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We consider second-harmonic generation (SHG) and third-harmonic generation (THG) in a nonlinear optical
crystal illuminated by a vector Gaussian beam, i.e., a Gaussian beam in which the axial component of the
excitation field is considered. This component exhibits twice the Gouy phase shift of the transverse component
and vanishes at points on the beam axis. Harmonic generation stemming from this component exhibits a
unique dependence on geometrical factors associated with the location and focusing of the beam relative to the
location of the crystal. Using the first Born approximation (undepleted fundamental beam), we derive analyti-
cal formulas for the quantities that characterize these geometrical factors for a nonlinear optical crystal de-
scribed by an arbitrary nonlinear susceptibility tensor, for both SHG and THG and for all polarization compo-
nents. We also determine the efficiencies of these processes as functions of the geometry of the experimental
arrangement for phase-matched crystals as well as for crystals of infinite length. © 2006 Optical Society of
America

OCIS codes: 190.2620, 190.4410.
v
a
a
l
o
o
t
m
m
a
m
n
e
e

c
f
a
s
o
t
h
c
t
l
c
p
a
w

. INTRODUCTION
alculations involving harmonic generation in second-
nd third-order nonlinear optical media generally assume
hat the wave at the fundamental excitation frequency is
Gaussian beam in the TEM(0,0) mode.1–5 Under these

onditions, analytical expressions for the efficiencies of
econd-harmonic generation (SHG) and third-harmonic
eneration (THG) are well known; the optimal placement
f the beam center within the nonlinear crystal has been
etermined, as has the optimal ratio of the depth of focus
o the crystal length (see, for example, Ref. 6). Since har-
onic generation is a coherent process, the on-axis phase

f the Gaussian beam (the Gouy phase7,8) plays an impor-
ant role in the efficiency of harmonic generation. Indeed,
his phase can lead to a significant reduction in the effi-
iency of THG as a result of destructive interference be-
ween third-harmonic waves generated at opposite sides
f the beam waist in the nonlinear crystal. Studies in im-
ging and microscopy systems that make use of SHG9–11

nd THG12–17 have created renewed interest in the opti-
ization of harmonic generation, and numerical tech-

iques have been used to model this process.18,19

In previous analytical studies of harmonic generation,
he fundamental Gaussian beam has always been as-
umed to be scalar in nature, implying that the polariza-
ion is uniform across the beam. This assumption is
learly an approximation since it is inconsistent with the
urvature of the beam wavefront. Since the local polariza-
ion must be orthogonal to the local direction of the wave
0740-3224/06/102134-8/$15.00 © 2
ector, at off-axis positions the polarization must have an
xial component, i.e., a component parallel to the beam
xis. Since the wavefront curvature is maximal at a Ray-
eigh distance from the beam center, the axial component
f the field is largest in this vicinity. Because this region
f the beam contributes strongly to harmonic generation,
he role that the axial component of the field plays in har-
onic generation is worthy of consideration. A recent nu-
erical study of SHG microscopy19 has shown that the

xial field component plays a significant role in SHG from
aterials with certain susceptibility tensors, and it was
oted that this component can be responsible for the gen-
ration of radially polarized light with linearly polarized
xcitation.

In this paper we consider SHG and THG when the ex-
itation is a vector Gaussian beam, i.e., a Gaussian beam
or which the axial component of the field is taken into
ccount.20 The axial component exhibits twice the Gouy
hift of the orthogonal component and vanishes at points
n the beam axis. Harmonic generation stemming from
he axial component of the excitation field therefore ex-
ibits a unique dependence on geometrical factors that
haracterize the location and focusing of the beam rela-
ive to the nonlinear crystal. We derive analytical formu-
as for factors that describe the dependence of the effi-
iency of SHG and THG on the geometry for all
olarization components, for crystals characterized by an
rbitrary nonlinear susceptibility tensor.21 As a caveat,
e point out that our model for the vector Gaussian beam
006 Optical Society of America
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s strictly valid only in the paraxial approximation. Our
pproach is therefore not applicable for highly focused
eams, but it nevertheless provides analytical results
hat are qualitatively correct in that case and therefore
erve to elucidate the roles played by various geometrical
actors in harmonic generation efficiencies for different
olarization components.

. VECTOR GAUSSIAN BEAM
he scalar Gaussian beam has a complex amplitude21:

G��,z,k� =
jz0

z + jz0
exp�− jk

�2

2�z + jz0��exp�− jkz�, �1�

here �=�x2+y2 (x and y are coordinates transverse to
he beam axis), k=n� /c is the wavenumber at angular
requency �, and n is the refractive index of the medium;
0=�nW0

2 /� is the Rayleigh range, W0 is the beam width,
nd �=2�c /� is the wavelength in free space. In this ex-
ression, the amplitude at the beam center �z=�=0� is
aken to be unity. The vector field associated with this
aussian beam has a complex amplitude

E�����,z� = G��,z,k��− �x̂ − �ŷ +
�x + �y

z + jz0
ẑ� , �2�

here � and � are complex parameters that determine
he polarization state and the careted quantities are unit
ectors. The transverse and axial components of this field
re thus related to the scalar Gaussian function G�� ,z ,k�
y

Ex
� = − �G��,z,k�,

Ey
� = − �G��,z,k�,

Ez
� = G��,z,k�

�x + �y

z + jz0
. �3�

It is clear that the transverse components are scalar
aussian beams. However, the axial component, which
as ignored in prior studies of harmonic generation with
aussian beams, is a weighted superposition of Hermite–
aussian modes of order (1,0) and (0,1). If � and � have

qual phases, then Ex
� and Ey

� constitute a linearly polar-
zed wave and Ez

� is a Hermite–Gaussian mode of order
1,0) with its nodal axis along the direction of the in-plane
olarization vector. In general, Ez

� has a transverse distri-
ution with odd symmetry, i.e., Ez

��−x ,−y�=−Ez
��x ,y�, and

anishes at points on the beam axis �x=y=0�.
The ratio of the peak magnitudes of the axial and the

ransverse components is proportional to the beam diver-
ence angle �0=W0 /z0. For example, for a linearly polar-
zed beam with �=1 and �=0, the transverse component
as a peak magnitude equal to G0 at x=y=0, where G0

1/�1+ �z /z0�2. The axial component has a peak magni-
ude equal to 0.43�0G0 at x=W�z� /�2 and y=0, where

�z�=W0�1+ �z /z0�2 is the beam width at a distance z
rom the beam center. This magnitude is a factor of 0.43�0
maller than the peak magnitude of the transverse com-
onent, which was assumed to be unity.
The axial component has a Gouy phase of 2 tan−1�z /z0�,
hich is twice that of the ordinary Gaussian beam.21 It is

herefore expected that the dependence of the efficiency of
HG and THG created by the axial component will differ

rom those associated with the orthogonal Gaussian com-
onents.

. SECOND- AND THIRD-HARMONIC
ENERATION
e now consider the propagation of the vector Gaussian

eam through a nonlinear crystal of length L with arbi-
rary second-and third-order nonlinear susceptibility ten-
ors. Two geometrical configurations are considered: In
he first, the crystal is placed at the beam center, so that
t extends between the planes z=−L /2 and z= +L /2, as il-
ustrated in Fig. 1(a). In the second configuration, the
dge of the crystal is placed at the beam center, so that
he crystal extends from z=0 to z=L, as illustrated in Fig.
(b). The extent of the crystal in the lateral plane is as-
umed to be much greater than the beam width so that
he crystal may be assumed to be infinite in the trans-
erse direction. In both cases, we shall see that the ratio
=L /2z0 is a key geometrical parameter that governs the
fficiencies of harmonic generation.

We now use a first Born approximation (undepleted
undamental beam) to derive expressions for the various
olarization components of the generated second- and
hird-harmonic beams.22

For a crystal with second- and third-order nonlinear
ensors defined by dijk

�2� and 	ijkl
�3� , respectively, the funda-

ental Gaussian beam generates polarization densities
iven by

Pi
�2� = �

jk
dijk

�2�Ej
�Ek

�, i,j,k = x,y,z, �4a�

Pi
�3� = �

jkl
	ijkl

�3� Ej
�Ek

�El
�, i,j,k,l = x,y,z, �4b�

espectively, where both dijk
�2� and 	ijkl

�3� tensors are invari-
nt to any permutation of their indices. These polariza-
ion densities, in turn, create sources of radiation at the
econd and third harmonic:

ig. 1. Geometries for harmonic generation: (a) centered crys-
al, (b) offset crystal.
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Si
�2� = − 
o�2�

jk
dijk

�2�Ej
�Ek

�, �5a�

Si
�3� = − 
o�2�

jkl
	ijkl

�3� Ej
�Ek

�El
�, �5b�

espectively.
For the vector fundamental Gaussian beam, Eqs. (5a)

nd (5b) reduce to

Si
�2� = − 
o�2	dixx

�2�Sxx + diyy
�2�Syy + dixy

�2�Sxy + dizz
�2�Szz + dixz

�2�Sxz

+ diyz
�2�Syz
, �6a�

Si
�3� = − 
o�2		ixxx

�3� Sxxx + 	iyyy
�3� Syyy + 	ixyy

�3� Sxyy + 	iyxx
�3� Syxx

+ 	izzz
�3� Szzz + 	ixzz

�3� Sxzz + 	iyzz
�3� Syzz + 	ixxz

�3� Sxxz + 	iyyz
�3� Syyz

+ 	ixyz
�3� Sxyz
, �6b�

here

Sxx = Ex
�Ex

�, Syy = Ey
�Ey

�, Szz = Ez
�Ez

�, Sxy = 2Ex
�Ey

�,

Sxz = 2Ex
�Ez

�, Syz = 2Ey
�Ez

�, �7a�

Sxxx = Ex
�Ex

�Ex
�, Syyy = Ey

�Ey
�Ey

�, Szzz = Ez
�Ez

�Ez
�,

Sxyy = 3Ex
�Ey

�Ey
�, Syxx = 3Ex

�Ex
�Ey

�, Sxzz = 3Ex
�Ez

�Ez
�,

Syzz = 3Ey
�Ez

�Ez
�, Szxx = 3Ex

�Ex
�Ez

�, Szyy = 3Ey
�Ey

�Ez
�,

Sxyz = 3Ex
�Ey

�Ez
�. �7b�

ach of the terms of Eq. (6a) is a source of radiation at the
econd harmonic. Likewise, each of the terms of Eq. (6b)
s a source of radiation at the third harmonic.

An example is provided by an isotropic nonlinear me-
ium, where there are only 21 nonzero elements, of which
nly three are independent:

	yyzz
�3� = 	zzyy

�3� = 	zzxx
�3� = 	xxzz

�3� = 	xxyy
�3� = 	yyxx

�3� , �8a�

	yzyz
�3� = 	zyzy

�3� = 	zxzx
�3� = 	xzxz

�3� = 	xyxy
�3� = 	yxyx

�3� , �8b�

	yzzy
�3� = 	zyyz

�3� = 	zxxz
�3� = 	xxzz

�3� = 	xyyx
�3� = 	yxxy

�3� , �8c�

	xxxx
�3� = 	yyyy

�3� = 	zzzz
�3� = 	xxyy

�3� + 	xyxy
�3� + 	xyyx

�3� . �8d�

n this case the third-harmonic sources given by Eq. (6b)
educe to19

Sx
�3� = − 
o�2	xxxx

�3� �Sxxx +
1

3
Sxyy +

1

3
Sxzz� , �6c�

Sy
�3� = − 
o�2	yyyy

�3� �Syyy +
1

3
Syxx +

1

3
Syzz� , �6d�

Sz
�3� = − 
o�2	zzzz

�3� �Szzz +
1

3
Szxx +

1

3
Szyy� . �6e�
We now determine the spatial distribution of the field
adiated by each of these terms, assuming that the rel-
vant tensor coefficient is unity and ignoring the propor-
ionality factor �−
o�2�. The calculated fields must there-
ore be multiplied by this factor and by the appropriate
ensor element for a given crystal. A principal goal is to
llustrate explicitly the dependence of each of these terms
n geometrical factors such as the parameter �=L /2z0
nd the location of the beam waist (see the configurations
n Fig. 1), rather than determining actual numerical val-
es of the radiated field.
We proceed by determining each of the radiated har-
onics for each of the sources in Eqs. (6a) and (6b) when

he fundamental field is a vector Gaussian beam. In ac-
ordance with Fresnel diffraction theory, a source S��� ,z��
t frequency m�, with m=2 and 3 for SHG and THG, re-
pectively, located in the plane z�, radiates a field

E�m���x,y,z,z�� � h0�z − z�� � � S�x�,y�,z��

�exp�− jkm

�x − x��2 + �y − y��2

2�z − z�� �dx�dy�,

�9�

here h0�z�= �km /z�exp�−jkmz�, and km is the wavenum-
er at the mth harmonic. The total radiated field in the z
lane is thus

E�m���x,y,z� =�
crystal

E�m���x,y,z,z��dz�, �10�

here the limits of the integral in Eq. (10) depend on the
rystal configuration. Substituting from Eqs. (3), (6a), and
6b) into Eqs. (9) and (10), and assuming �k��mk, where
k=mk−km=mn���k0−n�m��mk0 is the wave-vector
ismatch, and n��� is the refractive index at frequency �,
e obtain the following results for the second and third-
armonic fields in the two configurations presented in
ig. 1.

. Second-Harmonic Beam
he transverse components of the second-harmonic radi-
ted field generated by the transverse components of the
undamental vector field are Gaussian beams:

Exx
2� � �2�1

�2�G��,z,k2�, �11a�

Eyy
2� � �2�1

�2�G��,z,k2�, �11b�

Exy
2� � 2���1

�2�G��,z,k2�. �11c�

he transverse components of the second-harmonic field
enerated by the axial component of the fundamental vec-
or field are Hermite–Gaussian beams of orders (1,0) and
0,1):

Exz
2� � − 2��1

�2�G��,z,k2�
�x + �y

z + jz0
, �12a�

Eyz
2� � − 2��1

�2�G��,z,k2�
�x + �y

z + jz0
. �12b�
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The axial component of the second-harmonic field gen-
rated by the axial component of the fundamental vector
eld is

Ezz
2� � G��,z,k2���1

�2���x + �y

z + jz0
�2

− ��2 + �2�
�0

2

4

���2
�2� − �1

�2�
jz0

z + jz0
�� , �12c�

here �0=W0 /z0 is the divergence angle of the fundamen-
al Gaussian beam. For arbitrary values of � and �, the
rst term of Eq. (12c) may be expressed as a superposition
f Hermite–Gaussian beams of orders (2,0), (0,2), (1,1),
nd (0,0). For a linearly polarized fundamental wave, in a
otated coordinate system with one axis parallel to the di-
ection of polarization, this term is a superposition of
ermite–Gaussian beams of orders (2,0) and (0,0). The

econd term in Eq. (12c) is a Gaussian beam modulated
y a z-dependent factor, which includes a term with ex-
ess Gouy phase. This term vanishes when the fundamen-
al wave is circularly polarized (i.e., �= ± j�, so that �2

�2=0).
In the above expressions, the coefficients

�1
�2� = j�

z1

z2

dz�
e−jkz�

z� + jz0
, �2

�2� = − z0�
z1

z2

dz�
e−jkz�

�z� + jz0�2

�13�

re geometrical factors that determine the magnitudes of
he various SHG components, as will be discussed in Sec-

ig. 2. (a) Optical intensities of second-harmonic components a
ave is assumed to be linearly polarized in the x direction, so th

0=67 mrad=3.8°. The xx component is Gaussian, the xz compon
erposition of Hermite–Gaussian functions of orders (0,0) and (2,0
ffset crystal with L=2z0, i.e., �=1. The fundamental wave is a
0. The angle of divergence of the fundamental beam is �0=6
ermite–Gaussian of order (1,0), and the xzz component is a sup

zz component is a sum of Hermite–Gaussian functions of order
ion 4. Here, the limits of the integral in Eqs. (13) are
z1=−L /2, z2=L /2) in the centered configuration and (z1
0, z2=L) in the offset configuration. Note that in the far
eld, i.e., z�z0, the term proportional to �2

�2� in relation
12c) dominates.

The spatial distributions of the optical intensity I2�

�E2��� ,z��2 for each of the components of the SHG field
re illustrated in Fig. 2(a) for a beam linearly polarized in
he x direction, i.e., �=1 and �=0. In this case, the peak
agnitudes of the various components, all occurring at

=0, are as follows:

(i) The peak magnitude of Exx
2� occurs at x=0 and equals

1
�2�G0.
(ii) The peak magnitude of Exz

2� occurs at x=W�z� /�2
nd equals 0.86�0�1

�2�G0.
(iii) The peak magnitude of Ezz

2� occurs at x=0 and
quals 0.25�0

2�2
�2�G0 in the far field �z�z0�.

Since �0�1 for a paraxial beam, and since the factors

1
�2� and �2

�2� are of the same order of magnitude, as is
hown in Section 4, the peak magnitudes of Exx

2�, Exz
2�, and

zz
2� are of the relative orders of 1, �0, and �0

2, respectively.

. Third-Harmonic Beam
here are ten components of the third-harmonic field. The

ransverse third-harmonic components generated by the
ransverse components of the fundamental vector field
re Gaussian beams:

Exxx
3� � − �3�1

�3�G��,z,k3�, �14a�

z0 for an offset crystal with L=2z0, i.e., �=1. The fundamental
1 and �=0. The angle of divergence of the fundamental beam is
Hermite–Gaussian of order (1,0), and the zz component is a su-
ptical intensities of third-harmonic components at z=10z0 for an
to be linearly polarized in the x direction, so that �=1 and �

=3.8°. The xxx component is Gaussian, the xxz component is
tion of Hermite–Gaussian functions of order (0,0) and (2,0). The
nd (3,0).
t z=10
at �=
ent is
). (b) O

ssumed
7 mrad
erposi
(1,0) a
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Eyyy
3� � − �3�1

�3�G��,z,k3�, �14b�

Exyy
3� � − 3��2�1

�3�G��,z,k3�, �14c�

Exxy
3� � − 3�2��1

�3�G��,z,k3�. �14d�

The transverse third-harmonic components generated
y combinations of transverse and axial components of
he fundamental vector field are Hermite–Gaussian
eams of order (1,0) and (0,1):

Exxz
3� � 3�2�1

�3�G��,z,k3�
�x + �y

z + jz0
, �14e�

Eyyz
3� � 3�2�1

�3�G��,z,k3�
�x + �y

z + jz0
, �14f�

Exyz
3� � 3���1

�3�G��,z,k3�
�x + �y

z + jz0
. �14g�

The transverse third-harmonic components generated
y the axial component of the fundamental vector field
re

Exzz
3� � − 3�G��,z,k3���1

�3���x + �y

z + jz0
�2

− ��2 + �2�
�0

2

6

���2
�3� − �1

�3�
jz0

z + jz0
�� , �14h�

Eyzz
3� � − 3�G��,z,k3���1

�3���x + �y

z + jz0
�2

− ��2 + �2�
�0

2

6

���2
�3� − �1

�3�
jz0

z + jz0
�� . �14i�

he first terms of Eqs. (14h) and (14i) are superpositions
f Hermite–Gaussian beams of orders (2,0), (0,2), (1,1),
nd (0,0). The second terms are Gaussian beams modu-
ated by a z-dependent factor.

Finally, the axial third-harmonic component generated
y the axial component of the fundamental vector field is

Ezzz
3� � G��,z,k3��1

�3���x + �y

z + jz0
�3

− ��2 + �2�
�0

2

2

���2
�3� − �1

�3�
jz0

z + jz0
���x + �y

z + jz0
�� . �14j�

he first term of Eq. (14j) is a superposition of Hermite–
aussian beams of orders (3,0), (0,3), (2,1), (1,2), (1,0),
nd (0,1). The second term is a superposition of Hermite–
aussian beams of orders (1,0) and (0,1), modulated by a

-dependent factor.
The magnitudes of these components are determined

y the geometrical factors
�1
�3� = − z0�

z1

z2

dz�
e−jkz�

�z� + jz0�2 , �2
�3� = − jz0

2�
z1

z2

dz�
e−jkz�

�z� + jz0�3 .

�15�

ote that in the far field, i.e., z�z0, the terms propor-
ional to �2

�3� in Eqs. (14h)–(14j) dominate. It is also inter-
sting to note that the THG coefficient �1

�3� is equal to the
HG coefficient �2

�2� so that the axial component of SHG is
overned by the same geometrical factor as that of the
ransverse component of THG.

The spatial distributions of the optical intensity I3�

�E3��� ,z��2 for some of the components of the THG field
re illustrated in Fig. 2(b) for a beam linearly polarized in
he x direction, i.e., �=1 and �=0. In this case, the peak
agnitudes of the various components, all occurring at

=0, are as follows:

(i) The peak magnitude of Exxx
3� occurs at x=0 and

quals �1
�3�G0.

(ii) The peak magnitude of Exxz
3� occurs at x=W�z� /�2,

=0, and equals 1.29�0�1
�3�G0.

(iii) The peak magnitude of Exzz
3� occurs at x=0 and

quals 0.5�0
2�2

�3�G0 in the far field �z�z0�.
(iv) The component Ezzz

3� has its peak at x=W�z� /�2 and
quals 0.23�0

3�2
�3�G0 in the far field �z�z0�.

The peak magnitudes of Exxx
3� , Exxz

3� , Exzz
3� , and Ezzz

3� are
herefore of the relative orders of 1, �0, �0

2, and �0
3, respec-

ively.
The preceding result may be generalized to the mth

armonic process. An mth harmonic generation process
nvolving � axial components and m-� transverse compo-
ents of the fundamental field generates a field with a
agnitude proportional to �0

1, so that the effect is smaller,
he greater the number �. If �0=0.1, for example, the ef-
ect is reduced by an order of magnitude as � increases by
ne. Note, however, that the contributions of each of these
onlinear processes is also dependent on the nonlinear
ptical coefficients associated with the radiation process,
s described by Eqs. (6a) and (6b) for the second- and
hird-harmonic generation processes, respectively. Since
he magnitudes of nonlinear coefficients of an anisotropic
rystal may differ by many orders of magnitude, contribu-
ions from terms of greater � may end up having greater
ontributions to the overall process.

. EFFICIENCY OF HARMONIC
ENERATION

n general, the geometrical factors �1
�m� and �2

�m� in Eqs.
13) and (15) are

�1
�m� = �jz0�m−2�

z1

z2

dz�
je−jkz�

�z� + jz0�m−1 ,

�2
�m� = �jz0�m−1�

z1

z2

dz�
je−jkz�

�z� + jz0�m . �16�

e now evaluate the dependence of these geometrical fac-
ors ��m� and ��m� for SHG �m=2� and THG �m=3� on the
1 2
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atio �=L /2z0. These factors govern the magnitudes of the
arious components of SHG and THG. We consider two
pecial cases: (1) perfect phase matching (i.e., k=0) and
2) a crystal of infinite length.

. Second-Harmonic Generation

. Phase-Matched Case
hen k=0, the integrals in Eqs. (13) may be readily

valuated. For the centered crystal,

�1
�2� = 2 tan−1 �, �2

�2� =
2�

1 + �2 , �17�

here �=L /2z0. Asymptotic values of these factors in the
imit ��1 are �1

�2�=� and �2
�2�=2/�, respectively.

For the offset crystal (z1=0, z2=L),

�1
�2� = j ln�1 − j2��, �2

�2� =
2�

1 − j2�
, �18�

nd the asymptotic values of these factors in the limit �

1 are �1
�2�= j ln�1− j2�� and �2

�2�= j. The dependence of
hese efficiencies on � is shown in Fig. 3 for centered and
ffset crystals.

. Effect of Phase Mismatch
he effect of phase mismatch on the different SHG effi-
iencies may be determined by numerical evaluation of
qs. (13). Figure 4 illustrates the dependence of these ef-
ciencies on the parameter 	=kz0 in the limit of an in-
nite crystal. The following analytical expressions are ob-
ained in this limit in the centered configuration:

�1
�2� = 2�e−	V�	�, �2

�2� = 2�	e−	U�	�, �19�

here

ig. 3. Dependence of the magnitudes of the efficiency factors

1
�m� and �2

�m� on the geometrical factor �=L /2z0 for SHG �m=2�
nd THG �m=3� in the phase-matched case with a centered crys-
al (solid curves) and with an offset crystal (dashed curves).
U�	� = 0, 	 � 0

1, 	 � 0�, V�	� = �
0, 	 � 0

1

2
, 	 = 0

1, 	 � 0
� .

hese expressions are consistent with Eqs. (17) in the
ase of 	=0 in the limiting case �→�.

. Third-Harmonic Generation

. Phase-Matched Case
n the phase-matched case, k=0, and for the centered
rystal,

�1
�3� =

2�

1 + �2 , �2
�3� =

2�

�1 + �2�2 . �20�

n the limit ��1, �1
�3�=2/�, �2

�3�=2/�3.
For the offset crystal (L1=0, L2=L),

�1
�3� =

2�

1 − j2�
, �2

�3� =
2��1 − j��

�1 − j2��2 . �21�

n the limit ��1, �1
�3�= j, �2

�3�= j /2.

. Effect of Phase Mismatch
he effect of phase mismatch on the different THG effi-
iencies may be determined by numerical evaluation of
qs. (15). Figure 4 illustrates the dependence of these ef-
ciencies on the parameter 	=kz0 in the limit of an in-
nite crystal. The following analytical expressions are ob-
ained in this limit in the centered configuration:

�1
�3� = 2�	e−	U�	�, �2

�3� = �	2e−	U�	�. �22�

hese expressions are consistent with Eqs. (20) in the
ase 	=0 in the limiting case �→�.

ig. 4. Dependence of the magnitudes of the efficiency factors

1
�m� and �2

�m� on the phase mismatch factor 	=kz0 for SHG �m
2� and THG �m=3� assuming a long crystal ��=L /2z0=103� that

s centered (solid curves) or offset (dashed curves).
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hase Mismatch
igure 3 illustrates the dependence of �1

�m� and �2
�m� on the

atio �=L /2z0 in the centered and offset configurations
hown in Fig. 1 for SHG �m=2� and THG �m=3�. Expres-
ions for the factors �1

�m�, which govern the transverse
omponents, have been previously established and their
ependences on the ratio � have been set forth in the lit-
rature (see, for example, Ref. 6). The factor �1

�2� increases
teadily with increasing � in SHG for both configurations.
he decrease of �1

�3� with increasing � in the THG centered
onfiguration is a result of the phase mismatch induced
y the Gouy phase shift that causes destructive interfer-
nce of the THG radiation from the various parts of the
ample.

The factors �2
�m�, which govern the axial components,

articularly in the far field, behave differently. In SHG,

2
�2� (which equals �1

�3�) declines with increasing � in the
entered case. This is a result of the doubled Gouy phase
xhibited in the axially polarized components. An even
harper decline is exhibited in the THG factor �2

�3�. In all
ases, the use of an offset crystal alleviates such a decline,
n which case the efficiencies of all harmonic components
ncrease with increasing � before eventually saturating.

The different efficiencies of SHG and THG are plotted
n Fig. 4 as functions of the phase mismatch factor 	
kz0 for a long crystal ��=L /2z0�1� in the centered and
ffset configurations. These efficiencies are not symmetric
unctions of k and their peak values do not necessarily
ccur at k=0, as is the case when the fundamental wave
s a plane wave. SHG and THG diminish sharply for
egative values of k, but are more tolerant to positive
k.

. CONCLUSION
he Gouy phase associated with the wavefront curvature
f a focused optical beam plays an important role in har-
onic generation; indeed, it is well known that it is re-

ponsible for the diminution of THG for a centered crys-
al. However, wavefront curvature is also accompanied by
n axially polarized component in a focused beam. For a
aussian beam, this component takes the form of
ermite–Gaussian (1,0) and (0,1) modes, which have

wice the Gouy phase of the transversely polarized com-
onents. Harmonic generation contributed by the axially
olarized component creates SHG and THG beams that
re superpositions of low-order Hermite–Gaussian modes.
he efficiency of an mth harmonic generation process in-
olving � axial and m-� transverse components is propor-
ional to the beam divergence angle raised to the �th
ower, and is therefore smaller when a large number of
xial components are involved. The harmonic generation
fficiency is also proportional to geometrical factors that
iminish with crystal size in the centered case, for both
HG and THG; the effect is more pronounced for THG
han for SHG. On the other hand, the behavior of these
eometrical factors with phase mismatch for the axially
olarized component is not unlike that for the trans-
ersely polarized components.
Although our analytical model was based on a vector
aussian beam excitation, conclusions regarding the spa-

ial distributions and the geometrical factors associated
ith the polarization components of the harmonic beams
re expected to apply to a more tightly focused excitation
eam, since the Gaussian model captures the basic geom-
try of a focused vector beam. However, the results are ex-
ected to be altered for apertured excitation beams with
ignificantly different non-Gaussian distributions since
he aperture transverse distribution controls the polariza-
ion state in the focal region.23
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