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Controlling a magnetic force microscope to track a magnetized
nanosize particle

Dimitar Baronov and Sean B. Andersson

Abstract—In this paper, we introduce a scheme for tracking
a magnetic nanoparticle moving in three-dimensions using a
magnetic force microscope (MFM). The stray magnetic �eld of
the magnetic particle induces a shift in the phase of oscillation
of the tip of the MFM. We present a nonlinear feedback control
law which translates the measurement of this phase shift into a
trajectory for the tip of the MFM and prove that this trajecto ry
converges to a neighborhood of the magnetic particle. The
viability of the proposed tracking scheme is veri�ed through
numerical simulations of the tracking algorithm.

Index Terms—Nanotechnology, magnetic force microscopy
(MFM), nonlinear systems, particle tracking

I. I NTRODUCTION

Magnetic nanoparticles are commonly used to label bio-
logical molecules. Motivated by this ability, we introducea
feedback control law which steers the tip of a magnetic force
microscope (MFM) to remain in a neighborhood of an isolated
magnetic particle. This law enables the magnetic particle to
be tracked in space and thereby yields information on the
dynamics of the molecule to which the particle is attached.

An MFM is an atomic force microscope (AFM) utilizing
a ferromagnetic probe as a tip. As in standard AFM, the
tip is raster-scanned over the sample to produce an image.
The typical approach to studying dynamic phenomena using
scanning force microscopes such as an MFM is time-lapse
imaging in which a series of images is acquired and then post-
processed to extract information about the motion of objects
of interest. The applicability of this approach is severely
limited due to the time needed to acquire even a single image.
In magnetic force microscopy, this time is on the order of
several minutes. Because there are many interesting systems
in molecular biology with time scales that are orders of mag-
nitude faster than this [1], there is great interest in improving
the temporal resolution of scanning probe microscopes. Most
approaches center on improving the speed at which the tip
can be moved while keeping the quality of the image high.
Despite recent success in this area, e.g. [2], [3], the rate of
image acquisition remains much slower than the rate of motion
of many biological molecules.

An alternative approach to improving the temporal resolu-
tion is to reduce the number of sampling points. Such non-
raster techniques take advantage of the measurements in real
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time to steer the tip to points where sampling is needed and
avoid regions where it is not [4], [5]. The algorithm developed
here uses the measurements obtained by the MFM to steer the
tip so that it tracks the motion of the magnetic nanoparticle.
Information about the motion of the particle is then extracted
from the motion and measurements of the tip rather than from
a sequence of images. The temporal resolution is driven by
the convergence rate of the control law and ultimately by the
performance bounds of the actuators.

The tracking control law builds upon earlier work of one
of the co-authors on reactive control laws for environmental
exploration [6], [7]. There are similarities between mapping
certain environmental quantities as temperature, substance
concentration, and radioactivity at the macro-scale, and imag-
ing in SFM. Both chart phenomena using a probe (the sensor
of a mobile vehicle or the tip of a scanning force microscope)
with a range much shorter than the spatial scale of the
phenomenon being studied. Due to the point-like nature of the
measurements, techniques are needed to increase the ef�ciency
and the speed with which these phenomena are evaluated
and their evolution is tracked. In applications at the macro-
scale, there is an extensive volume of literature describing
control laws which reactively achieve these objectives (e.g.
[8], [9]). These schemes typically rely on the use of multiple,
spatially distributed sensors and thus do not scale well to the
MFM application. In contrast, the techniques described in [6],
[7] rely only on a single sensor. Moreover, the algorithms
utilize geometric features of the spatial measurements that are
independent of the length scale. As a result they are well-suited
to being used to study nanometer-scale phenomena.

Portions of the present work have appeared in [10], [11].
Here we provide a high-level description of the application
of potential �eld-based tracking in MFM and a clearer pre-
sentation of the control laws as well as simulated tracking of
diffusing particles. The ability to track diffusing particles is
both biologically relevant and signi�cantly more challenging
than tracking particles undergoing steady motion. The funda-
mentals of the planar control law appeared in [6], [7], in the
context of mobile sensing and robotics. We apply that work in
the context of MFM and take advantage of the �eld topology
to extend the control law into three dimensions.

The remainder of this paper is organized as follows. In
the next section, we develop the theoretical model of the
interaction between the tip of the MFM and the magnetic
nanobead and describe the scalar potential �eld that is at the
heart of the tracking algorithm. The control law is derived and
analyzed in Section III. We then explore the ef�cacy of the
approach through numerical simulation in Section IV.
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II. FUNDAMENTALS OF POTENTIAL FIELD BASED

TRACKING IN THE CONTEXT OF AN MFM

The fundamental rationale behind our tracking scheme is
to utilize the MFM not as an imaging instrument but rather
as a feedback-controlled sensor. In an MFM, the cantilever is
typically driven into a small oscillation. As described below
(c.f. (5)), the interaction between the tip of the MFM and the
�eld of an isolated magnetic nanoparticle leads to a shift in
the phase of oscillation of the cantilever. This shift depends
on the relative position of the tip and the bead and can be
abstracted as ascalar potential �eld.

In prior work [6], [7] one of the authors has developed
control laws that rely on the measurements of a single sensor
to steer the system to either follow a contour of constant
potential or to seek a local extremum of the potential �eld.
These laws are driven primarily by the geometric properties
of the �eld which allows the laws to be adapted to the MFM
setting. A typical trajectory of the scheme is illustrated in
Fig. 1. The cyclical motion of the tip evident in the �gure
allows the algorithm to explore the local geometric structure
of the potential �eld, in turn allowing the control law described
in Sec. III to steer the tip so that it stays near the particle.As it
is the topology of this �eld that admits a tracking control law
of the form presented in Sec. III and that drives the steady-state
performance of our scheme, in this section we carefully derive
the form of the potential �eld in the context of the MFM and
discuss its topology.

Fig. 1. The trajectory of the MFM tip and the tracked particleunder a control
law which maintains the tip in the proximity of the particle.

A. The potential �eld in the context of the MFM

We start by describing the model of the interactions between
the tip and the magnetic particle. The magnetic force govern-
ing this interaction can be determined through the following
convolution integral [12]:

F(r tip ) = � 0

Z

tip

�
M tip (r 0) � r r tip

�
H s (r tip � r 0) dr 0; (1)

where� 0 is the magnetic permeability of free space,M tip :
R3 7! R3 is the magnetization of the tip,H s : R3 7! R3 is
the stray �eld of the sample andr tip 2 R3 is the position of
the tip relative to the center of the particle (Fig. 2).

To simplify the convolution integral, the MFM tip can be
abstracted as a point probe consisting of a magnetic dipole
[13]-[15], allowing (1) to be rewritten as:

F(r tip ) = � 0 (m � r ) H s(r tip + r m ); (2)

Fig. 2. MFM setup referenced to a magnetic particle. Herer tip is the
position vector of the tip relative to the particle center,dm is the distance of
the effective magnetic dipole moment relative to the end of the tip,ztip is the
distance from the end of the tip to the sample plane containing the center of
the magnetic particle,m s is the particle's magnetization vector, and� is the
angle between thex axiss andm s , given thatm s lies in thef x; z g plane.

wherem is the effective dipole moment andr m = f 0; 0; dm gT

is its position relative to the end of the tip.
In practice the magnetic force is determined implicitly

through its action on the motion of the cantilever. The tip is
forced to oscillate near its natural frequency and with a small
amplitude, typically between 10-100	A [13], [16]. As a result,
it is assumed that the tip oscillates purely on the vertical axis
and that its dynamics can be modeled as a damped, driven
harmonic oscillator,

d2ztip

dt2 +
! 0

Q
dztip

dt
+ ! 2

0(ztip � z0) = � 0! 2
0 cos(!t )+

! 2
0

k
Fz (r tip );

(3)
where ztip is the vertical distance between the tip and the
center of the particle,z0 is the probe-sample distance at zero
oscillation amplitude,� 0 is the amplitude of the driving signal,
! 0 is the natural frequency of the system,k is the spring
constant,Q is the quality factor of the oscillation, andFz is
the projection of the force given in (2) onto thez axis.

Because of the small amplitude of the oscillation, we
linearize the interaction force around the nominal displacement
z0:

Fz (r tip ) = Fz (r 0) +
dFz

dz

�
�
�
�
r = r 0

(ztip � z0) ; (4)

where r 0 is the nominal position of the tip relative to the
particle, that isr tip = r 0 + f 0; 0; ztip gT .

Note that the effect of the second term of (4) is to modify
the spring constant of the system described in (3). As a result,
the relative phase between the driving frequency and the tip's
oscillation changes. The total phase change can be shown to
be [13]:

��( r 0) = tan � 1

0

@�
Q 1

k F 0
z (r 0)

q
1 � 1

k F 0
z (r 0)

1

A (5)

where�� represents the phase of the oscillatory response of
the cantilever and whereF 0

z is given by

F 0
z (r 0) =

d
dz

(F � ẑ) = � 0mz
@2H z

@z2

�
�
�
�
r = r 0 + r m

(6)
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where we have assumed that the tip magnetization is vertical,
that is m = f 0; 0; mzgT . It is this phase change that is
measured in MFM. It is scalar-valued and depends upon the
relative position of the tip and the particle throughr 0. As
such,�� : R3 ! R is a scalar potential �eld. Our approach
to tracking will utilize the geometry of this �eld to design an
appropriate tracking scheme (c.f. Sec.III).

B. The topology of the phase change �eld

To understand the topology of the underlying �eld, we can
simplify (5) by taking into account thatF 0

z is small. This leads
to:

��( r 0) � �
Q
k

F 0
z (r 0):

The topology is thus completely determined byF 0
z . We note

that the orientation of this magnetization can be imposed prior
to using the tip by applying a suitable external magnetic �eld.

Taking into account that the particle can be assumed to be a
uniformly magnetized sphere, the stray �eldH s of the particle
can be written as:

H s(r )r>a =
1

4�

�
�

m s

r 3 +
3 (m s � r ) r

r 5

�
; (7)

where r is a radius vector whose origin coincides with the
center of the sphere,a is the radius of the sphere andm s is
the equivalent magnetic moment of the sphere. The moment
m s depends both on the material magnetization,M , and the
volume of the sphere:

m s =
4
3

�a 3M n̂; (8)

where n̂ is the unit vector specifying the orientation of the
magnetization.

Substituting (8) into (7) and then into (6) leads to the
following expression for the derivative of the force:

F 0
z (r 0 ) = bS(r 0); (9)

where the scale factorb is equal to:

b =
1
3

� 0mz a3M; (10)

and S is a mapS : R3 ! R of the nominal position of the
tip given by

S(r 0) =
@2

@z2

��
�

n̂
r 3 +

3 (n̂ � r ) r
r 5

�
� ẑ

� �
�
�
�
r = r 0 + f 0;0;dm gT

:

(11)
Rewriting the potential �eld�� using this result yields

��( r 0) = �
Q
k

bS(r 0):

The function S(r 0), for a given dm will determine the
geometry of the whole �eld. It can be assumed, without loss
of generality, that the direction of the magnetization vector of
the spherên lies in the f x; zg plane. Then, setting� to be

the angle between̂n and thef x; yg plane (Fig. 2) leads to the
following expression forS:

S(r 0) = �
3

4�
5x0z(3r xy � 4z2)

r 9 cos� +

+
3

4�

3r 4
xy � 24r 2

xy z2 + 8 z4

r 9 sin �
(12)

Here, r xy is the Euclidian length of the vectorr 0 =
f x0; y0; z0gT projected on the horizontal plane, andz =
z0 + dm .

Fig. 3 shows a simulated image of the phase shift in the
region around the particle, based on the developed model for
three different values of� and for z0 = 50 nm. For � = 0 ,
corresponding to the magnetization vector of the particle lying
in the sample plane, there are two distinguishing regions, one
determined by repelling forces, the other by attracting. As�
increases, the magnetization vector rotates out of the sample
plane and one of the poles becomes dominant at the expense
of the other.

The topology of the �eld�� provides a foundation for the
tracking control design. By tracking an extremum under the
assumption that the tip is actuated only in thef x; yg plane,
the position of the particle itself can be tracked.

With this perspective, we will design a control law which
has two components: one to track in a horizontal plane and one
to track in the vertical direction. The control law for tracking
in the horizontal plane will be aimed at steering the tip to
a neighborhood of the extremum for �xedz0. The vertical
tracking will utilize the strength of the signal as measuredin
this neighborhood to steer the tip to a desired plane above the
particle.

III. T RACKING CONTROL

As discussed in the previous section, our goal is to develop
a feedback control law which drives the tip of the MFM to
a region near the magnetic particle. Relative motion between
the tip and the sample in an MFM is commonly achieved
using piezo-electric actuators. These systems exhibit a vari-
ety of interesting and important dynamic effects, including
nonlinearities such as creep and hysteresis, as well as cross-
coupling between the axes, which must be accounted for to
ensure accurate control. There is, however, a large body of
existing literature on ef�cient and effective controllersfor
these systems (see, e.g. [17], [3] and discussions in [18]).For
the remainder of this paper, we will assume the existence of a
low-level controller that compensates for the dynamics of the
actuators and focus on trajectory determination. Under this
assumption, the motion of the tip can be modeled as:

_r 0 =
�

_r xy

uz

�
= u =

0

@
ux

uy

uz

1

A ; (13)

whereux , uy anduz are the available control inputs.
The input to any tracking control is limited to the measured

phase shift��( r 0(t)) of the tip oscillation. Therefore, a
continuous control law which steers the tip according to the
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(a) � = 0 (b) � = 45 deg (c) � = 90 deg

Fig. 3. The phase shift in degrees for three different valuesof � . The tip-sample separation was set toz0 = 50 nm and the following values of the parameters
were used:Q = 180 , k = 1 N/m, mz = 5 :1 � 10� 15 Am2 , dm = 300 nm, M = 480 � 103 A/m and a = 25 nm. (Note that the value forM is the
saturation magnetization of magnetite (F e2O2 ) and the values formz anddm were selected from experimental values in [14].)

speci�ed objectives has the general form:

u(t) = H
�

��( r 0(t)) ;
d
dt

��( r 0(t)) ;
d2

dt2 ��( r 0(t)) ; :::
�

:

(14)
The derivativesdn

dt n ��( r 0(t)) can be extracted thorough linear
�ltering of the measurement signal. In what follows, we will
�nd it advantageous to use the �rst derivative. To minimize the
effects of noise ampli�cation due to the derivative estimation,
however, we will not use any higher-order derivatives.

Both of the control laws presented in [6], [7] consider a
system moving in the plane with constant speed and subject
to nonholonomic constraints on its kinematics. To arti�cially
implement these speci�cs into the MFM setup, we choose the
form of the horizontal component of the inputu in (13) as

�
ux

uy

�
=

�
cos(� )
sin(� )

�

_� = !;
(15)

where� is the angle of the tangent vector of the tip motion in
the plane and! , the steering rate in the horizontal plane, is the
new control input. As discussed above,! can be a function
of both �� and d��

dt . Using (15) in the model (13) yields a
steering-controlled, constant-speed non-holonomic system.

To simplify the analysis of the convergence properties of
the control law, we will consider here a vertical magnetization
vector for the particle. As shown in Fig. 3, this is equivalent to
a single extremum for a given vertical displacement between
tip and particle. (If the magnetization is not vertical, then
the system will converge to one of the two extrema.) In this
context the control law can be related to the topology of
the �eld, with a new coordinate system, having coordinates
(�;  ; z 0) where� = kr xy k,  is the angle between the tangent
to the circles� = const and the heading of the tip (see Fig. 4),
andz0 is the vertical displacement. Transforming (15) into this
system yields:

_� = sin  (16a)

_ = ! +
1
�

cos (16b)

_z0 = v: (16c)

Here ! and v are the control inputs in the horizontal plane
and the vertical axis, respectively.

Fig. 4. The new coordinate system for �xed vertical displacement between
particle and tip.

In system (16), the derivative of the phase shift along the
trajectory of the tip is given by

dj�� j
dt

= r xy (j�� j) � _r xy +
@j�� j

@z
_z0

= � M xy sin � M zv; (17)

whereM xy = kr xy (��) k and M z = � @��
@z . Note that the

absolute value of the signal�� is used to convert extrema
into maxima, and it assures thatM z > 0 outside of the origin.

A. Tracking in the plane

If the tip is actuated only in the horizontal plane, that is
if v = 0 , then (17) leads to the following equation for the
evolution of the measured phase shift:

dj�� j
dt

= � M xy sin : (18)
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Equation (18) contains no explicit information about the
gradient,r xy (j�� j), or the distance from the extremum,� .
Nevertheless, we can utilize this input in a control law which
achieves the following design objective:steer the tip such that
lim t !1 � (t) � � c. One control law to achieve this behavior
asymptotically is given in Theorem 1 below.

Theorem 1:De�ne the sets

B =
�

r xy 2 R2

�
�
�
�

�
� 0

� ln
�
� 0

� 2
�

and

D =
�

f �;  gT 2 R2

�
�
�
�

�
� 0

� ln
�
� 0

+ cos  � 1
�

;

for some� 0 > 0. If for � 2 B , the magnitude of gradient
is such thatkr xy (j�� j)k > � , where � is some positive
constant, then the control law de�ned by:

! =
1
� 0

�
1 � K

d
dt

j�� j
�

; (19)

whereK is suf�ciently large, steers the tip to within a distance
� 0 from the extremum, that is

kr xy (t)k ! � 0; (20)

as t ! 1 , given thatf � (0);  (0)gT 2 D.
Proof: The candidate Lyapunov function is:

V (�;  ) =
Z �

� 0

�
1
� 0

�
1
y

�
dy + (1 + cos  )

=
�
� 0

� ln
�
� 0

+ cos  : (21)

Note that
R�

� 0

�
1

� 0
� 1

y

�
dy > 0, for � 6= � 0 and is unbounded.

Therefore, the function will be positive de�nite in the interval
 2 [ �

2 ; 3�
2 ], or D = ff �;  gT 2 R2jV (�;  ) � 1g will be

a compact set. Taking the derivative on the trajectory of the
system yields:

_V = �
1
� 0

sin2  
�

MK �
1 + cos 

sin  
1
�

�
:

In the interval, 2 [ �
2 ; 3�

2 ],
�
�
�
�
1 + cos 

sin  

�
�
�
� < 1:

Moreover, since� 2 D implies � 2 B , it follows thatM � � .
Therefore, choosingK , such that

K �
1
�

sup
�; 2 D

� �
�
�
�
1 + cos 

sin  

�
�
�
�

1
�

�

makes _V � 0. In this case, LaSalle's invariance principle [19]
guarantees the asymptotic convergence of the system to the
equilibrium � = � 0;  = � , which proves (20).

For a more general version of this control law, see [7].
We note that this theorem establishes that the value of the

control gainK depends explicitly on a lower bound for the
magnitude of the gradient of the potential �eld. In practice,
one can chooseK relatively large and then adjust it to improve
performance, in a fashion similar to how the control gains can
be adjusted by a user in a standard MFM to improve imaging.

B. Extension of the tracking control to the vertical direction

Theorem 1 establishes that given an arbitrary constant
elevationz0, under the control law (19), the tip will converge
to the cylinder� = f r 2 R3 : � = � 0g (Fig. 5) independent
of the value of the potential function on the surface of this
cylinder. In other words, the tip's �nal trajectory under the
horizontal tracking law is invariant with respect to the value
of the potential. This property, together with the fact thatj�� j
is a strictly decreasing function ofz0 (M z > 0), on the surface
of the cylinder, allow us to utilize the magnitudej�� j for the
vertical tracking through the control law

v = K z(j�� j � C): (22)

Fig. 5. Under the planar control law of Theorem 1, the tip converges to
a cylinder whose radius is independent of the value of the potential on that
cylinder. Tracking in the vertical direction is achieved bydriving the tip to a
desired potential value as described in Theorem 2. A sample trajectory as the
tip ascends to a desired vertical separation� z0 is shown here.

The set� \ fj �� j = Cg corresponds to a circle lying on a
horizontal plane with radius� 0 and elevation� z0. Then, the
3D tracking will be equivalent to this set being the invariant
set for the tip's trajectory under the combined control (19)and
(22).

Theorem 2:Given a constantC > 0, there exists a neigh-
borhoodB � R3 around the pointZ0 = f � = � 0;  = �; z 0 =
� z0g, for which the control law:

! =
1
� 0

�
1 � K

d
dt

j�� j
�

;

v = K z (j�� j � C);
(23)

K; K z > 0, steers system (16) toZ0, for all Z (t) 2 B .
Proof: Linearizing (16) aroundZ0 under the control (23)

yields:

d
dt

2

4
��
� 
�z

3

5 =

2

4
0 � 1 0
1

� 2
0

� K
� 0

M xy � KK z
� 0

M 2
z

� K zM xy 0 � K zM z

3

5

2

4
��
� 
�z

3

5 :

Given thatM xy ; M z > 0 the matrix is Hurwitz and therefore
the linearized system is stable.
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The proposed approach consists of two stages. In the
initialization stage, the tip is scanned over the sample until a
�eld value larger than some prede�ned constant is detected.At
that point, the second stage begins in which the tip is steered
according to (23). The speed of the tip in the horizontal plane
is set by scaling(ux ; uy ) in (15); a faster speed translates
directly to an ability to track faster particles. The speed is
limited, however, by two primary factors. First, as discussed
at the beginning of this section, we assume there is a low-level
controller that can faithfully follow the trajectories produced
by the tracking algorithm. Any such controller is necessarily
limited in bandwidth, placing an upper bound on the allowable
the speed of the tip. Second, and most likely the limiting factor,
is that the model of the potential �eld developed in Sec. II
is based on the steady state response of the tip oscillation.
The speed of the tip must thus be slow with respect to
the convergence rate of the oscillations. This constraint is
mitigated somewhat by the fact that the tip is controlled to
move near a line of constant phase�� , implying small-
amplitude transients in the measured signal. It is also important
to note that the planar control law assumes a constant value
for z0 and thus the convergence rate in the vertical direction
must be kept small relative to that of the planar law. This can
be enforced by choosingK z small relative toK in (23).

IV. N UMERICAL SIMULATIONS

To illustrate the approach described in this paper, we simu-
lated tracking of a150nm magnetic particle diffusing in 3-D.
The characteristics of the control law were investigated against
a range of different values for the diffusion constant. The mag-
netic �eld emanating from the particle was modeled according
to Sec. II. We added thermal noise modeled according to [20]:

� F 0
z

=
1

� rms

s
2kkbT B

! 0Q
; (24)

where � rms = 10 nm is the root mean-square amplitude of
the tip oscillation,kb is Boltzmann's constant,T = 300 K
is the ambient temperature andB is the bandwidth of the
measurements. Using the linearization of (5), we can propagate
this noise into the phase shift:

� � � =
Q
k

� F 0
z
: (25)

A. Model considerations

Since in a practical system, the control law will most likely
be implemented in the discrete domain, the tracking was
implemented using a zero-order hold over the sample time
of the controller. Under this assumption, the discrete time
evolution of the controlled system is given by:

r xy (tk+1 ) = r xy (tk )

+ v
� t

� k+1 � � k

�
sin � k+1 � sin � k

� cos� k+1 + cos � k

�

� k+1 = � k (26)

+
v
� 0

�
� t �

1
V

K (j� � (tk+1 )j � j � � (tk )j)
�

z0(tk+1 ) = z0(tk ) + � tK z (j� � (tk )j � C)) ;

where we have introducedv = k_r xy k to denote the velocity
of the tip in the horizontal plane and� t = tk+1 � tk .

The intervaltk+1 � tk is set equal to1
B , whereB is the

bandwidth of the measurements. Therefore, from (26), the
following parameters characterize the tracking control: the
bandwidthB , the velocityv, the control gains� 0, K andK z

and the desired potential levelC.
For the horizontal component of the tip's motion, given that

� k+1 � � k is suf�ciently small, the displacement of the tip in
one time step yields:

kr xy (tk+1 ) � r xy (tk )k � (tk+1 � tk )v =
v
B

= dtip : (27)

In the simulations that follow, we �xdtip = 10 nm and
� 0 = 60 nm. With a �xed value fordtip , the bandwidthB
determines the horizontal component of the velocity of the
tip. To track particles with large diffusion constants, this speed
should be as large as possible. As shown in (24), however, the
noise increases as

p
B and thus increasingB decreases the

signal-to-noise ratio. In the following simulations, we set the
bandwidth to eitherB = 0 :5 kHz corresponding to noise of
� � � = 0 :28 deg or toB = 1 :5 kHz, corresponding to� � � =
0:48 deg. The tip's horizontal velocities are respectivelyv = 5
� m/s andv = 15 � m/s.

The rest of the control parameters were selected through
hand-tuning toK = 100 nm/deg,K z = 20 nm/deg.s and
C = 2 deg. The resulting steady-state vertical displacement
is z0 � 250 nm. Therefore, the nominal distance between the
particle's center and the position of the tip yields:

Dnominal =
q

� 2
0 + z2

0 = 254 nm (28)

B. Tracking of a diffusing particle

Given a bandwidth,B , the diffusion motion of the spherical
particle is simulated through:

r p
k+1 = r P

k +

r
2D
B

wk ; (29)

wherewk 2 R3 is a zero mean, unit variance Gaussian white
noise process andD is the diffusion constant.

Fig. 6 displays the trajectories of the particle and of the
tip over one second for a typical run withD = 0 :05 � m2/s
andB = 1 :5 kHz. As expected the tip's trajectory is above the
particle's trajectory. Fig. 7 shows how the distance between the
particle and the tip evolves on the trajectories simulated on Fig.
6. It can be observed that the actual distance varies around the
nominal one,Dnominal = 254 nm. We note that this data can
be further �ltered to estimate the trajectory of the particle with
more accuracy. The quality of the reconstruction is ultimately
limited by the variance in the tip-particle separation.

As the diffusion constant is increased, it is expected that
the variance in this distance will increase. At a critical value
for D , the particle will escape the convergence region of the
tracking law and tracking will fail.

To further illustrate this behavior we have simulated the
proposed control law under different values of the diffusion
constant. The standard deviation of the distance between the
tip and the particle is plotted on Fig. 8. At larger values of the
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Fig. 6. The trajectory of the tip (blue) and the trajectory ofthe particle (green)
for durations of 1 sec and bandwidthB = 1 :5 kHz, andD = 0 :05 � m2=s

Fig. 7. The distance between the tip and the center of the particle for the
trajectories in Fig. 6

diffusion constant, a higher bandwidth leads to better tracking.
This, however, is not valid for low values of the diffusion
constant. This is due to the fact that in the limit, when the
particle is static, that isD = 0 , the higher the bandwidth the
bigger the noise distorting the measurements.

V. CONCLUSIONS

In this paper we have developed a novel scheme for studying
the dynamics of studying single biological macromolecules.
By �rst labeling the macromolecule with a magnetic tag and
then using an MFM to track the motion of that tag, a temporal
resolution far superior to that achievable through time-lapse
imaging should be possible.
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Fig. 8. The standard deviation of the total distance betweentip and particle,
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