Three-Frequency Nonlinear Heterodyne Detection.
2: Digital Communications and Pulsed Radar

Malvin Carl Teich and Rainfield Y. Yen

Part 1 of this paper {Appl. Opt. 14, 666 (1975)] dealt with the cw radar and analog communications uses of
three-frequency nonlinear heterodyne detection. In this paper, we evaluate the technique for a number of
specific pulsed radar and digital communications applications. Both the vacuum channel and the lognor-
mal turbulent atmospheric channel are considered. It is found that the advantages of the technique in the
pulsed/digital system are similar to those obtained in the cw/analog system. Computer generated error
probability curves as a function of the input signal-to-noise ratio are presented for a variety of binary re-
ceiver parameters and configurations and for various levels of atmospheric turbulence. Orthogonal and
nonorthogonal signaling schemes, as well as dependent and independent fading, are considered. When
Doppler information is poor, performance is generally superior to that of the conventional heterodyne sys-

tem.

. Introduction

Part 1 of this paper! was primarily concerned with
the behavior of the three-frequency nonlinear hetero-
dyne system for applications in cw radar and analog
communications. As such, a determination of the
output signal-to-noise ratio (SNR), was sufficient to
characterize the system. In Part 2 we investigate ap-
plications in synchronous digital communications
and pulsed radar and therefore examine system per-
formance in terms of the error probability P,. Eval-
uation of the probability of error under various con-
ditions requires a decision criterion as well as a
knowledge of the signal statistics; we now investigate
operation of the three-frequency nonlinear hetero-
dyne scheme in the time domain rather than in the
frequency domain.

Because of the added complexity of dealing in the
time domain, we limit our investigation to sinewave
signals, Gaussian local oscillator (I.O) noise, and .en-
velope detection. The configuration of such a receiv-
er is therefore similar to that considered previously
in Part 1, with the addition of an envelope detector
(see Figs. 1 and 13 of Ref. 1). We therefore examine
the case of a particular square-law envelope detector,
consisting of a square-law device, a narrowband fil-
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ter, and an envelope detector.2 Although envelope
detection is generally suboptimum because it is in-
sensitive to phase, it is easy to implement practically
and is therefore widely used.3 '

We begin with an investigation of binary commu-
nications and pulsed radar for both nonorthogonal
and orthogonal signaling formats in the vacuum
channel. We then examine envelope probability dis-
tributions and binary signaling for sinewave signals
in the lognormal channel (clear air turbulent atmo--
sphere). The advantages of the three-frequency
nonlinear heterodyne scheme in the digital communi-
cations/pulsed radar configuration are similar to
those cited in Part 1 for cw radar/analog communica-
tions.

IIl. Envelope Probability Distributions for Sinewave
Signals Plus Gaussian Noise (Vacuum Channel)

We assume here, as in Part 1, that the fields inci-
dent on the mixer are parallel, plane-polarized, and
spatially first-order coherent over the detector aper-
ture. In general, therefore, the input to the square-
law device, as previously [see Eq. (19), Part 1], will be
two narrowband signals plus white Gaussian noise
with zero mean resulting from the LO, over the band
(0, fn). Thus

s() = 4, cos(w,t + ¢,) + A4, coslwyt + ¢,), (1)

with Ag, Ap, ¢e, and ¢, stochastic processes. The
amplitudes are assumed to be independent of the
phases. In this section, we treat the specific case of
sinusoidal signals, i.e.,, A, and A, constant and ¢,
¢» independent random variables uniformly distrib-
uted over (0,27).



In the time domain, the white Gaussian noise,
which arises from the 1.O, can be expressed as*

nd = 2 u, coswyt +

2 v, sinwyt. (2)
k=1 k=1

Here, w; = kwg with wy = 27/2T. If the input sig-
nal is a pulse, the pulse duration is the time interval
(-T,7).
be written as

(3a)

&
I

1 T

—f n(f) cosw,tdt,
TJ.r

and

T
vy = %[T n(t) sinw,tdt. (3b)

The coefficients u; and vy may therefore .

R,(t — t') ~ N6t — t'). Here N is the height of
the white noise spectrum.

The input x(t) to the square-law device can now be
written as

%) = s@®) + nld)
= A, coslw,t + ¢,) + A, cos(wyt + dp)

+ Du, cOSwyt + Y v, sinw,t.  (6)
k 3

We note that for wo small, it will always be possible to
find integers m and n such that mwg and nwo are very
close to w, and wp, respectively. This implies that T
is much larger than 27/w, and 27/ wp.

By direct substitution, we find the output of the
square-law device y(t) to be

y(@ = ax’(d)

= a(‘/ZZ}ukZ(l + cos2w,t) + Yy 2 v2(1 — cos2wyl)
k k

+ 3 ugw, sin2wyt + Y Tuafcos(w; — wt + coslw; + w)i] + Z 7 vvfcos(w; — w)t
k i>F

i>j

- coslw; + w;)]

+ D uplsin(w; + w)t — sinlw; = w)i + D wwlsin(w; + w)t + sinlw; - wy)i]
Dj i<

+,A 01 + cos@u,t + 20,)] + %AHL + cosQu,f + 20,)]
+AaAb[cos{(wa + wb)f + qba + d)b} + COS{(wa - wb)[ + d’a - d)b}J

+ AT lcos{(wy + w )l + baf + cos{(ws -
%

w,)

t - ¢a}]

+ A,,%}uk[cos{(wk + ot + by} + cos{lwy — wp)l = Gp))

+ A olsin{(w, + W) + o, + sin{(w, — w)l — d,}]
P)
+ Ab; vk[sin{(wk + wb)f + d)b} + sin{(wk - wpt - d)b}]) s "

Since up and vy are linear transformations of the
Gaussian random variable n(t), they are also Gauss-
ian random variables;® furthermore it can be shown
that for T large, all up’s and vx’s are uncorrelated
and independent of one another.® Since the mean of
n(t) is taken to be zero, we find

1 T
| () = <f f_T n(d) coswktdt> =0, (4a)
and similarly
(v =0, (4b)
while the variance (uy?) is given by
1 T T , N
(Y = ?—‘[T Ir (n(t)) cosw,t cosw,t'dtdt’ = = .
' (5a)
Similarly,
(v, = N/T. (5b)

In calculating these quantities, we have assumed that
the Gaussian noise n(t) is stationary, and that the
band [fif.] is sufficiently large so the noise can be
approximated to be completely white (over an infi-
nite band) leading to an autocorrelation function

where we have used the following symmetrical rela-
tions:

V2§Z)u‘u,[cos(wi + w)t + cos(w; — w,)f]
= Yo uufeos(w; + wlt + coslw; — w,)f], (8a)
i

and
Y, Do vivleos(w; + w)t + coslw; — w,)i]
1>

= szzjz,v,v,[cos(wi + w)t + coslw; — w)f. (8b)

Since it is the effective bandwidth rather than the
shape of the final narrowband filter that is impor-
tant,! we choose a realizable impulse response for this
filter given by

n(® = 2B cos2uf,t 0< ¢t< 1/B. (9)
This choice facilitates the computation in the time
domain and provides accord with signal-to-noise ra-
tios calculated previously.! Assuming B is very
small, the time output from the bandpass filter z(t)
is given by

z(?)

1/B
f r(t — ty@)dt'

0

Acos(w,t + ¢) + u coswst + v sinwt. (10)

March 1975 / Vol. 14, No. 3 / APPLIED OPTICS 681



Here
A = adA,, (11a)

¢ = ¢, — b, (11b)

and, after a great deal of calculation,” y and v turn
out to be the sum of an infinite number of random
variables, and therefore Gaussian. The means and
variances of u and v are found to be”

@ =@=0 (12)

and )
@ = (%) ~ 42N/ T2/, N + (4,2 + 4,D)], (13)

assuming fo, f. < fn. "It is also found that
(uv) = W) =0, (14)

indicating that « and v are uncorrelated and inde-
pendent processes. Equations (12), (18), and (14) in-
dicate that the last two terms in Eq. (10), ucosw.t +
vsinwct, constitute a narrowband Gaussian random
process with zero mean and center frequency w.. In
fact, Eq. (13) represents the output noise power N,.

We can corroborate this rather broad result? for a
specific case by generalizing the results obtained by
Kac and Siegert® and Emerson,® who have treated a
related problem. We assume the output of the het-
erodyne mixer to consist of two sinewave signals
plus uncorrelated (white) Gaussian noise. “The sys-
. tem, in this case, consists of a realizable IF Gaussian
bandpass filter, with arbitrary width Af and a center
frequency around f, or f (which is large in compari-
son with f;), the usual square-law device, and a real-
izable final narrowband filter with bandwidth B.
Under the restrictions f, < f,, f» and B < f, < Af,
it may be shown that the output of the final narrow-
band filter will be a sinewave signal plus a Gaussian
random process of nonzero mean. For noise alone,
the output will simply be Gaussian. Thus the enve-
lope distribution for noise will be Rayleigh, and that
for signal-plus-noise will be Rician. This is, we
might add, the same result obtained for conventional
two-frequency heterodyne detection, although the
means and variances will not have the same relation-
ship in both cases.

For f. « f,, as prescribed previously, it is not diffi-
cult to verify that the above description in the time
domain is in accord with the frequency-domain re-
sults presented in Part 1. Since the relationship be-
tween the pulse width 7" and the minimum band-
width of the final filter is governed by the Fourier
transform property TB ~ 1 (see Ref. 10), Eq. (13) for
the noise power in this regime may be written as

W = (0¥ = N, ~ 4&’NB[2f,N + (4.2 + (4,D)]. (15)

Using Eq. (11a), we therefore obtain for the output
signal-to-noise ratio,

Se (A% _ (A4,24,%) . (16)
N 2@ ~ 8NB[(A.5 + (4,5)2f,N]

Using an input signal-to-noise ratio given by
(SNR), = (4.5 + (4,5)/ 4N, amn

(SNR), =

we finally obtain
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(SNR), = Eo(SNR);*/[1 + 2(SNR),], (18)
with
ko = fLAZAD /[BRAY + A4H)]. (19)

These expressions are valid in the regime f, « f,, and
are analogous to Egs. (40) and (41) of Part 1. Our
treatment is therefore consistent with that presented
previously.! _
According to Eq. (10) and the discussion following,
in the presence of signal plus noise, the output of the
narrowband final filter 2(t), after being passed
through the envelope detector, is given by the Rician
distribution!!
£ = (/PN(Ar/d®) exp[—(+? + A%)/20%]. (20)

Here, r represents the envelope of z(t), ¢2 = (u2) =
4a’?NB [2f,N + ({(A.2) + (Ap?))], and Io(x) is the
modified Bessel function of the first kind and zero
order, also expressible as

1 27
Iplx) = -2-;]; exp(x cos8)do. (21a)
We may use the asymptotic expansion for x <« 1 (see
Ref. 12),

Lix) =1 + x*/4 + ... =~ exp(x¥/4), (21b)

and forx > 1,

Li(x) ~ &/ Qux)t/2. (21¢)

In the presence of noise alone, i.e., for A, = A; = 0,
the probability density function for the envelope
fo(r) is the Rayleigh distribution

folr) = (/o) exp[—*/20)%] . (22)

Here o¢? is the noise power in the absence of signal,
ie.,

0’ = (u2>’Aa=Ab=0 = 8azBan2- (23)

We note that in this nonlinear problem ¢2 3 g¢? be-
cause of the presence of s X n terms in ¢2. In the
usual linear systems problem these terms do not ap-
pear, and o2 = g2

ill.  Binary Communications and Pulsed Radar
{Vacuum Channel)

Given the probability distributions for the output
signals, we can proceed to investigate binary commu-
nications and pulsed radar systems performance on
choosing a decision rule. In the following, we consid-
er both orthogonal and nonorthogonal formats for
digital signaling.

A. Nonorthogonal Signaling Formats

We first consider pulse-code modulation where it is
the intensity that is modulated. This simple nonor-
thogonal scheme is frequently referred to as PCM/
IM.13 The signal is considered to be present when a
1 is transmitted and absent when a zero is transmit-
ted. To evaluate system performance, we choose the
likelihood ratio criterion.1213 If @ represents the a
priori probability that a 1 is transmitted, the signal is
judged to be present if



Qfilry = (1 - Q)fo(r). (24)

For simplicity, we assume throughout that the differ-
ent types of errors are equally costly. Since the sig-
nals are pulse coded, the value of r chosen is the av-
erage value over the pulse width. The decision
threshold rp is the value of r for which the equality
in Eq. (24) holds. Using Egs. (20), (21a), and (22) for
sinewave signals and Gaussian noise, rp is therefore
the solution to the transcendental equation
1 2r

1 Ay )
27 Js exp(?- cosé )do

C (19) o ap(-£ ) o

Q@ Jog 20y202
Using Eqgs. (15) and (19), it is clear that

0'2 = 0'02[1 + z(go/kQ)llz]: (26)
where
ko = (4)/20,%. @7

For sinewave inputs, 4, A,, and A, are constant, and
the quantity kq is identical with the quantity kp in-
troduced in Part 1 [see Eq. (40), Ref. 1]. Defining r¢
=r/oo, Eq. (25) can be rewritten as

1 (%> (2£,)1/ %7, cos@
e"p[l + 2(so/kp)”f]d9

271'0

_(L=@\[, , o) g
- ( Q )[1 ) 2(k,, ]e’“’[nz (zo/kp)m]
__rle/p)? »
% e"p[ T+ 2(E/k)T? ] (28)
Therefore, with kp and @ fixed, the solution to Eq.

(28) for ro, which we call 7, is a function only of &.
If we further define

£ = SNR), = (A/20% (20)

the quantity £ = (0o¥/02& = &o/[1 + 2 (o/kp)V?] is
also a function only of &. Thus, 7o is a function only
of £. The decision threshold rp = of is therefore
a function of both £ and ay.

The probability of a decoding error P, is given by

P, = @f "htar + - Q ndr, @0
which in the present case may be written as
_ ™y Av 2 2
P, = Qj; 57%4(;7) exp[— (2 + A%/20%)dr
+ (1 - Q)fm —% exp (—7%/20,)dr. (31)
rp )

Replacing /¢ by r’, we can rewrite the first integral
I, in Eq. (31) as follows:

7.0,/ 0 _r’f
L = fo” 1,0 (28) ' ]e T g, @2)

Since fooo/ o = Fo/[1 + 2 (§o/kp)V/2]1/2 is a function
only of £, which, in turn, is a function only of the
output signal-to-noise ratio &, this integral is a func-
tion only of £. The second integral in Eq. (31) can be
easily evaluated as follows:

©

oy . 2 b 2 2
f -—29’2/2"0 dv = f xe"“dx:—e"’z]
0o /

D rp/9y rp/9y

r 2902 a2
=e"D/°0 =e'ro/2, (33)

which is also a function only of &.

Therefore, with fixed kp( «f,/B) and fixed €, the
probability of error P, is a function only of the out-
put signal-to-noise ratio £ = (SNR),. By use of Eq.
(18), in turn, P, can be written in terms of (SNR)..
Computer results for the probability of error are pre-
sented in Fig. 1 [Eq. (21) has been used for the com-
puter calculation], in which P, is plotted against
(SNR); for several values of f,/B, with the usual
choice @ = 0.5and A, = Ap. “The solid curves repre-
sent this PCM/IM scheme. For fixed f,, the advan-
tage of using small B is obvious.

Also shown in Fig. 1 is the P, vs SNR curve for the
conventional two-frequency heterodyne system in
which no square-law device is used and f, must be
narrowed to Af to provide a detectable signal. The
output for this case is again a sinewave signal plus a
narrowband (Af) Gaussian noise.’3 Thus the com-
putation is the same as for the three-frequency heter-
odyne case with 62 = ¢o® and § = £ = (SNR);. The
probability of error at a given signal-to-noise ratio for
the ordinary heterodyne system is seen to be higher
than for the three-frequency system. This results
from the exclusion of noise demanded by the final
bandpass filter where f,,/B > 1, thus providing higher
(SNR), and lower P, for the three-frequency system.
Since the Rician and Rayleigh distributions have
been calculated only for B « f. (hence B < f,) and
for, white noise, the optimum three-frequency case
considered in Part 1 is not shown in Fig. 1.

B. Pulsed Radar Application

The three-frequency nonlinear heterodyne system
can also be used for pulsed radar applications. The
configuration is similar to that considered previously.
Pulses are sent to the target and the maximum likeli-
hood test is used to determine whether the target is
or is not present (reflected or scattered signal
deemed present or absent). For a detailed treatment
of conventional range-gated pulsed radar applica-
tions, the reader is referred to the book by Davenport
and Root.1

C. Orthogonal Signaling Formats

We consider a number of orthogonal signaling for-
mats—we begin with frequency-shift keying (FSK),
which is also referred to as PCM/FM. In such a
scheme, the frequency of one of the transmitted
beams is fixed at the value f;, whereas the frequency
of the other is caused to shift between two values, fo
and fo/ (not to be confused with the Doppler shifted
fo! considered in Part 1 of this paper). When a 1(0)
is transmitted, the second carrier will be at frequency
f2 (f2). The difference frequency will therefore shift
between f. = f1 — fo and f’ = f1 — fo’ (assuming f; >
fof). The frequencies |f1 — fl, |[f2 = fz}, and |f2’ —
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‘Fig. 1. (a) Probability of error vs (SNR); for the three-frequency binary communica-

T | T T =
Ag= Ap —PCM/IM tion system in the vacuum channel. The input signals are assumed to be sinusoidal,
Q=05 ----ORTHOGONAL - and the noise is Gaussian. The result for the conventional heterodyne system is shown
SIGNALS " for comparison. (Log vs linear plot.) (b) Same curves on a linear vs log plot.
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fo| will all lie within the band f,. A block diagram
for such a system is shown in Fig. 2. Two narrow
bandpass final filters with center frequencies at f,
and f.’ (not to be confused with the Doppler shifted
fc’ considered in Part 1) are used. Following each
bandpass filter is an envelope detector. If a 1(0) is
transmitted, the signal will ideally pass through the
top (bottom) narrow bandpass filter along with the
noise; only noise will be present at the other filter.
For such an orthogonal format, the optimum single
detector receiver chooses the largest signal as the cor-
rect one. Let the outputs of the first and second en-
velope detectors be represented by r; and rs, respec-
tively; the probability density functions for r; and rs

NARROW-

BANDPASS
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BLOCKING
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THREE -
FREQUENCY
MIXER

:
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SQUARE-
LAW
DEVICE

BANDPASS | _|
FILTER

e
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INPUT

NARROW-

BANDPASS
FILTER
AT f,

ENVELOPE
| oETECTOR

Fig. 2. Block diagram for the PCM/FM three-frequency nonlin-
ear heterodyne receiver.
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INPUT SIGNAL-TO-NOISE RATIO (SNR);
()

are hi(ry) and ho(ro), respectively. If we assume
that a 1 is transmitted, we have

hy(r) = fi(ry), (34a)
hz(?’g) = fo(?’z), ) (34b)
where f1(-) and fo(-) are given by Egs. (20) and
(22), respectively. Using the decision rule of the

largest, errors occur when rp > ry. The error
probability Pey is, therefore,

P, = j;'” d1’1[f1(‘1’1)£wd72f0(7’2)]

1
= [0%/ (o + 02)]e'A2/2(°°2’“2’. (35)

This can be readily shown to be a function only of &.
In exactly the same manner, the error probability P, ¢
when 0 is transmitted, is given by the same expres-
sion; thus P,g = P,;. The over-all probability of
error P, is therefore given by

Pe = QPel + (1 hd Q)Peo = PBI , (36)

which is presented in Fig. 1 in dashed form with the
same parameters as for the PCM/IM case. The con-
ventional heterodyne case is also shown.!3 The im-
provement obtained by using the orthogonal PCM/
FM signaling format is seen to be substantial. In
this case, however, transmitter power is required for
sending botha 0 and a 1.

Another binary orthogonal pulse-code modulation
scheme is polarization modulation (PCM/PL). Thus
the bit 1(0) is represented by right (left) circular or
vertical (horizontal) linear polarization. At the
transmitter, a polarization modulator converts the
laser beam into one of two polarization states. At
the receiver (see Fig. 3), the circularly polarized beam
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Fig. 3. Block diagram for the PCM/PL three-frequency nonlinear
heterodyne receiver.

may be passed through an optical filter and then be
converted to horizontal or vertical linear polarization
by a quarter-wave plate. The linear polarization
components are spatially separated (e.g., by a Wol-
laston prism) so the vertically polarized component
will strike the upper photodetector and the horizon-
tally polarized component will strike the lower pho-
todetector. With 100% modulation, when the bit 1 is
transmitted, only vertical polarization will appear at
the receiver and the radiation will ideally strike only
the upper detector. When a 0 is transmitted, only
horizontal polarization will appear and a signal will
ideally strike only the lower detector. The choice of
largest decision rule is used for decoding. It is not
difficult to see that the results for P, in this case are
identical to those for the PCM/FM system. Depo-
larization effects of the atmosphere, which are not
generally large, will result in a decrease of (SNR);
and thus (SNR), (see Refs. 15-18).

The final orthogonal format that we consider is bi-
nary pulse-position modulation (PPM/IM). In this
scheme, each bit period is divided into two equal
subintervals. If a 1(0) is transmitted, the pulse is
caused to occur in the first (second) subinterval. A
block diagram for one implementation of such a sys-
tem is presented in Fig. 4. The upper (lower) gate is
open for every initial (final) subinterval, and closed
for every final (initial) subinterval. A time delay
equal to the subinterval length is provided for the
signal in the upper gate so the outputs for both inter-
vals can be compared at the same time. The rule of
largest decision is used for decoding. The results for
the probability of error are again the same as those
for the PCM/FM system.

The input signals for the PCM/FM, PCM/PL, and
PPM/IM systems possess the orthogonality property

f " 5,08, (0t = o, 37)
-T

where Sy(t) is the signal waveform representing a 1
state, and So(t) is the signal waveform representing
a 0 state. Such orthogonal modulation schemes are
generally superior to nonorthogonal schemes in terms
of error probability performancel®-18 and have the
further advantage of requiring no more than a simple
comparison for optimum reception. The M- ary sig-

naling case is a straightforward generalization of the
binary case.1?

IV. Envelope Probability Distributions for Sinewave
Signals Plus Gaussian Noise (Lognormal Channel)

The first portion of this paper was concerned with
the calculation of system performance for the vacu-
um channel; we now turn to the error probabilities
for three-frequency nonlinear heterodyne detection
for the atmospheric channel. The behavior of the
clear-air turbulent atmosphere as a lognormal chan-
nel for optical radiation has been well documented
both theoretically and experimentally.16-18,20-22 We
therefore choose the amplitudes A; and Ay to be
lognormally distributed, and the phases ¢; and ¢2 to
be uniformly distributed over (0,27). Since A, « A,
and Ap « Ay, while ¢, = ¢1 — ¢ and ¢p = ¢2 —
¢1, we can write

(38a)
(38b)

Aﬂ
Ay = u,B,,

= uaBa 9

where B, and By are constants and u, and up have
the same lognormal distribution:

PN(u,-) = U)(T(zlﬂrpzexp [—-2—(17;2(ln u; — m)z], i = a,b.

(39)
Here o, is the logarithmic-amplitude standard devia-
tion which is related to the logarithmic-irradiance
standard deviation ¢; by the formula 40,2 = o2 (see
Ref. 22). Assuming energy is conserved and that
there is no scattering of radiation out of the beam, we
choose

<ui2) = 1) (40)

which is equivalent to setting m = —a,2
Using Eq. (11a), the output amplitude A is given
by

A = aAA, = aB,Buu,. (41)

If u, and up are independent, we obtain

A = o*B2BXubu?) = o’Bl B}, (42a)
or
aB,B, = (AHY? = (aX4AH)N /2. (42p)
Furthermore,
InA = lnu, + Iny, + InaB,B,. (43)
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FREQUENCY 1 B‘F’I‘E:::s Law
INPUT | MIXER DEVICE

GATE

Lo FoR CHOOSE

suB- |+ —
INTERVAL LARGEST |ouT
2

Fig. 4. Block diagram for the PPM/IM three-frequency nonlinear
heterodyne receiver.
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Since the quantities y, = Inu, and yp = lnu,; will
both be normally distributed as

1 1
Foly) = (2")”2°x exp[ 20)(2 (y; + Gx2)2:|1 . (44)

if ug and u;p are independent, the variable y;, = lnA
will have the normal distribution

1
(y1) = =17
feloe 20,(m)
exp [— 4—013‘2- (yp + 20,2 = In aBaBb)Z] , (45)

from which we obtain the probability density for A:

1 1 A 2
fA(A) = Zﬂx(ﬂ)mA eXp[ 40.)(2 (ln—m<A> + 20x2) ]’

u,, u, independent, (46)

where we have made use of Eq. (42b).

We also consider the situation u, = up = u, which
would arise if both incoming signals were sufficiently
close in frequency and space that they suffered pre-
cisely the same fluctuations at each instant of time.?3
This case is more likely to occur in a practical situa-
tion than the independent case. For dependent fluc-
tuations, then,

A = adA, = aBBu, (47)
. whence
A = afd,A) = aB,B, (48)
and
InA = In{4) + 2 Inu. (49)

Since Inu has the normal distribution fz(u) as given
by Eq. (44), we find that the variable y;, = InA has
the normal probability density function:

— 1 1 2 _ 2
Flye) = 20, @) exp|: 80x2(yL + 20y In(4)) ]
(50)
By variable transformation, we obtain the prqbability
density function for A as

1 1 A 2\ 2
AR 20, @mTA XP [—W (ln-(_/T) * 20 ) :I’
U, = u,. (51)
This equation appears similar to Eq. (46); we note
that (A2)1/2 is replaced by (A) and the effective
variance has been doubled. This results in a flatten-
ing and broadening of the probability density for the
case of identical disturbance to both beams, u, = u,.

For atmospheric fluctuations that vary slowly in
comparison with the pulse time T (this is the usual
case, see Refs. 16-18 and 21-23), the three-frequency
system envelope output will be Rician during each
time interval. The over-all envelope distribution in
the presence of the atmosphere f14(r) will therefore

be a Rician smeared over all possible values of A,
Fial?) = fo Filr, A)f4(A)aA, . (52)
where f1(r,A) is given by Eq. (20). In the absence of
signal, the envelope probability density remains as it
was before [see Eq. (22)], since the noise alone arises
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Fig. 5. Probability of error vs (SNR); for the three-frequency bi-
nary communication system with atmospheric turbulence at the
level 042 = 0.25. The input amplitudes A, and A, are assumed to
be independent, and the noise is Gaussian. The result for the con-
ventional heterodyne system is shown for comparison.
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be independent, and the noise is Gaussian. The result for the con-
ventional heterodyne system is shown for comparison.



from the local oscillator which is unaffected by atmo-
spheric fluctuations. Thus,

foalr) = /1) . (53)

V. Binary Communications (Lognormal Channel)

Under the assumptions leading to Eq. (52) and
considering the various modulation schemes dis-
cussed previously, the probability of error in the
presence of the lognormal turbulent atmosphere is
given by

P,(turbulent) = fc P,(quiescent)f,(A)dA. (54)
0

This quantity was calculated using the Columbia
University IBM-0S360 computer, and the results are
presented in Figs. 5-8. In Figures 5 and 6, the quan-
tities A, and A, were assumed to be independent
with the same signal power {A,2) = (A2). The
error probability curves displayed in these figures
correspond to two values of the log-amplitude var-
iance, 0,2 = 0.25 and 5,2 = 0.57. These correspond
approximately to o = 1 and ¢r = 1.5 (saturation
value).21:22  Qther parameters are identical to those
for the quiescent atmosphere as shown in Fig. 1.
Figures 7 and 8 are analogous to Figs. 5 and 6, with
the exception of the fact that A, = A,. For all cases,
the results for conventional heterodyne operation are
also shown in Figs. 5 and 6. For o, — 0, the results
properly reduce to the quiescent atmosphere data
presented in Fig. 1. Computer results also indicate
that the probability of error curves depend only on
the signal-to-noise ratio and not on the absolute
noise level in the presence of the lognormal channel,
as well as in its absence.

From the graphical data presented in Figs. 1, 5, 6,
7, and 8, it is clear that orthogonal signaling for-
mats yield better performance than nonorthogonal
PCM/IM (this is also the case for direct detec-
tion!6-18), Error probabilities are seen to increase
with increasing atmospheric turbulence levels. In-
dependent fluctuations in the two signal beams serve
as a kind of diversity and thereby improve receiver
performance. In all cases, furthermore, it is evident
that three-frequency nonlinear heterodyne detection
can provide improved performance over conventional
heterodyne detection, particularly as the ratio f./B
increases. Finally, receiver performance for the
cases of phase detection with a maximum likelihood
criterion?4 and phase-shift keying (PSK) have also
been obtained.” Though PSK is definitely superior
to phase detection, neither scheme provides very
satisfactory performance.

Vi. Future Work

The results obtained here may be extended in a
number of directions. Stochastic signals, rather than
sinewave signals, could be treated in the binary digi-
tal communication problem. An extensive treatment
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Fig. 7. Probability of error vs (SNR); for the three-frequency bi-
nary communication system with atmospheric turbulence at the
level 0% = 0.25. We assume A, = Ap.
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Fig. 8. Probability of error vs (SNR); for the three-frequency bi-

nary communication system with atmospheric turbulence at the
level 0,2 = 0.57. We assume A, = Ap.
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of M- ary communications is possible, as is the gener-
alization from a single detector to an array of detec-
tors.16-18  Consideration could be given to the opti-
mum matched filter detector rather than the enve-
lope detector discussed earlier. While the present
treatment consists of a per symbol analysis, predic-
tion could be used to estimate the atmospheric tur-
bulence level over a time period from a particular
symbol, for example. In short, the usual variations
possible with the conventional heterodyne system
may be extended and/or modified for application to
the three-frequency nonlinear heterodyne technique
proposed here.

This work was supported in part by the National
Science Foundation. One of us (M.C.T.) is grateful
to the John Simon Guggenheim Memorial Founda-
tion for assistance.
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