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Molecular dynamics.simulations are used to determine the time-dependent friction for pair
diffusion in an isotropic Lennard-Jones fluid as a function of the separation between two
diffusing particles. A numerical method proposed by Straub, Borkovec and Berne is used. It is
found that both the initial value and the detailed time-dependence of the friction are dependent
on the interparticle separation. The dependence of the pair diffusion coefficient on separation is
determined. Comparisons are made with various hydrodynamic and collision theories. The
rate constant for diffusion controlled reactions is discussed.

l. INTRODUCTION

To apply the generalized Langevin equation (GLE)"?
to chemical and physical problems one must first determine
the dynamic friction coefficient on a molecular bond or on a
complicated reaction coordinate. As we have discussed in
the preceding paper” it does not suffice to know the dynamic
friction on all of the atoms because bond friction contains
cross correlations ignored by the atomic frictions. Thus to
proceed it is necessary to devise realistic models of friction
on well-defined collective coordinates in molecules. A de-
tailed discussion of the formalism for calculating dynamic
friction coefficients and the approximations used in various
treatments is given in the preceding paper in this volume.?

Recently, an accurate method for the calculation of
time-dependent friction on molecular bonds as a function of
the bond length, as well as solvent mass and structure, was
presented.* This method has already been used to determine
the time-dependent friction for a simple isomerization reac-
tion.* Detailed knowledge of the time dependence of the
friction was found to be important in making accurate theo-
retical predictions of the rate constant. In the preceding pa-
per’ we have shown that under circumstances when the mo-
tion of the internal coordinate is rapid compared to that of
the bath one can compute the friction by assuming that the
bond is rigid, but this is not always the case.

Here we present detailed data for the time-dependent
friction for a pair of atoms diffusing in an isotropic Lennard-
Jones fluid as a function of the separation between the atom
pair. This data is used to determine the dependence of the
pair diffusion coefficient on separation. The rate constant in
the Smoluchowski theory of diffusion controlled reactions is
discussed using this data. The data is also used to test the
assumption that each atom experiences an independent ran-
dom force and the amplitude of the mean-square fluctuation
is analyzed in terms of the local average solvent density
structure around the solute particles. Lastly, we investigate
the validity of using the GLE in the Kramers theory of
chemical reaction rates and its Grote-Hynes variant.
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ll. METHOD

Consider the relative motion of a pair of identical parti-
cles in a liquid separated by the distance x. It is common to
assume that the dynamics of this coordinate is correctly de-
scribed by the generalized Langevin equation (GLE)

_OW(x)

X =
. ox

_f dr't(t)x(t— 1) + R(D),
0
(2.1)

where x is the coordinate, u is its reduced mass, W(x) is the
potential of mean force for coordinate x, £(¢) is the time-
dependent friction, and R(¢) is the random force which sat-
isfies the fluctuation—dissipation theorem (R(?)R(0))
= kT (2). Implicit in Eq. (2.1) is the assumption that the
friction experienced by the reaction coordinate is indepen-
dent of the value of the coordinate x. Because the pair of
atoms executes rotational as well as radial motion, the poten-
tial of mean force must include a centrifugal distortion
term.® It is important to point out that this equation does not
spring from any careful derivation from the rigorous classi-
cal equations of motion describing the liquid which are per-
force highly nonlinear (nonharmonic). In fact, this equation
can be derived in general only if it is assumed that the coordi-
nate x is linearly coupled to a bath of harmonic oscillators in
the continuum limit.” Nevertheless, this equation has been
very useful for delineating a wide variety of liquid state pro-
cesses. As written, this is a one dimensional GLE. A more
complete stochastic theory would contain the coupling
between the radial and angular motion of the relative vector.
Only when the dynamic friction decays very rapidly com-
pared to the time scale characterizing the reorientation of
the pair can one ignore this coupling. This is expected for
very dense fluids where the reorientation becomes slow, but
it is not valid for low densities or weak coupling with the
consequence that the above equation has a limited utility in
dealing with the energy diffusion limit. These questions are
addressed in the preceding paper in this volume.?

A method for the calculation of the time-dependent fric-
tion £(#) as a function of the coordinate x has recently been
presented.* In this method, the coordinate is restricted by a
harmonic confining potential of frequency w to a region cen-
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tered at x = x,. Including potential of mean force effects, the
average value of coordinate x will be (x). For a harmonic
potential of mean force one can derive the following general-
ized Langevin equation for ¢ = x — (x) as

HG = — ui’q(t) —L dr'§(e")g(t—1t') + R(1) 2.2)

where (q) =0, ®*> = Bu(g*) ~', and {(¢) is the time-depen-
dent friction on coordinate g. The corresponding memory
function equation is®
3
C,(1)= —f dt'K(t')C,(t—1t"), (2.3)
]

where the memory function K () is related to the dynamic
friction through

K =a+52 (24)
b

where C, () = (4(1)g(0)) (g*) ~ ' is the velocity autocorre-
lation function. By calculating C, () and &* and inverting
Eq. (2.3), one can extract the friction on ¢ for motion near
the equilibrium position (x). The choice of a large confining
frequency w limits the motion of the coordinate so that the
friction accurately represents the friction at a particular
point rather than an average over a region. Of course, &
should be chosen small enough to allow for a reasonably
large integration time step and such that £(¢) is independent
of w.

It has been shown that for pair diffusion of particles in
an isotropic Lennard-Jones fluid our method produces good
results.* The calculated time-dependent friction is indepen-
dent of w. Furthermore, the time structure, zero-frequency
friction, and zero-time value are dependent on the pair sepa-
ration.

fll. SYSTEM

Our system consists of a box of 64 Lennard-Jones atoms
where two atoms represent the diffusing pair solvated by 62
bath atoms. The potential of interaction is

on=ul(2)' (2]

Lennard-Jones reduced units are used in which the atomic
mass, diameter o, well depth ¢, and Boltzmann’s constant k ,
are equal to unity. (mo*/€)'/? is the unit of time and the
reduced number density is p = no>, where n is the total num-
ber of particles. All our data is for the reduced temperature
T=kyT/e=2.5 and density p = 1.0. This state of our
Lennard-Jones system corresponds to a high density fluid.
The time-dependent friction was calculated for nine dif-
ferent interparticle separations as described above. In each
case, the time step was 0.02 Lennard-Jones time units and
each simulation was run for 2-10° time steps. The velocity
autocorrelation function was calculated over the run and the
corresponding friction determined using a method similar to
that described by Berne and Harp.! For each separation,
two independent runs were carried out, using different force
constants for the confining potential. In each case, the re-
sults were independent of the confining potential frequency.

3.1

IV. RESULTS

We have determined the time-dependent friction £(tf)
for ten values of the interparticle separation. Table I sum-
marizes the simulation data presenting the time-dependent
friction’s zero-time value £(0), and zero-frequency Laplace
transform § = ;(0) which is related to the diffusion coeffi-
cient by the Einstein relation D = k5 T /¢. The last column
of the table gives the ratio, § (0)/£(0), of the static friction
coefficient §' (0) to the initial time value of the dynamic fric-
tion constant §(¢ = 0). This ratio is the correlation time of
§(¢) for the exponential friction model and varies by at most
30% from the average.

Figure 1 shows {(¢) as a function of time as well as the
data normalized by the zero-time values; also shown is the
time-dependent friction for a single Lennard-Jones atom.*'°
The inset shows the deviation §,, (£)/2 — £(¢) from the free
draining approximation. Clearly, there are large deviations
when the bond length is small. As the bond is made longer
the deviation goes to zero, as expected. The normalized dy-
namic friction, §(#)/§(¢ = 0), shown in (b) indicates that
the initial value of the friction, which is proportional to the
mean-square force, is strongly dependent on the interparti-
cle separation. The insets in (b) give the deviation in the
calculated normalized frictions, [{,, (¢)/£,, (t=0)

—§(0/8(t=0).]

The initial decay of £(¢) is well approximated by a
Gaussian function, exp( — £2/272), where the correspond-
ing correlation time, r_, does not vary strongly as the inter-
particle separation is varied. The short time Gaussian decay
accounts for between 65% and 75% of the total zero-fre-
quency friction for most separations. (Of course, this as-
sumes that integration of the friction gives an accurate esti-
mation of the long-time collective modes. This being the
case, 7, can be determined from equilibrium moments.?' It
is probable that there is an error in this method on the order
of 10%.) However, it can be seen that the collective modes of
the solvent manifest themselves differently for different sep-
arations and the long time decay is dependent on the inter-
particle separation. The strongest _difference between the
zero-frequency friction coefficient 5(0) at different separa-
tions results from the difference in the zero-time values, or
the mean-square force. The correlation between £(0) and
£(0) is displayed graphically in Fig. 2. Note that at large
separations we expect the friction acting on the interparticle
separation to be close to one-half the friction acting on a

TABLE L Simulation data for the time-dependent friction at various values
of the interparticle separation g, along with the single particle result.

a (x)—a §(0) ) £(0)/£(0)
0.25 —0.019 466.2 23.4 0.050
0.50 —0.054 290.3 10.1 0.035
0.75 —0.049 274.1 12,6 0.046
1.00 —0.03t 303.9 14.0 0.046
1.25 —0.009 367.6 17.5 0.048
1.50 0.012 4517 213 0.047
1.75 0.017 443.6 2.1 0.050
1.90 0.005 4078 21.9 0.054
2.10 ~ 0.0002 388.3 19.1 0.049
sp 823.6 29.1 0.035
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FIG. 1. The time-dependent friction £(7)
as a function of time shown for nine sepa-

rations (upper). The time-dependent fric-
tion (1), normalized by the initial value
$(0), as a function of time (lower).
Shown for comparison is one-half the sin-
gle-particle friction (dotted line). The in-

¢(t) /7 ¢0)

sets show the residual difference between
the friction and the single particle approx-
imation, {(#) — £, (1)/2 data normalized
by the zero-frequency value.

single particle.® The solid line is a least-squares fit to the data
which results in the relation £(0) ~0.048 £(0). The square
represents the single particle approximation. )

The approximately linear relation between £(0) and
£(0), shown in Fig. 2, indicates that the total friction acting
on the reaction coordinate is largely determined by the am-
plitude of the time-dependent friction (0), i.e., the canoni-
cal average of the mean-square force. The overall decay time
and shape of the time-dependent friction does not appear to
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FIG. 2. The correlation of the zero-frequency value of the time-dependent
friction Z‘ (0) with its initial value {(0). The circles represent the correlation
for (1) while the square corresponds to £, (1)/2, the single particle ap-
proximation, The solid line is a Jeast-squares fit to the data which results in
the relation {(0) ~0.048 £(0).

be strongly sensitive to the pair separation (see Fig. 1).
However, even though the initial value of the time-depen-
dent friction does not depend on the dynamics of the LJ pair,
preliminary results indicate that the decay time and the ab-
solute value of the total friction are sensitive to the presence
of the translational-rotational dynamical coupling of the LY
pair in the fluid.>

In Fig. 3 we plot the frequency dependence of the Four-
ier transform of the time-dependent friction {(w) alongside
that of the single particle friction. The inset of Fig. 3 shows
each data set normalized by its zero-frequency value. Theo-
ries of vibrational relaxation in liquids® and energy diffusion
theories of activated barrier crossing'®'? rely on an accurate
estimate of the frequency dependence of the time-dependent
friction. The frequency dependence of the dynamic friction
describes how effectively the bath couples to the reaction
coordinate oscillating at a particular frequency. Dramatic
effects can result from poor coupling between the oscillator
and the bath, such as the well known case of very slow vibra-
tional relaxation of N, in a rare gas fluid.>'*'* Two things
are noteworthy about Fig. 3. First, the high frequency tail of
the dynamic friction differs from the single particle at small
separations (7 < o) but is in good agreement for larger sepa-
rations. This point was made recently by Smith and Harris'®
for vibrational relaxation of I,. Second, the single particle
friction decays more slowly at low frequencies than the true
friction.

In Fig. 4 we plot the Laplace transform of the time-
dependent friction {(s) as a function of the Laplace variable
s and compare it with that of the single particle friction. The
inset of Fig. 4 shows each data set normalized by its zero-
frequency Laplace value. While the initial value of the trans-
formed friction depends strongly on the interparticle separa-
tion, there is little qualitative difference in the frequency
dependence except at low frequencies.
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