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Abstract 

On the Numerical Simulation of Activated Rate Processes 

Jolm Edward Straub 

Here we describe a new method for evaluating rate constants for activated 

processes using numel'ical simulation - the absorbing boundary method. 

While approximate, this method is shown to be accurate and faster than 

previously existing methods. It \s applied to several distinct physical sys­

tems. Rate constants for a one-dimensional non-Markovian system with 

exponential friction are calculated and shown to deviate from theoretical 

predictions. • A qualitative artalysis of trajectorie!l gives a physical explana­

tion for the deviations and indicates what an accurate theory must include. 

Also, rate constants for a two-dimensional Markovian system are calculated 

and used to test the validity of two conflicting predictions for the rnte of en­

ergy activation. A useful criterion is proposed for determining the regions of 

validity of each theory. Finally, a theory for the calculation of non-adiabatic 

effects in activated barrier crossing is presented, We compare our theory 

with recent simulation results and find excellent agreement. 
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1 INTRODUCTION 1 

1 Introduction 

The theory of activated processes has been a central area of chemical research 

for decades. Early work concentrated on the activated crossing of a barrier 

separating metastable reactant and product states. Complicated, and usu­

ally unknown, multidimensional potential surfaces were approximated by a 

single reaction coordinate (Fig. 1). Bistability often arose from the crossing 

of two bound state electronic surfaces and the process of electronic surface 

crossing was assumed to be adiabatic. The simplest models neglected sol­

vent interactions. A bimolecular reaction then coreists of gaseous particles 

colliding with some frequency and energy distribution determined by their 

mass, temperature, and density. The rate is determined by the number of 

collisions per unit time multiplied by the fraction of particll',s which have an 

energy exceeding the activation energy\67]. 

When solvent is included, the situation appears, at first, more compli­

cated. It is, however, made substantially simpler by transition state theory, 

first proposed by Eyring!36] and Wigner[114], which is based on two clear 

and often excellent approximations[83]. First, it is assumed that the re­

actant states are in thermal equilibrium such that there is an equilibrium 

distribution of states at all energies up to and including the activation en­

ergy. Second, those particles which are activated will move, on average, with 

their equilibrium velocity across the barrier top without collision, and be­

come stabilized product. In this way, the process of barrier crossing can be 

thought of as an activation step fOl' gaining the barrier energy followed. by 
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Figure 1: Typical potential separating 1·eactants from products. 

crossing of the barrier region. It is easy to understand that the transition 

state theory gives the maximum possible equilibrium rate constant. 

Much work has been done to undewtand how to calculate the best tran­

sition state theory rate constant[ 105) as well as to extend the idea of sys­

tem and solvent to include solvent dissipation effects impOl'tant in barrier 

crossing[85]. The two assumptions of transition state theory, and the study 

of tl1eir validity, now form the central area of research on activated processes. 

Smoluchowski set the style for future work by calculating the bimolecular 

recombination rate constant for particles randomly diffusing in a constant 
' 

potential[lOO]. He modeled the two reacting particles as random walkers 

whose positional probability distribution satisfies a diffusion equation. In 

this way, he was able to calculate the rate for recombination as a function 

of the viscosity or diffosion coefficient for the solvated particle .. Extensions 
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were later made by Onsager[81], and Debye[30j who included Coulombic 

interaction and hard core repulsion. 

It was Kramers who first applied the ideas of diffusion controlled reactions 

in the context of measuring deviations from transition state theo1·y, using the 

Markovian Langevin equation[62], He looked at the limits of low and high 

friction, or collision rate, where the rate limiting steps are energy activation 

and spatial diffusion across the barrier region, respectively. In the case of low 

friction, he found that the rate for energy activation increases linearly with 

the friction. For high friction, the rate for spatial diffusion across the barrier 

region was found to decrease in proportion to the inverse friction. It followed 

that the total rate constant begins at zero for zero friction, increases linearly 

with increasing friction, reaches a maximum, at or below the transition state 

value, and then decreases as the friction increases further. A summary of 

much of this work, along with recent work extending these ideas to more 

realistic models, is presented in Chapter 2. 

Physical experiments have recently shown the existence of the Kramers' 

tUl'nover, the maximum in the rate as a function of the solvent pressure 

or viscosity, for stilbene photoisomerization on an excited electronic state 

surface[68,37,64j and halogen recombination reactions[82,51]. When varying 

the solvent density, it is important to assess the importance of equilibrium 

solvent effects in the form of the potential of mean force, which can affect 

the barrier height and the well and barrier frequencies[94j. In the case of 

photoisomerizaton, charges are present and variation in the solvent polarity 
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must be accounted for when examining the rate for viscosity dependence. 

Such a situation has been examined by Hicks and coworkers[50]. 

Due to the complicated nature of real reaction. systems, skepticism is 

particularly important when interpreting results. For example, examine the 

history of our understanding of the chair boat isomerization of cyclohex­

ane which was first studied by Jonas. and coworkers[49] at high pressure 

and later by True and coworkers at lower press.ures[92,93]. It has long been 

used as an experimental example of spatial diffusion; it exhibits a decreas­

ing rate constant as a function of pressure at high pressures. Zawadzki and 

Hynes further analyzed this system and proposed that the Kramers' turnover 

· may actually occur in the gas phase, at far lower pressures than was indi­

cated by experiment[118]. However, the recent work of Singer, Kuharski and 

Chandler[96] predicts that the transition state normalized rate increases with 

pressure over the whole density range, indicating that in the experimentally 

studied pressure range the rate may be limited by energy activation. 

Because of the difficulty in applying theoretical ideas to experimental 

results, numerical simulation plays a particularly important role. Molecu­

lar dynamics[5,86] and Monte Carlo[72] techniques have revolutionized the 

study of the liquid state. However, there is an inherent difficulty in studying 

activated processes, that is that they require activation. For an activation 

barrier of energy Q, the fraction of states which are activated will be pro­

portional to e-~Q where (3 = 1/k 8 T. Therefore, for large barriers, many 

trajectories must be followed to examine only a few activated events. 
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This difficulty was circumvented by the pioneering work of Keck and 

others[116,7,ll,60). li'ollowing their ideas, Chandler formulated the reac­

tive flux method for calculating activated rate constants[28]. The beauty of 

this method is that all trajectories begin at the transition state and ther­

fore all simulated trajectories are, themselves, activated. The reactive flux 

method has been applied to a number of liquid state reaction systems for 

both stochastic[56j and realistic!6] solvent models as well as reactions at 

surfaces[3]. 

While the reactive flux method is a vast improvement over the straight­

forward simulation method, for ~ystems with many degrees of freedom cal­

culation of the rate constant often proves to be infeasible. In Chapter 3 we 

present an approximate version of the reactive flux, the absorbing boundary 

method, which is highly accurate and often orders of magnitude faster. 

Much work has been done to extend the ideas of Kramers to more re­

alistic models of the solvent and reaction system[54], as well as to propose 

connection formulas which provide a rate constant valid for all friction[ 112]. 

Hynes and coworkers used the non-Markovian generalized Langevin equation 

to model the finite time relaxation of the solvent[78,39,40], while Skinner and 

Wolynes studied various collision models as well as connection formulas for 

bridging between the low and high friction regimes to prnvide a rate constant 

valid for all friction, or collision rate[98,97]. In Chapter 4 we present simular­

tion results fo1· the reaction rate of a one-dimensional non-Markovian system 
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over a wide range of friction. The simulation results a,re uaed to investigate 

the range of validity of connection formulas for non-Markovian systems. 

More recent work has concentrated on treating multidimensional reac­

tion systems[22,14). Current and excellent reviews exist discussing these 

developments[54,44,17]. In Chapter 5 we present numerical results for a 

two-dimensional Markovian system where the data is used to examine the 

validity of multidimensional energy activation theories. 

l<'inally, Wolynes and coworkers have recently initiated the study of the ef­

fects of non-adiabatic curve crossing on activated barrier crossing. This work 

is particularly important to the study of electron transfer in biomolecules 

such as hemoproteins. In Chapter 6 we propose a statistical theory which 

combines the Landau-Zener-Stueckelberg theory [29) with the absorbing bound­

ary formalism ( Chapt. 3). We compal'e our predictions with recent numerical 

simulation data [57] and find excellent agreement. 
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2 A Summary of Rate Theories 

Here we present a summary of existing theories for the calculation of reaction 

rate constants. These results will be referred to in the chapters which follow. 

Unless otherwise stated, all rate constants discussed will apply to a reaction 

system consisting of two metastable states, wells A and B, where 

A~B. 
kb 

The total rate constant k = kt+ k0 where k1 and kb are the forward and 

backward rate constants. 

2.1 Transition State Theory 

The transition state theory rate is defined as[15l 

k _ (:i:6(x )O(:i:)) 
TST- X;1Xs (2.1) 

where x = 0 defines the transition state surface, O(:i:) is the Heaviside step 

function which is 1 for :i; > 0 and O otherwise, ( ... } indicates a canonical 

average with partition function Q ~ f dr exp(-,BH(r)), H(r) is the Hamil­

tonian for the reacting system, and X;1 and Xs are the equilibrium mole 

fractions for the reactant and product wells, respectively. Thus, kTsT is sim­

ply the equilibrium flux across the transition state surface assuming that i) a 

constant t,hermal population of reactant states exists in the well with energy 

Q and ii) all activated particles cross the transition state surface and are 

trapped in the product well. If the reactant well and saddle are assumed 
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harmonic, then in the limit of high baniers, f}Q > > 1, one may use the 

approximate f0l'mula[99J 

1 TIN (W) 

k i=l w, -/JQ 
TST = - . N (S) e • 

7r Ili=2 W; 
(2.2) 

where w}8) are the non-reactive normal mode frequencies of the saddle while 

wf W) are normal mode frequencies of the reactant well. 

2.2 Energy Diffusion 

In an experimental system, collisions between the solvent molecules and the 

i-eaction coordinate extend over a fi.nite period of time and are continuous 

in force and time. If the reduced mass of the reacting coordinate greatly 

exceeds the mass of the solvent molecules, there will be a separation of time 

scales whereby each collision between a solvent molecule and the reaction 

coordinate may be approximated by a force extending over an infinitesimal 

period of time; successive collisions can be assumed continuoUJl in occurrence 

and uncorrelated in force, i.e., the force is Markovian. These assumptions 

lead to weak collision models which aie often formulated using the one­

dimensional Langevin equation 

(2.3) 

where xis the system variable (which may represent the internuclear separa­

tion of two reacting atoms or the dihedral angle of an isomerizing molecule),· 

V(:i;) is the internal potential experienced by x, "I is the damping coefficient, 

and R(t) is the fluctuating force representing all other coordinates which are 
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not treated explicitly. The fluctuating force and damping coefficient satisfy 

the second fluctuation dissipation theorem 

(2.4) 

which requires R(t) to be a white noise which fluctuates such that the average 

thermal energy of the bath is kBT . It is usually assumed that R(t) is a 

Gaussian stochastic process. Eqs.(2.3) and (2.4) rest on the assumption that 

the bath coordinates relax very quickly compared to the system variable so 

that motion of the system is uncorrelated with that of the bath. 

Kramers[62j used Eq.(2.3) to calculate rate constants for the escape of 

a particle from a well in the presence of a thermal bath. He looked at two 

limiting cases, the underdamped limit where ry is very small and the rate 

limiting process is energy activation in the well, and the overdamped limit 

where ry is very large and the rate limiting process is spatial diffusion across 

the barrier top. 

In the underdamped limit, ry is small and the probability that a parti­

cle will gain energy much greater than kBT is unlikely. However, once the 

particle is activated, having enough energy to cross the barrier top, it will 

feel little damping and be able to oscillate freely and leave the reactant well. 

In the case of a symmetric double well potential for large energy barriers 

Q >> kBT, where the well is approximated by a harmonic oscillator, the 

rate constant for energy activation is given by 

1 -
kED ~ -(3Qrye f3Q 

2 
(2.5) 



2 A SUMMARY OF RATE THEORIES 10 

2 

.~ 
• 1 - ,... ,.. •· ,-·'ftttittltttlllHltllltiltflttlltt:lttt.ftf 

0 
I l-ti--H·H+-1-ll +-·t-li·iHt-l+u.,.1.1.,..1-,..l.~-'.,_, ...._,.,_:.,,;.._ 

-2 
0 100 200 300 400 500 -.5 0 .5 

tw 8 itaw 8 

Figure 2: Typical trajectory in the energy diffusion regime. x = ±a are the 
positions of the well minima while WEJ is the harmonic barrier frequency. 

where the factor of ½ indicates that once the particle is activated it will 

oscillate many times before being trapped and have equal probability of 

being trapped in either well. A typical trajectory in the energy diffusion 

regime for a one-dimensional bistable potential is shown in Fig. 2. Notice 

the inertial motion of the excited trajectory leads to recrossings of the barrier 

region before deactivation. In addition, the first few oscillations show that 

energy is lost and gained due to the fluctuating force leading to intermittent 

trapping in one well followed by crossing of the barrier region. 

The two most obvious limitations of the Kramers' model are i) x(t) is 

a Markov process so that memory effects one might expect in a condensed 

phase are neglected and ii) Eq.(2.3) is one-dimensional so that systems which 

have degrees of freedom strongly coupled to the reaction coordinate are 
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not accurately treated. Recent work has extended the result of Eq.(2.5) 

to both one-dimensional non-Markovian systemsl40] and Markovian[22] and 

non-Markovian[11'7] systems of many dimensions. We summarize these re­

sults below. 

To include memory effects Grote and Hynes used the non-Markovian • 

generalized Langevin equation[55,4,39] 

ii: 

where dt) is a time-dependent friction kernel and R(t) is the fluctuating 

force which satisfies the second fluctuation dissipation theorem 

(R(O}R(t)) = knT((t). (2.7} 

Eq.(2.4) is a special case of Eq.(2.7) where ~(t) = 2')'8(t). The generalized 

Langevin equation removes the assumption of a mass, or timescale, sepa­

ration between the reaction coordinate and the solvent. This allows for a 

more realistic treatment of correlated collisions between solvent molecules 

and the reaction coordinate. The force exerted by the solvent on the reac­

tion coordinate is non-Markovian. With a proper choice of time dependent 

friction kernel 1(t) one may include both short time collisional dynamics and 

long time hydrodynamic effects. However, individual collisions are not sepa­

rated in time or force so that the generalized Langevin equation is, like the 

Langevin equation, a weak collision model. 
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For the case of a one-dimensional symmetric double well potential, with 

energy barrier Q > > kBT , the rate for energy activation is given by[40] 

I Q {JE (E) E -PE' -l 

k [ 
f ,e W f I e 1 

ED= 2 Jo dE D(E) Jo dE ;;_;(E')J 

where w(E) is the oscillator frequency at energy E and D(E) is the en­

ergy diffusion coefficient. If the well may be assumed harmonic to a good 

approximation[40) 

(2.9) 

where Re?(-iw 0 ) is the real part of the Fourier transform of 1(t) taken l),t 

the well frequency w0• This result is exactly Eq.(2.5) where the constant 

damping term "I has been replaced by the friction felt by a particle moving 

at the frequency of the well, 

To treat many dimensional systems in the Markovian limit Borkovec and 

Beme used the multidimensional Langevin equation 

x = -v'V(x)-, ·x+R(t) (2.10) 

which is the obvious generalization of Eq.(2.3) to more dimensions. They 

took an N-dimensional system consisting of a bistable reaction coordinate 

linearly coupled to N -1 non-reactive coordinates where the coupling is such 

that equipartitioning of the energy between the N degrees of freedom is fast 

compared to the rate for activation in the well and the full phase space is 
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chaotic, If the energy barrier Q >> k8 T, in the harmonic approximation 

the rate for energy activation is found to be[22] 

(2.11) 

where "Iii is the ith diagonal element of the friction tensor "/, For N = I, 

Eq.(2.11) reproduces the one-dimensional result of Eq.(2.5). The fundamen­

tal difference between the higher dimensional result and the one-dimensional 

result of Eq.(2.5) is that the prefactor in Eq.(2.11) depends strongly on the 

dimension of the system. The factor (/JQ)N /N! comes from the density of 

states for the N-dimensional harmonic well. This indicates that as the num­

ber of states in the well at energy Q increases so does the probability of 

reaching that total enei·gy. A result similar to Eq.(2.11) has been found for 

multidimensional non-Markovian systems(117j. 

The generalized Langevin equation models the solvent interaction with 

the reaction coordinate using a continuous time random force. An alternative 

dynamic description is given by the impulsive collision models. In these im­

pulsive models, each collision is separate in time and force. Hence, impulsive 

collision models are sometimes referred to as strong collision models as op­

posed to the weak collision models discussed above. The most popular is the 

BGK model which assumes that the reaction coOl'dinate velocity is random­

ized, according to a Maxwell distribution, on each collision, where collision 

times are randomly sampled from a Poisson distribution[19]. Skinner and 

Wolynes solved the rate at which a particle, whose dynamics correspond to 
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the BGK model, escapes from a harmonic well[98]. For a symmeti·ic double 

well potential, the rate for energy activation is given approximately by 

(2.12) 

where a is the collision frequency and erfc(x) is the complementary error 

function[2]. 

2.3 Spatial Diffusion 

For large damping and any non-Markovian friction kernel the rate for sad­

dle crossing was first solved by Grote and Hynes[39]. They chose to model 

the system using the generalized Langevin equation (Eq.(2.6)). Unable to 

calculate the first passage time from one well minimum to another, follow­

ing Kramers[62] they approximated the potential in the barrier region as 

an inverted parabola with frequency WB and assumed a steady state distri­

bution outside the barrier region. They obtained the rate constant[39,41] 

which has since been derived in a number of different formulations[46,85] 

and contexts[44,115,45,84]. It is given by 

(2.13) 

A is the largest positive root of the Grote-Hynes relation 

(2.14) 

where f(8) is the Laplace transform of the friction on the reaction coor­

dinate per unit mass. krsr is the transition state result applied to the 

one-dimensional reaction coordinate. 
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Figure 3: Typical trajectory in the spatial diffusion regime. x = ±a are the 
positions of the well minima while WB is the harmonic barrier frequency. 

If the solvent relaxes quickly, the friction can be approximated as the 

zero frequency value 'Y and the Grote-Hynes rate reduces to the I{ramers 

resultl62j 

(2.15) 

which reduces to transition state theory for 'Y = 0 and varies inversely with 

. the friction at large 'Y as the Smoluchowski rate constant[ 100] 

(2.16) 

A typical trajectory in the overdamped, spatial diffusion regime for a one­

dimensional bistable potential is shown in Fig. 3. Notice that the trajectory 

performs a random walk in the barrier region while losing energy and slowly 

drifting into the well. 

Alternatively, for a cusped barrier where w13 > > w0 , which is common in 

reactions involving electronic curve crossing[106j, the spatial diffusion rate is 
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given by[62] 

(2.17) 

The Grote-Hynes theory has been applied to a wealth of chemical systems; 

there exist excellent reviews summarizing this work!53,54], 

2.4 Connection Formulas 

To define the total rate constant, k, for all friction we use the connection • 

formula[ll 7,39,46,47] 

k-1 k-1 + k-1 "°' ED GH (2.18) 

where kEv is the appropriate energy diffusion rate, and kaH is the Grote­

Hynes rate constant for crossing the saddle[117,39,41,32,46,47]. Similar ideas 

have Jed to more complicated rate formulas which give similar results[98,26], 
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3 The Absorbing Boundary Method 

The absorbing boundary method, which uses molecular dynamics to deter­

mine rate constants for activated barrier crossing, is discussed. This method 

requires much less CPU time than the straightforward simulation of the reac­

tive flux in the low and high friction regimes. When applied to the Langevin 

equation the absorbing boundary method gives excellent agreement with the 

results of Kramers' theory. 5 

3.1 Background 

There are many instances in chemistry and physics where it is important to 

simulate reactions 

(3.1) 

involving a transition between stable species separated by an energy barrier. 

If the activatio,n energy Q is large compared to kET, barrier cl'Ossing is 

infrequent and a straightforward computer simulation will result in too few 

barrier crossings to allow determination of the rate constant. To avoid this 

problem one calculates the reactive flux[116,60,7,11,28] 

k(t) = fi:8(:i::)O[x(t)]} 
(:i:o(:i::)19(±)) 

(3.2) 

where ( ... / indicates a canonic.i,I or microcanonical average, x is the reaction 

coordinate, x = 0 is the position of the transition state surface, and 19(:i::) is 

6 Muclt of the material presented in this chapter appears in J.ill.Straub and B.J.Berne, J. 
Gliem. Pl1ys., 83:1138, (1985) and J,E,Straub, D.A.Hsu and B.J.Berne, J. Pl,ys. Gliem., 
89:6188, (1986). 
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. 
the Heaviside step function; 0!x(t)j is unity if the system at time t is to the 

right of the transition state (that is, in well B). 

If Q > > k8 T, k(t) will decay on two widely different time scales[28] . 

. There will be a fast transient decay from the initial value, followed by a very 

slow decay 

(3.3) 

where kt and kb are the forward and backward rate constants and r., is the 

"plateau value" of the reactive flux or the dynamical transmission coefficient 

(3.4) 

where k = k1+k 0 is the exact kinetic rate constant,andkTsr = (k1+kb)TsT 

is the transition state theory approximation to k (Chap. 2). 

It is possible to express the reactive flux in a form more useful for the 

purpose of computer simulation[18] 

where 

k(t) - J dr[p(+l(r) - p(~l(r)]O[x(t)] 

- (O[x(t)l)+ - (O[x(t)j)_ (3.5) 

(3.6) 

are normalil'led phase space distribution functions. To calculate k(t) one 

samples points in phase space from these distribution functions, a11d runs 

molecular dynamics trajectories for each of the sampled points[!i6,90,3] (see 

Appendix). The delta function implies that all trajectories begin at t = 



3 THE ABSORBING BOUNDARY METHOD 19 

·o at x = O; that, is, at the transition state. In the p(+) (r) distribution, 

the velocity ± is positive and the system starts out moving towards well B, 

whereas in p(-) (r), ± is negative and the system moves towards well A. It 

follows that (0[x(t)])+ and (0[x(t)))- are the fractions of sampled trajectories 

which are in well B at time t given that at time t = 0 they were at x = 0 

and the initial velocity is either ± > 0 or ± < O, respectively. 

Thus to simulate a reacting system[l09,87,91) one may use Monte Carlo 

techniques to sample initial states from p(±) (r) and molecular dynamics to 

calculate k(t) using Eq.(3.5). This procedure l'equires following a large num­

ber of trajectories for a sufficiently long time to determine K,, To determine 

k = k f + kb from "'' a separate Monte Carlo simulation is required to deter­

mine the transition state theory rate constant (Chap.2) which may be written 

as the flux correlation function Eq.(2.1) [28,18). In such a case, one samples 

values for the position and velocity using the Monte Carlo algorithm [72) and 

the distribution o(x)xe-µH(r) where xis the reaction coordinate constrained 

to the transition state, In Cartesian coordinates, the velocity and position 

may be sampled independe11tly[21) and 

(3.7) 

where S(O) = (o(x)) is the probability of finding the reaction coordinate at 

the transition state x = 0 [15). Alternatively, one could follow the trajectories 

for a very long time and thereby determine the exponential decay of k(t) 

(see Eq.(3.2)); however, this requires considerable computer time. Since all 
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• trajectories needed to determine 1,, originatf, at the top of the barrier, the 

reactive flux method avoids the need for trajectories to be activated. 

The reactive flux approach requires much less computer time than other 

methods. It has been used to simulate reactions in the liquid state!56,90,3]. 

Nevertheless, for very small or very large friction, the trajectories may recross 

the transition state many times before they are trapped and even the reactive 

flux becomes very costly in CPU time. 

3.2 An Approximate Method 

Here we describe an approximate method in which the initial states are sam­

pled according to p(±)(r) after which each trajectory is computed only until 

it is absorbed by an "absorbing boundary" at the transition state. This 

method allows determination of r;. as well as k and .kTsT and requires much 

less CPU time than does the full reactive flux calculation, outlined above, 

when applied to very low and very high friction regimes, i.e., when there 

are large deviations from the transition state .rate constant. Its accuracy is 

demonstrated by applying it to a simulation of one-dimensional Langevin 

dynamics in a symmetric double well. The resulting rate constant as a func­

tion of the friction constant agrees with Kramers' theoretical predictions 

over a very wide density range. We also compare the full time dependence 

of the reactive flux in a two-dimensional system with that determined by the 

absorbing boundary method. The agreement is very good and the method 

agrees with both the transition state rate and the real rate constants. 
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For simplicity, consider a symmetric double well potential with wells A 

and B (see Fig. 1), Let P(t-t') be the fraction oftrajectories which at time 

t' are at the transition state (x 0) moving towards well B (:i; > 0) and by 

time t have not yet recrossed x = 0. The flux crossing x = 0 for the first time 

is then J(t- t') = -8 1P(t- t'). If it is assumed that on recrossing the barrier 

the distribution of particles at the transition state is given by p(±) (r), then 

the population of particles that recross the transition state at time t' which 

have not recrossed a second time by time t is just P ( t - t'). If we assume 

that on every recrossing the distribution of particles at the trailJ'lition state 

is p(±l(r), then {l.l[x(t)I}+ can (thanks to Dave Hsu) be expressed in terms 

of P(t) and J(t) a;; 

(/J[x(t)])+ = P(t) + fo
1 
dt2 fo

1
' dt1P(t - t2)J(t2 ti)i(ti) 

+ fo
1 
dt4 fo1

' dt3 Iota dt2 ht, dt1P(t - t4)J(t4 ·• ta) 

xj(ts - t2)j(t2 - t1)i(ti) + ... . (3.8) 

The first term on the right represents the fraction of trajectories still in B 

at time t. The second term represents the fraction of trajectories that have 

crossed once from B to A, then crossed back to B .and been trapped. The 

quantity ;'(t1)dt1 is the fraction of trajectories crossing for the first time 

from B to A between t1 and t1 + dt1, the quantitiy J(t2 -t1)dt 2 is the fraction 

of trajectories that having arrived in well A at time t1 c1·oss for the first 

time back into B between t2 and t2 + dt2 , and the quantity· P(t - t2) is 

the fraction of trajectories that have never left B by time t given that they 
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first entered Bat time tz. It follows that fJ dt2 fJ' dt1P(t- t2)i(t2 ·-"t1)j(t1) 

is simply the fraction of trajectories that have undergone the sequence of' 

transitions B -+ A -+ B in time t. The third term in Eq.(3.8) represents 

trajectories making the sequence of crossings B --> A --> B -> A --> B in time 

t. Jn this way, it is easy to write the term corresponding to the sequence 

B -+ (A-➔ B)n. Eq.(3,8) represents the summation of all such terms for 

n = I to oo. Laplace transformation of Eq.(3.8) gives 

00 

(O(o))+ = P(s) I:!J'(s) 2l" (3.9) 
n:::;;0 

where P(s) and ](s) are the Laplace transforms of P(t) and j(t) respectively. 

Since j(t) = -8 1P(t), P(s) = (1- ](s))/s. Summation gives 

(3.10) 

'ro calculate (0[x(t)])_ we must recognize that the trajectories start out 

moving towards well A. Thus we must consider the fraction of trajectories 

corresponding to (A -➔ B)" for n = l to oo. This gives 

00 

(O(s)) - P(s)](s) I:lJ(s)2j" 
n=O 

l](s)(l - J(s)) 1 ](s) 
- -;; 1 ~ ](s)2 = s 1 + ](s) 

(3.11) 

From Eq.(3.6) it follows that the Laplace transform of the reactive flux is 

given by 

(3.12) 
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or 

k(s) 
P(s) 

2 - sP(s) 
(3.13) 

which is our principal result. 

The following model provides some insight. Assume that the fraction of 

particles entering the well at t = 0 which have not 1·ecrossed the transition 

state by time t is 

(3.14) 

where (1 -- To) is the fraction of trajectories which quickly leave well B and 

Toe·~k.t represents the trajectories which are trapped and subsequently leave 

with rate constant k2 (or equivalent mean first passage time k21). The 

Laplace transform of P(t) is 

• To P(s) = --. 
s + k2 

Inserting Eq.(3,15) in Eq.(3.13) and Laplace inverting gives 

(3.15) 

(3.16) 

The prefa.ctoJ· is the plateau value for the rate constant and the transmission 

coefficient is 
_k1+k,_ To 

l'v- - . 
f,TST 2- To 

(3.17) 

From Eq.(3.3) we 1·ecognize the argument of the exponential to be 

(3.18) 
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Combining Eqs.(3.17) and (3.18} we find · 

Zk2 
kTST = To 

24 

(3.19) 

where the transition state rate constant is given simply in terms of the frac­

tion of trajectories trapped quickly, To, and the rate for once trapped trajec­

tories to pass out of the well to the transition state, k2 • 

To and k2 can be found by taking a single well with an absorbing boundary 

at the transition state. The trajectories are sampled as in the calculation of 

k(t) {c.f. Eq.(3.5}}; however, when a trajectory recrosses the transition state 

we remove it. After a short time all the trajectories that leave quickly are 

absorbed and the fraction of trapped trajectories decays as T0e~k,t so. that k2 

may be found from this long time exponential decay. Eq.(3.13) may easily 

be extended to the case of the asymmetric double well potential. We find 

(3.20) 

where i\ ( s) and j, _ ( s) are the Laplace transformed well populations for 

particles which have not recrossed the transition state from wells A and B, 

respectively. If we calculate the reactive flux for the asymmetric double well 

potential using Eq.(3.20) along with 

{3.21} 

we find that 

(3.22) 
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Combining Eqs.(3.3),(3.4), and (3.22), the transition state theory rate con­

stant is found to be 

(3.23) 

3.3 Numerical Results 

The reactive flux has proved useful in simulations of reactions in condensed 

matter, These studies involve the solution of the equations of motion of a 

large number of molecules and require considerable CPU time, Even when 

the solvent is represented as a stochastic bath the simulations require much 

more time especially when the friction coefficient is very large or very small. 

The absorbing boundary method leads to a considerable saving of computer 

time in these simulations. 

To test the accuracy of the absorbing boundary method in determining 

the transmission coefficient, K, we have simulated a one-dimensional system 

using Langevin dynamics. The potential is piecewise parabolic with ba1Tier 

height Q, reactive well frequency wo, and barrier frequency WB, The equation 

of motion is the Markovian Langevin equation, Eq.(2.3), where the Gaussian 

random force R(t) has covariance (R(0)R(t)} = 2kBT1fJ(t - r,)/r. and r, is 

the correlation time of the force. These equations were integrated using an 

Adams-Moulton Predictor-Corrector algorithm [1] for (JQ = 10, wB/w0 = 
2, and 1000 trajectories for varying I and r,. r, was adjusted to insure 

the system dynamics were Markovian. The initial state distribution was 

chosen according to the distribution p(±l(r) given by Eq. (3.6). In this 
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1 

Figure 4: Numerical rate constants(•) compared with Kramers' theory(-) 
for a one-dimensional Markovian system. 

one-dimensional model, the position is initially constrained to the transition 

state while the velocity corresponds to the weighted distribution ve-µv• 12• 

The velocities were generated using the Box-Mueller sampling procedure 

(see Appendix). 

The p1·ediction of Kramers' theory (Chap. 2, Eqs.(2.5),(2.13), and (2.18)) 

for the overall rate constant k/ kTsT is compared with the simulation results 

obtained lliling the absorbing boundary method in Fig. 4. Error bars give 

the 95% confidence interval. We find excellent agreement between theory 

and simulation in both the low and high "/ limits (Fig. 4}. The simulatiqn 
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Figure .'i: Reactive flux as predicted by Eq.(3.13). 

data compare well with Kramers' theory in the asymptotic, low and high 7, 

regions. This lends support to the validity of the assumption underlying the 

absorbing boundary method. Further, the good agreement in the intermedi­

ate region supports the validity of the connection formula, Eq. (2.18). 

As a further test of how well the absorbing boundary method reproduces 

the full reactive flux we have substituted the numerical Laplace transform of 

the simulated well population P(t) into Eq.(3.13); This gives an approxima­

tion to k{s). Inverse Laplace transformation of k(s) gives the time dependent 

reactive flux k(t) defined by Eq. (3.2). 

In Fig. 5 the exact normalized reactive flux, k(t), is plotted as a function 

of time (-) against the inverse Laplace transform of Eq.(3,13) (· • •) using the 

simulation results for the well population P(t). The agreement is very good. 
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The absorbing boundary method even shows the wiggle in the transient decay 

regime, These tests indicate that the absorbing boundary method is accurate 

and useful for determining reaction rates and fluxes. 

3.4 Discussion 

We have shown how the rate constants k1 + k, and kTsT, and even the time 

dependence of the decay of k(t), may be found using the parameters for 

trapping and escape from a single well with an absorbing boundary at the 

transition state. The main assumption in our model is that the distribution 

of particles on recrossing the transition state is given by the distribution 

p(±J (r), This assumption is expressed by the simple product of fluxes in 

Eq,(3.8). 

It is useful to test this assumption before applying the absorbing bound­

ary method. We thus analyze the trajectories as they are absorbed.for the 

first time. Fig, 6 displays the velocity distributions for particles recrossing 

the transition state as they are absorbed. The continuous line shows the ex­

act velocity distribution given by p(+)(r), Eq.(3.6). The histogram displays 

normalized velocity distributions of those trajectories which recross quickly, 

numbering 1000(1- To). 

In the high friction regime, "I /wB = 10, the velocity distribution agrees 

with p(±)(r) implying that the absorbing boundary method should be an 

excellent approximation for this case. In the low friction regime, for "I/ WE = 

.01, however, the agreement is less satisfadory. This can be understood as 

follows. At low "I the momentum relaxation time will be long compared 
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Figure 6: Velocity distributions for trajectories absorbed at the transition 
state for a) 1/w 8 = .01 and b) 1/wB = 10. 

to the time spent in the weH by those particles recrossing quickly. If the 

trapping probability decreases with the initial total energy, the low energy 

trajectories will be trapped more frequently than others. Since the relaxation 

time is long, the particles recrossing will not relax quickly enough to conform 

to p(±) (r) and so we find deviations. Although these deviations give some 

indication of the accuracy of the absorbing boundary method, even for low 

friction, "I = .01, the method produces a value of 1,, in agreement with the 

l{ramers result. 

It is useful to make an estimate of the time saved using the absorbing 

boundary method. Let Tr/ and Tab denote the integration time required to 

determine 1,, and /;; 1 + kb using the reactive flux method and the absorbing 

boundary method, respectively. To determine T,·f, N trajectories are fol­

lowed for a time Ta necessary to determine 1,,e-(kr+k,)t, Then Tr/.= NTa, To 

determine Tab each of the N trajectories are followed until absorbed. Since 
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P(t) ~ T0e~k,t is the probability that a trajectory has not yet left well B in 

time t the average time that a trajectory is followed is 

(3.24) 

Since N(l - To) trajectories are rapidly absorbed and NTo trajectories are 

followed on the average for time (r), it follows that r •• NT0 (r) so that 
' 

r0,/r,1 = T0(1 - e~kzr>,)/k 2r1,. Since To<< 1 in either the very high or very 

low friction regimes, it follows then that r.,/r,1 << .l and the absorbing 

boundary method is preferred ove1· the reactive flux method. For /c2 r>, > 1 

there is a further reduction in the time required for this method. It always 

pays to use this method, In the comparison with Iframers' theory the points 

in the very low (1 = 10··4) and very high (1 = 10- 2) friction limits correspond 

to values of r,,/ r, 1 equal to .021 and .022, respectively, In such cases a full 

determination of the reactive flux would take prohibitively long times. 
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4 One-dimensional Non-Markovian Systems 

All realistic solvents have a finite relaxation time. This finite relaxation time 

is due to solvent memory effects in the form of high frequency collisions 

extending over finite periods of time, and low frequency, collective hydrody­

mimic effects[54]. It has been popular to model the system dynamics using 

the generalized Langevin equationl55,4,39], Eq.(2.6), where ~(t) is the time 

dependent friction kernel. As discussed in Chap. 2, the best theoretical rate 

constant for a one-dimensional non-Markovian system as a function of fric­

tion is given by the connection formula of Hynes, Eq.(2.18), where the energy 

diffusion rate is given by Eq.(2.9), and the spatial diffusion rate constant is 

the Grote-Hynes rate, Eq.(2.13). fa this section, simulation results will be 

presented which test the approximations intrinsic to Eq.(2.18). 6 

4.1 The Model 

The system consists of a one.dimensional bistable piecewise parabolic poten­

tial with weH and barrier frequencies w0 and W B, respectively. The friction 

is modeled as a single exponential 

(4.1) 

with correlation time re = 1xy where a is a constant and 1 is the zero fre­

quency friction. Large a implies a strongly non-Markovian solvent with a 

6 Muclt of the matel'iitl pl'eeented in this clrnpter appeal's in J.E.Stnmb, M.Borkovec and 
B.J.Ber11e, J, Gliem, Phys,, 83:3172, (1985) and J,E.Straub, M.Bol'lmvec a1,d B.J.Berne, 
ibid., 84:1788, (1986), Erratum and addendum, ibid., 80:107\l, (1987). 
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long relaxation time. The Markovian limit is reached as a -➔ 0. The barrier 

energy is Q. The units are determined by taking the barrier frequency, wa, 

the particle mass, and the barrier energy Q to be unity. 

All rate constants were calculated using the absorbing boundary method 

(Chap. 3). The equations of motion for the system follow from the fact that 

the one-dimensional generalized Langevin equation with exponential friction 

kernel can be expressed in terms of three Markovian equations(70,43J 

x - V 

ii 
au(x) 

- --+z 
ax 

z 1 1 
(4.2) = --v --z+e 

a ary 

where the fluctuation dissipation theorem for ((t) is given by 

(4.3) 

These equations wei·e integrated using au Adams-Moulton predictor correc­

tor algorithm(l]. The random force e(t) was kept constant during each time 

step (Sec. 3.3). Initially, x, v, and z are sampled from the equilibrium 

distribution, Eq. (3,6), such that x is the position of the transition state 

surface at the barrier maximum, v is sampled from the equilibrium distri­

bution ve~Pv' 12, and z is sampled from e~aP•' /2• The Box-Muellel' sampling 

p1·ocedure was used (see Appendix). A typical calculation for a single rate 

constant involved 1000 trajectories and required from 10 minutes to several 

hours on an FPS-164 attached processor. 
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It is important to note the difficulty in obtaining rate constants at high "I. 

With increasing "I the correlation time of the friction increases and the initial 

transient te1·ms in the calculation of the survival probability P(t) (Chap. 3) 

will decay more and more slowly. Remember that one must integrate past 

the transient decay to insure that the plateau region is reached. As a rule of 

thumb, it is best to integrate the population until it is found to be conetant 

over an order of magnitude in time. Since the relaxation time of the friction 

increases as 'I (Eq.(4.1)), so will the endpoint of a given calculation. This 

does not, however, imply that the calculation using the absorbing boundary 

method will also increase as 'I. While the CPU time required for a reac­

tive flux calculation increases as the endpoint of the calculation (see Sec. 

3.4), the CPU time required by the absorbing boundary method increases 

as the calculation endpoint times the fraction of surviving trajectories (Sec. 

3.4). At large "I, the rate constant varies inversely with 'I and therefore 

the actual calculation time required by the absorbing boundary method is 

approximately constant! 

4.2 Numerical Results 

The results are displayed in Fig. 7 where the transmission coefficient ,;; = 

k/ kTsT is plotted as a function of the static friction 'I for f3Q = 20 and 

aw1 = 4 / 3 for two different values of the frequency ratio a) w B / wo = 20 

and b) wn/w 0 = 2. The simulation for the full potential (•) and the in­

verted parabola (o), for which the theory of Grote and Hynes should be· 

most accurate, are shown with error bars representing the 95% confidence 
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Figure 7: Rate constants as a function of "I• 
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interval. The theoretical predictions are displayed for the energy diffusion 

rate Eq.(2.9) (--),the Grote-Hynes rate Eq;(2.13) (- - -), and the connection 

formula Eq.(2.18) (-). 

In both Figs. 7 a and b the simulation data for the full potential agree 

well with the predictions of the energy diffusion theory at small "I, increas­

ing linearly with Lqcreasing 'Y · However, at large 'Y in both cases the rate 

constants are substantially overestimated by the theoretical predictions. At 

high "I, the measured rate decreases with increasing "I as 1 / 'Y. 7 

The theory of Grote and Hynes consists of approximating the rate con­

stant for saddle crossing from reactant well to product well by the rate for 

crossing a harmonic barrier at the saddle point. The problem was approxi­

mately solved by expanding the potential in the barrier region as an inverted 

parabola with frequency WB and assuming a steady state distribution of 

states outside the barrier region[39,4lj. Therefore, any contributions due to 

nonlinearities in the force or deviations from the steady state distribution at 

the barrier would not be described by the connection formula Eq.(2.18). 

Figs, 7a and b also display simulation data for the inverted parabolic 

barrier in the absence of the reactant and p!'oduct wells. The data is in good 

agreement with the Grote-Hynes rate constant for all"(, This indicates that 

the failure of the interpolation formula Eq.(2.18) to describe the rate for the 

7 A number of checks on the calculational procedure were performed. First, the small "' 
limit was taken to insure that the calculated rates approached tlte Markovian !frame,-.' 
prediction. Second, the large c, limit was taken where the rate limiting step is energy 
diffusion over the entire range of 'Y• Good agreement was found for small and lal'ge 1· 
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Figure 8: Effective potential of Eq.(4.4). 

double well potential is due to dynamics involving the anharmonic regions 

of the potential. 

To better appreciate the origin of these deviations, we examine the short 

time behavior of the equations of motion for trajectories starting at the 

transition state. For short times, the friction kernel can be approximated 

by the constant ~(O) "° 1/ a. Inserting this into the generalized Langevin 

equation, Eq.(2.6), results in Hamilton's equations for a conservative system 

with the potential 

(4.4) 



4 ONE-DIMENSIONAL NON-MARKOVIAN SYSTEMS 37 

where U(x) is the piecewise parabolic potential. This potential is plotted 

in Fig. 8 for several values of the dimensionless quantity a' c,w'i,. For 

small a', the trajectory is caged at short times in a harmonic potential[ 110] 

while for larger a* the effective potential is a double well with barrier height 

dependent on a' as well as time. At longer times the effective potential 

relaxes to the bare potential U(x). 

A typical trajectory for the system corresponding to Fig. 7 b is shown 

in Fig. 9. Clearly, at short times the trajectory recrosses the transition 

state many times after reaching the turning points of the effective potential. 

These recrossings are not included in the connection formula Eq.(2.18) as 

they are due to the anharmonic parts of the potential. Further, note that the 

trajectory becomes trapped in the dynamic wells for many oscillations before 

being activated again and performing inertial recrossings of the transition 

state. This behavior is characteristic of trajectories in the underdamped, 

energy diffusion regime (see Fig. 2). Eventually, the effective potential 

relaxes and the center of the trajectory's oscillation drifts into the true well 

and becomes trapped. Th.is behavior is characteristic of trajectories in the 

overdamped, spatial diffusion regime (see Fig. 3). 

4,3 Discussion 

For non-Markovian systems, trajectories may be effectively "trapped" in a 

dynamic double well potential with an energy barrier much smaller than 

that of the bare potential U(a::) and with wells positioned much ~loser to the 
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Figure 9: A trajectory showing short time structure of Eq.(4.4). x ±a a.re 
the positions of the well minhna while w8 is the harmonic barrier frequency. 

barrier maximum than a.re the wells of U(x). This leads to short time mul­

tiple recrossings of the barrier not accounted for by either term in Eq.(2.18) 

resulting in much smaller rate constants. 

Since energy diffusion is expected to be much faater in many dimensions 

(see Chap. 2), it might be expected that should a dynamic double well 

exist, rapid energy diffusion in many dimensions will ca.use trajectories to be 

trapped once they leave the barrier region thereby justifying the connection 

formula, Eq.(2.18). To understand this consider an N-dimensional potential 

consisting of a reactive coordinate coupled to N -1 harmonic oscillators e,nd 

experiencing diagonal exponential friction, i.e., there is no coupling between 

coordinates due to the friction tensor. The potential is simply 

(4.5) 

where U(xi) is the bistable piecewise harmonic potential of the -reaction co­

ordinate xi, w; is the harmonic frequenty of the ith coupled oscillator, and 
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E; is the constant coupling the ith oscillator to the reaction coordinate. The 

quadratic shift in x1 insures that if one integrates over the N -1 coupled oscil­

lators the potential projected on x1 will be U(xi). For times short compared 

with the correlation time a1, the particle moves in the effective potential 

whose barrier height is shown in Fig. 10, with ws/w 0 = 2, as a function of 

n; for N = 1 (-), N = 3 (- -), and N = 5 (- • -). For the assumptions 

of Eq,(2.18) to be met, where kaH is the dominant contribution, a particle, 

after crossing the saddle and moving outside the barier region, must relax in 

the well. This implies that the rate for energy diffusion in the well should 

be fast. For many dimensional systems, the energy diffusion rate constant is 

given by Eq.(2.11)122], which varies approximately as the density of states 

of the reactant well. It depends strongly on the dimensionality of the system 
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Figure 11: Prefactor for the energy diffusion rate Eq.(2.11). 

as shown in Fig. 11 for N = 1 (-), N = 3 (- -), and N = 5 (- • -); 

A = kEDe/3(1 / I:, "Iii where k1w is the energy diffusion rate for escape from a 

single well. 8 

We see in Fig. 10 that for the interesting case of aw1 = 4/3 the barrier 

height of the effective double well potential is rather small so that the energy 

diffusion rate is not strongly affected by an increase in the dimensionality and 

therefore the trapping probability is not significantly greater. This implies 

that for many dimensional systems, for certain values of a, we might expect 

the dynamic double well to cause recrossings and large deviations. 

In addition to this effect, for many dimensional systems which are not 

strongly chaotic, as the friction is increased the number of modes partic­

ipating in energy diffusion is reduced (Chap. 5). This would imply that 

8I nn1 grateful to Michal Borkovec for providing this figllre. 
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while studies of isolated molecules indicate that many modes contribute to 

the rate, the dynamics of the solvated system may be described by substan­

tially fewer coordinates. This would lead to fewer degrees of freedom in the 

effective potential, slower energy diffusion, and significant deviations from 

Eq.(2.18). 

In conclusion, the above argument indicates that even for a molecule 

with many degrees of freedom, Eq.(2,18) may grossly overestimate the rate 

constant. The reactive degree of freedom experiences dynamic caging accom­

panied by ve1·y coherent recrossings of the banier; a feature not anticipated 

by Eq.(2.18). Thus, a proper theory of reactions in a non-Markovian bath 

has not yet been devised.9 

0 Attempts at solving this problem luwe recently been publislled by Okuyama and 
Oxtobyj79,80j. They treat the position as the slow variable and try to calculate the 
first passage Ume for diffusion from the reactant to produce well. We feel tlrnt this ap­
proach will not reproduce our data as Fig. 9 indicates that it is the energy, and not the 
position, that is the slow variable. 
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5 Two-dimensional Markovian Systems 

In this chapter we examine the dynamics of barrier crossing using a two­

dimensional Langevin equation in the low friction regime. We find that as 

the friction on the non-reactive mode is increased there is a transition from 

two-dimensional Markovian dynamics to one-dimen~ional non-Markovian dy­

namics resulting in a qualitative change in the behavior of the rate constant 

as a function of friction. This result supports the conclusion that existing 

theories which predict rates for energy activation in Markovian and non­

Markovian systems have limited ranges of validity. A method is proposed 

which analyzes the eigenvalues of the full system and provides a criterion for 

the validity of the various theories. These ideas are then used to interpret the 

results of a recent experimental study. We also include a speculative discus­

sion of the role of a random force in aiding intramolecular energy transfer. 10 

5.1 The Problem 

The Langevin equations for N linearly coupled harmonic oscillators may be 

exactly reduced to a one-dimensional generalized Langevin equation whose 

time dependent friction kernel will depend on the frequency, friction, and 

coupling parameters of the e·liminated coordinates. Similarly, the gener­

ali,ied Langevin equation, Eq.(2.6), may be transformed into a system of 

linearly coupled Markovian equations[75,16,l04,45]. The number of result­

ing equations will in general depend ori the time dependent friction kernel 
10 M!!ch of the material presented in this chapter appears in J,E.Straub and B.J.Beme, J, 

CJieni. Phys., 85:2999, (1980). 
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used. A Gaussian kemel 1·esults in an infinite set of equations, An exponen­

tial kernel requires three equations and is not isomorphic with a Markovian 

Langevin equation. However, certain kernels do lead to an equivalence bee 

tween Eqs.(2.6} and (2.10). 

It is obvious that whether one chooses to model the reaction system with 

N coupled Langevin equations 01· the equivalent one-dimensional generalized 

Langevin equation, the results must be identical. However, the energy acti­

vation rate constants corresponding to these two models, given by Eqs.(2.11) 

and (2.9) respectively, are certainly not the same. They most obviously dif­

fer in their prefactors, which show a different dependence on fJQ , and their 

frictional dependence, where Eq.(2,11) is a monotonically increasing func­

tion of the friction while Eq.(2,9) is capable of more complicated behavior. 

This implies that while the transformation from N linearly coupled Langevin 

equations to a one-dimensional generalized Langevin equation is exact, ap­

plication of the corresponding theories .for energy diffusion rates must be 

restricted. 

The derivation of Eq.(2,8) for the rate of energy activation has as its 

basic equation of motion the Zwanzig equation for energy diffusion!ll9,24]. 

In the derivation of this equation, one assumption is that all those coordi­

nates not treated explicitly, corresponding to those coordinates eliminated 

from the N-dimensional Langevin equation, must relax much faster than 

those coordinates treated explicitly.11 At any point in time the eliminated 

llThis is the first assumption of Ref. 1119]. 
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coordinates must be distributed according to their equilibrium thermal aver­

ages. The Zwanzig equation, and therefore Eq.(2.8), will be valid only when 

those coordinates which were eliminated from the corresponding set of cou­

pled Langevin equations are overdamped. 12 We define NISo to be the total 

number of coordinates which are actively coupled to the internal potential in 

the isolated molecule. When all coordinates are underdamped and the full 

phase space is chaotic, Eq.(2.11) will accurately predict the rate of energy 

activation where N = NISo. As the damping on NE of the N1so coordinates 

increases, to the point where they may be eliminated, the result is an effective 

NEFF = Nrso - NE dimensional generalized Langevin equation where the 

rate for energy activation will be given by the appropriate non-Markovian 

theory[ll 7]. 

When the phase space is not fully chaotic, the prefactor in Eq.(2.11) 

will be reduced by the portion of regular phase space which does not con­

tribute reactive trajectories[23]. In the limit where the friction goes to 

zero the random force fluctuations are very small and the rate reduces to 

Eq.(2.11) multiplied by X"' which is the measure in phase space of reactive 

trnjectories[23,14]. For larger frictions and temperatures the random force 

fluctuations are larger and may lead to an increase in X"' .13 

This is discussed fui'ther in Sec. 5.6. 

12 This condition has been clearly stated[119,24j; however, it was not closely followed in 
subsequent applicatio11s[25]. 

13 The study of Berne [14], along with [23J, examine only strong collision models. To say that 
the low friction limit of the weak collision model is given simply by Eq.(2.11) multiplied 
by X"' assumes that the energy diffusion coefficient D(E) is the same as for the fully 
chaotic system. 
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5.2 A Model System 

To make these ideas more concrete we examine the two-dimensional system 

(5.1) 

A similar set of equations has been studied for weak coupling in both the un­

derdamped and overdamped limits by Carmeli and Nitzan/25). They trans­

formed Eq.(5.1) into the corresponding generalized Langevin equation by 

elimination of x2 and obtained 

(5.2) 

where the Laplace transform of \"(t) is 

E
2 

8 + "/2 

;;_,J s2 + B"/2 + wf 
(5.3) 

and the effective potential is 

(5.4) 

They concluded that when the non-reactive mode, x2 , relaxed very quickly 

the time dependent friction kernel of Eq.(5.3) could be replaced by its zero 

frequency value resulting in a one-dimensional Markovian Langevin equation 

whose rate for energy activation would be given by Eq.(2,5) where 

(5.5} 
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For the case where x2 does not relax quickly, the one-dimensional non­

Markovian result similar to Eq.(2.9) was applied over a large range of cou­

pling where they found that the dependence of the rate constant on the 

activation energy, or temperature, was not affected by the mode-mode cou­

pling. 

In contrast to these results, our discussion implies that only for the case 

when the non-reactive mode relaxes quickly may Eq.(2.8), corresponding to 

the one-dimensional generalized Langevin equation, be used. When the non­

reactive mode is underdamped we must use the two-dimensional result of 

Eq.(2.11) which, as we have mentioned, has a different temperature depen­

dence than does Eq.(2.8). 

5.8 Simulation Results 

The transition state theory normalized rate constants were calculated using 

the rapid absorbing boundary version of the reactive flux (see Chap. 3). 

The runs were performed on an FPS-264 attached processor. The equa­

tions of motion were solved using an Adams-Moulton predictor-correctoT 

algorithrn[lj. The random force was taken to be a constant during each in­

tegration step[108). An average calculation using 1000 trajectories required 

several hours of CPU time. To define the total rate constant, k, for all fric­

tion we use the connection formula Eq.(2.18) where kEv is the appropriate 

energy diffusion rate theory. 

We wish to examine this system when the the rate for energy transfer 

to the reaction coordinate is relatively slow. To do this we set 11 = 0 in 
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Eq.(5.1) so that the bath acts directly only on the non-reactive coordinate 

x2 and the equations of motion are 

8U(xi) 
8x1 

-WiX2 - EX1 - "/2X2 + R2(t). (5.6) 

We·first examine the dynamics for the quartic reactive coordinate potential 

U(xi) (5.7) 

To determine N1so, we characterized the corresponding Hamiltonian sys­

tem by examining Poincare surfaces of section for various values of the cou­

pling strength E (Fig. 12). These diagrams describe the qualitative behavior 

of the transition to chaos for the bistable potential of Eq. (5. 7) for the reactive 

coordinate x1 . The surfaces of section are shown for total energy E = 1.01 

and coupling strength (indicated for each figure) which increases from left 

(no coupling) to right. For no coupling the phase space is fully regular with 

trapping tori, TT, and crossing tori, CT[31). As the coupling is increased 

there is the destruction of TT and the formation of primary islands. At the 
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strongest coupling there is a large measure of phase space which is, irregular 

while TT still exist. 

We found that there is no strong, or first order, transition to chaos. in 

this system. However, there is a si11able portion of phase space which is 

irregular for t 2': .85, while those portions which are regular often contain 

resonance tori which contribute to sizable resonant energy exchange between 

:i:1 and :i:2, This is supported by the results of critical point analysis[27j which 

indicate ,that the global inversion symmetry of the potential is important 

in stabilizing the diverging trajectories in the saddle region, It is possible 

that in the presence of collisions the condition that the Hamiltonian system 

be chaotic for there to be equipartitioning in the dissipative system is too 

strong. Collisions coupled with resonant energy exchange may be sufficient 

to partition energy between modes effectively, This idea will be discussed in 

greater detail in Sec. 5.6, 

We compare the simulation results with the theoretical predictions in Fig. 

13 for the case of large E leading to intermediate coupling. Rate constants 

are shown for the potential of Eq.(5.7) as a function of the static friction 

1 12 for {3Q = 5 , w2 = 0. 75 , "ll = 0 and E = 1.0. The simulation data 

with enor bars are represented by ch·cles, (o). The theoretical predictions 

are represented by lines: Grote-Hynes theory for saddle crossing Eq.(2.13) 

(- • -), and the overall rate using the connection formula of Eq.(2,18) for 

one (- -) and two (-) dimensions, using kED from Eqs.(2.8) and (2.11), 

respectively, 
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Figure 13: Itate constants for anisotropic friction, 

For large 1 the rate is accurately predicted by the one-dimensional theory, 14 

This is the adiabatic limit. As 'Y is decreased there is a gradual approach to­

wards the two-dimensional Markovian theory. This is expected, as for smaller 

'Y the rate for energy transfer between x1 and x 2 becomes comparable to the 

rate fot energy activation and so a larger portion of phase space contributes 

1·eactive trajectories leading to an increased initial slope of the rate constant 

as a function of 1. 

For the case of isotropic friction, corresponding to Eq.(5.1) with ry1 = ,y2, 

the reaction coordinate x1 directly experiences a friction and random force, 

In Fig, 14 the simulation results are compared with theoretical predictions. 

Rate constants for the potential of Eq.(5.7) as a function of the static friction 

'Y = "/2 are shown with f]Q = 5 , w2 0.75, ,y1 = "12 for a) € • 0.3 and b) 

14Tbe !'ate was calculated using Eq.(2.8) with E,1a, (2.7) and (2.8a) of Ref. 1118] 
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E = 1.0. The simulation data with error ba~s are represented by circles. The 

theoretical predictions are represented by lines as described for Fig. 13. 

The predicted rate for one-dimensional energy diffusion is much faster 

than the anisotropic case above. For very large 1, the rate is limited by 

spatial diffusion across the saddle, For small E and weak coupling, Fig. 14a 

shows the rate constants are accurately predicted by the one-dimensional 

theory over the full range of 1 simulated. For large E and intermediate 

coupling, Fig. 14b shows that at large 1 the rate is accurately predicted by 

the saddle crossing theory while for smaller friction the simulation results 

approach the two-dimensional theory. 

5.4 Adiabatic Elimination 

We would like to be able to predict when the transition from two to one­

dimensional dynamics is complete as the friction is increased, i.e., that 

value of the friction above which the rate constant is predicted by the one­

dimensional theory. We concentrate on the case where 71 = 0 (Fig. 13). We 

define a transition value of 1 2 as the approximate value of 1 2 separating the 

two and one-dimensional dynamics, The theory of " slaving," or adiabatic 

elimination ofvariables[42], predicts that when 12 is large, so that x 2 is over­

damped, one may set x2 = O in Eq.(5.6) and disregard the random force. We 

may then integrate in time to get x1 in terms of x2 and substitute in Eq.(6,6) 

to find an equation similar to Eq.(5.2) with 

(6.8) 
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Figure 14: Rate constants for isotropic friction. 
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If we use Eq.(5.8) in Eq.(2.8) we find, as expected, that for sma!l 72 the result 

differs dramatically from the result using the exact friction kernel of Eq.(5,3). 

However, as 72 is increased, after some 72 > > w2 the adiabatic result agrees 

well with the exact result. The transition value from adiabatic e/Jmination, 

"/AE, would be roughly that 72 whern tl1e adiabatic result is approximately 

equal to the result from full elimination. 

Comparison with Fig. 13 shows that the transition occurs at 72 < "/AE 

so that this criterion is too strong. We therefore need a criterion which is 

more sensitive to the internal dynamics of the system. 

5.5 Eigenvalue Analysis 

Another possibility lies in analyzing the behavior of the system eigenvalues 

as a function of the friction. 16 Since we are interested in energy diffusion, 

and therefore the dynamics in the wells, we first linearize Eq.(5.6) about 

the well minima and then Laplace transform, disregarding initial condition 

terms and fluctuating forces, we find the equation for the Laplace variable s 

where w1 is the frequency of the harmonic approximation to the reactive 

coordinate well frequency. The roots of this equation are the system eigen­

values. That Eq.(5.9) is a fourth degree polynomial indicates that there are 

four roots corresponding to the four degrees of freedom in the system, x1 , 

15This idea is central to tl1e qualitative theory of differential equations[8[, Similar ideas 
have been used by H1iuggi to examine the validity of the Grote-Hynes re!aUon\44j. 
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Figure 15: Schematic diagram of eigenvalues in various friction regimes. 

Fig. 15 describes the qualitative behavior of the eigenvalues for a) the 

anisotropic system of Fig. 13 where 'Y = ,y2 and ,y1 0 and b) the isotropic 

system of Fig; 14b where ,y = ,y2 and ,y1 = ,y2, for various values of the static 

friction (i) 'Y < 'YBI, (ii) 'Y ,:,/ 'YBI, and (iii} ,y > "/EI• "/BI is the approximate 

transition value, derived from the eigenvalue analysis, above which the rate 

constant should agree with the one-dimensional theory. In Fig. 15a, for 

small 'Y the roots consist of two complex conjugate pairs whose imaginary 

parts are much greater than their real parts. This implies that the system 

motion is highly oscillatory or underdamped. As "I is increased to "/Br, one 

complex conjugate pair moves onto the real line and bifurcates. One of the 

resulting real eigenvalues increases in magnitude with increasing 'Y while the 

other decrelllles becoming small negative. The other complex conjugate pair 

remains complex for all ry indicating that the corresponding modes are always 

underdamped. 
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This is clearly seen in Fig. 16. The ratio of the imaginary to real parts 

of the system eigenvalues is plotted as a function of "I for a) the anisotropic 

system of Fig. 13 and b) the isotropic system of Fig. 14b. The various 

approximations for the transition value for "I are marked on the abscissa. 

As "I is increased we find that fo~ one complex conjugate pair the real part 

approaches in magnitude the imaginary part and then the imaginary part 

goes to zero at "/BI , while the other pair decreases initially and then increases 

for "/ > "/AE , 

We may then interpret the behavior in Fig. 13 of the anisotropic system, 

where "I = "12 and "11 = O, as follows. For "I < < "/BI the eigenvalues consist of 

two complex conjugate pairs indicating two-dimensional underdamped mo­

tion. Here we expect that for a strongly chaotic system, two-dimensional 

dynamics will apply and the rate will be best predicted by Eq.(2.11) multi­

plied by the proper factor, X", for the fraction of phase space contributing 

reactive trajectories[23]. For "I > "/BI the eigenvalues consist of one com­

plex conjugate pair and one real pair. For couplings such that the major 

contribution to the reactive coordinate comes from the complex conjugate 

pair, the dynamics will correspond to one-dimensional energy diffusion of 

Eq.(2.8). For "I >> "/BI we reach the adiabatic limit where Eq.(5.8) will 

apply. While the transition is not sharp, we expect the transition between 

one and two-dimensional energy diffusion to occur near "/BI. Examining Fig. 

16a we find that "/BI most accurately predicts the value of the friction above 

which the system is one-dimensional, giving the least upper bound. 
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Figure 16: Eigenvalues as roots of Eq.(5.9) . 

As anothe1· example of the eigenvalue method, we examine the dynamics 

of Eq.(5.1) for the case of isotropic friction, 1 = 11 = 12 • The qualitative 

behavior is shown in Fig. 15b. We find that at small 'Y the system eigenval­

ues consist of two complex conjugate pairs, whose imaginary parts greatly 

exceed their real counterparts. This indicates that the dynamics will corre­

spond to two-dimensional energy diffusion, As 1 is increased, one pair moves 

onto the real line at 1~r leaving one complex conjugate pair practicing one­

dimensional energy diffusion. For 1 > 1tr the system is characterized by two 

small and two large negative eigenvalues. This is the mark of a truly over­

damped system, and spatial diffusion at the saddle will be rate limiting[44). 

This reduced dimensionality leads to a reduction of the slope of the l'ate 

constant as the friction is increased. Therefore, as 1 is increased we should 

first see two-dimensional energy diffusion followed by one-dimensional energy 

diffusion and a final transition to fully overdamped behavior wliere crossing 
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of the saddle is rate limiting. The simulation data shown in Fig. 14 support 

this conclusion. 

In summary, for an N-dimensional Markovian system we may linearize 

the equations of motion in the well resulting in 2N eigenvalues which char­

acterize the system dynamics. For small damping, the eigenvalues consist of 

N complex conjugate pairs with imaginary parts which greatly exceed their 

real counterparts. Here the dynamics should be described by N-dimensional 

energy diffusion. As the damping is increased, some NE complex conju­

gate pairs move towards the real line. When their imaginary parts approach 

in magnitude their real counterparts the motion will become overdamped 

in character and the co!'l'esponding coordinates may then be eliminated 

from the reaction system. Here the dynamics will be described by NEFF­

dimensional energy diffusion. As long as the reaction coordinate itself is 

not overdamped the system dynamics will remain underdamped in character 

with successively fewer degrees of freedom contributing to the rate as the 

damping on the non-reactive modes is increased. 

5.6 External Noise and Energy Transfer 

For the purposes of this discussion we will confine ourselves to a bistable co­

ordinate coupled to N - 1 oscillators. When the coordinates are uncoupled, 

the system is fully regular and there exist N constants of the motion for 

the system corresponding to the energies in each of the N independent co­

ordinates. The phase space may be decomposed into KAM surfaces labeled 

crossing tori, CT , and trapping tori, TT [31,18J. In two dimensions the CT 
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form a separatrix which confines the TT to either the reactant or product 

region {Fig. 12). As the coupling is increased, the KAM surfaces forming 

the separatrix will begin to break down leading to the formation of islands . 

and increasing areas of irregular phase space. At higher coupling, the TT 

will become unstable. 

In highly nonlinear systems, for certain couplings .and energy there may 

be a global transition to chaos where the full phase space is irregular. For 

other systems, such as Eqs.(5.6) and {5.7),there may be only a weak transi­

tion, i.e., for any value of the coupling there will still be preserved tori. In 

two dimensions, a KAM surface will form an uncrossable barrier. In three 

or more dimensions, all irregular regions of phase space are connected by an 

Arnold web and diffusion inside this web[65]. Other "partial barriers" ex­

ist. These may be Cantori[66,12] or KAM tori which are partially destroyed 

known as "vague tori" [88]. In each case, there is motion along these tori as 

well as slow diffusion across them. 

For weak collision models, the random force produces jumps in the mo­

mentum which cause transitions both along and between surfaces of constant 

energy. An activated trajectory may be thought to move in an energy shell 

whose width is determined by the short time fluctuations in energy which 

leave the trajectory activated. Below we discuss several mechanisms acting 

in. weak collision models which may lead to faster diffusion in the irregular 

portions ·of phase space, as well as an increased area of phase _space con­

tributing reactive trajectories. Fig. 17 is a schematic diagram describing 
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Figure 17: Schematic diagrams describing scenarios for the possible effect of 
external noise on trajectories in the energy diffusion regime. 
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the transition between adjacent energy levels due to perturbations from the 

random force. 16 The various scenarios are described below. 

5.6.1 Resonance Streaming 

If the phase space is partially regular, containing large islands or KAM sur­

faces, a random force may lead to an increased rate of diffusion through the 

chaotic region[65j, An irregular trajectory moving near a KAM torus, in the 

form of an island, may be kicked onto the torus from an irregular region by 

the random force. The trajectory may then "stream" a.long the resonance 

surface for some time, its phase being randomized, before being kicked off 

into an irregular region (Fig. 17a). The solid line depicts the motion of 

a trajectory where the various fragments are labeled in the order of their 

occurrence. 

If the torus is large, this may lead to a large jump in phase space and 

greatly enhanced diffusion. If the width of the island is t.r 1,1and , and the 

time between transitions is r, the diffusion due to resonance streaming will 

be approximately[66] 

D ~ (t.rf,tandl 
RS,...., • 

2r 
(6.10} 

5.6.2 Surface Crossing 

A kick of the random force may simply move a trajectory off a KAM surface, 

if the perturbation is large enough that the motion becomes unstable. This 

161 tl,ank Anders Wallqvist for helping in the production of this figure. 
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will depend on the size of the stable region about the KAM surface and the 

size of the random fluctuations, which in turn depends on the temperature 

and friction. 

A more complicated scenario for moving across a KAM surface is shown 

schematically in Fig. 17b where the solid line depicts the motion of two 

trajectories and the various fragments are labeled in the order· of their oc­

currence. The position of the KAM surface in phase space may change for 

changing energy. In the case of motion in a well, the area of phase space 

for each energy level will increase with increasing energy, Therefore, a tra­

jectory moving on or in a KAM surface may be kicked to a lower energy 

surface off or outside of the corresponding KAM surface. There it may dif­

fllile in the surrounding region before undergoing a transition up in energy. 

After this transition, the trajectory may be outside the original KAM sur­

face. This mechanism may act to accelerate diffusion across Cantori[66,12] 

as well as allow transitions across a KAM torus which would be forbidden in 

conservative systems. 

6.6,3 Resonance Diffusion 

This is similar to resonance streaming where the trajectory diffuses within • 

a resonance width[65J. A trajectory diffusing in a well undergoes transitions 

in energy _where the torus at higher energy is slightly displaced from the 
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torus at lower energy. This is depicted in Fig. 17c where the arrow indi­

cates a transition between two resonances on adjacent energy levels. The 

surrounding shaded region indicates the width of each resonance. 

If the difference in the torus position oi· size between energy levels is 

Llf width, and the transition time is r, the rate for diffusion is[65]. 

(5.11) 

In practice, some or all of these mechanisms may act to accelerate diffusion. 

The role that each plays will depend on the particular potential, the degree of 

irregularity, the detailed island structure, the temperature, and the friction. 

5. 7 Discussion 

We have examined the dynamics of many dimensional Markovian systems, 

both strongly anisotropic and isotropic, over a wide range of friction, We find 

that the system dynamics depends on the damping felt by each coordinate 

and that examination of the system eigenvalues is important in understand­

ing the behavior as a function of the friction coefficient. In particular, we 

have compared the pi'edictions of current theories for energy diffusion with 

simulation results for a two-dimensional Markovian system in the weak and 

intermediate coupling regimes. We find that one-dimensional theories, which 

eliminate non-reactive coordinates and treat the reactive coordinate with a 

renormalized friction and potential, have a limited range of validity. 

For small enough friction, the rate for energy transfer between the Nrso 

coupled.coordinates, assuming there is energy transfer, is faster than the rate 
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for energy activation, Therefore, all modes must be considered explicitly. 

The rate will be most accurately predicted by the N180 -dimensional Marko­

vian theory of Eq.(2.11) with the proper prefactol' for the measure of phase 

space contributing reactive trajectories. As the friction is increased on the 

non-reactive modes, these modes will eventually become overdamped so that 

their rate for energy ti'ansfer to the reactive mode is much less than the rate 

for energy activation. These modes, numbering NE, may then be eliminated. 

The reaction system will consist of NEFF = Nllso -NE dimensions where the 

rate is in general predicted by the Nm,·rdimensional non-Markovian theory. 

Of course, depending on the friction kernels, it may be appropriate to use an 

NEFrdimensional Markovian theory[22]. This results in a rate for energy 

diffusion which is, for reasonably high barriers Q >> knT, much less than 

that predicted by Eq.(2.11) using NEFF = Nrso• The approximate value of 

the friction for which elimination is valid may be determined by considering 

the quantitative features of the system eigenvalues. 

In applying these ideas, one must consider the details of the various as• 

sumptions made. In the process of energy diffusion, a particle wHI gain 

energy through small jumps imparted by the random force. For ve1·y low 

friction, the trajectory will remain activated for a long time before being 

deactivated. During this time it will move within an energy shell near the 

barrier top. The energy diffusion theory of Eq.(2,11) assumes that the tra­

jectory will cross the saddle many times before being deactivated so that its 

position will be randomized[22l (see Fig. 2). It will then be deactivated on 
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either side of the transition state with equal probability. This leads to the 

multiplicative factor of ½ for a symmetric system. 

For a particular physical system, the internal properties of the potential 

and the external properties of the random force will determine the validity of 

this assumption. For a given potential, there will be an average time, TRAN , 

for a trajectory to sample effectively all regions of the energy surface. This 

will be affected by the measure of irregular phase space in the isolated system 

which may contribute reactive trajectories [23], and the friction which may 

increase the measure of irregular trajectories. For a given friction, there will 

be an average time, r ACT , for which a trajectory energy remains in the region 

of the barrier with the possibility of crossing the transition state. The condi­

tion for the validity of Eq.(2.11) may then be expressed as r AOT > > 'TRAN• 

When TRAN > > TAOT the activated trajectory will not have time to cover the 

full phase space and so there will be a reduced density of states contributing 

reactive trajectories and a reduced prefactor in Eq,(2.11). 

A study of this effect has been made for the case of the BGK and strong 

collision models using a two-dimensional model potential[23]. Here, the par­

ticle is activated by a collision which thermalizes the momentum, or position 

and momentum, respectively. In each case, the majority of reacting trajecto­

ries are activated by a single collision and then move freely on an energy sur­

face until being deactivated by the next collision. If the activated trajectory 

is in a region of phase space bounded by a KAM surface[65], which prevents 

it from crnssing the transition state, it will never react[31,18]. Therefore, 
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for small collision frequencies, the rate constant for energy activation will be 

reduced by a factor which accounts for the portion of regular, non-reactive 

phase space, 

For a weak collision model such as Eq.(2.10), a trajectory is activated by 

the continuous action of an infinitesimal random force which causes displace­

ments in the position and momentum and therefore the energy. Contrary 

to the BGK and strong collision models, the activated trajectory's dynamics 

in the weak .collision limit is not solely determined by the inegularity, or 

intrinsic stochasticity, of a particular energy surface. Once activated, the 

trajectory is still subject to these weak collisions and thernfore undergoes 

transitions between adjacent energy surfaces. This mechanism of diffusion 

between energy surfaces, due to the external random force coupled to the 

internal diffusion on each particular energy surface, determines the extrinsic 

stochasticity of the system. The details of external random jumps in phase 

and action for the standard mapping has been studied in some detail[65]. 

In Sec. 5,6 we discussed a few mechanisms of extrinsic diffusion which may 

prove important and lead to quantitative differences between energy diffusion 

for the weak and strong collision models. 

Experimental results for the isomerization of cyclohexa.ne [49] have shown 

that as the pressure, or collision frequency, is increased there is a decrease in 

the slope of the rate constant as a function of pressure, or collision frequency. 

Recently, the many dimensional non-Markovian energy diffusion theory[117] 

has been used to interpret the experimental results[ 118]. It was decided, 
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from considerntion of the isolated system, that the dimension of the reaction 

system was most probably six. This led to the conclmion that the maximum 

in the rate occured in the gas phase, contrary to previous belief. Given our 

results, we question this conclusion. In particular, it is likely that while the 

low pressure behavior indicates a large number of dimensions contributing 

to the rate, at higher pressures a number of these.dimensions may be elim­

inated leading to a decrease in the initial slope with increasing friction and 

a maximum rate predicted by a lesser dimensional theory. If the number 

of effective dimensions is reduced, from six at low pressures to three or less 

at high pressures, the maximum will occur in the liquid phase!ll8]. Re­

cently Chandler, et al. have carried out BGK simulations.17 Their results 

corroborate our ideas. 

17D avid Chandler, personal cotnmtmication. 
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6 Non-Adiabatic Transitions 

Our previous discussion has concentrated on a classical, adiabatic description 

of the reaction coordinate. It was assumed that (1) the temperature was high 

enough that tunneling was negligible in comparison with activated crossing 

of the barrier, and (2) the electronic state of the reacting molecule followed 

the motion of the nuclei adiabatically. The adiabatic potential surface corre­

sponds to the ground state of the diagonalized Hamiltonian. These assump­

tions allow a simple description of nuclei moving on a Born-Oppenheimer 

potential surface according to Newton's equations of motion. 

For those physical systems where the temperature is below a certain tem­

perature, the "crossover temperature" [44), tunneling will be the dominant 

reaction channel and the first assumption will be violated[44). The effect of 

a solvent on the tunneling frequency was first examined by Wolynes[ 115] and 

has since been given much attention. A recent review of this work is given 

by Hanggi[44]. Also, Pollak has unified many of these ideas under a single 

formalism, the multidimensional transition state theory[84j. 

For those systems whose tempe1\ature is above the crossover temperature, 

the dominant contribution to the rate should be activated barrier crossing. 

However, for those systems whose splitting between t,he excited and ground 

state adiabatic potential energy surfaces is small, the assumption of adiabatic 

curve crossing may be violated. For isolated systems, non-adiabatic effects 

have been incorporated in semi-classical trajectory calculations by Tully and 
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Preston[107], and Miller and George[74]. These ideas and further -applica­

tions have been reviewed by Tully[106]. Recently, Cline and Wolynes have 

applied these techniques to study non-adiabatic effects in activated barrier 

crossing[57]. In this chapter, we review their work and present a statistical 

theory which accurately predicts their numerical results given the bafrier 

crossing rate for the corresponding adiabatic system. 

6.1 The Model of Cline and Wolynes 

Cline and Wolynes examined a system consisting of a nuclear reaction coor­

dinate, q, linearly coupled, by the parameter g, to a two-level system. The 

reaction coordinate moves in one of two electronic states which are modeled 

as harmonic wells centered at q = ±g. The Hamiltonian is given by 

(6.1) 

where u.,, are Pauli spin matrices, k is the matrix element which couples 

the two electronic states, and HB is the bath Hamiltonian. The diabatic 

and adiabatic potential surfaces are shown in Fig. 18. The transition state 

surface is chosen at the curve crossing point q = 0 which has energy Q = g2 / 2. 

The bath was incorporated using a stochastic BGK model[l9] which ther­

malizes the velocity of the reaction coordinate on each collision while sam­

pling collision times from a Poisson distribution with average collision fre­

quency d56]. Within the adiabatic approximation, the rate constant at low 

friction is given by the result of Skinner and Wolynes, Eq. (2.12), while the 
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Figure 18: Potential surface for the Cline-Wolynes model. 

high friction rate constant is given by the theOTy of Grote-Hynes, Eq. (2.13}. 

The rate for all friction is then given by the connection formula, Eq. (2.18}. 

If the electronic state surfaces a1·e strongly coupled, non-adiabatic effects 

are important. Cline and Wolynes used a surface hopping model to calculate 

non-adiabaticcorrections to the adiabatic theory. They performed a trajec­

tory calculation using the reactive flux formalism (Chap. 3); 104 trajectories 

were used for each rate constant calculation. Initially, those trajectories with 

q > 0 were placed on the left diabatic surface (Fig. 18) while those trajecto­

ries with q < 0 were on the left diabatic surface. The trajectories begin at 

the transition state q = 0 and then are propagated on the diabatic surface 

according to the BGK algorithm until they recross the transition state, at 

which point the probability of hopping to the other diabatk surface is cal­

culated. The trajectory is then either moved to the other diabp,tic surface, 

or continues on the present surface, Trajectories with initial velocity iJ. > 0 
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are immediately tested for curve c1·ossing ( as though they had started just 

to the left of the transition state) while those with initial velocity q < 0 are 

moved a.way from the surface and are only tested for crossing on return ( as 

though they had started just to the left of the transition state), 

The probability for curve crossing on a single passage through the curve 

crossing region is given approximately by the Landau-Zener-Stueckelberg 

formula[l06,52] 

P 1 e-2.-k' /nujF.-Fi I 
LZS = - (6.2) 

where F1,2 are the slopes of the diabatic potential surfac;>,s at the point of 

curve crossing and v is the velocity of the trajectory at the point of curve 

crossing. Note that for small velocities, where the nuclei move very slowly, 

the probability of curve crossing will approach unity and the reaction coor­

dinate will move on the adiabatic Born-Oppenheimer surface. 

Results for the BGK simulation of Cline and Wolynes are given in Table 

1 for the two non-adiabatic calculations and their corresponding adiabatic 

systems. 18 The parameters defining system 1 (2), chosen to approximate 

ligand binding to hemoproteins[57], in units of fiw, are k "" 0.3(:1243), g = 

1.87(4.1195), and (JQ = 21.0(4.0), The adiabatic rate constants agree well 

with the theory of Skinner and Wolynes, Eq. (2.12), at low collision frequency 

and with the spatial diffusion rate constant for a cusped barrier, Eq. (2.17), 

at high collision frequency. 

18We tliank Raymond Cline and Peter Wolynes for providing us with this data. 
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Table 1: BGK simulation results for the tl'a,nsmission coefficient K = k/kxsT. • 
as a function of coilision frequency, ,:. 

t Adiabatic System 1 Adiabatic System 2 
0.00 0.0000 0.0000 0.0000 0.0000 
0.05 0.1211 0.1298 0.0906 0.0693 
0.10 0.2703 0.2351 0.2036 0.1382 
0.20 0.4661 0.3545 0.3426 
0.30 0.6857 0.4562 0.5527 
0.40 0.7874 0.5290 0.6363 
0.50 0,8677 0.5516 0.7391 0.1713 
1.00 0.9344 0.5331 0.8471 0.1734 
1.50 0,9081 0.6194 0.8478 0.1716 
2.00 0.8870 0.5275 0.7372 0.1758 
3.50 0.8000 0.4817 0.5879 0.1306 
5.00 0.7275 0.4624 0.4767 0.1328 
7.00 0.6362 0.4122 0.3730 0.1316 
10.00 0.5443 0.3715 0.2815 0.1406 
15.00 0.4062 0.3141 0.2049 0.1049 
30.00 0.2460 0.2054 0.1107 0.0714 

The non-adiabatic rate .constants agree with the qualitative discussion 

presented by Cline and Wo!ynes. In particular, the maximum in the rate is 

given approximately by 

(6.3) 

where PPLZ is the average curve crossing probability for a trajectory crossing 

the transition state. 19 

19 01ine and Wolynes approximate Pu;s by replacing v in Eq. (6,2) with the average 
velodty o( the Maxwell distribution. A more a.ceuru.te a.pproximation is to replace v 
with the average velocity of U1e weighte<l distribution, Ec1. (3.0), corresponding to those 
trajectories crossing the tt·ansition state surface. • 
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6.2 Our Theory 

71 

Here, following, we apply the absorbing boundaTy formalism (Chap. 3) to 

the system of Cline and Wolynes. We only assume 1) that the distribution 

of those states recrossing the transition state is given by the equilibrium 

distribution, Eq. (3.6), and 2) that the velocity dependent probability for 

curve crossing, Eq. (6.2), can be replaced by its average value PLzs, For 

high bat'l'iers, the velocity probability distribution function fol' trajectories 

crossing the transition state surface, is strongly peaked and the average curve 

crossing probability is well approximated by Eq. (6.2), where v = (ksT/µ)½ 

whereµ is the reduced mass of the reaction coordinate. We restrict ourselves 

to a discussion of symmetric double wells. 

The reactive flux is given by Eq. (3.5) in terms of the averages {Olx(t)])± 

which are the fraction of trajectories in the product well which begin at the 

transition state with initial velocity ±q > 0. We would like to calculate the 

transmission coefficient, r;, = k / krST• We assume that there are two types of 

trajectories, those which move into the wells and are trapped for long times 

and those which rebound from the turning point of the potential, or are 

rnversed by collisions, and recross the transition state in a short time. This 

assumption is that of a separation of time scales necessary fo1· a plateau in 

the reactive flux {Chap. 3). 

To begin, we define some useful quantities. Consider those trajectories 

with initial velocity q > O which are on the left diabatic surface immediately 
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LEFT WELL. TRANSITION REC,IOl'l 12.IC\liT WELL 

Figure 19: Schematic diagram for the calculation of a and f3 where 
P = PLzs, 

to the left of the transition state (Fig. 19).20 Moving to the right, they 

immediately cross the transition state and are given the opportunity to cross 

curves so that a fraction, P LZS, immediately cross onto the right diabatic 

surface into the well region, while 1- P LZS reach the turning point of the left 

diabatic surface and return to the the transition state. Of those trajectories 

returning to the transition state, having q < O, a fraction 1- P LZS will remain 

on the left diabatic surface and move into the left well. The complementary 

fraction P LZS will cross onto the right diabatic surface, reach its turning 

point, and return to the transition state where trajectories may cross curves 

or move into the right well. Further, the total fraction of trajectories initiated 

20 These trajedories are in the transition region which corresponds to the excited state 
adiabatic potential surface. In the limit of low velocities, where PLzs ~ 1, trajedol'ies 
may remain on this excited state surface for very long times by repeatedly crossing curves. 
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just to the left of the transition state, having velocity q > O, which move from 

the transition region into the right well is given by 

w~ile the fraction which re.i,ch the left well is given by 

1- PLzs 
(J=l-a=-="----, 

1 + PLzs 

(6.4) 

(6.5) 

To include the effects of activated barrier crossing, we define T0 which is the 

probability that a trajectory Cl'Ossing the transition state and moving into a 

well will be trapped in that well for long times before recrossing the transition 

state (see Chap. 3). Using these quantities, we now calculate (O[x(t)])±. 

The scheme of Cline and Wolynes dictates that those trajectories forming 

the average (0[x(t)I)+ begin slightly to the left of the transition state on the 

left diabatic surface with q > 0 (Fig. 20). After some time, a fraction o: will 

move into the right well while a fraction /3 will move into the left well. Of 

those trajectories moving into the 1·ight well, a fraction T0 will be trapped for 

a long time while 1 ·-T 0 return to the transition region, Of those trajectories 

which return to the transition region from the right well, having q < O, a 

fraction /3 will move back into the right well while a fraction a will move into 

the left well. It follows that the fraction of trajectories which are trapped in 

the right well having never recrossed the transition state is o:S0 , where 

1- ,0(1-T,) 
(6.6) 
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Figure 20: Schematic diagram for the calculation of 80 , 

is the probability of being trapped in the right well, having started on the 

right diabatic surface moving out of the transition region with q > O, while 

never passing through the transition region into the left well, 

The total fraction of trajectories initially leaving the transition region 

moving into the right well which then recross the transition state, curve 

crossing to the left diabatic surface, and become trapped in the left well is 

80 (1 - 80 ). The fraction that recross the transition state twice and become 

trapped in the right well is 80 (1 - 80 ): and so on (Fig. 21). It follows 

that the total fraction of trajectories which are trapped In the right well, 

having initially moved out of the transition region into the right well, added 

to those trajectories trapped in the right well which initially moved out of 
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Lil.FT WE.LL 

Figure 21: Schematic diagram for the calculation of (O[x(t)]}+. 

the transition region into the left well is 

aS 0 (3S0 (l - So) 1 - f3So 
(O[:v(t)])+ = 1- (1 - s

0
)2 + 1- (1 - s.) 2 = 2 - s

0 
• (

6•7) 

Those trajectories forming the average (0[:v(t)I)_ begin slightly to the 

left of the transition state on the left diabatic surface, with q < 0. The 

trajectories then move out of the transition region into the left well where 

a fraction T0 will be tnl.pped for a long time while 1 - T0 return to the 

transition region. Of those trajectories which return to the transition region 

from the left well, having q > 0, a fraction a move back into the right well 

while a fraction () move into the left well. It follows that the total fraction of 

trajectories which are trapped in the right well having initial velocity q < 0 

is 

(O[x(t)l)_ = s.(1- s.) = 1 s •. 
' 1 - (1 - S0)2 2 - 80 

(6.8) 
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The transmission coefficient is 

(6,9) 

In the adiabatic limit, PLzs = 1, a= 1, (3 = 0, 80 = T0 , and K = T0 /(2 

T0) which is the transmission coefficient found in our previous adiabatic 

analysis, Eq. (3.17), In the strongly non-adiabatic limit, for T0 >> PLzs, 

Ko l',j a while for T0 << PLzs, K l',j T0 /2 which is the asymptotic adiabatic 

result for small T0• ,The largest deviations from the adiabatic theory should 

occur for intermediate collision frequency where the maximum in the rate 

constant is reduced by non-adiabatic effects. 

Notice that the maximum in our transmission coefficient for a given P izs 

is found for T0 = 1 where i;, = a and k = ak'l'sT, while Cline and Wolynes 

propose that the rate constant should show a maximum of k = PLzsk1•ST• 

The simulation results in Table 1 show a maximum in the transmission coef­

ficient of the diabatic rate data of approximately .552 (.176) fol' system 1 (2). 

An accurate calculation of PLzs produces .407 (.090) which, when combined 

with Eq. (6.4), correaponds to an a of .578 (.165). Therefore, our estimate of 

the maximum in the transmission coefficient is more accurate than the esti­

mate of Cline and Wolynes, showing better agreement with their simulation 

results. 
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6.3 Comparison 

It is straightforward to apply Eq. (6.9). Given the adiabatic rate constant, 

one may extract the trapping coefficient T0 using 

(6.10) 

The rate constant for any corresponding non-adiabatic system may theri be 

found by calculating the average curve crossing probability, PLzs, using Eq. 

(6.2) for the appropriate system parameters and substituting T0 and PLzs 

into Eqs. (6.4),(6.5),(6.6), and (6.9). 

In Fig. 22 we compare the predictions of Eq. (6.9) with the simulation 

data of Cline and Wolynes. The adiabatic prediction (-) is calculated using 

the theory of Skinner and Wolynes, Eq.(2.12), at low collision frequency, ~, 

and the spatial diffusion rate constant for a cusped barrier, Eq. (2.17), at 

large t; the non-adiabatic results (- -) follow from Eq. (6.9) while the sim­

ulation results are shown for the adibatic ( o) and non-adiabatic ( •) reactive 

flux calculations of Cline and Wolynes for a) system 1 and b) system 2. The 

agreement is excellent, indicating that our model accurately represents the 

dynamics of the stochastic simulation. The question of the physical validity 

of the model of Cline and Wolynes will be discussed in the section which 

follows. 
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Figure 22: Our theory compared to the simulation results of Table 1. 
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6.4 Discussion 

While our model accurately predicts the simulation results, it is unclear 

whether the model of Cline and Wolynes, while an excellent first step, ls a 

realistic one for measuring non-adiabatic curve crossing effects on activated 

1:ianier crossing. Below we focus on a number ofspecific problems. 

1) The Landau-Zener-Stueckelberg theory assumes that the velocity of 

particles in the curve crossing region is constant, or that the excess kinetic 

energy is large. This assumption is certainly a bad one for barrier crossing 

with reasonably high barriers. 'The average energy of those states crossing the 

barrier will be close to the barrier energy, with the average kinetic energy 

being knT, It is likely that the barrier maximum will be located at the 

point of curve crossing which will be very close to the turning points of the 

diabatic surfaces. The constant velocity assumption of the Landau-Zener­

Stueckelberg theory should be very poor. 

2) The classical trajectory method also assumes that there are no interfer­

ence effects for trajectories which remain in the excited state and oscillate for 

long times. Child has calculated the probability of curve crossing for the case 

when the slopes of the diabatic surfaces at the point of crossing, F1 and F2 , 

are of opposite sign, He finds that interference effects can be important[29]. 

Cline and Wolynes recognize this and have proposed a quantum mechanical 

model which attempts to include interference effects important in the cross­

ing region [57]. Also, note that the Landau-Zener-Stueckelberg calculation 

is asymptotic in time. It involves the calculation of the probability that a 
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wavefunction, initially at q = +oo, will be at q = -oo at t = +oo. In 

this application, the double well potential leads to bound states where the 

asymptotic limits used to separate states are not appropriate. 

3) The choice of initial conditions for the reactive flux calculation is some­

what arbitrary. It is not clear why the reactants and products have been 

separated spatially, to the right or left of the transition state, rather than 

according to which diabatic surface they reside on. The spatial separation, 

while an obvious extension of the reactive flux formalism, is ambiguous dur­

ing the transient period when trajectories spend time in the transition region. 

4) The connection formula proposed by Hynes, Eq. (2.18), can be un­

derstood as the sum of times for energy activation to the barrier ene1·gy and 

spatial diffusion through the barrier region, This model for electronic curve 

crossing has a cusped barrier and therefore lacks distinct well and barrier 

regions. The rate constant for spatial diffusion with a cusped barrier, Eq. 

(2.17), is the inverse mean passage time for traveling from the reactant well 

minimum to the minimum of the product well[62]. Therefore, because of 

the overlap in regions of spatial and energy diffusion, the time for energy 

activation added to the time for spatial diffusion from one well mlnimum 

to the other would overestimate the total time and underestimate the total 

rate constant and Eq. (2.18) cannot be applied to problems involving cusped 

barriers. 
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7 Conclusion 

We have presented an approximate method for calculating reaction rate con­

stants for activated barrier crossing, the absorbing boundary method. We 

were able to examine a number of physically distinct models for chemical 

reaction systems and study the validity of existing theoretical predictions for 

these systems. In addition, the formalism used to calculate the absorbing 

boundaxy rate constant proved useful in developing a statistical theory which 

incorporates non-adiabatic effects in activated barrier crossing. 

7.1 Is Transition State Theory Enough? 

We have tried to indicate how this method may be applied to stochastic 

simulation. Recently, we have applied the absorbing boundary method to the 

calculation of rate constants for a diatomic molecule, moving in a bistable 

potential, solvated in a Lennard-Jones fluid. Our results indicate that at low 

densities impulsive collision models may give a more accurate representation 

of the dynamics than the weak collision generalized Langevin equation. At 

high density we find that it is difficult to produce frictions which lead to 

large deviations from transition state theory. 

In any case, for most reacting molecules at low friction the reaction coor­

dinate is strongly coupled to several internal degrees of freedom leading to an 

energy activation rate which increases quickly as a function of friction (see 

Eq. (2,11)}, This restricts the energy activation regime to very low collision 

frequency so that it is difficult to measure experimentally[14,76]. Of course, 
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if some of the non-reactive modes are strongly coupled to the solvent it is 

possible that they will become overdamped and may be eliminated (Chap. 

5) reducing the size of the reaction system and the energy activation rate. 

Nevertheless, the large number of degrees of freedom of most systems, added 

to the difficulty of finding solvents which strongly damp the reaction coordi­

nate, implies that transition state theory may be a good estimate of the rate 

constant for many experimental systems over a wide range of friction. Recent 

computer experiments indicate that this is the case for A + BG reactions in 

rare gas solution[13]. 

While substantial deviations from transition state theory for large molec­

ular systems may be difficult to find, small deviations abound. Experiments 

on the isomerization of 1,1' binaphthyl[73] and stilbene[68,37,64] each show a 

rate reduced by an order of magnitude from the transition state theory value. 

Also, recent computer experiments using the absorbing boundary method 

have shown an order of maginitude reduction in the rate of rotational iso­

merization for the tyrosine 35 sidechain in aqueous bovine pancreatic trypsin 

inhibitor[38]. This simulation, while freezing out many modes, consisted of 

306 protein atoms and 162 water molecules. 

7.2 Biomolecular Systems 

These results are an indication of the size of dynamic calculation which is 

presently feasible. With the proliferation of supercomputers and fast vector 

processing techniques[113] it has become possible to study large molecular 

systems of biological interest. Protein conformational transitions[l0,33,59] 
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and enzyme substrate reactions[lOl,95,77] are particularly ripe for study. For 

instance, the passage of a K+ ion through the membrane ch,;mnel of solvated 

gramicidin A has been well characterized using energy minirnization[35], 

Monte Carlo[61], and fits of transition state theory to experimental data[34]. 

It would be interesting to study the dynamics of the ion passage using more 

accurate rate theories (Chap. 2) and numerical simulation (Chap. 3). 

In the Marcus theory of intermolecular electron transfer between, for 

example, cytochrome c oxidase and reductase[69,20,103], a number of pa­

rameters must be experimentally determined or modeled. These include the 

mean square separation of the charge transfer centers, dielectric constants of 

the surrounding protein and solvent, radii of the reactants, as well as force 

constants and bond lengths, and conformational changes preceding and fol­

lowing the electron transfer[71]. The separations and orientation of charge 

transfer centers are experimentally accessible. Recent calculations of elec­

tron transfer rates have indicated the need for more accurate data on solvent 

reorientational contributions to the free energy of oxidation[71). In addition, 

more detailed information on steric factors which account for nonspherical 

charge transfer probability would be useful as these factors are only crudely 

approximated for complex systems. 

Theories of electron transfer require an estimate of the probability for 

achieving a certain nuclear separation of the charge transfer centers. As 

we have seen, this probability can deviate from the transition state theory 

estimate. For systems at high temperatures, a classical trajectory analysis 
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of such systems could provide information on the rate at which the nuclei 

acheive the reactive separation and the solvent effects on that rate. In ad­

dition, our theory for the calculation of non-adiabatic effects on reaction 

rates ( Chap. 6) could provide information on the reduction in rate ·due to 

non-adiabatic transitions. 

1.3 Small Molecules and Models 

In addition to biochemical systems, smaller chemical reaction systems de­

serve more attention both theoretically and experimentally. The assump­

tion of chaotic motion for many dimensional systems in the low friction 

limit should be further examined[89,48]. Recently, calculations on a two­

dimensional reaction system using the impulsive BGK collisional model have 

shown large reductions in the rate for energy activation when the assumption 

of fast equipartitioning between vibrational modes is violated[23]. For this 

collision model, it was found that the absorbing boundary formalism ( Chap. 

3) could be extended to predict rate constants for any collision frequency 

given only the survival probability function P(t) of the isolated system, 

Interest should also be taken in resolving the current controversy over 

whether non-Markovian effects are important i.n real chemical systems. Bag­

chi and Oxtoby found that the theory of Grote and Hynesj54) could explain 

deviations from !framers' theory for the experimentally measured isomer­

ization rate of diphenyl butadienef9]. Since that time, Hochstrasser and 

coworkers, following the ideas of Velsko, Waldeck, and Fleming [111], have 

shown that Iframers' theory can flt this data if the zero frequency friction 



7 CONCLUSION 85 

parameter is derived from the rotational relaxation time rather than the bulk 

solvent viscosity[63], Experiments which vary the internal structure of the 

solvent, as well as it mass and size, should provide important information, 

It would be useful to examine the assumptions implicit in relating rota­

tional relaxation times to the friction experienced by the reaction coordinate. 

A molecular dynamics computer simulation of n-butane in a Lennard-Jones 

solvent could provide the rotational relaxation time of the whole molecule 

as well aa the memory function for the dihedral angle, the reaction coor­

diante for the trans-gauche isomerization, Results at various densities could 

be compared to examine the correlation between the zero frequency friction 

and the rotational relaxation time. Additionally, it has been suggested that 

the proper rotational relaxation time to be used in the isomerization of 1,1 '­

binaphthyl would be that of naphthalene rather than the whole molecule. 21 

By extending the calculation discussed above, numerically calculating the 

rotational relaxation time for ethane in the Lennard-Jones solvent, this sug­

gestion could be theoretically tested. 

21 Kenneth Eis(.mthal, personal commuufoation. 
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Appendix 

The following is a brief outline of how one can apply the absorbing boundary 

method to calculate rate constants. The quantities we are interested in 

calculating a1·e the survival probabilities P±(t) which are simply the number 

of trajectories initially entering the ( ~) reactant or ( +) product well which 

remain in the well, having not crossed the transition state, after time t, Sect. 

(3.2). One must average from 102 to 104 trajectories to obtain reasonable 

accuracy; the exact number will depend on the particular problem. Like 

most molecular dynamics calculations, the absorbing boundary method may 

be readily vectorized!113J. 

1) Choose the initfal conditions. The initial distribution of states corre­

sponds to 

Those trajectories with initial distribution p(+l(r) f01'm the average of P+(t) 

while those with initial distribution p(-)(r) form the average of P_(t). Of 

courne, for symmetl'ic systems, P+(t) = P-(t) and only one calculation is 

required. Initially the reaction coordinate x will be confined to the transition 

state x = 0 while the reaction coordinate velocity conforms to the weighted 

Gaussian distribution xe-f3!r,2/z, The remaining, complementary coordinates 

will be distributed according to the Maxwell-Boltzmann dist~ibution. The 

initial states are best generated by first calculating p(+l(r) and then simply 

reversing the velocities to produce p(-)(r)[15]. 
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If the reaction coordinate is linear in Cartesian coordinates, the distribu­

tion for the position and velocity of t,he reaction coordinate may be separated 

from the position and velocity of the complementary coordinates[21). This 

allows one to sample the initial state distibution p(±) (r) using the Box­

Mueller sampling procedure as follows, The Gaussian random variate q1 

with probability distribution function p(qi) = e-q1/Zu' is generated by[58] 

' q1 = [-20' 2logipi] 2 
cos(21rip2) (A.2) 

where 'Pl and 'P 2 a1·e random numbers unifo1·mly distributed between zero 

and one and u2 is the variance of the sampled Gaussian distribution. Simi­

larly, the random variate q2 with weighted Gaussian probability distribution 

function p(q2) = q2e-qU2u' is generated by[58) 

1 

qz = [-2u 2/og<p1] '. (A.3) 

If the reaction coordinate is curvilinear, one cannot in general separate 

the reaction coordinate velocity from the positions of the complementary 

modes and the Monte Carlo sampling procedure should be used[ 17) where the 

probability distribution sampled is not the Maxwell-Boltzmann distribution, 

but the weighted distribution Eq. (A,1). 

2) Integrate the trajectories. Check each step for crossing of the transition 

state. While very powerful integration algorithms exist, it has been shown 

that for most problems of interest in classical reaction dynamics, the velocity 
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version of the Verlet algorithm is the most eflicient[21]. The algorithm is 

given below[102J 

(A.4) 

where xis the position, vis the velocity, f(x) is the force divided by the mass 

of x, and his the time step. The particular time step used will vary depending 

on the stiffness of the equations and the accuracy desired. However, for 

trajectory calculations it is best to start looking for a time step between 

10- 2 and 10--3 times the highest oscillation frequency in the system. 

3) Calculate the survival probability P±(t) (or simply P(t) for symmetl'ic 

systems). Te1·minate the calculation after the survival probability is constant 

over an order of magnitude in time. 

4) Extract tlie plateau values T± (or simply T0 for symmetric systems). 

The transmission coefficient K,, the transition state normalized rate constant, 

is given simply as 

(A.5) 


