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Abstract—In this paper, we introduce a scheme for tracking time to steer the tip to points where sampling is needed and
a magnetic nanoparticle moving in three-dimensions using a avoid regions where it is not [4], [5]. The algorithm deveiop
magnetic force microscope (MFM). The stray magnetic eld of pare yses the measurements obtained by the MFM to steer the
the magnetic particle induces a shift in the phase of osciltin fi that it tracks th ti f th i ticl
of the tip of the MFM. We present a nonlinear feedback control Ip so _a It tracks the m(_) Ion ot the mf’;lgng Ic nanoparticie
law which translates the measurement of this phase shift imta Information about the motion of the particle is then exteact
trajectory for the tip of the MFM and prove that this trajecto ry  from the motion and measurements of the tip rather than from
converges to a neighborhood of the magnetic particle. The a sequence of images. The temporal resolution is driven by

viability of the proposed tracking scheme is veried through e convergence rate of the control law and ultimately by the
numerical simulations of the tracking algorithm.
performance bounds of the actuators.

Index Terms—Nanotechnology, magnetic force microscopy

(MFM), nonlinear systems, particle tracking The tracking control law builds upon earlier work of one
of the co-authors on reactive control laws for environmkenta
. INTRODUCTION exploration [6], [7]. There are similarities between mangpi

Magnetic nanoparticles are commonly used to label bigertain environmental quantities as temperature, substan
logical molecules. Motivated by this ability, we introduee concentration, and radioactivity at the macro-scale, amayi
feedback control law which steers the tip of a magnetic foréeg in SFM. Both chart phenomena using a probe (the sensor
microscope (MFM) to remain in a neighborhood of an isolate@f @ mobile vehicle or the tip of a scanning force microscope)
magnetic particle. This law enables the magnetic partisle With a range much shorter than the spatial scale of the
be tracked in space and thereby yields information on ti¥enomenon being studied. Due to the point-like nature®f th
dynamics of the molecule to which the particle is attached.measurements, techniques are needed to increase thenef/cie

An MFM is an atomic force microscope (AFM) utilizingand the speed with which these phenomena are evaluated
a ferromagnetic probe as a tip. As in standard AFM, th@nd their evolution is tracked. In applications at the macro
tip is raster-scanned over the sample to produce an imag@{:ﬂe, there is an extensive volume of literature desagibin
The typical approach to studying dynamic phenomena usiagntrol laws which reactively achieve these objectives.(e.
scanning force microscopes such as an MFM is time-lapiéd, [9]). These schemes typically rely on the use of mudijpl
imaging in which a series of images is acquired and then pospatially distributed sensors and thus do not scale weléo t
processed to extract information about the motion of objed¥iFM application. In contrast, the techniques describedin |
of interest. The applicability of this approach is severellf] rely only on a single sensor. Moreover, the algorithms
limited due to the time needed to acquire even a single imagéllize geometric features of the spatial measurementsattea
In magnetic force microscopy, this time is on the order dhdependent of the length scale. As a result they are wéttcu
several minutes. Because there are many interesting systégnbeing used to study nanometer-scale phenomena.
in molecular biology with time scales that are orders of mag-
nitude faster than this [1], there is great interest in invprg
the temporal resolution of scanning probe microscopestM

Ezﬁrgic;?v;;r\:ﬁ:l;nkelgnp?:;wtr;% tthaﬁt?/ e(e)]?l tﬁte \gvr:;:;eﬂr]]?g ?Igntation of the control laws as well as simulated trackihg o
Despite recent success in this area, e.g. [2], [3], the rate dﬁusmg particles. The ability to track diffusing pais is

image acquisition remains much slower than the rate of motiﬁfg: tt; fcliﬁ:cangrtri Ilz\;aﬂ:]gg:j ;'r?n'sigggy ?nqgtrii:h'?ugrgn d
of many biological molecules. gp going Y '

An alternative approach to improving the temporal resollﬁUentals of the planar control law appeared in [6], [7], in the

ontext of mobile sensing and robotics. We apply that work in

tion is to reduce the number of sampling points. Such nofj- text of MEM and take advant t the eld toool
raster techniques take advantage of the measurementslin g context o and fake advantage ot the -eld topology
to extend the control law into three dimensions.

Portions of the present work have appeared in [10], [11].
ere we provide a high-level description of the application
potential eld-based tracking in MFM and a clearer pre-
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Il. FUNDAMENTALS OF POTENTIAL FIELD BASED _
TRACKING IN THE CONTEXT OF ANMFM i
The fundamental rationale behind our tracking scheme is
to utilize the MFM not as an imaging instrument but rather d,,
as a feedback-controlled sensor. In an MFM, the cantilever i —
typically driven into a small oscillation. As described b! z.
(c.f. (5)), the interaction between the tip of the MFM and the ~%P
eld of an isolated magnetic nanopatrticle leads to a shift in —
the phase of oscillation of the cantilever. This shift defgen
on the relative position of the tip and the bead and can be
abstracted as scalar potential eld
In prior work [6], [7] one of the authors has developefid- 2. MFM setup referenced to a magnetic particle. Heye is the
control laws that rely on the measurements of a single sen 05|t|fcf)n vector of the tip relative to the particle cent, is the d|§tance of
: effective magnetic dipole moment relative to the endheftip,zp is the
to steer the system to either follow a contour of constasistance from the end of the tip to the sample plane congittie center of
potential or to seek a local extremum of the potential eldthe magnetic particlems is the particle's magnetization vector, andis the
These laws are driven primarily by the geometric propertigggle between thg axiss andms, given thatms lies in thefx; zg plane.
of the eld which allows the laws to be adapted to the MFM
setting. A typical trajectory of the scheme is illustrated i
Fig.1. The cyclical motion of the tip evident in the gure
allows the algorithm to explore the local geometric struetu
of the potential eld, in turn allowing the control law degoed
in Sec. lll to steer the tip so that it stays near the partisteit

wherem is the effective dipole moment amg, = f0;0; d,g"
is its position relative to the end of the tip.

In practice the magnetic force is determined implicitly
through its action on the motion of the cantilever. The tip is

. : . . forced to oscillate near its natural frequency and with alsma
is the topology of this eld that admits a tracking controia amplitude, typically between 10-100[13], [16]. As a result,

of the form presented in Sec. |1l and that drives the Stems.it is assumed that the tip oscillates purely on the vertigé a

performance of our scheme, in this section we carefullyveeri . . .
the form of the potential eld in the context of the MFM andand tha_t its d_ynamlcs can be modeled as a damped, driven
harmonic oscillator,

discuss its topology.
diz  Q dt

| 2
+18(zip 20)= ol §cos(t )+ ?()Fz(rtip )
)
where z;, is the vertical distance between the tip and the

center of the particlezy is the probe-sample distance at zero
oscillation amplitude, o is the amplitude of the driving signal,

I o is the natural frequency of the systein,is the spring
/‘. constant,Q is the quality factor of the oscillation, arfg, is
the projection of the force given in (2) onto tzeaxis.

Because of the small amplitude of the oscillation, we
linearize the interaction force around the nominal disptaent
Zp:

Fig. 1. The trajectory of the MFM tip and the tracked partiateler a control
law which maintains the tip in the proximity of the particle.

Fz(rip) = Fz(ro) + ddizz (zip  20); (4)
A. The potential eld in the context of the MFM r=ro
We start by describing the model of the interactions betwe(‘@ﬁ‘e.rero IS the nominal position Oi the tip relative to the
the tip and the magnetic particle. The magnetic force gover‘ﬁart'de’ that isrip = ro+ f0;0,2ip g - ) _
ing this interaction can be determined through the follayin VOt that the effect of the second term of (4) is to modify
convolution integral [12]: the spring constant of the system described in (3). As atresul
z

the relative phase between the driving frequency and tfe tip

F(rin)= o Mo (r) r . Hs(rg r9) dr® (1) oscillation changes. The total phase change can be shown to
P i ® P be [13]:
where o is the magnetic permeability of free spadé,, : 0 1F0 1
R® 7! R® is the magnetization of the tig4s : R® 7! R® is ( rp) = tan 1@ qMA (5)
the stray eld of the sample and;, 2 R2 is the position of 1 %on(ro)

the tip relative to the center of the particle (Fig. 2).

To simplify the convolution integral, the MFM tip can bewhere represents the phase of the oscillatory response of
abstracted as a point probe consisting of a magnetic dipthe cantilever and wherg? is given by
[13]-[15], allowing (1) to be rewritten as: GH,

F(rip)= o(m r )Hs(rip + rm); 2 @2 r=ro+rm

FXro) = %(F 2)= om, (6)



where we have assumed that the tip magnetization is vertidle angle between and thef x; yg plane (Fig. 2) leads to the

that ism = f0;0;m.g". It is this phase change that isfollowing expression foiS:

measured in MFM. It is scalar-valued and depends upon the )

relative position of the tip and the particle through As S(ro) = 3 5Xoz(3ry _ 47°%) cos +

such, : R®! R s a scalar potential eld. Our approach 4 . re y o 4 (12)
to tracking will utilize the geometry of this eld to desigma L 33y 2457°+8z sin
appropriate tracking scheme (c.f. Sec.lll). 4 ro

Here, ryy, is the Euclidian length of the vector, =
fXo;Y0; 209" projected on the horizontal plane, amd =
Zo+ dn.

To understand the topology of the underlying eld, we can Fig. 3 shows a simulated image of the phase shift in the
simplify (5) by taking into account thdt is small. This leads region around the particle, based on the developed model for
to: three different values of and forzp = 50 nm. For =0,

Q. , corresponding to the magnetization vector of the partiglegl
( ro) 1 Fz(ro): in the sample plane, there are two distinguishing regions, o
determined by repelling forces, the other by attracting. As

The topology is thus completely determinedfj We note increases, the magnetization vector rotates out of the lsamp
that the orientation of this magnetization can be imposéat prpjane and one of the poles becomes dominant at the expense
to using the tip by applying a suitable external magneti@l.el of the other.

Taking into account that the particle can be assumed to be arhe topology of the eld  provides a foundation for the
uniformly magnetized sphere, the stray etk of the particle tracking control design. By tracking an extremum under the

B. The topology of the phase change eld

can be written as: assumption that the tip is actuated only in theyg plane,
1 ms 3(ms r)r the position of the particle itself can be tracked.
Hs(Nra = 4 3 + 5 () With this perspective, we will design a control law which

has two components: one to track in a horizontal plane and one
wherer is a radius vector whose origin coincides with theo track in the vertical direction. The control law for tréog
center of the spher@ is the radius of the sphere amds is in the horizontal plane will be aimed at steering the tip to
the equivalent magnetic moment of the sphere. The momenheighborhood of the extremum for xezh. The vertical
ms depends both on the material magnetizatigh, and the tracking will utilize the strength of the signal as meastired

volume of the sphere: this neighborhood to steer the tip to a desired plane ab@ve th
4 particle.
ms = § a 3M ﬁa (8)
wheren is the unit vector specifying the orientation of the . TRACKING CONTROL
magnetlgat!on. _ _ As discussed in the previous section, our goal is to develop
Substituting (8) into (7) and then into (6) leads to thg feedback control law which drives the tip of the MFM to
following expression for the derivative of the force: a region near the magnetic particle. Relative motion betwee
the tip and the sample in an MFM is commonly achieved
F2(ro) = bS(ro); 9)

using piezo-electric actuators. These systems exhibitra va
ety of interesting and important dynamic effects, inclgdin

where the scale factdris equal to: ) - .
nonlinearities such as creep and hysteresis, as well as-cros

b= 1 m. aM: (10) coupling between the axes, which must be accounted for to
30 ' ensure accurate control. There is, however, a large body of
andS is a mapS : R® | R of the nominal position of the existing literature on efcient and effe_cnve c_:ontrpllefer
S these systems (see, e.g. [17], [3] and discussions in [EB]).
tip given by . . . .
the remainder of this paper, we will assume the existence of a
@ A 30 ) low-level controller that compensates for the dynamicshef t
S(ro) = —5 —+ 7 2 : ! e H .
@2 I3 5 actuators and focus on trajectory determination. Undes thi
r=ro+f0;0;dm g7 . . . i
(11) assumption, the motion of the tip can be modeled as:
Rewriting the potential eld using this result yields 0 u 1
_ My —y=@ X A -
ro= =u= u ; (13)
(ro) = bs(o) . .

The function S(ry), for a givendy, will determine the whereuy, uy andu, are the available control inputs.
geometry of the whole eld. It can be assumed, without loss The input to any tracking control is limited to the measured
of generality, that the direction of the magnetization veatf phase shift ( ro(t)) of the tip oscillation. Therefore, a
the spherat lies in thefx;zg plane. Then, setting to be continuous control law which steers the tip according to the



(@ =0 (b) =45 deg (c) =90 deg

Fig. 3. The phase shift in degrees for three different vabfes. The tip-sample separation was setzgpo= 50 nm and the following values of the parameters
were usedQ =180, k =1 N/m,m, =5:1 10 ® Am?, dn =300 nm,M =480 10° A/m anda = 25 nm. (Note that the value fa¥l is the
saturation magnetization of magnetiteg,O2) and the values fom, anddy, were selected from experimental values in [14].)

speci ed objectives has the general form: Here! andv are the control inputs in the horizontal plane
q & and the vertical axis, respectively.

u@®=H  ro(®):g € ro(®);gz € ro(®)::

(14)

The derivativef’%"n ( ro(t)) can be extracted thorough linear
Itering of the measurement signal. In what follows, we will
nd it advantageous to use the rst derivative. To minimiret
effects of noise ampli cation due to the derivative estioaf
however, we will not use any higher-order derivatives.

Both of the control laws presented in [6], [7] consider a
system moving in the plane with constant speed and subject
to nonholonomic constraints on its kinematics. To artillyia
implement these speci cs into the MFM setup, we choose the
form of the horizontal component of the inputin (13) as

ux _  cos()
Uy sin( ) (15)

where is the angle of the tangent vector of the tip motion in
the plane andl , the steering rate in the horizontal plane, is the
new control input. As discussed above,can be a function
of both and dT Using (15) in the model (13) yields afig 4. The new coordinate system for xed vertical disptaemt between
steering-controlled, constant-speed non-holonomicesyst  particle and tip.
To simplify the analysis of the convergence properties of
the control law, we will consider here a vertical magnetorat  In system (16), the derivative of the phase shift along the
vector for the particle. As shown in Fig. 3, this is equivalen trajectory of the tip is given by

a single extremum for a given vertical displacement between dj o @ |
tip and particle. (If the magnetization is not vertical, nhe T (4 1) eyt @z 2
the system will converge to one of the two extrema.) In this = Myy sin M,V (17)

context the control law can be related to the topology of ®
the eld, with a new coordinate system, having coordinaté¥h€reMyy = kr ,, () kandM; = Z5. Note that the
(; ;2 o)where = kr,k, isthe angle between the tangengbsolute value of the signal is used to convert extrema

to the circles = const and the heading of the tip (see Fig. 4)INto maxima, and it assures thét, > 0 outside of the origin.
andz, is the vertical displacement. Transforming (15) into this
system yields: A. Tracking in the plane

If the tip is actuated only in the horizontal plane, that is

—=sn (162) if v =0, then (17) leads to the following equation for the
=1+ }cos (16b) evolution of the measured phase shift:
Zo = V. (16¢) d | = Myysin: (18)

dt



Equation (18) contains no explicit information about th&. Extension of the tracking control to the vertical directi

gradient,r x, (j  j), or the distance from the extremum,  Thegrem 1 establishes that given an arbitrary constant
Nevertheless, we can utilize this input in a control law Whicg|evationz,, under the control law (19), the tip will converge

achieves the following design objectivaeer the tip such that {5 the cylinder = fr 2 R®: = ,g (Fig. 5) independent
limys  (t) . One control law to achieve this behaviolf the value of the potential function on the surface of this
asymptotically is given in Theorem 1 below. cylinder. In other words, the tip's nal trajectory undereth
Theorem 1:De ne the sets horizontal tracking law is invariant with respect to theual
_ ) of the potential. This property, together with the fact that |
B = My 2R o In 0 2 and is a strictly decreasing function af (M, > 0), on the surface
of the cylinder, allow us to utilize the magnitugle j for the
D = f; ¢ 2R? - In - +cos 1 vertical tracking through the control law

for some o > 0. If for 2 B, the magnitude of gradient v = K:j j O (22)

is such thatkr »,(j j)k > , where is some positive

constant, then the control law de ned by:
1 d
| = — — .
! ; 1 K at i (29)

whereK is suf ciently large, steers the tip to within a distance
o from the extremum, that is

Kryy (KT o (20)

ast!1 , given thatf (0); (0)g" 2 D.
Proof: The candidate Lyapunov function is:

z
V() = L1 ays@+cos )
o 0 Y
= — In—+cos: (22)
0 0

R
Note that io % dy > 0, for 6 g and is unbounded.
Therefore, the function will be positive de nite in the imtal Fig. 5. Under the planar control law of Theorem 1, the fip eages to

2 [7; 37], orD = ff ; gT 2 RZJV( p) 1g will be a cylinder whose radius is independent of the value of thential on that

a compact set. Taking the derivative on the trajectory of tigginder. Tracking in the vertical direction is achieved dijving the tip to a

svstem vields: desired potential value as described in Theorem 2. A samgilectory as the
Y y : tip ascends to a desired vertical separatiorg is shown here.

v = 1 ., MK l+cos 1
B s sin sin o The set \fj j = Cg corresponds to a circle lying on a
) 5 horizontal plane with radiusy and elevation zp. Then, the
In the interval, 2 [5; 5], 3D tracking will be equivalent to this set being the invatian
1+ cos set for the tip's trajectory under the combined control (484
sin Theorem 2:Given a constan€ > 0, there exists a neigh-
Moreover, since 2 D implies 2 B, it follows thatM . borhoodB R®aroundthepoinfo=f = o; = ;zo=
Therefore, choosing , such that 200, for which the control law:
1 l+cos 1 1 d. .
K —sup ——— - == 1 K—j | ;
- 2D Sin 0 dt (23)

. . . - =K. | O
makes\. 0. In this case, LaSalle's invariance principle [19] v 20 )
guarantees the asymptotic convergence of the system to K& , > 0, steers system (16) tho, for all Z(t) 2 B.

equilibrium = ¢; = , which proves (20). ] Proof: Linearizing (16) around o under the control (23)
For a more general version of this control law, see [7]. Yields:
We note that this theorem establishes that the value of the2 3 2 1 o 32 3
control gainK depends explicitly on a lower bound for the d 5_ 4 1 K_OMXy KKoz M254 5.

magnitude of the gradient of the potential eld. In practice dt K OM 0 KoM .

one can choosk relatively large and then adjust it to improve zoxy 2z

performance, in a fashion similar to how the control gains casiven thatM,y ; M, > 0 the matrix is Hurwitz and therefore
be adjusted by a user in a standard MFM to improve imaginte linearized system is stable. [ |



The proposed approach consists of two stages. In tiwdere we have introduced = kryy k to denote the velocity
initialization stage, the tip is scanned over the sampld ant of the tip in the horizontal plane andt = ty+1  tk.
eld value larger than some prede ned constant is detect¢d. The intervalty.;  tx is set equal toBi, whereB is the
that point, the second stage begins in which the tip is steeteandwidth of the measurements. Therefore, from (26), the
according to (23). The speed of the tip in the horizontal plariollowing parameters characterize the tracking contrbk t
is set by scaling(uy;uy) in (15); a faster speed translatedandwidthB, the velocityv, the control gains o, K andK,
directly to an ability to track faster particles. The spesd iand the desired potential levéEl.
limited, however, by two primary factors. First, as disaes For the horizontal component of the tip's motion, given that
at the beginning of this section, we assume there is a loetlevy.; k is suf ciently small, the displacement of the tip in
controller that can faithfully follow the trajectories mhaced one time step yields:
by the tracking algorithm. Any such controller is necesgari v
limited in bandwidth, placing an upper bound on the allowabl Kryy (ten) Ty (K (ter TV = B~ dip : (27)
the speed of the tip. Second, and most likely the limitingdac
is that the model of the potential eld developed in Sec.ll

|_I§hbased c()jn T?hSte?dy sta:eﬂr]espct))nselof the.tr:lp osc'llit'aétermines the horizontal component of the velocity of the
€ speed ol the tp must thus be slow with Tespec [fb To track particles with large diffusion constantsstepeed

th_e_ convergence rate of the oscillations. _Th_|s constrant 414 pe as Iarg(?)as possible. As shown in (24), however, the

mitigated somewhat by the fact that the tp is controlled Roise increases asB and thus increasin® decreases the

movi ndeatr a I_met O.f <t:r(])nstant ph"és? ’ 'Tnﬁl.ym? sr_nall- signal-to-noise ratio. In the following simulations, wet ee
?mp Itu tﬁ rtatr;]SIenl sinthe n:ealslure signal. 1L1s aso?tn[:o andwidth to eitheB = 0:5 kHz corresponding to noise of
o note that the planar control law assumes a constant value _ .,g deg or toB = 1:5 kHz, correspondingto =

for zo and thus the convergence rate in the vertical directicdj48 deg. The tip's horizontal velocities are respectively 5
must be kept small relative to that of the planar law. This car'}n/S andv =15 mi/s

be enforced by choosing, small relative toK in (23). The rest of the control parameters were selected through
hand-tuning toK = 100 nm/deg,K, = 20 nm/deg.s and

IV. NUMERICAL SIMULATIONS C=2d Th i readv.stat ical disol )
. . L . = eg. The resulting steady-state vertical displacemen
To illustrate the approach described in this paper, we simy- 9 9 y b

lated tracking of @50 nm magnetic particle diffusing in 3-D. > 20 ‘250nm. Therefore, th_g nominal d_|sta_nce t.)etween the
particle's center and the position of the tip yields:

The characteristics of the control law were investigatearesy q

In the simulations that follow, we xdj, = 10 nm and
= 60 nm. With a xed value ford;, , the bandwidthB

arange of differept values for the Qiﬁusion constant. Tlﬂagml Diominal = 2+ 22 =254 nm (28)
netic eld emanating from the particle was modeled accagdin
to Sec. Il. We added thermal noise modeled according to [2%: ) - )
s . Tracking of a diffusing particle
Fo = 1 2kkeTB : (24) Given a bandwidthB, the diffusion motion of the spherical
‘ rms 'oQ particle is simulated through:
where ms = 10 nm is the root mean-square amplitude of r 2D
the tip oscillation,kp, is Boltzmann's constant] = 300 K rh,, = Trf+ 5 Wi (29)

is the ambient temperature argl is the bandwidth of the . _ _ . .
measurements. Using the linearization of (5), we can prataaagWhereWk 2 R% is a zero mean, unit variance Gaussian white

this noise into the phase shift: noise process and is the diffusion constant.
Q Fig. 6 displays the trajectories of the particle and of the
= ’ Fo: (25) tip over one second for a typical run wifh = 0:05 m?/s
andB = 1:5kHz. As expected the tip's trajectory is above the
A. Model considerations particle's trajectory. Fig. 7 shows how the distance betwtbe

implemented using a zero-order hold over the sample tifl@Minal oneDnominai = 254 nm. We note that this data can
of the controller. Under this assumption, the discrete tinf€ further Itered to estimate the trajectory of the pastialith

evolution of the controlled system is given by: more accuracy. T_he quglity of t.he rec_onstruction.is ultehat
limited by the variance in the tip-particle separation.

Py (tker ) = Ty (te) As the diffusion constant is increased, it is expected that

.y t Sin k41 SiN the variance in this distance will increase. At a criticaluea
K4l K COS k+1 *+COS for D, the particle will escape the convergence region of the

kil =k (26) tracking law a_lnd tracking will fail._ _
v 1 To further illustrate this behavior we have simulated the
+ — t VK (G (k1) i (t)i) proposed control law under different values of the diffasio

_ ] ] _ constant. The standard deviation of the distance betwesn th
Zo(tk+1) = 2o(t) + Kz (j (t)j C)); tip and the particle is plotted on Fig. 8. At larger valuestuf t



Fig. 6. The trajectory of the tip (blue) and the trajectontha particle (green)
for durations of 1 sec and bandwide = 1:5 kHz, andD = 0:05 m?=s

Fig. 8. The standard deviation of the total distance betwigeand particle,
as function of the diffusion constant, for two different dardths
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