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Noise  Properties  and  Time  Response of the  Staircase 
Avalanche  Photodiode 

Abstmt-The  staircase avalanche photodiode is  a novel graded-gap 
superlattice device that is expected to detect photons quite noiselessly. 
It is designed in such a way that only electrons impact-ionize, thereby 
eliminating the feedback noise associated with conventional two-carrier 
avalanche devices. Because the electron multiplication can occur only 
at  a small number of  discrete locations in the device, the variability of 
the number of eleclrons generated per detected photon is minimized. 
The excess noise and the electron counting distribution are obtained as 
a function of  the number of  stages in the device and the impact-ioni- 
zation probability per stage, for instantaneous multiplication. The (sin- 
gle-photon) impulse response function is calculated when the effects of 
(random) transit time are incorporated into the carrier multiplication 
process. Inclusion of the time dynamics is essential for determining the 
time course of the  current generated by the device in response to pulses 
of  light. This, in  turn,  permits bit error rates to be calculated for sys- 
tems incorporating the device. For a five-stage quaternary device the 
gain-handwidth product is calculated to be in the vicinity of 600 GHz. 

I. INTRODUCTION 
A. Background 

A VALANCHE photodiodes  (APD's) are important de- 
vices, in large part because of their use as  detectors 

in fiber-optic communication systems [l]. They operate 
by converting each  detected photon into  a  cascade of elec- 
trons;  a  pulse of light  then produces a sufficiently high 
charge to be readily detected by the electronics following 
the  APD.  This multiplication (or branching)  process in- 
troduces noise because  the  number of electrons created 
per  detected  photon  varies  from  trial to 'trial. Neverthe- 
less,  this noise is  tolerated  because it is usually less det- 
rimental  to  system  performance than is the  additive noise 
of the amplifiers and  other electronics following the  APD. 

The performance of an optical communication system 
using conventional single- and  double-carrier  APD's has 
been studied in  detail by McIntyre [2]-[4] and Personick 
[ 5 ] ,  [6] for the  case  where  the  carriers multiply instanta- 
neously. The time  dynamics of the  single-carrier multipli- 
cation  process  can  be  incorporated  into  the theory by con- 
sidering avalanching in  terms of a Poisson branching 
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point process [7]. From this vantage point, it is  apparent 
that the simplest case  treated by McIntyre and Personick 
(single-carrier  injection,  single-carrier  instantaneous mul- 
tiplication) is identical to  the well-known Yule-Furry 
branching  process [8], [9]. 

Single-carrier multiplication is desirable because it is 
substantially less noisy than double-carrier multiplication 
[4], [5] .  However, at the longer wavelengths currently 
of interest for fiber-optic communications,  single-carrier 
multiplication is difficult to achieve in conventional 111-V 
devices because  the  electrons  and holes generally have 
ionization coefficients that  are  similar [ lo]. Another prob- 
lem at  these longer wavelengths  is high tunneling  currents 
(which increase with increasing reverse bias). As a  result, 
there have recently been proposals for a number of  novel 
heterostructure devices that reduce tunneling currents and 
enhance the ionization-coefficient ratio (i.e., render the 
multiplication more single-carrier-like) [ 101. One  inge- 
neous proposal, by Chin et al. [ 111, suggested the use of 
a  superlattice of alternating wide- a id  narrow-bandgap 
layers. A  device of this type was recently fabricated by 
Capasso et al. 1121; indeed, an enhancement of the ioni- 
zation-rate  ratio was evident. 

In this paper, we calculate  the noise properties  and sin- 
gle-photon impulse response function for a new type of 
APD whose behavior is predicted to be substantially qui- 
eter than that of the conventional device. In a recent set 
of theoretical papers,  Williams,  Capasso, and Tsang [ 131, 
[ 141 proposed a  staircase  solid-state avalanche photodiode 
(SAPD) with an  enhanced ionization ratio that is predicted 
to detect light quite noiselessly. The device makes use of 
a  graded-gap  superlattice  structure  [15].  It is designed so 
that only electrons  impact-ionize, thereby eliminating  the 
feedback noise associated with two-carrier  devices. Fur- 
thermore,  because  the electron multiplication occurs only 
at  discrete locations in the device,  the variability of the 
number of electrons  generated  per photon is reduced. 
These two factors  promise  a low-noise device that is po- 
tentially  attractive for use in fiber-optic communication 
systems and  in  other configurations that demand  ultralow- 
noise performance. The device will operate at low  volt- 
ages, thereby minimizing  leakage  currents. 
B.  Description of the  Device 

The SAPD is a multilayer structure in  which the ioni- 
zation energy is provided exclusively by conduction-band 
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(b) 
Fig. 1. Energy-band  diagram of the  staircase  avaladche  photodiode  (SAPD) 

under  (a)  unbiased  and  (b)  biased  conditions.  Valence-band  steps  afe  as- 
sumed  to  be  negligible;  the flow of arrows  in  the  valence  band  signifies 
that  holes  do  not  impact-ionize. 

PHOTON INPUT ELECTRON OUTPUT 

Fig. 2. Particle-flow  diagram for the  SAPD  with  instantaneous  multiplica- 
tion.  Photon  input  signifies  an  effective  photon  absorption  in  the  device. 
P is the  impact-ionization  probability.  Three  stages  are  explicitly  illus- 
trated;  each  is  a  shifted  Bernoulli  distribution. 

discontinuities [ 131-[  151. The energy-band diagram of the 
device at zero applied field is illustrated in Fig. l(a). Each 
stage  is linearly graded in composition from  a low (E,) to 
a high (Ez) bandgap, with an abrupt  step back to the low 
bandgap. The  diagram is idealized in that there are as- 
sumed to be no valence-band steps; thus only electrons 
are assumed  to  impact-ionize. Under biased conditions, 
the energy-band diagram takes the form illustrated in Fig. 
l(b), whence  the  name  “staircase avalanche photodiode. ” 
Electron impact ionizations are permitted only at the 
abrupt  steps in the  staircase. 

Ideally, each  electron gives rise to a  daughter electron- 
hole pair (with probability P = 1) at  the  step. The total 
number of electronic charges induced in the  external  cir- 
cuit is then 2“, in which case  the multiplication is deter- 
ministic and the device noiseless. In practice,  the  impact- 
ionization probability P lies below unity and multiplica- 
tion noise is present.  A particle-flow diagram  representing 
the  process of carrier multiplication is presented in Fig. 2 
for an m-stage device (three stages are explicitly shown). 
Because this diagram  represents instantaneous multipli- 
catioa it suffices to  consider only electrons.  A single pho- 
ton absorbed at the  input of the device generates  a  primary 
electron.  At  the  output of the  first  stage,  the  initial elec- 
tron  either  produces  a  daughter  (with probability P )  re- 

sulting in two electrons,  or  fails to produce a  daughter 
(with probability 1 - P) in which case  the  primary elec- 
tron  remains and several phonons are  produced. Each 
electron at the  output of the first stage independently goes 
through the  same  process at the  m - 1 subseqhent stages. 

C. Excess Noise Factor and Probability of Error 
A simple measure of the avalanche noise in ari instan- 

taneous-multiplication APD is provided by the excess 
noise factor F,. This quantity is the second moment of the 
gain (or multiplication) random variable for a single event 
at the  input ( N i ) ,  normalized by the  square of the mean 
gain (N,>~ 

F e  = (Ni>/(N,n>2. (1) 
The excess noise factor can be expressed  in  terms of the 
mean and  variance (var (N,))  of the  electron  count  that  re- 
sults  from  a single primary event by the relation 

F, = 1 + [V~~(N,)/(N,)~]. (2) 
For deterministic multiplication (i.e., the  absence of car- 
rier fluctuations), var(N,) = 0 and F, = 1. From this point 
of view, the  expected noise reduction provided by the 
SAPD is substantial: F, for conventional APD’s usually 
exceeds 2 and, depending on the device material and 
structure,  can  rise one or two orders of magnitude above 
this; F, for the  single-carrier  SAPD always lies below 2. 

The excess noise factor and the electron count variance 
are useful statistics  because they represent, in a compact 
way, the lowest order  statistical  properties of the gain 
fluctuations that impose multiplicative noise on individual 
photon detections (excess noise). However, it is clear that 
these quantities provide an incomplete statistical descrip- 
tion of the device output. Although they are useful for cal- 
culating quantities such as the conventional signal-to-noise 
ratio (SNR) for analog detection, they are inadequate for 
calculating  the  performance of a digital-signal informa- 
tion transmission  system [16]. The  latter is characterized 
by measures  such as probability of detection and proba- 
bility of error, which depend on a more complete statisti- 
cal description of the  output (beyond the second moment). 
For an integrate-and-dump receiver, the quantity of inter- 
est  is  the  charge induced in  the  external  circuit. For this 
purpose we require  the probability distribution of the num- 
ber of electrons,  or  counting  distribution,  as it is often 
called. 

D. Approach 
We consider a  cascade of shifted Bernoulli distribu- 

tions, each of  which takes on two  possible values: 2 with 
probability P ,  and 1 with probability 1 - P. In the context 
of a  branching  process  [7], [ 171,  we calculate the moment 
generating  function,  moments,  and  counting distribution 
for the electrons produced at  the  output of the  SAPD when 
the multiplication is instantaneous.  This is illustrated in 
Fig. 2. We then proceed to incorporate  the effects of time 
dynamics  into  the multiplication process in order to ex- 
amine  the  time  course of the  output  current (single-photon 
impulse  response  function).  This is carried out in two 
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stages. First, a model incorporating  deterministic  transit 
time  is  formulated  and  then,  in  a closer approximation to 
reality, the  transit  time is permitted  to  become  random. 
The impulse-response  function  determines how  quickly 
successive bits can  bea  sent with minimal interference and 
permits system. performance  to  be  evaluated. With the 
enormous  increases  in bit rate that have recently been 
made available by fast  optical pulse generation and trans- 
mission techniques,  the speed of response of the APD is 
a  critical  factor  in  determining  limits for the information- 
carrying  capacity of optical communication systems. 

11. INSTANTANEOUS  MULTIPLICATION  STATISTICS 
We evaluate the statistical  properties of the electrons at 

the  output of the  SAPD when tHe multiplication is instan- 
taneous.  These results also apply when time dynamics 
are incorporated in the, multiplication but the  integratiop 
time at  the output of the  device  exceeds  the  duration of 
the  impulse  response  function.  The  properties of interest 
are  the  moment-generation  function, moments (particu- 
larly the  excess noise factor),  and  counting  distribution. 
Actually, the  excess  noise  factor for the  staircase device is 
properly  described by the mathematical model set forth by 
van Vliet  and  Rucker [ 181, [ 191. Although their  treatment 
was intended  to  describe multiplication noise in conven- 
tional APD's,  their use of a  deterministic number of 
shifted-Bernoulli  stages makes their model suitable for the 
instantaneous-multiplication staircase device instead. They 
did not calculate  the  counting  distribution for a  finite num- 
ber of stages, however. 

A. Moment Generating Function 
The random variable of interest is the total number of 

electrons N ,  generated  at  the  output of the m-stage device. 
The moment generating  function (mg f )  is defined by the 
expression 

Qm(s) = (exp (-sNm)) (3) 

where  the expectation is understood to be over the prob- 
ability distribution of N,. The mgf of the  Bernoulli 
branching prokess is obtained as  a  special  case of the Gal- 
ton-Watson branching  process [17]. It is expressed  quite 
directly  in terms of the  nested  relationship [7] 

Qrn<s> = (1 - P ) Q m - l ( S >  + P[Qm-l(~>l~, m 2 1 
Qo(s) = e-'. (4) 

The moments of the  electron  number  are obtained from 
(4). 

B. Moments and Excess Noise Factor 
From Fig. 2  it  is readily apparent  that  the mean electron 

count  has  the  value 

( N , )  = (1 + P)", m 2 1 ( 5 )  

which reduces  to 2" in the  case of ideal  multiplication,  as 
indicated  earlier.  Equation ( 5 )  can, of course,  also  be ob- 
tained  directly  from  the moment generating  function  in (4) 
by using the well-known relation [20] 
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Fig. 3. Excess  noise  factor F, versus  impact-ionization  probability P for 

instantaneous-multiplication  staircase  avalanche  photodiode. The num- 
ber of stages  is  represented by the  parameter m. For P > 0.83, F, < 
1.1 for all m .  

Similarly, the  second moment is given by [20] 

+ 2(1 + P)" [(l + P)"-l - 11. (7) 

From (1) the excess noise factor  is  calculated  to be 

Fe = 1 + [(l - P)/(l + P)][1 - ( I  + P)-ml. (8a) 

Rewriting this as a  function of the mean count ( N , )  pro- 
vides 

Fe = ( N m ) - '  + 2(Nm)- l lm  - 2 (Nm)-l-l'". (8b) 

Finally, taking  (8b) t0 the  limit  m -+ OD leads to 

illustrating  that  the excess noise factor  cannot exceed 2. 
A  graphical  representation of the excess noise factor in 

(8a),  as  a  function of P and m, is provided in Fig. 3. This 
result  is equivalent to that provided by van Vliet and 
Rucker, who computed expressions for the count mean and 
variance [18, eqs.' (40) and  (%)I;  the conversion is ef- 
fected by using (2). Employing a different rationale,  Ca- 
passa  et al. [14, eq.  (2), fig. 21 calculated  the excess noise 
factor for the  SAPD  and  arrived  at  a result that is identical 
to that  provided in (81) and Fig. 3. 

A  close  examination of Fig. 3 illustrates  that F, = 1 
when P = 0, 1, independent of m. At these two extremes 
the multiplication is deterministic  and  the device intro- 
duces no noise. Also, for any fixed m there is a least de- 
sirable value of P at which the  excess noise factor is max- 
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imum.  Furthermore, for any fixed P ,  increasing m is 
accompanied by increasing F,. For every m, as P moves 
toward unity, the excess noise factor becomes smaller and 
the  gain  increases, indicating that P should be made as 
large  as possible. 

The  introduction of time dynamics into  the  calculations 
has no effect on the excess noise factor,  or on the  counting 
distribution,  as long as  the  integration  time is sufficiently 
long so that the  entire  current  pulse  is  captured  as  a 
charge.  Although  the effect of transit  time is to produce a 
continuous current in the  circuit, it does not alter  the total 
number of electrons generated per detected photon. 

C. Counting Distribution 

stage  case is defined by the expression 
The probability generating  function ( p g  f )  for the m- 

G,,(z) = <p>. (9) 

The pgf  is easily obtained from  the moment generating 
function provided in (4) by effecting the substitution 
exp ( -s) -+ z [20] whereupon 

G,(z) = (1 - P)G,-,(z) + P[G,-,(z)l2, m I 1 

G ~ ( z )  = Z.  (10) 

This result is appropriate for a single primary event. 

pgf  by means of the formula [20] 
The electron counting  distribution is obtained from the 

A straightforward  calculation using (10) and (11) yields 

p,(n) = ( 1  - P)Pm-l(n) 
n 

+ P p m - l ( n  - k ) p , n - l ( k ) ,  n I 1 ,  m 2 
k = O  

P o w  = 61,n .  m l l  (12) 

In Fig. 4 we  plot the  counting  distributions p3(n)  versus 
n (m = 3)  for P = 0.2, 0.8, and 0.95. Higher  count num- 
bers achieve greater probabilities as P increases, with a 
maximum count of 23 = 8. The  spread in the distribution 
(representing  the excess noise factor) becomes quite small 
as P approaches unity, in  accord with the behavior evident 
in Fig. 3. In Fig. 5 ,  we present  the  counting distributions 
p l o ( n )  versus n,  for the  same  three values of P. The be- 
havior is similar;  as P increases  the distribution increases 
in mean value and  decreases in width. The maximum per- 
mitted  count in this  case is 2" = 1024 and the average 
gain is (1.95)" = 800 for P = 0.95. 

An interesting  feature of the multiplication process  is 
evident in  the multiple peaks of the  counting  distributions. 
These result from  failures to multiply early in the  chain. 
Consider  an unlucky electron  that does not manage to 
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Fig. 4. Electron  counting  distribution p 3  (n )  versus E ,  for rn = 3, with  ion- 

ization  probability P = 0.2 (top), P = 0.8 (middle),  and P = 0.9.5 (bot- 
tom). The maximum  multiplication is Z 3  = 8. 
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Fig. 5. Electron  counting  distribution p l o ( n )  versus n,  for m = 10,  with 

ionization  probability P = 0.2  (top), P = 0.8 (middle),  and P = 0.9.5 
(bottom).  The  maximum  multiplication  is 2" = 1024. 

multiply at the first conduction-band step in Fig. l(b). It, 
plus all of its progeny, are confined to an  ultimate gain 
that can  be no larger  than (1 + P)" - I .  For the particular 
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example of P = 0.95 and m = 10, the maximum gain is 
limited  to (1.95)9 = 400. This is indeed the number of 
counts  at which a  first  peak  is evident in  the bottom dis- 
tribution in Fig. 5. The different peaks result from other 
such failures. Of course,  as P approaches unity, the mul- 
tiple peaks disappear  and  the distribution narrows to a delta 
function  (at 1024 counts in Fig. 5 ) .  Close inspection of 
Fig. 4 reveals that it, too, has multiple peaks. 

111. IMPULSE RESPONSE FUNCTION 

The  time  course of the  current pulse produced in an 
external  circuit by the  SAPD may be determined from the 
motion of the  carriers in the  device.  The  current pulse 
arising from a single photon absorption is a superposition 
of contributions  from  the  initial electron and from the 
electrons and holes created  at  the conduction-band steps. 
The physical basis of the impulse response function is most 
readily understood  in  terms of deterministic  transit  time. 
The  transit  times of the  two  carrier  species  (across  a single 
graded region) are  designated  as 7, and rh, respectively 
(the net velocity of holes generally differs from that of 
electrons; we define r = rh/7,). Subsequently, the  transit 
time  is  permitted to assume  the form of a random variable. 
This provides a  more  realistic model for the impulse re- 
sponse  function. Although the probability density function 
(or  value) for the  transit  time  can in general differ from 
stage  to  stage, it is convenient (and reasonable) to choose 
them to be  independent identically distributed random 
variables. In Section IV, we  provide graphical impulse 
response  functions both when the  transit  times are  deter- 
ministic and when they are  distributed as (truncated) 
Gaussian -probability density functions. 

A .  Underlying Physical Basis 

An examination of Fig. l(b) demonstrates  that the ini- 
tially injected  electron  drifts  the  entire length of the device 
before  arriving  at  the n+ contact. Assuming uniform elec- 
tric-field and  short-circuit device conditions,  this produces 
a  rectangular  current  pulse in the  circuit. The duration of 
this  contribution is (m + l ) ~ , ,  and its height is q/(m + 
1)7,, so that  the  area is precisely the electronic charge q 
[21]. The quantity r, is the  time  it takes the electron to 
drift  across  a single graded region of the superlattice;. 
(m + 1)r, is  the  time required to drift across  the  entire 
device. The initial hole does not contribute to the  current 
because it does not traverse any distance. 

If this  initial  electron  creates  an electron-hole pair  at 
the first conduction-band step (this happens with proba- 
bility P ) ,  the daughter electron gives rise to a  current pulse 
in  the  circuit  that  is delayed by re and of shorter duration 
than the  mother  pulse (i.e., mr, rather than (m + 1) re), 
but  of the  same  magnitude (q/(m + 1) re). The  conjugate 
hole, on the  other  hand, travels backward traversing only 
one  graded region before reaching  the  contact.  It  therefore 
contributes  a  rectangular  current  pulse delayed by r, and 
of duration rh, with magnitude q/(m + 1 ) ~ ~ .  For each 
electron-hole pair  created in the  device,  the  integrals of 

Fig. 6 .  Flow  diagram  detailing  contributions  to  the  single-photon  impulse 
response  function h(”’)(f) for the  m-stage SAPD with  time  dynamics.  The 
transit  times 7 ,  and T,, are taken to  be  deterministic  (as  shown in the 
figure) or independent  identically  distributed  Gaussian  random  variables. 
The input 6 ( t )  represents  the  absorption of a  single  photon. The ak’s and 
bk’s are  component  electron  and hole currents,  respectively,  whereas  the 
z ’ s  are  Bernoulli  random  variables. 

the electron and hole currents  produce  a  charge q in the 
circuit [21]. 

The  general  case for the m-stage device is  illustrated by 
means of the flow diagram of Fig. 6. The input 6 ( t )  rep- 
resents  the absorption of a single photon.  The  current 
pulses produced by electrons  and holes created  at  the kth 
step  are designated aim) ( t )  and bi”’(t), respectively (see 
lower portion of Fig. 6). The symbols zl, z2, - * - 
represent  independent identically distributed Bernoulli 
random variables such that Pr[z = 01 = 1 - P and 
Pr[z = 11 = P .  The electron current  pulse i:m’(t) and the 
hole current  pulse i,$”) ( t )  are weighted sums of the ak’s and 
the bk’s, respectively. The total current  pulse i p )  (t)  is, in 
turn, a superposition of the  electron  and hole currents. 
Since  the  total  current  pulse is the  response  to  a single 
primary event it is simply designated  as i ( t ) ,  or  as the 
single-photon impulse  response  function h‘”) (t) .  

B. Theory 
The flow diagram of Fig. 6 is easily translated  into  a 

mathematical expression for the  (random) total current 
iFm) (t)  = i ( t )  = h‘“’(t) 

z m  

m k -  I 

m L 1 .  (13) 

The functions aim’(t) and bim)((t) are displayed in the lower 
portion of Fig. 6. 

The mean current  is  written  as 
m 

<i(t)> = (aL”)(t)) + P c (1  + py-1 
k =  1 

. [(airn’(t)) + (bL”’(t))I. (14) 
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Expressions for the  mean-square  current ( [i (t)]') and  the 
autocorrelation  function of the  current R@) (tl , t2) are quite 
lengthy and  therefore not included here. 

In  the  general  case of random  transit  time,  the mean 
values of the  quantities aim'(t) and bim'(t) are 

(ahrn'@) ) = 9 (15) 

(uirn)(t)> = 9 0 f ( a )  d a  
' m - k f l  

0 

(17) 
n 

where  the  symbol 0 represents n-fold self-convolution. 
The  results  presented above are expressed in terms of 

the density functions for the  transit  time f ( 7 ) .  All transit 
times have been assumed  to be independent and identi- 
cally distributed.  Results for the  special  case of determin- 
istic transit are recovered by using the density function 

f(Te) = 6 ( T e  - (7 , ) )  (18) 
along with a  similar expression for the holes. For the  ran- 
dom  case,  the  transit  time density functions  are  assumed 
to  be  truncated  Gaussian  random variables of the form 

= 0,  7 < 0. (19) 

For simplicity, the  parameters 7, and CJ, represent  the mean 
and standard deviation of the Gaussian electron transit  time 
per  stage, respectively. An identical density function is 
used for the hole transit  time, with mean value Th.  For the 
purposes of calculation we choose (T,/T, = oh/rh = 0.2, in 
accord with typical experimental  results for the  quaternary 
materials of interest in optical communications [22],  [23]. 
The quantity c is a  normalization constant satisfying 

j r f ( r )  dr = 1. (20) 

The purpose of the  truncation is to disallow negative 
transit  times. 

IV. RESULTS FOR THE TIME RESPONSE 

The  time  course of the  output  current from the  SAPD, 
in response  to  a single photon absorption  at  the  input, will 
be  determined  in large part by the  transit  time of the  car- 
riers  in  the device. It is useful to determine  the  depen- 
dence of the  impulse  response  function  on  various  param- 
eters of the model in  order to understand how the  SAPD 

1 2 t  m = 3  P .95 1 

i i I - -  10 

0 2 4 6 1'0 

NORMALIZED TIME (the) 
Fig. 7. Impulse  response  function  for  a  three-stage  SAPD  with  determin- 

istic  transit  time, r = rhhe  = 1, and P = 0.95. The  upper  and  middle 
portions  of  the  figure  represent  the  mean  electron  current  and  mean hole 
current,  respectively.  The  lower  portion of the  figure  displays  the  mean 
total  current i ( t )  = h'"'(t), together  with  its  one-standard  deviation (SD) 
limits  (stippled  region). The  ordinate  represents  current  (in  units of 
4/47,) whereas  the  abscissa  represents  normalized  time (in units of t / r , ) .  
The  output  current  pulse  extends  over  a  time 67, in response to a  single 
photon  absorption  at t = 0. 

will perform in  an optical system. For purposes of com- 
parison,  the examples provided in the following are all for 
a  three-stage  device. The role of the following parameters 
is studied: i) randomness in the  transit  time (results are 
presented for deterministic and for Gaussian transit time); 
ii) the impact ionization probability P (results  are pre- 
sented for P = 0.95 and P = 0.8); and iii) the relative 
transit times of holes and electrons r = T ~ / T ,  (results are 
presented for r = 1  and r = 2). Impulse response func- 
tions have been calculated for many other values of m, P ,  
and r;  the results provided here are representative.  Deter- 
ministic transit  time is considered first. 

A. Deterministic Transit Time 

In Fig. 7 we present  the  impulse  response function for 
an  m = 3 device with r = 1 and P = 0.95. The upper and 
middle portions of the figure represent  the mean electron 
current  and mean hole current, respectively. The lower 
portion of the figure displays the mean total current i(t), 
together with the one-standard deviation (SD) limits (stip- 
pled region). The results are calculated from (13) and (14). 
The  ordinate  represents  current (in units of 9/47,) whereas 
the  abscissa  represents  normalized  time  (in units of t/7,). 
The contribution to  the  external  current arising from elec- 
trons  in  the  device  extends to (m + 1) T ,  whereas the hole 
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Fig. 8. Impulse  response  function  for  a  three-stage  SAPD  with  determin-  Fig. 9. Impulse  response  function  for  a  three-stage  SAPD  with  determin- 
istic  transit  time r = 2 and P = 0.95. The  contribution  to  the  current 
arising  from  electrons  (upper  portion of figure) is  the  same  as  that  shown 
in Fig. 7. The slower hole contribution  causes  the  total  output  current 
pulse  to  extend  over a time 97, in  response  to  a  single  photon  absorption 
at r = 0. 

I I 

istic  transit  time r = 1 and P = 0.8. A  comparison of this  result  with 
that  provided  in  Fig. 7 demonstrates  that  the  average  charge  induced in 
the  circuit  is  reduced  while  the  standard  deviation of the  average  total 
current  is  increased.  Again  the  output  current  pulse  extends  over  a  time 
67, in  response to a  single  photon  absorption  at r = 0. 

contribution extends  a longer time, to m(7, + T,J, as in- 
dicated  earlier. The angular form of the  total average cur- 
rent  results from the  assumptions of deterministic  transit 
time and integer r .  The  area  under the total average cur- 
rent is, of course, given by (1 + 0.95)'" = 7.41. 

In Fig. 8 we show the  impulse  response function when 
all  parameters  are  the  same  as  in  Fig. 7 except the impact 
ionization probability P, which is taken to be P = 0.8. 
The lower value of P results in  a  smaller total charge in- 
duced in the circuit (1.83 = 5.83 instead of  7.41 as above). 
It also  results in an  increased standard deviation of the 
average total  current;  this  arises  from  the additional un- 
certainty in the  carrier  generation  process. 

The effects of a  decreased hole drift velocity (by a factor 
of 2 relative to  the  electron  drift velocity) are illustrated 
in Figs. 9 and 10. These  impulse response functions are 
analogous to those  presented in Figs.  7 and 8 (m = 3; 
P = 0.95, 0.8) except that  here r = 2 instead of 1. The 
current contribution arising  from  electrons  (upper portion 
of figures) is  independent of r .  The slower hole contribu- 
tions, on the  other  hand,  cause  the  duration of the total 
current  pulse to increase  to 3 (7, + 27,) = 97,. The role 
of P is  the  same  as  that seen above;  decreasing P reduces 
the  area (which is  independent of r) and  increases  the  stan- 
dard  deviation of the total current  pulse. 
B. Random Transit Time 

Finally, in Fig. 11, we present  the  impulse  response 
function when the  transit  time is Gaussian rather than de- 

I--\ 
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0 3  
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0 2 4 6 8 10 

NORMALIZED TIME ( t /k)  
Fig. 10. Impulse  response  function  for  a  three-stage  SAPD  with  determin- 

istic  transit  time r = 2 and P = 0.8. A  comparison of this  result  with 
that  provided  in  Fig. 9 demonstrates  that  the  average  charge  induced  in 
the  circuit  is  reduced  while  the  standard  deviation of the  total  average 
current is increased.  Again  the  output  current  pulse  extends  over  a  time 

terministic.  The coefficients of variation of the transit time . 97, in response  to  a  single  photon  absorption  at t = 0. 
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Fig. 11. Impulse  response  function for a  three-stage SAPD with  Gaussian 
transit  time (ue/re = u,,/rh = 0.2), r = 1, and P = 0.95. The  parameters 
and  presentation  are  identical  with  those  used  in  Fig. 7. Comparing  the 
results  illustrates  that  randomness  in  the  transit  time  imparts  substantial 
smoothing  to  the  impulse  response  function.  The  current  pulse (in re- 
sponse  to  a  single  photon  absorption  at t = 0) extends beyond 6 r ,  and 
has  a  tail,  as  expected.  Taking  account of the  electron-injection  disper- 
sion  would  smooth  the  initial  portion of the  impulse  response  function. 
The result  portrayed  here  is  more  representative of what  might  be  ex- 
pected  from  a  real  device  than  is  the  idealized  result  in  Fig. 7. 

(o,/r, and (Th/?-h) are chosen  to  be 0.2 in accordance with 
expectations for quaternary  materials  [22],  [23].  The pa- 
rameters (m = 3, r = l, P = 0.95) and presentation are 
otherwise identical to those of Fig. 7. 

A comparison shows that the  spread of carrier travel 
time has the effect of smoothing and extending  the  im- 
pulse  response  function. Behavior of this kind is obtained 
for the  entire  range of parameter values studied.  The flat 
initial' portion of the  impulse  response  function (which has 
an approximate  duration 7,) results from the assumption 
of delta-function photon absorption at the p+ boundary in 
the device (see Fig. I(b)). In a real device, photon ab- 
sorption will take place more gradually, introducing a dis- 
persion  into  the  initial  electron  injection. The principal 
consequence of this  effect, which can be readily calcu- 
lated, will be  to remove the flatness from  the initial por- 
tion of the  impulse  response  function shown in Fig. 11. 
Various kinds of specially designed absorption regions can 
be introduced  prior  to  the  staircase in order  to  optimize 
absorption  [24].  This will permit  greater multiplication to 
take place in  the  device, but at the expense of a decrease 
in  the  time-bandwidth product. The time  response por- 
trayed here for the random-transit-time  case is clearly 
more  representative of what might be  expected for a real 
device than is the  idealized  time  response displayed in 
Fig. 7. 

V. CONCLUSION 
A mathematical model describing the multiplication 

noise and  time  response of the  staircase avalanche photo- 
diode has been developed. Valence-band discontinuities 
are  assumed  to be sufficiently small so that holes do not 
impact-ionize. For instantaneous multiplication, the ex- 
cess noise factor and carrier counting distributions were 
calculated  and displayed graphically for various values of 
the  number of stages m and  the impact ionization proba- 
bility P.  Single-photon impulse response functions were 
obtained for both deterministic and random transit times 
for several values of m, P ,  and r (the ratio of hole and 
electron transit  times). 

The  impulse  response function was found to have aful l  
width given by rp = rn (7, + r h ) ,  under the assumption 
that the  carriers undergo deterministic  transit  time. Under 
the  more  realistic  assumption of random time delay, the 
half width will be somewhat smaller than this.  The theo- 
retical gain-bandwidth product is given approximately by 
GB = (1 + P)'n/,n(r, + rh). Numerical estimates for rp 
and GB expected for a typical quarternary  detector (e.g., 
AlGaAsSb/GaSb on GaSb substrate) designed for the 1.3- 
1.6-pm wavelength low-loss-fiber region can be calcu- 
lated. Choosing typical hole and electron velocities uh = 
5 X IO6 cm/s and u, = 1 X lo7 cm/s, respectively, and a 
device layer thickness of 3000 A ,  yields hole and electron 
current contribution with durations of 6 and 3 pdstage, 
respectively. For a five-stage device, rp = 45  ps,  corre- 
sponding to a bit rate of about 22 Gbit/s.  The finite ab- 
sorption length of the  light will alter rp slightly. Other  ef- 
fects will further  limit  the maximum bit rate.  The gain- 
bandwidth product GB = 600 GHz, assuming a five-stage 
device with P = 0.95, which has a gain = 28. 

From an  experimental point of view, the first attempts 
are under way at AT&T  Bell Laboratories to construct a 
staircase device using molecular-beam epitaxy [24]. From 
a theoretical point of view, quite a bit of additional work 
needs to be done to fully analyze  the behavior of the 
SAPD.  The emphasis in  this paper has been on the time 
response of the device and on multiplication noise arising 
from  the  branching  process;  calculations for additive non- 
multiplying and multiplying dark noise should also be car- 
ried out.  The effects of residual hole impact ionization, 
and the possibility of hole trapping, should be considered. 
The filtering of the  time signal by various processes (e.g., 
the  circuit  time constant) should be  incorporated into the 
model.  Studies of system performance, including error 
probabilities and  intersymbol  interference,  are also of in- 
terest.  The first step along these  lines, recently carried out 
[25], is the  calculation of counting distributions and  bit 
error  rates for SAPD devices illuminated by Poisson light 
pulses (e.g., those from a laser) rather than by single pho- 
tons. Brennan [26] has recently conducted a simulation 
study of electron and hole impact ionization in the SAPD. 
No particular difficulties are expected in any of these  en- 
deavors, but it is important to explore them so that an ef- 
fective  comparison can be drawn between system perfor- 
mance expected with staircase and conventional APD 
devices. 
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