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Mean First-Passage Time Calculations for the Coil-to-Helix Transition: The Active Helix
Ising Model®
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The kinetics and thermodynamics of the coil-to-helix transition is studied using a one-dimensional-“Zimm
Bragg” Ising model. The mean first-passage time for the coil-to-helix transition is estimated within the “mean
sequence” approximation. A generalized mean first-passage time equation is derived where the transition
rates may depend on the state of the system. The analytic expression for the mean first-passage time is evaluated,
and the results are discussed as a function of energetic parameters, nucleation and propagation constants,
peptide length, and the initial fraction of coil. The equilibrium thermodynamic properties of the model are
shown to agree well with the Zim#Bragg model, validating the mean sequence approximation. The time
scales for helix formation are computed for a range of energetic parameters that determine the nucleation and
propagation constants for the model. It is shown that, for a range of thermodynamically realistic parameters,
the kinetic first-passage times are on the order of those measured experimentally. The mean first-passage
time approach implicitly allows for the possibility of multiple helix nucleation sites and multiple helical
domains and makes no assumptions regarding the unidirectionality of helix propagation. Comparison is made
with the predictions of the “sequential kinetics” model of Brooks and the “kinetic zipper” model of Thompson

et al. Extension of the model to the more general case of structure formation in proteins is discussed.

1. Introduction torial weights are taken into consideration in computing the
peptide’s energetics. In particular, the ZB model has become
the standard minimal description of the hetixoil equilibrium

in terms of “nucleation” ¢s) and “propagation”$) constants.
The model is isomorphic with the one-dimensional Ising model
for arbitrary spin-spin coupling {) and external field )

It is hard to overestimate the importance of the helix-coil
transition in the development of the theoretical models con-
cerned with the protein folding problem. The commonality of
the helical fold and its physical properties made it one of the
first candidates for studying secondary structure formation in
polypeptides. The helixcoil transition justly became one of _ _
the central topics in many classical biophysics textbddks. H J;Ds]s] HZS (1)

Over the last forty years, many successful models were
developed for theequilibrium properties of the helixcoil whereJ andH are expressed in units &T. A helical residue
transition. The early thermodynamic treatment of Schelfman is taken to be “spin up” (with spin unity) and a coil residue
was probably the first successful theoretical model that explained“spin down” (with spin zero). The relation between the two
with some accuracy the equilibrium properties of the helix  sets of parameters, as shown in ref 6 is essentially
coil transition. Many experiments employing infrared spectros-
copy, optical rotation, or viscosity measurements were used to os=expH) s=expd+H) 2)

investigate the transition. Most relied on the theoretical proce- These relations are introduced as a standard notation in the

dure set forth by Schellman to interpret their results by - : N
e B . helix—coil transition literature. The exact values @ and s
estimating the equilibrium constants for timeicleationand - . . .
depend on the specific model that is considered. We will show

propagation steps of the transition. This type of theoretical that these relations are a good approximation for the model that
treatment was widely used to develop the very poprigper . . . ;
we are developing for calculating the time scale of the coil-to-

model which assumes that the helical residues of a given, . o ?
. : i . . helix transition, but we are going to use a more accurate
polypeptide chain are contiguoiS'he zipper model is espe- - o
. . - - . numerical method for estimating the dependency®fnds
cially useful in analyzing the thermodynamic properties of short onJ andH

peptides as no prior assumption regarding the length of the chain The pioneering work of Scheraga and co-workers demon-

of residues is made. N R )

The more accurate models of ZimBragg (ZB) and rs;:aa:tigd how h(_)stguest methods on substltu_ted homopoly-

. . . . polypeptides could be used to determine édhand s
Licon Roif, appropiate o 1ng pepides, are 5a5ed o paraeters for a varetyofamino ackBThatand i wor
length or number of helical segments in the polypeptide. In such demonstrated that the _ZB mode_l and its variants could _be ysed

dels, all possible statistical states with the correct combina- to suC(_:essfuIIy organize and_|_nter_pret data on equilibrium
mo ' properties of the helixcoil transition in polypeptides. The ZB
 Part of the special issue “Bruce Berne Festschrift". model captures the general features of the katiil equilib-
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The above-mentioned models were developed for the calcula-terminally blocked polyalanine peptides, the equilibrium con-
tion of equilibrium thermo-statistical averages. They do not stant for nucleation of helix from coil was taken to bs =
address aspects of the dynamics and the time scale of theexp(~BAG,) with AG, ranging from 3.1 to 3.7 kcal/mol; the
transition including the exact dependence of the transition time equilibrium constant for propagation of a helical residue was
on the nucleation and propagation equilibrium constants.  takens= exp(—SAGy) with AG, ranging from—0.24 to—0.06
Although there is general agreement on the features of thekcal/mol near room temperature; the barrier to addition of a
equilibrium properties of the coil-to-helix transition, there is single residue to an existing helix was estimated to\G =
no current consensus on the time scale for helix propagation or2.8 kcal/mol. Brooks demonstrated that the mean time for the
folding. A variety of experimental studies have provided widely kinetic process of helix folding/unfolding scaled as
varying estimates. Early experimental estimates of the time scale
of helix propagation were taken to be on the order of 1 ns with
helix folding occurring on the As time scalé.Early molecular
dynamics simulations of Daggett and Levitt led to an estimate
of the time scale for helix propagation on the order of 108 ps. for peptides forming up to 1&-helical bonds, in agreement
Brooks developed a kinetic model parametrized using detailed with the theory of Schwart?181? Moreover, fits of the
energetics derived from computer simulations of an alanine proportionality constant showed that~ 6 x 10° st in close
polypeptidé®. On the basis of the results, he argued that helix agreement wittk; = 8 x 10° s™* at 298 K. The analysis of
folding could occur on a nanosecond time scale. More recently, Brooks agrees with the scaling law of Schwartz and, employing
laser temperature-jump experiments by Thompson et al. foundresults from energetics derived from simulation, provides
the helix propagation rate to occur on the time scale of 18 ns. microscopic estimates of the and k- parameters. Moreover,
Coarse grained molecular dynamics simulations of helix forma- the analysis led to the important conclusion that the time scale
tion found that the helix folding time could vary from 6 ns to for the process of helix folding and unfolding could occur on
1 us; at the folding transition temperature, the time scale was the nanosecond time scale. In a recent extension of that work,
found to be roughly 20 n¥ These estimates indicate that the Weaver has demonstrated that for a slightly modified version
helix propagation occurs on a time scale of 10 ns tasl of the sequential kinetic model of Brooks it is possible to
Nevertheless, in a recent study Clarke and co-workers haveevaluate the helix-to-coil probability distribution as a function
argued that the time scale for helix folding of a polyalanine of time and temperature for a diffusive dynamiég!
based polypeptide occura @ 1 mgtime scale® Despite decades Thompson et al. subsequently put forward a “kinetic zipper”
of intense theoretical and experimental analysis, a number of model of the helix folding and unfolding kinetics. Their model
questions regarding the time scale and mechanism for thissought to relax key assumptions inherent to the models of

®)

ﬂ
i
QI

fundamental biomolecular process remain open. Schwartz, that estimated the mean time for formation of an
A number of theoretical models have been developed to averagehelical residue ignoring end effects, and Brooks, that
estimate the rate of helix formation as a functionsaind os assumes nucleation can occur at a single site with propagation

(or H andJ) for the ZB model. In an early and seminal paper, following sgqugnti{;\lly from that site. Like the equilibrium zipper
Schwart#* estimated that, at the midpoint in the coil-to-helix model, their kinetic zipper model assumed the existence of a
transition, the mean time for helix formation reaches a maximum single helical region in the peptide which is expected to be

given by reasonable for short peptides. Using their model to fit experi-
mental data for laser-induced temperature jump experiments on
= 1 3) an alanine based polypeptide, they put forward several important

4ok conclusions. The helix growth rate was found to be on the order

of 10® s1, an order of magnitude slower than the estimate of
wherekg is the rate of adding an additional helical residue at Brooks. The analysis justified their assumption that the rate of
the helix end. Interpreting a body of experimental studies, Zana addition of a helical residue has an activation enthalpy of zero.
estimated thakg, the rate of addition of a single residue to a Moreover, the values af resulting from their fits were on the
growing helix, was roughly 0s~1. That early work provided order of 0.01, significantly larger than “standard” values ranging
a simple initial relationship between the equilibrium energetic from 0.005 to 0.00%.
parameter and the rate of helix propagatida. More detailed The recent temperature-jump transient infrared absorption
calculations based on Schwartz’'s model were presented by Craigexperiments of Woodruff and co-worké#s?* on apomyoglobin
and Crother® and others. Subsequently, more detailed kinetic (a 153 residue globular protein with eight strands of mostly
theories based on master equation approaches employingx-helical segments) showed that the helix folding/unfolding
parameters derived from equilibrium analysis using the ZB relaxation rates are in the range of-1060 ns. Those results
model were developed. An example is the work of Bloo agree with predictions of the kinetic model of Brotkshowing
employed a master equation with transition elements based onthat even simple and well parametrized statistical models can
a ZB model energetic. Properties of the relaxation near the account for realistic estimations of the helix formation rates.
equilibrium state were derived, and it was observed that the Inherent to each of the existing models of the kinetics of the
kinetic rate constant was a maximum when the ZB propagation coil-to-helix transition is one or a number of simplifying
constants was unity. More elaborate explorations in a similar assumptions. For example, the kinetic zipper model assumes
spirit are possible through a direct application of the kinetic that helix propagates from a single nucleation site; the sequential

Ising modelt’ kinetics model assumes that helix nucleation occurs at a single
Brooks proposed a kinetic model based on a sequential site in the peptide and propagates unidirectionally. As such, it
formation of helical residues at a rate is desirable to develop an alternative theory that would allow
one to relax one or more of those assumptions. A particularly

k, ~ e PAC10l2g7t (4) attractive approach is one based on the solution of a mean first-

passage time equati&n?’ that would implicitly allow for helix
On the basis of the results of extensive simulation studies of formation from multiple nucleation sites (important for longer
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TABLE 1: Schematic Representation of the Relationship equilibrium and kinetic properties of helix formation in peptides.
between Theories and Models for the Coil-to-Helix This AH model provides a new understanding of the detailed

Transition Including the ZB (ZB) Model, the Ideal Two : : : : . -
Level System (TLS) Model, the Theory of Zwanzig, Szabo chain dynamics and the relation between microscopic interaction

and Bagchi (ZSB), and the AH Model from This Work parameters and macroscopic equilibrium properties.
equilibrium dynamics 2. Mean First-Passage Times for Unimolecular Reactions
J=0 TLS ZSB . .
1>0 7B AH Many processes can be modeled as unimolecular reactions.

Let us consider a simple model for the hetizoil transition
peptides and extension to larger values) and make no WhereN is the total number of residues in a peptidés the
assumption regarding the number of helical regions or direction "Umber of residues in a coil state, aNd- c is the number of

of helix propagation. residues in a helical state. We consider the “reaction”
In a note on the kinetics of protein foldif§Zwanzig, Szabo, K
and Bagchi (ZSB) evaluated the mean first-passage time for c—-k:‘ h (6)

the special case of a ZB-like model with no spspin coupling

(J = 0). In the ZSB model, the mean first-passage time for the wherek, andk; are the transition rates for the individual residues
transition of theN independent two level systems of “native”  that are changing from a coil to a helical state. In the ZSB model,
and “coil” residues to an all native configuration was computed the individual rates, andk; were assumed to be independent
as a function of the energetic bias in favor of the native state of the conformational state of the surrounding peptide. In the
(determined by the external field). This can be considered to  general case, the actual values of the transition rates depend on
be an “ideal protein” model for a set of noninteracting amino  the state of thentirepeptide. To capture that essential character,
acid residues. They found that a local bias of the native state we consider mean transition ratég(c) and kj(c) that are
configuration on the order of 1 kcal/mol could lead to “folding functions of the numbec of coil residues of a peptide that is
times” on the order of seconds for a chain of one hundred N residues long.
residues. For such a model, one can write the backward master equation
If we extend the ZSB model to the context of the coil-to- -
helix transition, we have lost something essential that was 3P(c,t) = (N — c+ 1)k,(c — 1)P(c — 1,t) +

capturt_ed by the ZB _mod_el: the |_role_of_ “cooperativity” in h(_alix (c+ D)ky(c + 1)P(c + 1,t) — (N — Oky(Q)P(c, t) —
formation. When spifrspin coupling is ignored, the nucleation _
and propagation constants become egsat s = expH). The cky(e)P(c, t) (7)

model is that of an “ideal peptide” composed\bhoninteracting
residues. How can the sitsite coupling be included in such a
MFP time approach? It is well-known that a mean field —
approximation provides a simple means of deriving an ap- (N = oky(Q)lr(c + 1) = r(cz] +
proximate solution for the partition function of an Ising model ck©[z(c—1)—z(c)]=—1 (8)
(which can also, in one dimension, be computed exactly). The
mean field approximation results in an effective single residue Equation 8 can be derived by considering a simple jump
energy function where each spin interacts with an “average spin” process. Suppose that the systemNfresidues has residues
representing the average spin state of the system. A set of selfin the coil state andN — c residues in the helical state. In the
consistent equations are solved by iteration to determine thetime interval At that corresponds to the next jump, the
partition function for the system. The mean field approximation Probability that the system will move toward a numioet- 1
captures the general features of the cooperative nature of helixof coil states isN — c)ky(C)At. The probability that the system
formation through an energetics that is intermediate to that of will move toward a numbec — 1 of coil states isck,(C)At.
the “ideal peptide” model of ZSB and the exact ZB model (see Therefore, the probability that the system will remain in the
Table 1). same state is = (N — c)ky(c)At — ck,(c)At. Using these

In this paper, we employ a mean field approximation to derive I’esu|tS, the mean fII’St-passage time for the SyStem to move from
mean first_passage times for helix formation from the ZB model the initial S.tate, withe coil residues, to a final state with more
(the one-dimensional Ising model) as a function of the nucle- helical residues can be written as
ation, os, and propagatiors, parametersJandH). Unlike the — _
standard mean field approximation described above, the “mean?(€) = At + (N — )ky(C)Atzr(c + 1) + c ky(c)Atr(c — 1) +
sequence” approximation underlying our “active helix” (AH) [1 — (N — c)ky(c)At — ck;(c)At]z(c) (9)
model leads to a generalized mean first-passage time equation
where the transition rates depend on the state of the system, a This result can be rewritten as the mean first-passage time
fundamental difference between the AH model and standard eq 8 and does not depend on the size of the jump time/step
kinetic models based on a master equation with fixed state-to- Equation 8 can be solved as shown in the Appendix, and the
state transition rates. The solution of a set of self-consistent general solution is
kineticequations leads to a complete description of the kinetic
and equilibrium properties of the model including the depen- C(N -1\ i N 1 -
dence of the MFP time for helix formation and equilibrium 7(c) N Z n z ml= ” K{) (10)
helicity in terms ofo, s, andN. The equilibrium properties of e meL E k() 1=
the AH model are compared with those of the ZB model and n o
the “zipper” model. Thekinetic properties of the AH model where(k) = nl/ki(n — K)!, K(I) = ky(l)/k,(), a andb are the
are compared with those of the kinetic models of ZSB, the positions of the boundaries (see the Appendix), &hi the
kinetic zipper model, and the sequential kinetics of Brooks. The total number of residues. This result is a generalization of the
results show that our model leads to realistic estimates for themore common case that is found when the ratio of the mean

The corresponding equation for the first-passage times is
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transition rates is constant and independertt & that special +1 spin values as
case, with the conditiors= 0 andb = N, the above expression
reduces to §st1
5 (14)

1 c—1 N-—1 -1 N N -
7(c) = — Z) z K (11) The energies of the available states are
Nk_O n= n ML m
ECC:O ECh: EhC= - H Ehh= _J_ 2H (15)
which is the result obtained for the special case of the ZSB ) ]
model28 Our result provides a closed form solution for the MFP  for the N- and C-terminal sites and
time in the case of a cooperative transition where the local rates _ _ _ _ _
of transition are dependent on the state of the system. That is ECEC_ 0 ECDC ECE“ EhEC H Ehsh 2H
the case in many cooperative phenomena including the coil- Eepn=Eppe=—J— 2H Epn=—2J—3H (16)
to-helix transition in polypeptides and many examples of protein - - -
folding. for interior sites. Note that an important feature of our model,
. - hereafter the AH Ising model, is that the energies of ¢be
3. Calculation of the Mean Transition Rates andhhhconfigurations are extreme valuesif< 0 (as is needed

The most important feature of our approach is that the 0 qbtain physically relevant values forands for the coil-tp-
transition rates are dependent on the state of the peptide andelix transition) and) > —3H/2. In such a case, the coil-to-
the fraction of helical residuesN(— c)/N. For a given peptide, helix transition is modeled as a simple deexcitation to the
a local transition from coil-to-helix is more probable when there Pounded ground state of the systéfth In general, however,
are existing helical regions than when they are absent. In generalthe kinetics of the system will be dictated by the relative values
the local transition rates cannot be considered to be constant<f the energetic parameters that enter the energetics of the ZB
independent of the local peptide structure or coil contefihe Ising Hamiltonian (eq 1). _
case of transition rateonstantss singular and can be considered ~ Within this model, the transition rates are given by the general
only as an approximation for relaxation of the nonequilibrium €Xpression
system. In the general case, we can expect the ratio of the mean KT
transition rates(c) andk,(c) to depend ore asK(c) = ky(c)/ K, .p= FeAS’ke_ PAEOAED — g PAEO(AE a7
k,(c). In this work, we will always consider that the transition
rates and their ratio depend enFor notational compactness, where®(x) is the Heaviside function which is unity far= 0

we do not always note that dependence explicitly. and zero otherwise. As a result, we always hiye, = v if
In calculating the mean first-passage time using €q 10, we A < o wherev is the standard transition frequency of
must eval_uate mean transition rates and their rition th|s_ unimolecular rate theory. We use a valuerof= 1(° as was
work, we invoke a mean-field or “mean-sequence” approxima- g ,gaested by Zaf@nd used by ZSB in another cont@&fTo
tion. The mean transition ratég andk; are defined by the  gimpify the calculations, we have introduced the notatioa

probabilistic relations (N — ¢)/N = 1 — 6, for the helical fraction (with, being the
fraction of coil residues), @ = e; and €1 = &;. The
zkf_laﬂgapha zkguagapw uniresidue conformational transition rates are
— o — o
T — kj=——— (12) O(3+H)

kﬁc—'gc = Veﬁ)(H) k‘r_1h—>(_:h = 1}(eJeH)
Keene = Veﬁg(_H) Keh-hh = V(eJeH)_G(_(HH)) (18)

for transitions by the terminal residues and

z Pha. z Pca
a [

for sites at the peptide’s N- and C-terminal ends (with one
nearest neighbor residue) and

— . OH) _ _ O@I+H)
= vey =k, = v(esey)
- Eﬂkﬂbﬁﬁagﬂpahﬂ " ;kagﬁﬂabﬂpacﬂ kCDC_’C_CC 2 :Eih::fh o J—@(—H)
. K=——— (13) Koph—nch = V(€3€4) Kece—che = Ve
;P&hﬁ %Pacﬁ kcgh—»cbh = khgc—»hbc = V(eJeH)ie(i(\HH))

Kich -t = V(EGg) 0@ (19)
for sites that are interior (with two nearest neighbor residues), .
where the indices,fe{c, h}. for transitions at interior residues.

Theuniresidueconformational transition ratekn-ch, Kece~cho These rates can be used in eqs 12 and 13, together with the
and so on) and the microscopic neighbor-dependent configu-configurational probabilities that are derived in the next section,
rational probabilities Rnn, Phnn, @and so on) can be calculated to calculate themean transition rates for conformational
by proposing a specific model for the interresidue interactions transitions.
in the polypeptide. As mentioned in the Introduction, in this 3.2. The Neighbor-Dependent Configurational Probabili-
work we employ the energetic model of Zimm and Bragg. ties. A realistic model for the conditional probabilities must take

3.1. The Active Helix Ising Model. We consider the Ising  into account the fact that, once the neighbors of the residue of
model Hamiltonian, but with spins 0 (coil) and 1 (helix). Only interest are fixed, the residue can access only a finite number
the helical residues are “active” in the sense that the coil residuesof energetic states. As a result, the probability of that residue
are not responsible for interactions with an external field or with being coil or helix should be calculated differently than the
any other residues. This is equivalent to transforming the original probabilities for its neighbors. For example, the probabilities
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Phhh and Py are taken to be
Phan = PE PL PE Pon= PI Pﬂ (20)
For the neighbors

Pl = =0 (21)

but for the internal or for the N- and C-terminal residues

Bl 1 T 1

"o o

h— 1 + g AE+HH)

where we assign the “all helix” energy configuratiofs, and
Enn) to be the reference levels. Therefore

6> 0

1 + g PRIH Phin = 1 + g PE+H) (23)

Phon=

Other probabilities can be calculated in the same manner leading

to the conditional probabilities
Pcc = (1 - O)eH/(l + eH)
Pen=0Oeye/(1+ eye) (24)

for the N- and C-terminal residues and

Pe=01-0)/(1+e)
Poh=0/(1+ e4e)
Phnn = 0°/(1 + e§e|—|) Phen= OzeﬁeH/ 1+ e§e|—|)
Poe=(1—07(1+e) Pg=(1-6e/l+e)

Penn = Phne= 6(1 — 0)/(1 + ee)
Pcch= Phcc= 0(1 - e)eJeH/(l + eJeH) (25)

for the interior sites, where the notation foy &d ¢ is the

Buchete and Straub
f,(JH.0) = (1 +e,)(egy — 1)0
f(3,H.0) = (&4 — (1 + ee)(1 — 0)
f;(0H.0)=1+ee, +e,(1—e)b
f,(3H,0) = e [l + eg, + (& — 1)0] (30)

For interior residues the helix to coi?{)o mean transition rate
is given by

K= fﬂ(fle)(zJ +H) +£,00 +H) + ,0(H) +f) (31)
4

with
f,(3H.0) = (1 + &)1 + e (e, — 1)6
f,(JH,0) = 2(1+ e,)(1 + ehey)(eey — 1)O(1 — 6)

f5(JH,0) = (1 + ee)(1 + Eey)(ey — (L — 6)°
f,(0H,0) = (1+eg)(1+ e, +
26,(1 - &)(1+ €e)0 + g,(1 — &)°(ese; — 1)6° (32)

A similar relation can be derived fé¢. Note that ifH < 0 and
J < — H/2 then®(H) = ©(J + H) = ©(2J + H) = 0 andk;
= kg = v. In this case, the rate of transformation from helix to
coil is downhill and barrierless in our model, being a constant
independent of). A similar assumption was introduced and
tested by Thompson et al. in their kinetic zipper model. By
design,k, andk; depend orp.

We can calculate the global mean transition fatefor the
entire peptide, by averaging over the “end efféetst assuming
that

same as in the previous section.These probabilities are normal- —_ 27T 2\
ized as P P ko= N ko + (1 - N)kz) (33)
; Posy = ; Py =1 (26)  and
Y
— 277 2\7T
k,i==k; +[1—=]k 34
where the indices.,3,ye{c, h}. N ( N) ! (34)

3.3. The Mean Transition Rates.Using the conditional
probabilities, defined in the previous section, and the relations

€M =1 4+ (e — 1)O(X) and &9 = e X9K), which
hold for both negative and positive valuesxpfwe obtain the
mean configurational transition rates for the helix-to-cégj) (
and coil-to-helix k;) for N- and C-terminal residues as

6 = £ (LOQ + H) + LO(H) + 1) (27)
3

with the termsf;, f,, andf; given by
f,(, H0) = (1 +e)(eg, — 1)0

(3, H,0) = (&4 — 1)(1 + ee,)(1 — 6)
f3(LHO) =1+eg, +e,(1—¢)0 (28)

and
K = %(fl(a(\] + H) + £,O(H) + f,) (29)

with

The ratio of the transition rates is then
K(&,e;N,0) = kyk; (35)

and is dependent on the interaction enerdgiesxdH and the
helical fractionf. For dipeptidesN = 2), K is dependent only
on the dynamics of theerminal siteswhereas for long peptides
(N — ), K is dictated mainly by the dynamics of tlmerior
sites

The presence of the Heaviside functidd&2J + H), ©(J +
H), and ©(H) in the transition rate formulas emphasizes the
crucial role of the relative values of the interaction enerdies
and H in determining the specific kinetic properties of our
system. The analytic expression for the mean transition rates
that are derived here are exact (in the limits of our theoretical
model) and can be easily evaluated computationally.

4. Mean First-Passage Time for the Active-Helix Ising
Model

By using the mean transition rates derived in section 3.3, we
can calculate numerically the mean first-passage times as a
function of the energetic parameterandH (or latero ands).
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T(8s) . , . 100 residues long. In this figure, as well as in Figures82we
considered the transition to the “all helix” final states. It is
possible, however, to calculate the MFP time using the general

Ll d

10 -~ result of eq 10 with various values of the boundary conditions
—+ . . . .
107 | ~— a andb that correspond to situations of interest for theoretical
1 calculations or for actual experiments.
17 e =
10 -

The general features of the MFP time depend on Bathd

H. As expected, thél dependence of the MFP time is similar
to that obtained by ZSBin that there is a decrease in the MFP
time for increasing values of the relative stabilization of the
helical state relative to the coil state. However, there is an
5t 9 important difference. In our AH model, the MFP time depends
65 7 73 &T) ' on both theJ andH interaction energies. To obtain physically
Figure 1. “All coil” to “all helix” MFPT calculated as a function of reasor]able helix foldlng times we ConSId}.QK 0 mganlng that
the interaction energiebandH for peptides of lengtiN = 20, 60, and for anisolatedresidue (in the absence of interresidue hydrogen

100 and the initial fraction of coil residués = 1. Note that the time bonding) the coil state is more stable than the helix configu-
units are seconds (unless specifically stated otherwise, for convenienceyation, as expected. We find that biologically relevant MFP

~ 107-5 . . .
and 1 years 10"*s. times, on the time scale of nanoseconds to microseconds, can

Figure 1 shows the 2D surfaces representing the mean first-be obtained by increasinbas well as by increasing. Even in
passage times calculated for peptides that\are 20, 60, and the total absence of an external field biak=€ 0), the presence
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Figure 2. (a) MFPT (“all coil” to “all helix”) as a function of the interaction energi@sndH for N = 60 and the initial fraction of coil residues
6. = 1. Note that the time units are seconds (unless specifically stated otherwise, for conveniencef=119€as. (b) The solid lines are the
corresponding contours of constant values of the MFPT.
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Figure 3. MFPT (transition to “all helix”) as a function of the interaction energlesndH (N = 100 andf. = 0.34). Note the strong dependence
of the MFPT on both interaction energi@andH. For a strong external fieldl, equally strong residueresidue interactiond of opposite sign are
necessary to reach coil-to-helix transitions faster than 1 s. Because of the exponential dependendeaatiH, small variations of the interaction
energies can account for dramatic changes in the MFPT.
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H (kT)

Figure 4. Transition to “all helix”, MFPT forN = 21. The upper
surface corresponds to an initial state with 20 coil residues, and the
calculated MFPT values are therefore larger than for the case=

2 represented by the lower surface.

of a small interresidué interaction on the order &T can lower
the MFP time for the coil-to-helix transition well below one
second.

Figure 2 focuses on thd = 60 surface. The solid lines in

Buchete and Straub

reasonable time scales for helix folding can be found for a range
of values of the energetic parameters H and J (or correspond-
ingly sando). The result of ZSB demonstrated that time scales
for protein folding on the order of seconds or less could be
achieved through a small local bias in the uniresidue energetics
toward the native configuration state (corresponding to positive
values of H). As a generalization of that observation, we find
that physically reasonable time scales for helix folding can be
achieved through an increase in the favorable interresidue
hydrogen bonding stabilization interaction (through positive
values of J) which overcomes a local uniresidue energetic bias
in favor of the coil configuration (through negative values of
H).

Cross sections of the data presented in Figure 2 are shown
in Figure 3 for anN = 100 polypeptide. We find that for a
strong external fieldH equally strong residueresidue interac-
tions J of opposite sign are necessary to reach coil-to-helix
transitions in a mean time less tha s through stabilization of
interresidue interactions. Note that even relatively small varia-
tions of the interaction energies can account for very dramatic
changes in the MFP time.

In Figure 4, we show the dependence of the MFPT oNan
= 21 polypeptide as a function dfandH. Consistent with the
early observations of Brook$ but dependent on our choice of
the reaction “frequency factor”, for small polypeptides the MFPT

Figure 2b are the equitemporal contours of the data presentedcan occur in the nanosecond time scale. Figure 4 demonstrates

in Figure 2a corresponding to constant values of the MFP time.

the dependence ofon the initial state of the peptide. The upper

The results presented in this plot demonstrate that physically surface corresponds to an initial state with 20 coil residues. The
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Figure 5. MFPT (transition to “all helix”) as a function of the fraction of cofly = 1 — 6, for various values o8, H, andN. (a) J is varied with

N =21 andH = — 6.6KT; (b) H is varied withN = 21 andJ = 8.4kT; (c) N

is varied withH = — 7.XT andJ = 7.T. As the number of residues

in the coil state increased{close to 1) so does the MFPT. The MFP time increases exponentially with the length of the péptide
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Figure 6. Comparison between our calculated values for the MFP time
(7), using the AH model, and the values for the helix folding times
calculated by Brook® The dashed curve numbered 1 is the result of
Brooks, whereas the curves numbered 2 (solid) and 3 (edst) are
calculated for the same ands parameters using our AH model. In
the AH model,N is the length of the peptide (the final number of
residues in a helical state for the coil-to-helix transition). We have
accounted for the fact that in Figure 3 of Bro&ksl corresponds to
the number of helical hydrogen bonds.

calculated MFPT values are therefore larger than those for the
case of two initial coil residues represented by the lower surface.

Another important aspect of our AH model is that it permits

J. Phys. Chem. B, Vol. 105, No. 28, 2008691

In Figure 6 is shown the dependence of the MFP time on the
length of the polypeptid®&l. Shown for comparison is the data
of the “sequential” kinetics model taken from Figure 3 of
Brooks% (o = 0.002 ands = 1.5). The dashed curve numbered
1 is the result of Brooks, whereas the curves numbered 2 (solid)
and 3 (daskrdot) are calculated for the sara@ands parameters
using our AH model. Thd andH values that are necessary for
the MFP time calculation were estimated using eq 2. The solid
curve 2 was calculated for the “all coil” to “all helix” transition,
corresponding to the boundary conditicms= 0 andb = N in
eq 10. Curve 3 was obtained for the case when the transition is
considered to take place between the “all coil” and equilibrium
states, corresponding o= (1 — feg)N andb = N; in the next
section is explained how we obtained the equilibrium fraction
of helical residuedeq (€q 42). We note that both types of
calculations show similar characteristics of the MFP time
dependence oNl. The times for transition to the equilibrium
fraction of helix, curve 3, correspond to lower values than the
times for transition to all helix, curve 2, as expected. Our results
show the qualitative features of a two-phase kinetic behavior,
consisting of an initial rapid rise and subsequent slower increase
in the MFP timer with increasingN. Note thatr continues to
increase with\ for largeN (see the inset) as would be expected
on physical grounds and shows no plateau at I&tg&Vhen
compared with the data of Brooks, the dependenaeanfN in
the AH model shows a more diffuse, less sigmoidal or
cooperative transition with increasimyg

In Figure 7 we investigate the MFPT dependenceNo+
15, 21,and40 on 16 for s= 1.5 and 1.1. The mean relaxation
time Tv* predicted by Schwartz and Seeling is found to scale

quantitative estimates of the dependence of the MFP time on@S™v* ~ (40ke) " Note that, for large values af, there is a

all parameters important in describing the peptide folding
including J, H, 6, and N. For example, Figure 5 shows the
dependence of the MFP time on the fraction of céiisas a
function of the length of the chaiNj for various values of the
interaction energied andH. Note that physically reasonable

strongly nonlinear dependence orv1This results from the
inclusion in our AH model of the possibility of helix formation
through a mechanism involving multiple nucleation sites. As
expected, the effect is increasingly important as the length of
the peptideN increases. For smaller valuesmfwe find a fairly

MFP times, similar to the ones recently reported by Thompson Weak but distinct sensitivity of the MFP time to variations in

and Eatori29-30are estimated from our calculations. In Figure
5a, we varyJ for N = 21 andH = — 6.6KT; in b, we varyH
for N = 21 andJ = 8.4T, in c, we varyN for H = — 7.2KT
andJ = 7.T. Note that longer MFP times are obtained in all

o. Moreover, the multiple nucleation mechanism is seen to be
increasingly important for longer polypeptides and smaller
values of the propagation constamnt

The dependence of the rate of helix formation on the

of the cases when the number of residues in the coil state ispropagation constarg has been explored by Gand others.

increased { close to 1).
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Figure 7. Predictions of the AH model for the MFPT, for the all coil to all helix transition, plotted as a functiorodbifa) s = 1.5 and (b)s

= 1.1, for varying lengths of the polypeptide. Note that in the more coorperativesasg,5, theN dependence is least pronounced. As has been
noted by others, and as is explicit in the scaling law of Schwartz, the MFP time increases monotonically with decreasing values of the nucleation
parametew. Note that for large values af there is a strong nonlinear behavior because of the increasing importance of multinucleation pathway

in the coil-to-helix transition.
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Figure 8. Predictions of the AH model for the MFPT, for the all coil

to all helix transition, as a function affor polypeptides forr = 0.002

andN = 21. As expected for the coil-to-helix transition, the mean first-

passage time is a monotonically decreasing functioa of

0.2 5

rates), the relaxation time for the approach to equilibrium was
found to be a maximum nea= 1. For our study, we have
focused on the forward coil-to-helix transition process. In Figure
8, we show the dependence of the MFP time for that process
as a function of the helical propagation paramstés expected,
the MFP time decreases monotonicallysas increased and

Buchete and Straub

above mean transition rates for the propagation step, we can
build the propagationequilibrium fraction 8", defined as

S=kkg ¢ =Kk (38)
In a similar way, we can build tha&ucleation equilibrium
fraction “os’ for internal andterminal sites

o' =K/ o8 =K/K (39)
Averaging over end effects, we write
_ 2404 (1 -2\
s= NS + (1 N)S
— 2,71 (1- 2\
oS = Nos + (1 N)os (40)

At equilibrium,K = ¢/(N — ¢) = (1 — 0)/6. Using eq 35 folK
derived in our model by averaging over the uniresidue transition
rates, we expect that at equilibrium

1-6

K(e,.e,N,0) = 5

(41)

where the solution is writtefeq = Oef€H,85,N) = e J,H,N).

To compare the behavior of the AH model with the ZB results,

egs 35 and 40 can be used to find the numerical relation
Ooq= Oc(S0) (42)

In Figure 9 is shown a comparison between our calculated values

for o ands, using the AH model, and the approximation used

the forward propagation of helix is enhanced. If we were to by Bryngelson and Billings and shown in eq 2. In this case, for
consider the reverse process (that of the MFP time of the helix N = 21, we find that very good correlations are observed
to coil transition), we expect to find the opposite behavior facilitating our equilibrium calculations. However, for larger

manifest in a monotonically increasingwith increasings. As
such, the overall kinetic rate constant, which can be ap-
proximated by the sum of the inverse MFP times for these two
processes, is expected to show a maximum seat consistent
with the results of G¥.

5. Equilibrium Properties. Validation of the Active-Helix
Ising Model.

To compare our AH model to the ZB model, we derive the
equivalent equilibrium fraction of helix as a function of the
nucleation (os) and propagation (s) parameters. For the

propagationstep, the mean sequence uniresidue transition rates

are given by

K=
K -2 KongacsParg  (36)
y ; hf—ach’ ahf

ki = kgh—»bh

kﬁh—»gh

J— l * *
|

kg = ; ; ku(_:ﬁﬁw_:ﬂpat_wﬁ

where the restricted suifi,sPocs = y excludes the terma =
B = c. For thenucleationstep, the mean transition rates are
given by

kI = kgcahc kg = kbcagc
k& = kcgc*cbc kg = kcbc*cgc

By using the conditional probabilities derived in 3.2 and the

(37)

peptides, important differences may be obtained when using
the approximate eq 2 as opposed to eq 40.

In Figure 10 are shown thé vs s diagrams calculated for
our AH model for (a)N = 20, (b)N = 100, and (c)N = 1000.

To obtain the equilibrium values of the fraction of helical
residues we devised an iterative procedure that starts from initial
o and s values and an initial guess for the number of coil
residues at equilibrium (sagn = 2). Because of the good
correlations depicted in Figure 9, eq 2 can be used to estimate
the corresponding values dandH. These values are than used
in eq 35 to calculat& exactly which provides a new estimate
for the equilibrium fraction of coib = 1/(1 + K) and a new
number of coil residues= (1 — 6)N. The modified values are
then reintroduced. This iterative algorithm converges to the
equilibrium fraction of helixd that is shown in the diagrams of
Figure 10. These diagrams are in very good agreement with
the predictions of the ZB model, suggesting that our choice of
configurational probabilities based on the mean sequence
approximation leads to realistic equilibrium properties of the
AH model. TheN = 100 diagram is essentially identical to the
results of the ZB theory.

The iterative procedure was used to obtain the equilibrium
fraction of helical residues. We used the valued ahdH that
correspond to the values ofands used by Brooks. For each
value ofN, we used eq 41 to estimate the equilibrium fraction
of coil. Given the equilibrium fraction of coil, we defined the
position of the absorbing boundary conditiar= (1 — fegN
and calculated the MFP time using eq 10 (as explained in the
previous section).
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Figure 9. Comparison between our calculated valuesd@nds, using the AH model, and the approximation used by Bryngelson and Billings
o = eJands = e, In this case o = 21, very good correlations are observed that facilitate our equilibrium calculations (see text for details).
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Figure 10. 6 vs s diagram calculated for our AH model for (& = 20, (b) N = 100, and (c)N = 1000. These diagrams are in very good
agreement with the predictions of the ZB model. The results show that our choice of configurational probabilities leads to realistic equilibrium
properties of the AH model. Thd = 100 diagram (b) is essentially identical to the result of the ZB theory.

Figure 11 shows th&l vs s diagram calculated for our AH plotted as solid lines. For the results corresponding to the
model and for the “zipper” model. For the results of the AH “zipper” model, we used the well-known result to estimate the
model, we used again the self-consistent iterative procedureequilibrium values fo2. The values of the nucleation parameter
described above, holding constant for peptides of variol were for the AH model (ay = 10 and for the zipper model
In the case® = 0.1, 0.3, 0.5, 0.7, and 0.9 we explored tke (b) 0 = 1071 and (c)o = 1074 Good qualitative agreement
— splane with an accuracy @ = +0.02. The averages were  with the predictions of the “zipper” model is observed. All
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Figure 11. N vssdiagram calculated for (a) our AH model with= 104 and for the “zipper” model with (by = 10! and (c)o = 10°* In all

the casesf = 0.1, 0.3, 0.5, 0.7, and 0.9 points were searched if\tke s plane with an accuracy @l = +0.02. The averages were plotted as

solid lines. For the “zipper” model case, we used eqs-2D of Cantor and Schimmel v.1Il to estimate the equilibrium valueséoA good
gualitative agreement with the predictions of the “zipper” model is observed, suggesting that our choice of configurational probabilities leads to
realistic equilibrium properties of the AH model.

evidence suggests that the mean sequence approximatiorthe evaluation of kinetic aspects of the coil-to-helix transition
underlying our MFP time calculations and the AH model lead such as the mean transition time for the formation of any fraction

to realistic equilibrium properties of the polypeptides. of helix from any initial fraction of coil. This was accomplished
_ through the calculation of mean first-passage times from the
6. Conclusions backward master equation.
The general features of thequilibrium statistical and Our study has led to the following conclusions. (1) The use

thermodynamical aspects of the hefisoil transition are largely ~ of the “mean sequence” approximation leads to a set of self-
understood. However, there is great disparity in the variety of consistent equations for the closed form solution of the kinetic
current experimental and theoretical estimates of the rate of helixand equilibrium properties of the coil-to-helix transition. (2) The
propagation and folding. “mean sequence” approximation was validated by an analysis
In this work, we have presented the AH model that provides of the equilibrium properties that were found to compare well

a detailed description of the dynamic and equilibrium aspects with the classical ZB model. (3) We have generalized the
of the helix-coil transition. Built in the tradition of the classic standard mean first-passage time equation to the case of
“Ising” models of ZB and Lifson-Roig, the AH model permits transition rates that depend implicitly on the state of the system.
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(4) As an extension of previous theories for the MFP time of Examples of detailed numerical simulations and rate theoretical
transition in Ising-like systems, the solution allows for the analysis include studies of ion transport through a membrane
examination of the role of cooperativity (interresidue coupling) channef®3”However, for large scale conformational transitions
as well as local bias (intraresidue energetics). (5) By examining involving multiple pathways, such methods appear to be limited.
the coil-to-helix transition through the solution of the MFP time Alternatively, one might apply an optimization principle
equation, assumptions regarding (sequential) propagation fromderived from a variational rate theory to identify likely transition
single nucleation sites, single coil/helix (zipper) interfaces, and pathways between fixed reactant (coil) and product (helical)
unidirectional (zipper or sequential) helix propagation are states’*3%-41One such approach, the MaxFlux algorithfinas
avoided. (6) General features of the coil-to-helix transition that been used to isolate variationally optimized reaction pathways
have been previously observed, including the dependence offor an eleven residue polyalanine peptfdé strength of such
the MFP time on the ZB parametesswith inverse scaling as  an approach is that it maintains a detailed, all atom level of
in the theory of Schwartz, ansl where a maximum is seen  description of the peptide energetics. For an all atom peptide
about s equal to unity as in the work of Gare recovered in model combined with an implicit solvent potential, a variety of
this work. pathways were isolated and characterized in terms of the general
In this paper, we used our AH model to estimate the features of the mechanism for the coil-to-helix transition. It was
dependence of the rates of helix formation on peptide length. determined that the helix nucleation can occur at multiple sites;
We obtained results consistent with those derived from the for a significant fraction of the trajectories, the peptide
sequential model of Brooks. However, our model is built on underwent a collapse transition to a compact state from which
more detailed estimates of uniresidue transition rates anditwould reopen before helix propagation could occur; there was
neighbor-dependent configurational probabilities that describe N0 strong evidence for extended regions gff3elical structure
the kinetic, nonequilibrium aspects of the transition. We include observed in reaction intermediates. Such details can only be
the possibility of multiple nucleation sites and bidirectional found when more detailed models than the one presented in
propagation of helical segments. As such, our study provides athis AH model, kinetic master equatiosi® or ingenious
more detailed understanding of the physical processes thatautomata modeté are employed.
governs the coil-to-helix transition. An intermediate approach between these simplified models

Our model provides a framework that can be used to and all atom _dynamical calculat_ions_ rests in the sort of
understand the nanosecond time scale helix propagation rate§0mMPputation pioneered by Czerminski and EtffeA set of
observed in the latest laser temperature-jump experiments forMinimum energy configurations are taken as the states of the
relatively small peptidedt22-2430\We have shown that relation ~ Peptide. Reaction path methods are used to define the energetics
2 between the ZB model parameterands and the microscopic of thf_e transition betwee_n pairs of connected minima. Transition
interaction energiedandH is an approximation that holds well ~ Matrix elements are built using those energetic parameters and
for relatively small peptides. We also provided a numerical & reaction rate model such as transition state theory. The
method for estimating the ands parameters as functions #f  resulting master equation is then solved to explore the peptide’s
andH which is exact in the frame of our AH model and takes conformational relaxation dynamics. Such an approach, while
into consideration peptide end effects. Future experiments onCoMputationally intensive, holds the promise of providing
homopolymers with the same length, and in the same solventdetailed kinetic data, of the kind derived from simplified models
but with different residueresidue interactions, can test the Such as the AH model considered here, for a realistic model of
validity of these relationships. Because our model provides the t€ Peptide, its sequence, and solvent energetics. N
analytic relationship between mean folding times, helix nucle- ~ Given the central importance of the coil-to-helix transition
ation, and propagation rates and the most basic parameters thdf! Polypeptides, we can expect a continuing theoretical,
describe the peptide systed) H, andN), future experiments ~ cOmputational, and experimental effort devoted to addressing

such as the one suggested above can be easily designed to tedt variety of open questions regarding the role of peptidg
it. sequence, length, temperature, pressure, and solvation in

determining the time scales and pathways for this fundamental

A strength of the AH model is that it allows for the calculation .
biomolecular process.

of first-passage times between particular states of the model
polypeptide over a wide range of energy scales and peptide
length scales. We want to emphasize that the general form of
the analytic expression for the MFP time, eq 10, permits the

estimation of mean folding times for realistic experimental cases Eun:erlcagloanalé/sll\j a}[?dbdﬁa wi;lJatl;]zatlol? w:are czilrrlﬁdkou;ﬂuAS|ng
in which the initial and final states are not necessary “all coil” ortran an atlab (The Mathworks, Inc., Natick, ):

p o . L J.E.S. gratefully acknowledges the generous support of the
or “all helix”. A weakness of the AH model is that it is based ) . .
on a simplified energetic model of the peptide that is limited, gatlonalhslfler;ci tl;ou:datl_on (CC:|;1|E-997|5§194),t th;Zflgﬂ%usm
by its nature, in the detail that it can provide regarding the time esearch Fund of the American Chemical Society ( ) ).

scale and mechanism for the coil-to-helix transition in polypep- and the Qenter for CqmputatlonaI_Smence at Boston University
tides. that provided essential computational resources. J.E.S. would

. . . like to acknowledge the great and continuing inspiration and
It would be a pleasure to attack the coil-to-helix transition d g g Insp

. Mo ] . . _support derived from his association with Bruce Berne. To
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development and application #Such methods have provided
great insight into the reaction dynamics of molecules in ligfds.
Applications to problems of biomolecular importance have also
been madé33* An example of such a theoretical approach is
de Gennes's effort to extend Kramers theory to the coil-to-helix  In obtaining a solution for the mean first-passage time eq 8,

transition in heteropolymers including polypeptides and DRA.  we use the notation
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Appendix: Solving the Mean First-Passage Time
Equation
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t'(©)=(N-kyc), and t (c)=ck(c) (43)

where the transition rates depend on the “reaction coordinate”,

the helical composition of the polypeptide. We also define as
in ref 26

©
—ar1t'(2)

andU(c) = 7(c + 1) — 7(c) andS(c) =
definitions, eq 8 can be rewritten

$(c) = (44)

U(c)/¢(c). Using these

t"(U(c) —t (QU(c — 1) = — (45)

or

t'(©¢(OIS(C) — Sc— 1] = -1 (46)

We takec to be bounded aa < ¢ < b where the boundary
conditions are defined using an absorbing boundany ata
and a reflective boundary at= b. Thereforeg(a) = 0, as one
is already there, andb + 1) = 7(b). We find that

b

Xn) = b) + Z

— (47)
Tt (m)p(m)

where we use the fact th&b) = U(b)/¢(b) = 0 asU(b) = z(b
+ 1) — 7(b) = 0. Therefore
b
=y ——— (48)
M= E (M) ()
and
U(n) = Sn)¢(n) = ¢(n) Z — (49
mL £ (m)g(m)
On the other hand, if we sum dll(c), we find that
c—1
Q) ="y u(n) (50)

because(a) = 0. Therefore, by using eq 49 in eq 50, the MFP
time can be estimated as

Q) =Y o) (51)
z Z*lt (m)p(m)
In our case, from eqgs 43 and 44
1 (N—-1\N-1
@—( . )( . ) ﬂ K() (52)

where K(I) is the ratio of the backward and forward mean
transition rates that describe the system in the dtadefined
K(1)= Ko1K ().

Considering egs 43, 51, and 52, we obtain the mean first-
passage time expression

S

n=a

m

m—in-ﬁ-l( )ko(m) [ r«! “O

(53)

7(a,b,c,N)

Buchete and Straub

Equation 53 is a central result of this paper. It represents the
complete analytic expression of the MFP time calculated for a
one-dimensional jump process of a system of lemgthat has

an absorbing boundary at= a and a reflective boundary at
=h.

We choose the symbal for the variable that describes the
state of the system because in our specific case, for the-helix
coil transition, it represents the number of residues icoé
state. In this case (the coil-to-helix transition), if we choase
= 0 andb = N such thatr(0) = 0 andz(N + 1) = z(N), we

N

obtain
%Z(N ; 1)1 m;ﬂ(N) o I] K() (54)

It is important to note that besides the configurational parameters
that describe the syster, (o, c, andN) the MFP time depends

on the energetic parameters of the system (the Hamiltonian)
through the transition rates contained in eqs 53 and 54. For the
case wherK is independent of, this expression reduces to the
result of ZSB?8

7(c) =
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