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Extracting the Energy Barrier Distribution of a Disordered System from the Instantaneous
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A general method for estimating the statistical barrier height distribution in a disordered system is presented.
The method is based on the interpretation of the temperature dependence of the instantaneous normal mode
density of states. An integral equation is derived which relates the fraction of unstable instantaneous normal
modes at a particular temperature to the intrinsic distribution of one-dimensional energy barriers g(E) for the
3N — 6 internal degrees of freedom in the system. We argue that the overall distribution of multidimensional
barriers on the potential energy hypersurface I'(E) is a Gaussian distribution with a mean and variance which
can be calculated from the intrinsic barrier height distribution g(E). A technique for solving the integral
equation is presented and applied to derive the energy barrier distribution for the isobutyrl-val-ala,-methylamide
tetrapeptide, the S-peptide of ribonuclease A, and the bovine pancreatic trypsin inhibitor. We compare our
results with the random energy model and suggest how parameters for the statistical Hamiltonian used in that
theory might be derived using computer simulation.

1. Introduction

The success of the normal mode picture of solids in the
description of the temperature dependence of the heat capacity
is well-known.! In such a picture, the potential energy of the
crystal is approximated by a quadratic function of the coordi-
nates, centered about an equilibrium minimum energy confor-
mation of the crystal. The normal mode frequencies are real,
and motion consists entirely of stable oscillations of the solid
atoms about well defined minimum energy positions. Of course,
for a disordered system such as a liquid or biomolecule there
may be many important minima contributing to the thermody-
namics and this simplest normal mode picture breaks down.

Fortunately, the thermodynamics of such disordered systems
has been elegantly described by Stillinger and Weber.2 In their
inherent structure theory of liquids, the conformation space is
divided into regions called basins of attraction. All conforma-
tions lying within a basin of attraction will be mapped by a
steepest descent quench onto a single point which is the energy
minimum of the basin. The partition function is written as a
sum over the contributions of all basins. This theory represents
a profitable way of thinking about liquids and has provided
important insight into problems involving the melting of solids
and liquid state dynamics.

One picture of liquid state dynamics based on the inherent
structure model was presented by Zwanzig.? In that picture,
the dynamics of a liquid consists of periodic oscillations in a
well with occasional transitions between wells. The parameters
of the Zwanzig hopping model are the density of vibrational
states for the wells in which the system modes oscillate and
the hopping frequency of transition between wells. This theory
assumes that the hopping frequency is small compared with the
frequency of oscillation in a well. As such, it is most appropriate
for supercooled liquids. Keyes and co-workers*® and others$
have used the instantaneous normal mode density of states’™?
to determine the parameters of the Zwanzig model and probe
the potential energy hypersurface. Their work has provided
considerable insight into the dynamics of supercooled liquids
and atomic and molecular clusters.

® Abstract published in Advance ACS Abstracts, September 15, 1994.
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Figure 1. Instantaneous normal mode vibrational density of states
shown for the protein BPTI at a variety of temperatures.

The instantaneous normal modes are computed using an
equilibrium MD trajectory where one occasionally takes an
instantaneous configuration and diagonalizes the force constant
matrix to determine the eigenfrequencies. Since the system need
not be at a mechanicaily stable configuration, some of the
eigenvalues may be negative and the associated eigenfrequencies
imaginary. The instantaneous normal mode density of states
is calculated by repeating this procedure for many configurations
along the trajectory and averaging until convergence. Repre-
sentative spectra are shown in Figure 1 for a globular protein
as a function of temperature. As the temperature increases, the
relative number of imaginary modes increases.

The resulting density of states is an intensive thermodynamic
property for the system. As such, we can use equilibrium
classical statistical mechanics to define the fraction of unstable
modes at a temperature T, fu(T), in terms of an average over
the multidimensional potential surface U(F). We can attribute
the regions of negative curvature to the presence of barriers
and anharmonic regions of the potential. To a first approxima-
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tion we can assume that all of the unstable modes are related to
motion in the barrier regions. What remains is to extract the
distribution of barrier heights from the fraction of unstable
modes.

Recently, Straub and Thirumalai proposed that the fraction
of unstable modes for the multidimensional system, f,(T), can
be written as the fraction of unstable modes for an individual
coordinate with barrier height E, f(T,E), averaged over the
intrinsic distribution of barriers for the 3V — 6 independent
modes, g(E).!° The result is

f(D = [ dE g(E)f(TE) 6))

which is a Fredholm integral equation of the first kind.!! By
proposing a model for fu(T,E), it was possible to find a g(E)
which fitted the fraction of unstable modes of the S-peptide of
nbonuclease A. The solution was based on an informed guess
at the functional form of g(E) consisting of a constant distribu-
tion of low-energy barriers (less than 0.2 kcal/mol) and a Poisson
distribution of higher energy barriers. This distribution is the
intrinsic barrier height distribution for the set of one-dimensional
coordinates which can become unstable at high enough tem-
perature. An alternative method for determining the barrier
height distribution based on the temperature dependence of the
fraction of unstable modes has been developed by Keyes and
applied to a supercooled Lennard-Jones fluid.!2

In this paper we derive this integral equation starting from
the inherent structure theory of complex systems. We also
present a numerical method for solving eq 1 for g(E) given data
for f(T) and using a reasonable assumption for the form of
fT,E). We show that, for the simplest case of a single intrinsic
barrier height, the distribution of barriers on the multidimen-
sional potential energy hypersurface, I'(E), is approximately
Gaussian. For the general case, when there is a continuous
distribution of intrinsic barrier heights, the total distribution of
barrier heights I'(E) is also Gaussian with a mean and variance
which are proportional to the first and second moments of the
intrinsic barrier height distribution g(E) of the 3N — 6 individual
coordinates.

There has been impressive progress in developing methods
to isolate reaction paths and energy barriers in complex many
body systems.!3~!> However, it remains a very difficult problem
to measure the statistical distribution of barriers. Our method
provides a relatively simple and straightforward way to obtain
a realistic approximation to this important property of the
potential energy hypersurface. Results for the barrier height
distributions of a tetrapeptide, the S-peptide of ribonuclease A,
and the bovine pancreatic trypsin inhibitor protein are presented.
A connection is made between the distribution of barrier heights
predicted in this model and that of the random energy model
(REM) of Bryngelson and Wolynes (which is also Gaussian).
The result is one means of deriving parameters for statistical
Hamiltonians using computer simulation.

II. Derivation of Eq 1 Using the Inherent Structures
Theory

We derive eq 1 from the inherent structures theory of
Stillinger and Weber making two simplifying assumptions. The
partition function for the ensemble of states for N distinguishable
particles is

Qm—(HA> S dre‘ﬂ”(')—(HA Tz @

where Ap = (W?/2xmikgT)'? is the thermal de Broglie wave-
length for a particle of mass m;, U(F) is the potential energy,
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and Z(7) is the configuration integral. Following Stillinger and
Weber,? we think of our dV dimensional configuration space
in terms of a set of basins of attraction. Any point in
configurational space (disregarding the sets of zero measure
consisting of saddle points and ridges) will be mapped by a
steepest descent quench to a minimum on the potential surface.
Labeling the basins o and the regions of configuration space
R(o) which form basins of attraction draining to the ath
minimum of energy E,, the partition function may be rewritten

2D = 2 f e 7 e )

Furthermore, the potential energy in the ath basin may be
written exactly as U(r) = Eq + AqU(7), leading to

ZD) =Y e 5 [ gy dF e7P2UD @
a

This is an exact expression for the partition function. To
develop an expression for the fraction of unstable modes, which
is a thermodynamic quantity, we define an operator which
counts the number of unstable modes and whose ensemble
average is fy(T). Itis

A

F =

u

P 2@[ W{(P)] )

where © is a Heaviside function and wy is the eigenfrequency
associated with the kth instantaneous normal mode coordinate
qr. The operator F, acts as follows. At a given position 7 the
potential is expanded quadraticaily and the 3N — 6 normal
modes are determined. The Heaviside function ©[ — w,f(?)]
counts as one the kth normal mode if the eigenvalue w} is
negative. The sum over & of the Heaviside function counts the
total number of imaginary modes at the point 7 normalized to
the total number of normal modes. The operator F, averaged
over all 7 is the fraction of unstable modes

- 1 - -
f;x(T) = <Fu> = —Zaze~ﬂEﬂf d'r' Fue_ﬂAuU(’) (6)

The fraction of unstable modes f,(7) can be measured in an
equilibrium molecular dynamics or Monte Carlo simulation. To
make a connection between this expression for the fraction of
unstable modes and the integral equation eq 1 we make a few
key approximations.

(1) We assume that while there exists a distribution of basins
Q with energy minima Eq, the potential energy as seen from
the minimum of any basin will be identical to any other. This
is what Madan and Keyes call the “equivalent minima”
assumption,’ which amounts to assuming that A U(F) = AUF)
is independent of a. As a result we find

f(D= Ze—ﬂEuf d7 f,-'ue—ﬂAuU(?)/ze—ﬁEa d7 e PAl®
a « ™

= [ d7 Fe Y7 [ d7 e PAV0 ®)

Our expression for fy(7) is now free of the sum over basins,
since we assume that the fraction of unstable modes calculated
in any basin will equal that in any other. (Later we will see
that this has important consequences for the energy landscape.)
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(2) We assume that within a basin we can define a set of
orthogonal coordinates which are good throughout the basin
but may be anharmonic. The coordinates g; with associated
eigenvalues a)jz(qj) may be positive or negative (real or imagi-
nary frequency w;). We can write the fraction of unstable modes
as

1
3N—6

£ = [dg 200w, g)] [
k J

f d_(i He_ﬁAU/(qj) (9)
j

where dg = dq;dg...dgsn-¢. Because each O — wZ(qk)] isa
function of one coordinate only, for each term in the summation
we can integrate over all other coordinates j = k and are left
with a ratio of integrals over a single coordinate

1
fu(T)'—3N_6k

[f dg, O[—w(gle %)

f qu e'ﬁAUk(Qk)] (10)
Inserting the identity operator ®[—w?] + O[w?] = 1 in the
denominator of each term in the sum, we can rewrite this result
as

p(T9Ek)
1+ P(ToEk)

1
3N — 6%

fuD = an

where the function

p(T9Ek)=quk @[—(Dkz(qk)]e_ﬂAUk(‘h)/
[ dg, ©lw,}(gle P2V (12)

represents the probability of a point along g, being found in a
region of imaginary frequency wy relative to the probability of
it being found in a region of real frequency and E; is the
characteristic barrier height for motion along coordinate g;.
Defining the function

- P (T’Ek)

MR =T R o

as the absolute probability that the kth coordinate will be found
in a region of negative curvature of the potential, we can rewrite
eq 11 as

1 -
=— T.E, 14
AD 3N-6§'f“( 0 (14)

where the sum extends over the 3N — 6 normal modes of the
system. If we approximate the sum as an integral

1 -
e o Ee® (15)

where g(E) is the distribution of barrier heights for the 3N — 6
independent coordinates. Not all coordinates can become
unstable. Some modes, such as local bond stretches modeled
as harmonic oscillators, are stable at all energies. The integral
over the distribution 1s the fraction of degrees of freedom which
can, at high enough energies, become unstable. That is
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dE L 16
Jo dE8(B) =35~ (16)
where N, is the number of degrees of freedom which can
become unstable. The final result is

f(D= [, dE g(E)}(T.E) a7

which is eq 1 proposed earlier.!

To extract g(E) from our knowledge of fy(T), we must solve
eq 1 for a particular model of f,(T,E). We invoke the simplest
possible model for f(T,E) and assume that the potential is
periodic and piecewise parabolic where the force constant in
the well and barrier are the same. For this one-dimensional
coordinate with barrier height E we can calculate the fraction
of unstable modes. At a temperature T, p(T,E) of eq 13 is the
probability of being in the neighborhood of the barrier (region
of negative curvature) relative to the probability of being in
the neighborhood of a well (region of positive curvature).!6 For
our model it can be expressed as

p(TE) = e [ dre’l [T dre™) (18)

which is the ratio of Dawson’s integral and the error function
and x = v/BE/2.

To simplify the model further, we propose an accurate
approximation to eqs 13 and 18 in the form

_ e~(2/3)/3£
f(TE)y= r_mm 19

This approximation is very useful. It provides a starting point
for the development of a general method for solving our integral
equation eq 1 to any desired accuracy using a series expansion
(see the Appendix). It also has the form of a probability of
being in the excited state of a two-level system where the two
levels correspond to the regions of configurations space where
motion is stable and unstable. However, the energy gap is 2E/3
rather than the barrier height E. To reach the region of negative
curvature, a mode must have energy above the inflection point,
which is E/2 in this model.

III. Calculation of the Total Energy Barrier Distribution
for the Potential Hypersurface

First let us consider the simplest case where each internal
coordinate has an intrinsic barrier height of E¢>'0 so that

N, )
= - 20
) (3N 2 J6(E — Ey) (20)
where N, is the number, out of 3N — 6 coordinates, which can,
at high enough energies, become unstable. The resulting
fraction of unstable modes as a function of temperature is then

( N, ) e~ CBEs
fu(T) “\3N-6 1+ e-(2/3)ﬂEo 1)

The intrinsic barrier for each coordinate is Eg. What is the total
distribution of barrier heights for the multidimensional potential
energy hypersurface in this model? To a good approximation,
it is a Gaussian distribution. We assume that, for each of the
N, coordinates, over one half of the configuration space, the
coordinate is in a region of negative curvature and, over the
other half, it is in a region of positive curvature. For the case
of two coordinates, there would be four regions of configura-
tion space with equal volume: one region which is a two-







