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21.1 Introduction

Imaging is the estimation of the spatial distribution of a physical object by
measuring the optical radiation it emits, or by making use of anabptave that
interacts with the object, via reflection or transmission, for example, before being
measured by a detectbfhe resolutionof an imaging system is limited by the
inability to localize the optical field at points of the object. Under othemideal
conditions, resolution is limited by diffraction. Theensitivity of an imaging
system is limited by the uncertainty in the measurement. Under ideal conditions,
this is determined by photon noise, which depends on the statistical fluctuations
of the light.

In conventional imaging systems, an extended detector, such as a CCD
camera or an array detector, measures the spatial distribution of the optical



intensity, which is proportional to the photon flux density. In interferometric
systems, the spat distribution of the optical field is inferred from measurements
of the optical intensity

With the emergence of coherence theBPyjmaging systems based on
measurements of the seceoidier coherence function at pairs of points in the
detection plae were developed. An example is the imaging of an incoherent
object based on the van Cittelérnike theorem. Imaging systems based on
measurement of intensity correlation, or the photon coincidence rate, at pairs of
points, were developed in the 1960sclassic example of the photaorrelation
imaging of an object emitting thermal light is stellar imaging using a Hanbury
BrownBTwiss intensitycorrelation interferometéf”

More recently, twephoton light, which may be generated via spontaneous
parametic downconversion in a secomdder nonlinear optical crystahas been
used for imaging®™’ This type of twephoton (or biphoton) imaging, which has
come to be called quantum imaging, is also based on the measurement of photon
coincidence by the use ghotoncounting array detectors or by scanning two
photoncounting detectors at pairs of points.

To compare the resolution and sensitivity of imaging systems based on the
aforementioned types of measurements, it is necessary to derive expressions for
the measured quantities in terms of the object distribution. The -gpiaad
functions based on such expressions can be used to assess the resolution. One
measure of the sensitivity of the imaging process is the sigmadise ratio
(SNR) of the measuredhariables. The statistical nature of the light source must
be known in order to determine the SNR.

The purpose of this chapter is to compare the resolution and sensitivity of
photoncorrelation imaging systems that make use of thermal light and two
photon light. We will henceforth refer to these two imaging modalities as
classical and quantum photoorrelation imaging, or simply classical and
guantum imaging, respectively. Clearly, light in other quantum states can also be
used for imaging.

21.2 Classical Photon -Correlation Imaging

Consider the imaging system shown schematically in Fig. 21.1. The source emits
quastmonochromatic, spatially incoherent light with intendifx),
wherex =(x,y). The emitted light eaches the two detectors via two linear
systems with impulse response functignéx,,x) andh,(x,,x). The object may

reside in either of these systems, or in the source itself. The two systems may
also be combined asie system in which the object resides.
Based on coherence theory and a systems description of the imaging

process;™® the seconerder coherence functioG®(x ,x,) =<E* (x,) E(x2)> is
related to the source intensity and the impulse response funbtidhe integral,



GV (x,,%,) =1 1.0 (x,,%)h,(x,,x) dx . (21.1)

The range of the integrals id,[!] throughout, unless otherwise indicated.
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Figure 21.1 Imaging system.

21.2.1 Ghost imaging

If the object resides in the first system and has a complex amplitude
transmittance (or reflectand®)x), then h(x,,x) is linearly related toO(x).

Consequently, 6% (x,,x,) is measured as a function of, with x, fixed, the
measuremenwould be linearly related t@(x) so that the imaging system is

coherent [i.e., it measures the complex amplitude transmittance (or reflectance)].
For example, consider an object placed in one branch of the system at a distance

d, from the source, with a lens used to collect the transmitted light and focus it
onto detector 1. The other branch of the system contains a lens of focalflength
placed in the space between the source and detector 2 at distgnaedd, , as

shown in Fig. 21.2. For such a system, Eq. (21.1) leads to diffrdotided
imaging if the focusing condition

+—=— (21.2)

is satisfied. This type of imagings ipeculiar since the light field that is
transmitted through the object is collected and observed with a point detector at

the fixed poink,. The image is acquired by scanning detector 1 at all paints
and by observing the light that has not interacted with the object. This type of

image may be dubbedhost imaging,although that appellation historically
originated in the context of quantum imaging.



Source |:[O><D7

Figure 21.2 Ghost-imaging system.

21.2.2 Van Cittert BZernike theorem

As another example, assume that the object itself is the sourc@(x¢ = 1_(x),

and assume that the two systems are combined into a sihglatizal system, as
shown in Fig. 21.3, whereupon

%.2#  (
hy (X, X) = hy(X,X) ! exp-& ’§X1' xjc, (21.3)

Where ! is the wavelength of the light arids the focal length of the lens. In
this case, Eq. (21.1) provides

GP(x,,x,)! +O(x)expfy9i&(x2 " X,). x=(k dx . (21.4)
& )

When measured as a function of the position diffees, ! x,, the coherence

function G is proportional to the Fourier transform®x) . Equation (21.4) is

the van CittefiZernike theorem and is the basis of a vkelbwn technique for
measuring the angular diameter of Stars.
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Figure 21.3 Photon-correlation imaging of the source.



21.2.3 Hanbury -Brown -Twiss interferometer

The intensitycorrelation function, which is a special foudhder coherence
.18 o .

function,® at the positios x; and x, isG® (x,,x,) =(1,(x,)1,(x,)). If the

incoherent light is thermal (which at one time was called chaotic), the rate of

photon coincidence is related to the secordker coherence function by the
Siegert relatior?,

1 2
G?(x,,X,) :G<1>(x1,xl)e<1>(x2,x2)+me<1>(xl,x2)\ , (21.5)

where M ! 1 is a factor (known as the degrees of freedom) that increases with
increase of the ratio of the detector response time to the optical coherence time.
This equation is the basis of the Hanb&mpwnTwiss effect™ Thus, the

measurement of the intensitprrelation functio®®(x,,x,) and the intensity

atG®(x,x) at all points permit the magnitude of the seconder coherence

function to be determined. This principle has sdras the basis of a number of
schemes for ghost imaging with thermal lig#it? A fundamental difficulty in
such systems is the small relative magnitude of the second term on tHearght
side of Eq. (21.5) when the coherence time of the detectedidiendich smaller
than the detectorOs response fime.

21.3 Quantum Photon -Correlation Imaging

We now consider a light source that emits photons in pairs. The coherence
properties of such light must be described using quantum coherence%éory.
eachpair, the quantum state is

" )= Fpxax! # (x,x)[1.1,), (21.6)

where " (x,x!) is the twephoton wave function, i.e., the probability that the

photons are emitted from positiorsand x! is | S(x,x!)|2. In an entangled state,
v (%,X) = E,(Xx)8(x—X") so that the photons are emitted from a common

position, although that position is random with probability ded$Ltyx)|2.

Such light may be generated by spontaneous pdriamdownconversion
(SPDC) from a thin planar nonlinear crystal. For each annihilated pump photon, a
pair of photons, the signal and idler, are generated in gohaton, or biphoton,
state. In this case, the complex functiof{x) in Eq. (21.6) is proportional to the

conjugate of the optical field of the pump. This spatially entangled state emerges



as a result of conservation of momentum, which makes the directions of the
photons anticorrelated.
If the two photons are directed thgiu systems with impulse response

functions h (x;,x) and h,(x,,X), and directed to two detectors, as in Fig. 21.1,

then it can be shown that the probability of detecting photons simultaneously
with detectors at positigx; andx; is

G2, %) = (:F)T06)1) =] 06,3, (21.7)
i.e., is simply the square magnitude of the-pptton wave function
! (Xl,Xz):#'S(X)h (x;, x)h, (x,,x) dx . (21.8)

The similarity between Eg. (21.8) for the tphoton wave function
I (x,,X,) and Eq. (21.1) for the secowdder coherence functio®®™ (x,,x,) is
remarkable. The source function(x) plays the role of the intensity of the

incoherent sourck(x), and, except for a conjugation operatinrthe incoherent

case [Eq. (21.1)], the impulse response functions of the optical systems play
similar roles. The origin of this similarity may be attributed to the fact that both
the secongrder wave function and the twahoton wave function satisfy the

Wolf equation&.3
For thermal light, in accordance with the Siegert relation set forth in Eq.

(21.5), the twephoton coincidence rate is proportional‘@ﬁl’ (xl,xz)‘z, to which

a background term is added, whereas in the-pgihvaton case, # photon
coincidence rate is simply! (xl,x2)|2. The background term, which typically

dominates Eg. (21.5), as discussed earlier, is absent in thghttton case, as
was recognized by Belinskii and Klysh%o.

21.3.1 Ghost imaging

If the imaging configuration depicted in Fig. 21.2 is used with a-pkoton
source, then diffractiotimited imaging is attained if the condition

1
d,+d,

1 1
+—=— 21.9
T (21.9)

is satisfied-? The sign change in Eq. (21.9), in comparison to Eq. (21.2), is
attributed to the conjugation in the imaging equation.



21.3.2 Van Cittert BZernike theorem

If the imaging configuration depicted in Fig. 21.3 is used with aphoton
source, which is itself the object, then the imaging equation becomes

GP(x,,X,) $ .|.O(x)exp%g?/b(2—?t(x2 +%,).Xr dX. (21.10)

This equation is identical to Eq. (21.4) except for a change in sign. When
measured as a function &f +x, , the coherence functio&® is proportional to
the Fourier transform ofO(x). For example, if O(x) is uniform, then

GY(x,,%,)! "(X, +X,), i.e., if a photon is observed af, then another must be
detected at X, .

21.3.3 Quantum microsc opy and lithography

The intensity correlation may be measured at the same position by making use of
a single detector responsive to the rate ofplvoton absorption. For twphoton

light in an entangled stat&® (x,,x,) =|! (x,,x,)|", with
(X, %) = # ()h? (%, x) dx, (21.11)

in the special case when the two optical systémand /, collapse into a single
imaging systemh, as can be shown by use of Eq. (21.8). The imagiatem is
therefore linear with impulse response functiwi(x,,x) . For example, for a-2
Fourier optics systemi(x,,x) is given by Eq. (21.3). The squaring operation
increases the frequency by a factor of two. B@mnaple, for a tweslit object, the
system creates a sinusoidal pattern at twice the spatial frequency. This feature
plays a role in quantum (entangiptioton) microscop%f’zsand photoemissio%s,

and is, in essence, the principle behind quantum Iithongafpmnich exploits
entanglement to enhance resolution. This enhancement cannot be attained by
making use of a classical thermalaging system.

21.4 Noise in Photon -Correlation Imaging

In this section we compare the accuracy of classical and quantugingna
systems by determining the error of measurement of the plecotoslation
functions in each case. It is convenient to define the normalized photon



correlation functiong® =G@/(1,1,), the normalized secoratder coherence
function g® =G®/(1,1,)"?, and the normalized twphoton wave function

L="/(I1,1,)"*, where I, and |, are the intensities (or the mean number of
photons) at the two detectors. For classical in@diy. (21.5) becomes

g - =ﬁ\g“’\2, (21.12)

while for quantum case, Eq. (21.7) becomes
g® =|! |2. (21.13)

The detectors measure estimates of the funct®fs andl, which we label
&2 and I, respectively. These estimates are used to calculate estimag&d of

via the relatio® = @2 /(BB) . We now proceed to determine the errors in the

estimated” in the classical and quantum cases.
The uncertainty in the measurement of the intensityelation function

G (x,,X,) =<: A(x,) ) :> stems from the finite time available to measure the

average intensity products. This function sually measured by registering the
number of photon counts, and n, detected in each of the two detectors during
a sequence of short time intervals, each of durafieand averaging the product
of the commts,5

N
G® :ﬁ! n,(Mm)n,(m) . (21.14)
1

m=

Here, the indexn refers to themth time interval andN is the total number of
intervals observed. The total duration of the measuremedT id.ikewise, an
estimate of the intensity is measured at each datbgtcomputing the averages

A 1 N
[=—I

n(m, i=12. (21.15)

m=1

Clearly, if N! ", the measured function6® and I, equal exactly the true

functionsG® and I, respectively.

The normalized measurement errerin the classical (C) and quantum (Q)
cases are defined by the following normalized variances:



Var{ @(2)}2 L& =_Var{§22)} , (21.16)
59" #15 g

For comparison, we define the ratio

%2:

R= (21.17)

EAEY

If R >1, then quantum imaging offers a statistical advantage, and vice versa.
Computation of the variances in Eq. (21.16) is a lengthy process, particularly

in the classidacase for which the photon counts obey B&sastein statistics.

We assume that the photon coumg¢m) are statistically independent for the

different counting intervals. Since it is difficult to determine the variance of the
ratio §® =G® /(I,I,), we assume that the errors are sufficiently small so that

we can use the relatioty P! (1/1)[1" (0" 1)/1] to simplify the computation in
terms of statistical moments of . To further simplify the cmputation, we have

also assumed that the thermal light in the classical case has a Lorentzian
spectrum, i.e., an exponential coherence function, with coherence! tinhe

following expressions result:

2 2 2 4 2 4 n
eé_1M l1+¢g 1+2+4g #29 1+5+10g #119

=— " oz , 21.18
N ¢ 7o g* n g [ 2g* $§‘ ( )

, 111
= 21.19
& N g7 e ( )

Here, the symbog is used to denotbg(l)‘ or ||, for the classical and quantum

cases, respectively, arg. and N, are the mean number of photon detected in
each time interval in the classical and quantum cases, respectively. The quantity
M is the degreesf-freedom parameter, which is a function of the rdtieT /" .

As expected, the ers e, and g, depend on/N for both cases, but the

dependence on the mean number of photons, thel mfid ", and the quantity

g, which is to be ultimately estiated, are different. It is useful to take the
following two limiting cases:

Case 1.If the mean number of counts in both cases are equal and small, i.e.,

nc=ny! 1, then



2

1+g
g2

R=1100), (@)=L (21.20)

The quantityR can tken be substantially greater than unity, as can be seen from
the plots of f,(g) and M/! in Fig. 21.4, for thermal light with Lorenzian

spectrum, for whichM =2"2/(¢'?" +2"1 1). It follows that quantum inging
can offer a significant statistical advantage under these conditiGhs.

Case 2.In reality, the mean number of photons in the quantum case is typically
small, i.e.,N, ! 1, since the generation of a high flux of biphotongeserally

difficult. Assuming strong thermal light, i.en. ! 1, we obtain the ratio

no M2 5+10g°! 11g*

R=———1(9), f)(9)= > (21.21)
ne 29

As shown in Fig. 21.4, the factof,(g) can be large. AlsoM and M /! are
greater than unity and can be large for large value$ .oThese factors favor
guantum imaging. However, it is the ratio of the mean coﬁg}/ﬁc that can be
sufficiently small, allowing classicainaging to outdo quantum imaging.

103 3 103 5
102 N 102
10 10
1 10
8 8
10 oL
3 o
6 2 . M
M/~ P
4P\ o]
\\ o
2 ”\(i M/r)
|
00 2 4 6 8 10

Figure 21.4 Factors affecting the error ratio R.



21.5 Conclusion

Imaging based on photaorrelation measurement with thermal light exploits the
photonbunching effect, which is accompanied by a large backgrolimad-
photon light, on the other hand, comprises complete bunching since the photons
arrive simultaneously, and it therefore offers the same possibilities for imaging
without the background attendant to thermal light. Both systems offer
possibilities for oherent imaging, including ghost imaging, whiclm@ a unique
feature of quantum imagirf’g?. Because the only difference in the imaging
equations is a conjugation factor, quantum imaging offers no advantage in
resolution in a configuration using two ddtas. In the degenerate case for
which the two detectors become one, i.e., if the detector is aphwton
absorber, the quantum paradigm offers a factor of two advantage in resolution.
The sensitivity of the classical and quantum imaging systems aceudse,
different because the noises associated with the sources are different. Quantum
imaging has a significantly greater sigtanoise ratidl if the same mean
number of photons are used. Because the generation of a higthttan flux is
difficult, this advantage has not yet been exploited in real imaging systems.
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