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We present a method for finding the global energy minimum of a multidimensional potential energy surface
through an approximate solution of the Schrédinger equation in imaginary time. The wave function of each
particle is represented as a single Gaussian wave packet, while that for the n-body system is expressed as a
Hartree product of single particle wave functions. Equations of motion are derived for each Gaussian wave
packet’s center and width. While evolving in time the wave packet tunnels through barriers seeking out the
global minimum of the potential energy surface. The classical minimum is then found by setting Planck’s
constant equal to zero. We apply our method first to the pedagogically interesting case of an asymmetric
double-well potential and then use it to find the correct global energy minima for a series of Lennard-Jones

n-mer clusters ranging from n = 2 to 19.

I. Imtroduction

In recent years a picture of disordered systems has emerged
which describes structure and dynamics in terms of a multidi-
mensional potential hypersurface. The potential hypersurface
consists of many attractive basins or minima with a distribution
of relative energies. Each basin is characterized by a volume and
theenergy of its minimum. This model has been applied to liquids
and glasses as the “inherent structure model” of Stillinger and
Weber! and to proteins as the “conformational substates model”
of Frauenfelder and co-workers.? Formally, the configurational
integral of the system can be expressed in terms of separate
integrals over the various attractive basins. To determine the
equilibrium properties of the system, a good approximation may
be to enumerate these minima, weight them by their relative
energies (and entropies), and average over them.> Additionally,
with a knowledge of the connectivity of the attractive basins and
the distribution of barrier heights which must be crossed to move
from one basin to another, dynamical properties may also be
accessed.*

In problems such as protein folding, one expects only one or
a fewimportant energy minima (or classes of minima) todominate
the thermodynamics because the specificity of protein function
depends on the uniqueness of its natural structure. In such a
picture, a protein’s folded structure can be determined by finding
the compact state of lowest free energy for the protein—solvent
system. That is, the protein folding problem can be reduced to
finding the global minimum of the many-dimensional free energy
hypersurface. This is essentially a static approach to the protein
folding problem as opposed to the kinetic approach of letting the
protein fold through straightforward molecular dynamics. A
problem with the dynamic approach is that at the moment the
time scale for kinetic protein folding for most proteins is well
beyond that attainable on the fastest computers.

A wide variety of energy minimization methods have been
proposed with an eye on solving the static problem. Many of
them have been developed by Scheraga and co-workers.* Ina
recent advance, Piela, Kostrowicki, and Scheraga have proposed
the “diffusion equation method”® which has been fairly successful
on a series of demanding problems.” The diffusion equation
method relies on the treatment of the potential energy hypersurface
as an initial concentration gradient. The concentration is
propagated forward in time, smoothing the potential surface until
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there remains only one minimum. The minimum of the smoothed
concentration is located and tracked as the diffusion is reversed,
running backward in time, to recover the initial, undistorted
potential surface. The hope is that the last surviving minimum
on the smoothed surface maps back to the global minimum of the
potential energy surface. This strategy has worked on a number
of n-mers of Lennard-Jones clusters.’

Another powerful optimization method is simulated annealing 8
In the annealing procedure the system is initially equilibrated at
a very high temperature at which barriers of the energy
hypersurface are easily crossed on the simulation time scale. The
temperature is then lowered stepwise at a slow rate with an
equilibration period at each new temperature. When the rate of
cooling is optimal the annealing procedure is guaranteed to locate
the global minimum of the surface. However, as an approach to
the protein folding problem, simulated annealing shares the same
ailment with the kinetic approach—the required simulation time
is far too great. Faster cooling schedules or quenches may be
used, but with the cost that there is no guarantee that the minimum
found is the optimal one. Another difficulty lies in using the
“real” (ab initio quantum mechanical) energy function of the
protein which, at the high initial temperatures required, allows
unwanted changes in conformation (the conversion of L- to
D-amino acids, the inversion of chiral centers, and bond breaking
and reformation).

There are a number of other global optimization schemes, all
of which must deal with two serious problems that are charac-
teristic of protein folding. The first is that the bare potential
energy surface as viewed by a classical point particle contains
more information than we would like. Many of the potential
minima have high energies and are not thermodynamically
important. Methods such as the diffusion equation method,$ as
well as the “shift method” of Pillardy, Olszewski, and Piela® and
the “ant-Lion strategy” of Stillinger and Stillinger,!0 seek to
smooth out or “coarse-grain” the potential surface, thus removing
the uninteresting minima. In a sense, this is also what is done
when distance constraints derived from experimental information
such as NMR or X-ray crystallography are imposed, thereby
limiting the conformational space accessible to the protein.

A second difficulty afflicting many minimization schemes is
their dependence on local information derived from the potential
energy surface (the energy and its first and sometimes second
derivatives at a single point). Methods proposed recently which
address this limitation are the “quasi-quantal method” of
Somorjai!! and the “mean field theory” of Olszewski, Piela, and
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Scheraga.!? In both procedures, an estimate of the ground-state
wave function for the time-independent Schrddinger equation is
sought. Once obtained, the ground-state wave function may be
interpreted as a probability distribution, informing us of the lowest
energy regions of the potential surface. An appealing aspect of
this class of methods is that favorable minima are sought out by
tunneling rather than by the thermally activated barrier crossing
required by all classical algorithms.

In this paper we present an optimization algorithm based on
the approximate solution of the imaginary time Schrédinger
equation via a mobile basis set. The compromises we draw are
that our basis for each particle is constrained to have a Gaussian
shape and the n-body wave function is constructed as a Hartree
product of single-particle wave functions. However, we retain
the desirable feature of using nonlocal information about the
potential surface to make our moves on the surface, and we can
also search out favorable minima through tunneling rather than
thermal activation over barriers. That is, whereas methods like
quenching and simulated annealing explore only one phase point
ata time, theimaginary time algorithm explores extended volumes
of configuration space at once, feeling the contour of whole regions
of the terrain before flowing to a more favorable region, tunneling
through unfavorable regions if need be.

Below, we delineate the central features of the imaginary time
algorithm through application to an asymmetric double-well
potential. We then find the correct global energy minimum for
a series of Lennard-Jones clusters of up to 19 atoms.

II. General Formalism

The imaginary (Euclidean) time form of the time-dependent
Schrodinger equation is

9 =
5-0(,7) = ~Ho(r,7) )
where the Hamiltonian operator H is defined by
Ay V(r) )
2m

Here 4 is Planck’s constant, V(r) is the potential energy, and m
is the mass. Note that “time™ has units of inverse energy (7 =
it/h).

The formal solution of the imaginary time Schrodinger equation
is o(r,r) = exp(—Hr)¢(r,0). Recalling that the equilibrium
distribution function is exp(—H/ kg T), where kg is the Boltzmann
constant and T is the temperature, we see that time plays the role
of aninversetemperature. Increasingimaginary time is equivalent
to lowering the temperature.

The formal solution for the time evolution of the expectation
value (A) of an operator 4 is

_ ((r0)le ™" 4e"|6(r,0))

(#(r,0)e>"|o(r,0))

The general equation for the time dependence of the expectation
value of A is found by differentiating eq 3 with respect to 7

d—f:—)=—(HA+AH)+2(A)(H) @)

Suppose we knew all the eigenstates of the Hamiltonian H,

i.e., all the functions u,(r) that satisfy the eigenvalue equation

Hu,(r) = E,u,(r), where the eigenvalue E, is the energy of the

nth eigenstate u,. Then the general solution of the imaginary
time Schrodinger equation is

8(r,7) = Y_a,u,(r) exp(-E,r) (5)

(4 3

Here the sum is over all the eigenstates u,(r), of which there are
typically an infinite number. The only time dependence comes
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in the exponential factor, from which we see that the contribution
to ¢(r,7) from the nth eigenstate decays exponentially, relative
to the ground (or lowest energy) eigenstate. Thus, after a
sufficiently long “time”, the only contribution left to ¢(r,7) is
that from the ground state, provided the initial wave function had
a nonzero contribution from the ground state.

The ground state is by definition the optimal configuration. In
the limit A — 0 and 7 — «, this configuration lies at the bottom
of the single deepest potential well, if there is a unique minimum.
For nonzero A, the relative importance of each minimum is given
by the wave density |¢(r,r — «)]? in that minimum. For
computational purposes, one may start with an artificially large
value for h, which fixes a lower bound on the resolution of
conformation space achievable. To achieve greater resolution of
the ground-state structure, one simply decreases the value of 4.13
A nonzero A may also be considered in terms of setting a nonzero
zero-point energy for the system. A large enough zero-point
energy will connect all potential minima with each other. This
is the lakes-to-oceans transition discussed in other contexts by
Simon, Dobrosavljevic, and Stratt.!4

The use of the imaginary time Schrédinger equation for ground-
state searches is not a new idea.!>!” However, a problem has
been the task of choosing a basis set intelligently. Where should
we place the elements of the basis set to do the most good? This
task is formidable in many-body systems, when the final
configuration can be very different from the initial one and when
an unintelligent basis set may be enormous. Our contribution to
the use of the imaginary time Schrédinger equation for global
minimum searches is the use of mobile Gaussian wave packets,
first popularized for the real time Schrddinger equation by
Heller.!$1 We derive in the next section equations of motion in
imaginary time for the wave packets, which move and adjust
themselves to optimize the total energy within the Gaussian
constraint.

III. Imaginary Time Equations for Gaussian Wave Packets

We consider first a single particle in d-dimensional space.
Extension to the many-body problem is discussed at the end of
this section. We take the wave function of each particle to be
Gaussian

8(r,7) = (2" exp[—(';,'°)2] ©)

Weneglect the explicit time dependences of roand o for notational
simplicity. .

The equations of motion for the wave packet of each particle
are determined by specifying the equations of motion for the
packet center, ro = (r), and its width or second moment M, =
((r — ro)?) = do®. Direct substitution of r and (r — ry)? into eq
4leads to the equations of motion for the wave packet in imaginary
time

o =-2((r=rgV(r)) )]

. _dh’ 2 2
Mz"'ﬁ"zl«’—’o) V(r) = ((r—re) X{V(r)] (8)

These equations are identical to those that would result from a
Dirac—Frenkel variational approach,®adapted to imaginary times.
Note that the imaginary time equations depend explicitly on A.

For a Gaussian wave packet, the imaginary time equations of
motion may be simplified to

, 2
¥y =—2M2V’0<V> )
_dh’ 2. .
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We make five observations concerning the properties of these
equations.






