Induction

Digression about the nature of scientific discovery 

(Brassard&Bratley, 1996: Fundamentals of Algorithmics)

Oxford American Dictionary:

induction: "inference of general law from particular instances"  
deduction: "inference of particular instances from a general law or principle"

George Polya (1887-1985, Hungarian born mathematician, important contributions to number theory, combinatorics, series, voting systems):

"Mathematics presented with rigor is a systematic deductive science, but

mathematics in the making is an experimental and inductive science"

Examples of wrong induction:
Induction as a method is always correct, but it must be applied carefully; and even then some statements that are true for an overwhelming majority of cases may be wrong for a very small number of cases; and just one is enough to make the claim wrong as we are seeking absolute truth:

1. Your everyday experience shows "one can always cram one more person into a classroom" (obviously absurd).

2. p(n) = n2 + n + 41 is prime for all integer n

as p(0) to p(10) are primes: 41, 43, 47, 53, 61, 71, 83, 97, 113, 131, 151

but p(40) = 1681 = 412  is composite

Neither is wrong induction the privilege of mediocre minds - here is one by one of the world's greatest minds:

3. Euler conjucture 1769:   a4 + b4 + c4 = d4  : false







"sum of three forth powers is a forth power " is always false

In 1987 (two centuries later and not for lack of trying!) Elkies come up with a counterexample: involving seven and eight digit numbers

Frye showed later (after hundreds of hours of computing time with various Connection machines) that the only counter example with d <1,000,000 is 

958004 + 4145604 +2175194 = 4224814 

Mathematical Induction is a DEDUCTIVE method!
Math Induction: Prove that some property P(n) is true for all n >=a

1. Show P(a) – basis step

2. Show that 

if P(k) true 

then 

P(k+1) true 


With (2) we have shown a general law: namely that we can always deduce P(k+1) from P(k).  Thus if we have a starting point for which P is true we always can, by the general law (2), go to the next step. Such a starting point is provided by the basis P(a).

Examples on board: 

1. 1 + a + a2 + …+ ak +…+ an =  (an –1) / (a-1)

2. 1+ 21 +22 +…2k +…+2n =2n+1 –1

Note: Math induction is always correct (of course it is, being a deductive method).  But it has its pitfalls, e.g. when the chain of deductive reasoning is broken down somewhere and we have overlooked this fact.

Another example of wrong induction: "All horses are the same color"

We show that any set of horses has horses of the same color ( the set of all horses has horses of the same color

1. Basis: empty set has (trivially) horses of the same color, (or 1-element set has horses of the same color)

2.  Assume that any set of k horses k-Hk has horses of the same color (different k-H sets can have different colors of course).  

We show that any set of (k+1) horses (k+1)-H must then have horses of the same color:

Let

(k+1)-H = {h1, h2,… hi,… hk+1}  some (k+1)-H set of horses.

We build two different k-H sets by removing h1  and h2 respectively from (k+1)-H:

k-H  = {    h2,… hi,… hk+1}  

k-H' = {h1,   ,… hi,… hk+1}  

The horses in this two sets must have the same color as they share h3 (and of course all the remaining horses indexed higher than 3).

Thus the set of all horses (a special case of a k-H set) has horses of the same color

This reasoning is flawless except for the fact that when k=2 the deduction chain breaks down, because the two 1-H sets derived from 

2-H ={h1, h2} are:

1-H  = {    h2}  

1-H' = {h1,   }  

These two sets do not share a common element, thus annihilating our proof.  

More examples:

1. (in class) A complete binary tree of height h has a total of exactly 2h+1-1 nodes:

Proof: 

Basis: h=1:  21+1-1 = 3




Hypothesis: Assume a complete binary tree of height h has 2h+1-1 node

Induction step: We construct a complete binary tree of height h+1 by joining two complete binary trees of height h at the root. The resulting tree has a total number of nodes: 

2(2h+1-1) + 1 = 2(h+1)+1-2 + 1 = 2(h+1)+1-1

Note that this is another way of looking at the previously shown sum

1+ 21 +22 +…2k +…+2n =2n+1 –1

with each term representing the number of nodes at level  k = 0, 1,…,n

2. (do as exercise) (1+x)n >= 1 + nx  for all natural numbers n and (1+x)>0

3. (do as exercise) 2-1 + 2-2  +…2-i +…2-n < 1
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