the definition of p,. s could be extended by choosing some particular valuation
for each of those extra bidders, and have p, , assign probability 1 to that combination of valuations for each
of the 4 combinations of valuations of 4 and j.

29Gection 2.7 above contains an illustrative discussion of this point.
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By definition, a prior p € P is a BDP prior if and only if the marginal of p on T; =
Vi x A(T-;) is concentrated on a measurable graph ®” : B? — V;. This is expressible by
countably many conditions, in the following way.

Since V; is separable, there is a countable collection {A}'} ., of subsets of V; which is
closed under complements and finite unions and generates the Borel sigma-field of V;. Hence
there are also countably many partitions {I'}*} ., of V; to finitely many disjoint subsets

{A??} ' C {Ar'}, -, . Similarly, Since A (7_;) is separable, there exists a countable collec-
k=1 =
tion {Y;} 4>, Of subsets of A (T";) which is closed under complements and finite unions and

generates the Borel sigma-field of A (T";). Hence, there are also countably many partitions

»y LT
{A7},5, of A(T;) to finitely many disjoint subsets in {Yf‘“}k:l C {Y;Z}Ql .

The marginal of p on T; = V; x A (T_;) is concentrated on the graph of ®” if and only if

for every partition I'}" = {A:L‘“ } of S;
k=1

m
N, %

p U (A:ng X (q)lz!?)*l <A:LZ”> % T—i) 1

k=1

Intuitively, as the partitions (mez1 of V; get finer, the union of the rectangles A?Zl X

(®")~" (A:L?> approximates increasingly well the graph of ®.

i nim Nt . .
of Vj, {(q)f)_l (A‘“)}k is a partition of
—1

()

Now, for each partition I']" = {Af?}

A (T-;), that can be approximated arbitraril_y well (in terms of the probabilities assigned to
the partition members by the marginal of p on A (7)) by partitions in {Aj}, ., . Hence, the
marginal of p on T; = V; x A (T_;) is concentrated on a measurable graph from A (7_;) to

V; if and only if for every natural number ¢ > 1 and for each partition I']" = {A:LZL} " of
k=1

N7
V; there exists a partition Al = {Yf’“} of A(T_;) with L} = N™ and

k=1
NZ’.NL ’ . 1
p U(A?kXYiZkXT—i> >1--
k=1 q
Formally, therefore, the set F of BDP priors is
N 1
ﬂ ﬂ ﬂU peEP:p U(A:l’“ x}/f’“xT_i) >1—-
iEN m>1g>1r>1 k=1 q
which is a Borel subset of the space of priors P. [ |

Proof of Corollary 2. By proposition 1 we have F C B, so the corollary follows from
Corollary 1 [
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Proof of Proposition 2. Suppose that p is not a BDP prior for player 7. Then player ¢
has two types 7;, 7. € T; that each have a positive p-probability, the same beliefs

b (1) = b; (1}) = b € A(T-y),
but different preference types
b; () # Bi (0u) -
That is, there exist a profile of other players’ types 7_; € T'_; such that
b; (T_;) >0
and an outcome T € X’ such that (without loss of generality)
U (Z;75,7—) > Ui (Z; 75, 74) > 0.
Define the decision rule
0:T—X
by
5(r) = { z T=(7,,7T_)

ri  otherwise

Consider any system of monetary transfers
m;: T —R, i€eN

and suppose that the mechanism <(5 (i) ;e N> is incentive compatible. In particular, for type

or
T_;€T_; T_;€T_;

Therefore, if instead of truthfully reporting its type, 7; reports it is type 7}, then its expected

payoff is

v
—
o
\.ﬁl
|
N
&
—~
N
|
N



in contradiction to the presumed incentive compatibility of <5 (i) e N> . It follows that the
decision rule 6 cannot be implemented, so p is not an EDR prior. [ |
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