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We calculate the barrier crossing rate constants for a Brownian particle in a double well potential
experiencing a non-Markovian friction kernel using a full stochastic simulation. We compare the
simulation results with recently proposed interpolation formulas which are based on the Grote-
Hynes theory and the energy diffusion mechanism. We find that such formulas can fail by orders
of magnitude in a physically interesting regime. Slow activation in an effective dynamic double

well potential is probably responsible for the deviations observed.

I. INTRODUCTION

Liquid state reactions are often described by the gener-
alized Langevin equation'~

_ _M_fd,?g(z_t')x(t'wk(z), (1)
ox o

where the reaction coordinate of unit mass x(z) moves in a
double well potential U(x), experiences a friction kernel
§(2) and a random force R(¢) which originates from the
thermal motion of the bath coordinates. The random force
R (2) satisfies the second fluctuation—dissipation theorem

(ROOR) = (/B ), (2)
where 8= 1/k,T.

Kramers® treated this problem in the Markovian limit,
i.e., where {(¢) = ¥5(z) and showed that the rate constant
for barrier crossing first increases with the damping 7,
reaches a maximum (below the transition state value) and
then decreases as 1/y. This behavior can be understood as
originating from two different mechanisms. First, in the un-
derdamped regime energy activation is rate limiting and is
responsible for the initial rise. In the overdamped regime
spatial diffusion across the barrier region becomes rate limit-
ing and causes the rate constant to decrease. Various connec-
tion formulas have been proposed to predict the rate con-
stant for arbitrary damping.">*” Let us mention that the
maximum of the rate constant as a function of the damping
has recently been observed experimentally.®

Because the solvent has a finite correlation time there
has been considerable interest in redoing Kramers’ calcula-
tion with a frequency dependent friction constant. As in the
Kramers’ treatment various approximations must be in-
voked to solve this problem. The underdamped regime can
again be treated using the energy diffusion equation.? The
overdamped regime can be treated by similar methods used
in the Markovian case.>* In the high viscosity regime this
theory predicts rate constants which are often much larger
than one would obtain in applying the Markovian Kramers’
theory. Such non-Markovian theories have been used to ex-
plain the experimentally observed slow decrease of the rate
constant with increasing viscosity.” Connection formulas
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were also proposed to obtain the overall rate constant in the
non-Markovian case.*!°

Given the importance of this problem in chemical phys-
ics we have studied the validity of these ideas by comparing
theoretical predictions with full stochastic simulations. The
rapid absorbing boundary method for evaluating the reac-
tive flux makes such calculations of rate constants possible. !!
The simulation data reveal striking deficiencies in the pre-
dictions based on the above theories which have been partly
reported in a brief letter.'? Here we discuss the more com-
plete data. Our results lead to the conclusion that in the
regime of large viscosity and long correlation times all avail-
able theories severely overestimate the rate constant for a
single degree of freedom in a double well potential for any
physically interesting barrier height. This behavior can be
attributed to slow relaxation in an effective dynamic double
well potential.
Il. THEORETICAL MODELS

For convenience we briefly summarize the available the-
ories for the calculation of rate constants. As a specific illus-
tration let us consider a particle moving in a piecewise har-
monic symmetric double well potential*'?® U(x), with bar-
rier energy Q, well frequency w,, and barrier frequency wp,
and experiencing a simple exponential friction kernel £(¢)
with Laplace transform

§(s)=—j—; T.=ay, (3)

1475

<

where y is the static friction (usually assumed to be propor-

* tional to the viscosity) and 7, is the correlation time. The

frequency dependent part of the Zwanzig-Bixon hydrody-
namic friction kernel'* which was applied to explain reac- -
tion rates in solution® is well approximated by Eq. (3) when
one takes 7, = @y at constant a. This is because the viscoe-
lastic relaxation time is proportional to the viscosity where
the proportionality constant « is essentially the inverse of the
infinite frequency shear modulus G . We prefer to consider
v and a as the parametrization of the friction kernel. We also
use the dimensionless quantity a* = aw?.

Since the overall rate constant never exceeds the transi-
tion state value

krst = [(@o/(2m) Je~72, 4)
we report rate constants normalized by this quantity.
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In the underdamped regime the rate limiting step is en-
ergy activation which is described by the energy diffusion
mechanism, with the rate constant'~

=_U Lo(E) dEi]_l, (5)
DE) b aE)

where w(E) is the frequency at given energy E and
DU = [ "dr £ w0 0), (6)
(V]

is the energy diffusion coefficient. The microcanonical ve-
locity correlation function (v (0)v(¢) ) ; is to be evaluated for
the undamped motion at fixed energy E. The factor 1/2 in
Eq. (5) arises because there is equal probability for trapping
in each well once the particle oscillates above the barrier
threshold.*'* For high barriers Eq. (5) can be approximated
accurately [i.e., up to terms of O(e ~#¢) compared with uni-
ty] by"*

B f Lo (E)
ki = , 7
2 2w, [ aE D(E) ™

where E,, is chosen to be on the order of a few kp T (kgp, is
independent of the precise value of E,). The rate constant
can be obtained by integrating Eq. (7) numerically. The en-
ergy diffusion coefficient is evaluated by expanding
(v(0)v(t)) g in a Fourier series.” The use of the expression

kep ~Re £( — iwy) —e 'BQ —Pe (8)

which is obtained by evaluatlng Eq. (7) approximately re-
quires some caution. Using our friction kernel Eq. (3) we
have checked Eq. (8) against Eq. (7) and found that Eq. (8)
is a good approximation only if @ >, since in this limit a
large part of the potential is a parabolic well. In the opposite
limit Eq. (8) is only qualitatively correct and should not be
used. This is completely consistent with the more detailed
discussion in Ref. 2. As a function of the damping ¥ the rate
constant kg, increases proportionally with ¥ for small y like
the Kramers’ Markovian result. However, as ¥ becomes
larger the correlation time 7, = @y increases so much that
kgp goes through a maximum and for large ¥ decreases like
1/y. Some representative graphs showing this behavior are
given by the broken line in Fig. 1.

Before we consider the intermediate and overdamped
regime for the general non-Markovian case (a>0) let us
focus on the Markovian Kramers case (a = 0). Consider
first the high damping limit (y large) where spatial diffusion
becomes the rate limiting step so that the rate constant is
given by'®

a X —1
keo =—1-[ dx eﬁwnf dx'e—ﬁ‘“x’)] )
By — o
where a is the position of the minimum of the symmetric
potential U(x). For deep wells one obtains up to exponen-

tially small terms of O(e —#2) the result

Wy 1 )1/2[ x]
ksp =—— dx PV
sP Y (Zﬂﬁ —a x

This is evaluated for the piecewise parabolic potential U(x)
most conveniently by numerical integration. The limiting
behavior for large barrier energies (8Q> 1) is easily under-
stood. The main contribution to the integral comes from the

—a

(10)

barrier region where the potential is well approximated by
an inverted parabola and the rate constant is as obtained by
Kramers®:

ksp ~Kkrst (@p/7) . (11)
However, if we consider the limit @, >w,, (sharp barrier) at
a constant barrier height SQ the contribution from the bar-
rier becomes negligible and the rate constant approaches the
result for a cusped barrier
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FIG. 1. Rate constants as a function of the static friction for Q = 20 and
a* = 4/3 for different frequency ratios (a) wy/w, =20, (b) wgz/w, =2,
and (¢) wyz/@, = 0.2. The simulation data with errgg bars are represented
by dots: (@) on the full double well potential and on the inverted pa-
rabola only. The theoretical predictions are represented by lines: Energy
diffusion Eq. (7) (- -), Grote~Hynes theory Eq. (13) (- - -), and thei mter-
polation formula Eq. (16) (—).
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ksp ~krst ((00/7’)(77'3Q)”2- (12)

Therefore one has to be careful in using Eq. (11) since it can
differ substantially from Eq. (10) even for quite high bar-
riers.

Unfortunately, we known of no analog of Eq. (9) for an
arbitrary time dependent friction kernel. However, Grote
and Hynes' initiated the study of the Kramers problem for
the case of arbitrary friction where the potential is approxi-
mated by an inverted parabola. In this case the rate constant
k for crossing the barrier is given by'**

ko = kyst (A /wp) , (13)

where A is the largest positive root of the Grote—Hynes rela-
tion

A2+ = o (14)

and § (s) is the Laplace transform of the time dependent
friction kernel £(¢). .

For our friction kernel Eq. (3) the Grote-Hynes rela-
tion is readily solved numerically. The limiting behavior is
again easily understood.'” For small y the rate constant kg,
approaches k¢ . For large y and vanishing correlation time
(a = 0) the rate constant reduces to Eq. (11). For large y
and finite correlation times (a>0) two cases have to be
distinguished. First, for a* < 1(a* = aw}) the rate con-
stant Ky is proportional to 1/y for large y. For a* > 1 how-
ever kgy levels off at a constant value for large y. For
a* =4/3 for example kgy/kysr—1/2. Such behavior is
shown by the dashed curve in Fig. 1. This change in qualita-
tive behavior at a* = 1 can be understood by considering a
dynamic confining effective potential with a harmonic fre-
quency 1/a which has to be added to the bare potential bar-
rier.'” For a* < 1 the total effective potential imprisons the
particle at the barrier top and the particle must wait until the
effective potential relaxes. In this case the rate constant is
strongly reduced for large ¥ as in the Markovian Kramers
case. For a* > 1 the total effective potential only renormal-
izes the frequency of the barrier. In this case the particle can
leave the barrier region without any hindrance and the rate
constant does not decrease much below the transition state
value. We return to this point in Sec. IV.

One is of course interested in the rate constant for arbi-
trary damping. Let us focus first on the Markovian case
(a = 0) where the rate constant is well approximated by'!-!8

k '~k ip' + kst +ksp' - (15)
If the barrier is high enough this expression is close to the
more sophisticated formulas’*’ which—roughly speak-
ing—replacein Eq. (15) kg, from Eq. (10) by the asympto-
tic result Eq. (11). However Eq. (15) is much simpler to use
and more accurate if the result from Eq. (10) differs signifi-

cantly from Eq. (11). This difference can be substantial even .

for fairly high barriers. For the non-Markovian case it has
been proposed that the rate constant & for arbitrary damping
and correlation times should be well approximated by*->>1°

k7 ek g kg (16)

or similar formulas.* Note that for small @ (meaning small
correlation times 7, ) and high enough barriers this expres-
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sion yields rate constants very close to Eq. (15). This is be-
cause the two last terms of Eq. (15) represent the simplest
Pade approximant for kg5 . In Fig. 1 we show representative
plots.

lil. SIMULATION RESULTS

Given the importance of these ideas in the modern the-
ory of liquid state reactions it is appropriate to compare
them with computer simulations and thereby test their valid-
ity. We study the exponential friction model, Eq. (3), for a
particle in a symmetric piecewise harmonic double well po-
tential described in the beginning of Sec. II.

To study this problem numerically we consider the fol-
lowing set of stochastic differential equations®’:

x=v,

v= — (U /dx) +z,

= —(VV/a)v—[1/(ap)]z+ &,
where the Gaussian noise £(z) has correlation function

(EOED) = [/ (@B ]16() . (18)

The elimination of the z variable yields (after an initial tran-
sient decay on the time scale of ay) Eq. (1) with the proper
random force R(¢) and friction kernel Eq. (3). Numerical
integration of Eq. (17) is achieved using an Adams—-Moul-
ton predictor—corrector algorithm.!® The random force is
kept constant during each integration step £ which imples
that £ has a finite variance.'' The integration step # must be
chosen small enough that the quantities of interest do not
change. Too large an A can cause spurious results. The rate
constant is determined using the rapid absorbing boundary
version'' of the reactive flux method.'® The initial value of x
is at the barrier maximum (the transition state), v is sampled
from v exp( — Bv*/2) and z from the equilibrium distribu-
tion*® exp( — aBz°/2). It is crucial to realize that for large ¥
the trajectories have to be followed for very long times until
one reaches the plateau in the reactive flux. Note that only by
using the rapid absorbing boundary method'' were we able
to make an accurate determination of the rate constants in
this regime (i.e., where k /krsr €1). A typical calculation of
one rate constant involved the average of 1000 trajectories
and required from several minutes up to a few hours on a
FPS-164 Attached Processor. The determination of the er-
ror bars for the reactive flux is described in the Appendix.
All the results of the calculations are displayed in Table I.
The calculation procedure has been checked in several ways:
First we have calculated rate constants in a regime where
energy diffusion or spatial diffusion are so slow that they will
be rate limiting. The corresponding values of the rate con-
stants must agree with the theoretical values obtained from
Eq. (7) or (10), respectively. As can be seen in Table I the
agreement is indeed excellent. A second check involved the
calculation of a full reactive flux in the regime of large damp-
ing and large correlation times. The result displayed in Table
I shows satisfactory agreement with the results obtained
from the absorbing boundary method. A third check in-
volved running trajectories just on the bare inverted parabo-
la. In this case the Grote-Hynes theory should be exact!?

(17)
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