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Abstract
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adopted are the same as in Robinson (1995b), which allow for non-Gaussianity. The
resulting null limiting distribution is nuisance parameter free and can be easily simu-
lated. The test is straightforward to implement: no kernel smoothing is required and
no estimation of nuisance parameters is necessary. Also, there is no need to specify the
number or locations of the di¤erent regimes that occur under the alternative hypothe-
sis. Monte Carlo simulation shows that the test has good size, even for relatively small
sample sizes, and that it has excellent power against alternatives of interest.
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1 Introduction

There has long been an interest in long memory models, especially regarding applications to

�nancial time series. Formally, a scalar process is said to have long memory if its spectral

density at frequency � is proportional to ��2d as � approaches zero, where 0 < d < 1 is the

memory parameter. Long memory models provide a middle ground between short memory

and unit root speci�cations, hence allowing for more �exibility in modelling the persistence of

a time series. Estimation theory for these models has been well worked out. Among others,

Fox and Taqqu (1986) studied parametric long memory models and Geweke and Porter-

Hudak (1983), Robinson (1995a, b), and Hurvich et al. (2005) considered semiparametric

models. The latter literature has been very in�uential because it does not require speci�c

assumptions on the process generating the di¤erence of order d of the series, hence minimizing

the impact of misspeci�cation in the spectrum at frequencies distant from zero. Applications

to macroeconomics and �nance are numerous. For example, Ding et al. (1993) argued that

stock returns volatility is well described by a long memory process. Andersen et al. (2003)

used a fractionally integrated (vector) autoregressive model to forecast realized volatility

for the Deutschmark/Dollar and Yen/Dollar spot exchange rates. Also see Andersen et al.

(2001) and Deo et al. (2006), among others, for other interesting applications.

Two important features of a long memory process are that the spectral density of the

process at the origin is unbounded and that its autocorrelation function decays at a slow

hyperbolic rate at long lags. However, these features can also be present for a short memory

process a¤ected by regime change or a smoothly varying trend, leading to so-called spurious

long memory. Such phenomena have been widely documented, see Diebold and Inoue (2001),

Gourieroux and Jasiak (2001), Lobato and Savin (1998), Mikosh and St¼aric¼a (2004), Parke

(1999), and Teverosovky and Taqqu (1997). Whether the observed long memory character-

istic is true or spurious is of substantial empirical importance. For example, Taylor (2000)

showed that the long memory assumption has a signi�cant impact on the term structure of

implied volatilities. Ohanissian et al. (2004) showed that when the true data generating

process (DGP) is of spurious long memory, using either a short memory model or a true long

memory model leads to severe underpricing of call options. Meanwhile, when the DGP is

of true long memory, using a short memory model or a spurious long memory model leads

to general overpricing of call options. Such concerns have been raised in other literatures

as well, see Kleme�(1974) on hydrology, Mills (2007) on northern hemisphere temperatures,

and Karagiannis et al. (2004) on internet tra¢ c. Unfortunately, it has proven rather di¢ cult
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to distinguish between true and spurious long memory, partly because the commonly used

tests for regime switching or structural change are biased toward over rejection (of the null

hypothesis of no change) when the process is indeed fractionally integrated.

This paper proposes a test statistic to distinguish between true and spurious long memory.

The proposed test is in the frequency domain. The motivation for it is that the spectral

domain properties of the aforementioned processes di¤er when di¤erent frequency bands

local to zero are examined. Speci�cally, if a process is of short memory with level shifts,

then the e¤ect of nonstationarity is visible only within a narrow range of �j = O(n�1=2),

where n is the sample size and �j = 2�j=n (j = 1; :::; [n=2]) are the Fourier frequencies. More

importantly, within this range the mean of the periodogram is proportional to n��2j ; implying

a memory parameter of d = 1. Outside this range, the short memory component dominates

and the periodogram is basically �at. This is in contrast to a true long memory process,

where the spectral density is proportional to ��2dj uniformly for �j = o(1): The above result

was documented by Perron and Qu (2008) via the study of a simple mean plus noise model

with the mean component speci�ed as a compound binomial process. Now, if a process is of

short memory with a smoothly varying trend, this paper obtains a result showing that the

behavior of the periodogram is similar to that with level shifts. The above �ndings suggest

constructing a test statistic using a process of weighted periodograms, where the weights

are chosen to exploit the non-uniform behavior of the periodogram under the alternative

hypothesis. This leads to a Kolmogorov-Smirnov type test based on derivatives of the pro�led

local Whittle likelihood function evaluated sequentially in a degenerating neighborhood of

the origin. The test is very simple to implement: no kernel smoothing is required and

no estimation of nuisance parameters is necessary. Also, there is no need to specify the

number or locations of the di¤erent regimes that occur under the alternative hypothesis. It

is also quite general in the sense that the null hypothesis only requires specifying the process

semiparametrically. The assumptions used are the same as in Robinson (1995b), which allow

for non-Gaussianity. The null limiting distribution is nuisance parameter free and can be

easily simulated. Monte Carlo simulation shows the test has good size, even for relatively

small sample sizes, and has excellent power against alternatives of interest.

This paper is closely related to an interesting article by Ohanissian et al. (2008), although

the construction of the test and its underlying assumptions are very di¤erent. Ohanissian et

al. (2008) explored the idea that temporal aggregation does not change the order of fractional

integration (see Chambers, 1998). They showed that for a Gaussian long memory process,

the Geweke Porter-Hudak (GPH) estimates obtained from di¤erent temporal aggregates are
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jointly normally distributed, while for spurious long memory, the estimates depend on the

level of aggregation. However, their result requires Gaussianity, which is di¢ cult to relax.

Also, the assumption they place on the bandwidth of the GPH estimates is very stringent

and requires a very large sample size for the test to be applicable. Our test does not require

Gaussianity; it is based on an estimator that is more e¢ cient than the GPH estimator and

can be applied to sample sizes that are typical in economics and �nance. This paper is

also related to Berkes et al. (2006), who considered CUSUM procedures, and Sibbertsen

and Venetis (2003), who proposed a test based on the di¤erence between the standard GPH

estimator of d and a version of the estimator based on the tapered periodogram.

From a methodological perspective, the idea of using integrated periodograms as the basis

for speci�cation testing can be traced back to Grenander and Rosenblatt (1953, 1957) and

Bartlett (1955). See Priestley (1983) for a review of the literature covering short memory

processes. The literature concerning long memory processes is relatively sparse. Ibragimov

(1963) provided an early seminal contribution. Recently, Kokoszka and Mikosch (1997) de-

rived a functional central limit theorem for the integrated periodogram of a long memory

process with �nite or in�nite variance. They only considered parametric models and the

parameters were assumed to be known. Nielsen (2004) considered semiparametric models

for multivariate long memory processes and proved the weak convergence of the integrated

periodogram. His results greatly facilitate our subsequent analysis. However, he also as-

sumed the memory parameter is known and his result only applies to d 2 (0; 1=4): In this
paper, we obtain a weak convergence result for weighted periodograms that involve esti-

mated parameters in a semiparametric setting. The result relies on a uniform weak law of

large numbers, a functional central limit theorem, and a Taylor approximation that holds

uniformly for parameters of interest.

The remainder of this paper is organized as follows. Section 2 discusses spectral domain

properties of processes with true and spurious long memory. Section 3 introduces the test

statistic. Section 4 presents the assumptions used and the limiting distribution under the null

hypothesis. Section 5 includes simulations, for �nite sample properties. Section 6 concludes.

The proofs are contained in the Appendices, with Appendix A containing the proof of the

main results and Appendix B some auxiliary lemmas.

The following notation is used throughout the paper. jzj denotes the modulus of a
complex number z. The imaginary unit is denoted by i. For a real number x, [x] denotes

the largest integer less than or equal to x. The subscript 0 indicates the true value of a

parameter. The symbols �)�and �!p�signify weak convergence under Skorohold topology
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and convergence in probability. And Op(�) and op(�) are the usual symbols for orders of
convergence.

2 Spectral domain properties of processes with true and spurious long memory

Let xt (t = 1; 2; :::; n) be a scalar process with n denoting the sample size. The periodogram

of xt evaluated at frequency �j = 2�j=n (j = 1; 2; :::; [n=2]) is given by

Ix(�j) =
1

2�n

�����
nX
t=1

xt exp(i�jt)

�����
2

: (1)

In this section, we will consider the spectral domain properties of xt for frequencies lying in

a degenerating neighborhood of the origin. Special attention will be paid to the periodogram

(1), which is the building block for various long memory parameter estimators and the test

statistic proposed in the next section.

First consider true long memory processes. Recall that xt is said to have long memory if

its spectral density f(�) satis�es

f(�) � G��2d as �! 0+; (2)

where the symbol ���means that the ratio of expressions on the left and right sides of the
symbol tends to unity, G 2 (0;1), and d > 0. In the following analysis, we will assume

d 2 (0; 1=2), which is arguably the case of most practical interest. A special case of a process
satisfying (2) that has been widely applied in economics and �nance is the ARFIMA(p; d; q)

process, introduced by Granger and Joyeux (1980) and Hosking (1981):

A(L) (1� L)d xt = B(L)"t; (3)

where A(L) = 1 � a1L � ::: � apL
p, B(L) = 1 + b1L + ::: + bqL

q, and "t is a white noise

process with mean zero and variance �2". This process has a spectral density that satis�es

f(�) � �2"
2�

jB(1)j2

jA(1)j2
��2d as �! 0 + :

The statistical properties of the periodogram of a long memory process have been extensively

studied, see Robinson (1995a, b) and Lahiri (2003). The result that is central to our analysis

is Theorem 2 of Robinson (1995a), which states that under fairly mild conditions, when xt
satis�es (2),

E

�
Ix(�j)

f(�j)

�
! 1 for all j such that j !1 as n!1 but j=n! 0.
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This uniform behavior of Ix(�j) is the very property that allows us to test against spurious

long memory.

Now consider short memory processes contaminated by level shifts. In this case, the

periodogram also diverges at the zero frequency and the autocovariance function also exhibits

a slow rate of decay, see Kleme�(1974), Diebold and Inoue (2001), and Gourieroux and Jasiak

(2001). More closely related to the current paper are the �ndings of Perron and Qu (2008).

They considered the following simple process involving random level shifts for some series

xt:

xt = vt + ut; (4)

ut = ut�1 + �t�t;

where vt is a stationary short memory process (e.g., an ARMA process), �t � i:i:d: (0; �2�);

and �t is a Bernoulli random variable that takes value 1 with probability pn and 0 otherwise,

i.e., �t � i:i:d: B(1; pn). They used pn = p=n with 0 < p <1 to model rare shifts so that as

n increases, the expected number of shifts remains bounded. The components �t; �t; and vt
are assumed to be mutually independent. Then, the periodogram of xt can be decomposed

into the following three components:

Ix(�j) =
1

2�n

�����
nX
t=1

vt exp(i�jt)

�����
2

+
1

2�n

�����
nX
t=1

ut exp(i�jt)

�����
2

+
2

2�n

nX
t=1

nX
s=1

vtut cos(�j(t� s))

= I+ II+ III.

They showed that for �j = o(1); the orders of the three terms satisfy1

I = Op(1); II = Op(n
�1��2j ); and III = Op(n

�1=2��1j ):

Term II dominates I and III if j = o(n1=2) and term I dominates II and III if jn�1=2 ! 1.
Hence, the level shift component a¤ects the periodogram only up to j = O(n1=2). More

importantly, within this narrow range, the rate of decrease of the periodogram is on average

�2, implying d = 1. This is di¤erent from a long memory process de�ned generally by (2),

or particularly by (3), where the average rate of decrease is �2d for j = o(n). This result

implies that if we use a local method to estimate the memory parameter of the level shift

model (4), then the estimate will crucially depend on the number of frequencies used. It will

1The orders are exact, see Proposition 3 in Perron and Qu (2008).
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tend to decrease as the number of frequencies used increases. More importantly, this non-

uniform behavior in the neighborhood of j = n1=2 suggests the possibility of distinguishing

between the two processes from the spectral domain.

If a short memory process contains a smoothly varying trend, the long memory phe-

nomenon will also be present. This can be illustrated by considering the following simple

model:

xt = h(t=n) + vt; (5)

where h(s) is a Lipschitz continuous function on [0; 1] and vt is de�ned as in (4). We obtain

the following result.

Lemma 1 If xt is generated by (5), then Ix(�j) = Op(n
�1��2j ) for j = O(n1=2) and Ix(�j) =

Op(1) for j satisfying jn�1=2 !1:

This Lemma extends Lemma 2 of Künsch (1986), who obtained the same result assuming

h(t=n) is monotonic but not necessarily smooth. Again, as in the level shift model, the e¤ect

of the trend is visible only within a narrow range of frequencies and the threshold j = O(n1=2)

is of crucial importance.

It remains to be veri�ed whether the above asymptotic analysis provides useful guidance

for �nite samples. To this end we conducted some simple simulations. First, consider level

shift processes as in (4), with vt; �t � i:i:d:N(0; 1); �t � i:i:d:B(1; 5=n); and sample size

n = 1000. 5000 series were generated and for each series the periodograms were computed

and the means of their logarithms were plotted in Figure 1. An extra line, 0:0015��2j , was

superimposed to highlight the rate of decrease with j = o(n1=2). The result is clear cut:

for very low frequencies, the rate of decrease is approximately �2; implying d = 1; and for
j > n1=2; the curve is basically �at. We now consider the consequence of falsely imposing

the restriction of true long memory. To this end, the parameters d and G in (2) were

estimated by maximizing the local Whittle likelihood function (see Section 3 for details on

local Whittle likelihood). The estimates, denoted Ĝ and d̂,2 were substituted into (2) to

obtain an estimate of the spectral density f̂(�). Note that f̂(�) can be thought as the best

long memory approximation to the level shift process in the spectral domain. The means of

the logarithms of f̂(�) were plotted in Figure 1. Again the result is very informative: for

very low frequencies, the long memory speci�cation underestimates the slope of decrease in

the log-periodogram and for relatively higher frequencies, it overestimates. Next, consider

2The empirical mean of d̂ is 0.41 and the 5th and 95th percentiles are 0.14 and 0.64, respectively.
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processes with smoothly varying trends of the form of (5). We simulated series using a

simple polynomial trend function: h(x) = 2x�4x2 for x 2 [0; 1]: The errors were speci�ed as
vt � i:i:d:N(0; 1). The results are reported in Figure 2. The �nding here is similar and again

con�rms the asymptotic analysis.3 We also experimented with other low order polynomial

trend functions and the results were qualitatively similar.

To summarize, the above analysis suggests that it is possible to distinguish between true

and spurious long memory in the spectral domain and when doing so, it is important to

consider frequencies both below and above j = n1=2:

3 The test statistic

We now construct a test statistic for the null hypothesis that the process xt is a long memory

process satisfying (2). The test statistic is based on the local Whittle likelihood function

given by (see Künsch, 1987)

Q(G; d) =
1

m

mX
j=1

(
logG��2dj +

Ij

G��2dj

)
;

where Ij = Ix(�j) and m is some integer that is small relative to the sample size n. Mini-

mizing Q(G; d) with respect to G leads to the pro�led likelihood function:

R(d) = logG(d)� 2d 1
m

mX
j=1

log �j;

where

G(d) =
1

m

mX
j=1

�2dj Ij: (6)

The derivative of R(d) is given by (let G0 denote the true value of G)

@R(d)

@d
=

2G0p
mG(d)

(
m�1=2

mX
j=1

vj

 
Ij

G0�
�2d
j

� 1
!)

(7)

with

vj = log �j �
1

m

mX
j=1

log �j:

3Here the empirical mean of d̂ is 0.40 and the 5th and 95th percentiles are 0.36 and 0.44, respectively.
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The term in the braces in (7) will be the main ingredient of our test statistic. To obtain

some intuition, notice that under the null hypothesis, when evaluated at the true value d0,

it equals

m�1=2
mX
j=1

vj

 
Ij

G0�
�2d0
j

� 1
!
;

which, as shown by Robinson (1995b), behaves asymptotically as if the summands were

independently distributed with mean zero and satis�es a central limit theorem. Building

upon his result, we will prove later (in Section 4) that the quantity

m�1=2
[mr]X
j=1

vj
�
Ij=(G0�

�2d0
j )� 1

�
when treated as a process in r, satis�es a functional central limit theorem and hence is Op(1)

under the null hypothesis. Meanwhile, under the alternative hypothesis, the summands in

the preceding display do not have mean zero and the quantity diverges. (To see why, refer

to the decomposition of Ix(�j) in the previous section.) This motivates the following test

statistic:

W = sup
r2[";1]

 
mX
j=1

v2j

!�1=2 ������
[mr]X
j=1

vj

 
Ij

G(d̂)��2d̂j

� 1
!������ ; (8)

where d̂ denotes the local Whittle estimate of d using m frequency components and " is a

small trimming parameter with " 2 (0; 1). Note that m�1Pm
j=1 v

2
j ! 1 so that in principle

the term (
Pm

j=1 v
2
j )
�1=2 could be replaced by m�1=2. However the convergence occurs at a

slow rate and using the former brings the exact size of the test closer to its nominal level.

Remark 1 In what follows we shall use m = n2=3. This choice is somewhat arbitrary, but

due to the consideration that it should be greater than n1=2 to achieve power and less than

n4=5 to avoid bias. In practice, it is useful to experiment with di¤erent m and examine the

sensitivity of the results.

Remark 2 vj is unbounded for j = o(m). The limit of m�1P[mr]
j=1 v

2
j , although well de�ned,

is not Lipschitz continuous at the origin. This implies that if no trimming is applied (" =

0), then the statistic (8) will converge at a slow rate. Accordingly, the test can be quite

conservative for small sample sizes. The introduction of trimming allows an alternative

asymptotic framework, permitting asymptotic approximations that are adequate even in small

samples. In practice, if the sample size is small, say n < 500, we suggest using " = 0:1:
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For larger samples, smaller trimmings can be used. We will use simulations to evaluate the

e¤ect of di¤erent trimmings on the size and power of the test.

The test is straightforward to implement. It does not require obtaining the regression

residuals; no kernel smoothing and hence no choice of bandwidth is necessary. Also, there

is no need to specify the number or locations of the di¤erent regimes that occur under the

alternative hypothesis. The test inherits several desirable properties of the local Whittle

estimator. Namely, compared with the GPH estimator, it is asymptotically more e¢ cient

and requires much weaker assumptions than Gaussianity, see Robinson (1995b).

In practice, the value of the test statistic should be carefully interpreted as with other

speci�cation testing procedures. Rejection of the null hypothesis points to the inadequacy

of a stationary long memory speci�cation, although by itself, rejection does not rule out

the existence of long memory. It suggests rather that the long memory evidence should be

reassessed after accounting for nonstationarity such as that which is produced via structural

change or smoothly varying trends.

The test is based on a process of weighted periodograms, with the weights given by

vj=(G(d̂)�
�2d̂
j ). Other weights may also be considered. For example, if we drop vj and use

only 1=(G(d̂)��2d̂j ), we obtain the following statistic:

fW = m�1=2 sup
r2[0;1]

������
[mr]X
j=1

(
Ij

G(d̂)��2d̂j

� 1
)������ : (9)

This statistic has the advantage that a trimming is unnecessary. However, it ignores the

interaction between vj and (Ij=(G(d̂)�
�2d̂
j )� 1) under the alternative hypothesis and hence

often leads to lower power. Nevertheless, the asymptotic theory developed below covers fW
as a special case.

4 The limiting distribution under the null hypothesis

The following assumptions are imposed, which are the same as in Robinson (1995b). The

derivation below makes heavy use of his results.

� Assumption 1. For some � 2 (0; 2];

f(�) = G0�
�2d0(1 +O(��)) as �! 0+;

where G0 2 (0;1) and d0 2 [�1;�2] with 0 < �1 < �2 < 1=2:
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� Assumption 2. We have

xt � E(x0) =

1X
j=0

aj"t�j with
1X
j=0

a2j <1;

where

E("tjFt�1) = 0; E("2t jFt�1) = 1; E("3t jFt�1) = �3; E("
4
t jFt�1) = �4, a.s. for t = 0;�1; :::;

in which Ft is the � � field generated by "s; s � t; and there exists a random variable Z

such that E(Z2) <1 and P (j"tj > �) � KP (jZj > �) for all � > 0 and some K > 0, :

� Assumption 3. Let �(�) =
P1

l=0 al exp(i�l). In a neighborhood (0; �) of the origin, �(�) is

di¤erentiable and
d

d�
�(�) = O

�
j�(�)j
�

�
as �! 0 + :

� Assumption 4. As n!1;

1

m
+
m1+2� (logm)2

n2�
! 0:

We �rst establish a uniform weak law of large numbers and a functional central limit

theorem. They are needed to prove the main result stated in Theorem 1.

Lemma 2 Assume Assumptions 1 to 4 hold. De�ne

Qm(r) = m�1
[mr]X
j=1

Ij

G0�
�2d0
j

:

Then Qm(r) !p r uniformly in r 2 [0; 1] and m1=2 (Qm(r)� r) ) W (r) as n ! 1; where

W (r) is a Wiener process de�ned on [0; 1].

The next result presents the limiting distribution of the test statistic under the null

hypothesis.

Theorem 1 Under Assumptions 1-4, as n!1;

W ) sup
r2[";1]

����Z r

0

(1 + log s)dW (s)�W (1)

Z r

0

(1 + log s)ds� �(r)
Z 1

0

(1 + log s)dW (s)

���� ;
where

�(r) =

Z r

0

(1 + log s)2ds

and W (r) is a Wiener process de�ned on [0; 1].
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The distribution is nuisance parameter free and can be easily simulated. To obtain

critical values, we approximate a Wiener process by n�1=2
P[nr]

i=1 ei with ei � i:i:d:N(0; 1)

and n=10,000. The number of replications is 10,000. The results are reported in Table 1,

covering the following cases: " = 0:02; 0:05; and 0:10.

The above results lead immediately to the limiting distribution of fW: We have, under

Assumptions 1-4,

fW ) sup
r2[0;1]

����W (r)� rW (1)�
Z r

0

(1 + log s)ds

Z 1

0

(1 + log s)dW (s)

���� :
Note that this limit is not a Brownian bridge as one might expect. Unreported simulations

using the same setup as in Section 5 reveal that the power of fW is in general lower than W .

So the fW test is not further pursued.

5 Simulations for �nite sample properties

To evaluate the size of the W test, we consider ARFIMA(1; d; 1) models using parameter

values that are typical in �nancial applications. Andersen et al. (2003) studied the log real-

ized volatility of the Deutschmark/Dollar and Yen/Dollar spot exchange rates and showed

that a simple AFRIMA(1; d; 0) model performs quite well when compared to other station-

ary time series models. Deo, Hurvich, and Lu (2006) studied the log realized volatility for

the S&P 500 index, arriving at the same conclusion. Their estimates for d were d̂ = 0:40

and d̂ = 0:37, respectively. Estimates for the autoregressive parameter were not reported

in either paper. Hol and Koopman (2002) used the same model to study the log realized

volatility of the S&P 100 stock index and reported d̂ = 0:45 and a1 = �0:06. Christensen
and Nielsen (2007) studied the realized variance of the S&P 500 index. They examined a

variety of ARFIMA(p; d; q) speci�cations with di¤erent p and q; suggesting the use of the

ARFIMA(0; d; 3) model with d = 0:30, b1 = 0:14, b2 = 0:01; and b3 = 0:20. The aforemen-

tioned research, along with others, suggests that d typically takes on values between 0:30

and 0:45 and that the AR and MA parameters are usually small. We thus consider the

following three speci�cations:

(1� L)0:4xt = "t;

(1� 0:4L)(1� L)0:4xt = "t;

and

(1� L)0:4xt = (1 + 0:4L)"t;
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where "t � i:i:d:N(0; 1): Four di¤erent sample sizes are considered: n=500, 1000, 2000, and

5000. For each sample size, the series are simulated using the package fracdi¤ in R. The

results are summarized in Table 2 for trimming parameters " = 002, 0:05, and 0:10, which

gives the empirical rejection frequencies at a 5% nominal level based on 50,000 replications.

Overall, the exact size is close to 5%, although for small trimmings the test is conservative.

The size improves when n is increased, con�rming the above asymptotic analysis.

To evaluate the power of the W test, we consider the same alternatives as in Ohanissian

et al. (2008). The models and parameter values are as follows:

1. Nonstationary random level shift model (RLS-NS): yt = �t + "t; �t = �t�1 + �t�t; �t �
i:i:d:B(1; 6:10=n); "t � i:i:d:N(0; 5); �t � i:i:d:N(0; 1):

2. Stationary random level shift model (RLS-S): yt = �t+"t; �t = (1��t)�t�1+�t�t; �t �
i:i:d:B(1; 0:003); "t and �t � i:i:d:N(0; 1):

3. Markov switching with iid regimes (MS-IID): yt � i:i:d:N(1; 1) if st = 0 and yt �
i:i:d:N(�1; 1) if st = 1; with state transition probabilities p10 = p01 = 0:001:

4. Markov switching with GARCH regimes (MS-GARCH): rt =
p
ht"t and ht = 1+3st+

0:4r2t�1 + 0:3ht�1; where "t � i:i:d:N(0; 1); st is a state variable taking values 0 and 1,

and p10 = p01 = 0:001: yt = log r2t :

5. White noise with deterministic trend (S-TREND): yt = 3t�0:1 + "t; "t � i:i:d:N(0; 1):

Note that Ohanissian et al. (2008) only considered samples of size 610,304. Here we

consider much smaller sample sizes ranging between 500 and 10,000.4 The empirical rejection

frequencies based on 5% nominal size and the above trimming parameters are reported in

Figure 3. The empirical means of d̂ for each sample size are also included. The results are

very encouraging. For the �rst three models, the test has power close to 1 with only 3000

observations. For the rest two models, the power is lower but is above 50% when n=5000.

Distinguishing between true and spurious long memory with a few thousands observations

is sometimes perceived as impossible, the result reported here shows otherwise. As to the

e¤ect of the trimming parameter, the results show that a large trimming (" = 0:10) may lead

4Ohanissian et al. (2008) requires the bandwidth m to satisfy m!1 and m = o(n(2�4d0)=3) as n!1:
Notice that for n = 10; 000 and d0 = 0:4, n(2�4d0)=3 � 3: Hence, the sample size needs to be above 10; 000 for
their test to have good size properties. The W test has power 1 for such a sample size against the alternatives
considered here.
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to nonnegligible loss in power. Note that in �nancial applications we typically face samples

of a few thousands observations. In such cases, based on limited simulation results, " = 0:05

seems to achieve a good balance in terms of size and power and is thus suggested in practice.

6 Conclusion

In this paper, we considered the issue of distinguishing between true and spurious long

memory. We �rst compared the spectral domain properties of stationary long memory

processes with processes containing level shifts or smoothly varying trends. We then proposed

a simple test statistic based on the derivatives of the pro�led local Whittle likelihood function.

The limiting distribution under the null hypothesis was derived using theory of empirical

processes. Simulations showed the test has good size and power properties. One potential

limitation is that the assumptions rule out the so-called perturbed long memory processes.

We conjecture it is possible to allow for such an extension by using the technique developed

by Hurvich et al. (2005). However, a detailed treatment is beyond the scope of the current

paper. We hope to report results to that e¤ect in the near future.
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Appendix A. Proof of Main Results

Proof of Lemma 1. The proof is a direct extension of Künsch (1986, p. 1026). We only
need to analyze the periodogram of h(t=n):

Ih(�j) =
1

2�n

�����
nX
t=1

h (t=n) cos(�jt)

�����
2

+
1

2�n

�����
nX
t=1

h (t=n) sin(�jt)

�����
2

Applying summation by parts and the triangular inequality to the �rst term for �j 2
f1; 2; :::; [n=2]g ;�����

nX
t=1

h (t=n) cos(�jt)

����� �
n�1X
t=1

jh ((t+ 1)=n)� h (t=n)j
�����
tX
s=1

cos(�js)

�����
�

n�1X
t=1

jh ((t+ 1)=n)� h (t=n)j max
1�t�n

�����
tX
s=1

cos(�js)

�����
� 1

2

n�1X
t=1

jh ((t+ 1)=n)� h (t=n)j
�
�

�j
+ 1

�
� (n� 1)C

2n

�
�

�j
+ 1

�
for some 0 < C <1;

where the �rst inequality uses
Pn

s=1 cos(�js) = 0, the third inequality uses
Pt

s=1 cos(�js) =
sin((t+ 1=2)�j)=(2 sin(�j=2))� 1=2; and the fourth inequality is due to Lipschitz continuity
of h(�). Similarly, we have�����

nX
t=1

h (t=n) sin(�jt)

����� �
�
n� 1
n

C�

�
��1j

Hence, Ih(�j) = O(n�1��2j ): �
Proof of Lemma 2: We �rst establish a uniform weak law of large numbers. For any �xed
r1 2 [0; 1],

Qm(r1)!p r1

by Robinson (1995b, p. 1638). Hence, �nite dimensional convergence holds. Using Theorem
2.1 of Newey (1991), it is then su¢ cient to show that the process Qm(r) is stochastically
equicontinuous on [0; 1], i.e., for an arbitrary r 2 [0; 1] and any �; � > 0; there exists a � > 0;
such that the following result holds for m large enough:

P

 
sup
s2[�]r

jQm(r)�Qm(s)j > �

!
< �;

where
[�]r = fs : 0 � s � 1; js� rj � �g :
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To show this, let [�]+r denote the elements in the set [�]r that are equal to or greater than r.
Then,

P

0@ sup
s2[�]+r

1

m

[ms]X
j=[mr]

Ij�
2d0
j > �

1A � P

0@ 1

m

[m(r+�)]X
j=[mr]

Ij�
2d0
j > �

1A
� 1

m�

[m(r+�)]X
j=[mr]

E(Ij�
2d0
j )

� 1

m�

[m(r+�)]X
j=[mr]

C ! �C

�
for some 0 < C <1; ;

where the �rst inequality holds because the summands are non-negative, the second is due
to Markov�s inequality, and the third is due to Theorem 2 of Robinson (1995a). �C=� can
be made arbitrarily small by choosing a small �: This completes the proof for the �rst result.
Let Fm(r) = m1=2(Qm(r) � r): We will �rst show �nite dimensional convergence and

then prove tightness. For �nite dimensional convergence, it is su¢ cient to show for given
0 � r1 � r2 � 1,

Fm(r1) �!d N(0; r1) and Cov(Fm(r1); Fm(r2))! r1: (A.1)

The �rst expression of (A.1) follows immediately. For the second result, because Fm(r) can
be approximated by

Pn
t=1 z

�
t;r with (see Nielsen 2004, p.157)

z�t;r � "t

t�1X
k=1

bt�k;r"k; bt;r = 2n
�1m�1=2

[mr]X
j=1

cos(t�j); and "t satisfying Assumption 2,

it su¢ ces to analyze the covariances of
Pn

t=1 z
�
t;r. We have

Cov(
nX
t=1

z�t;r1 ;
nX
t=1

z�t;r2) = E

 
nX
t=1

"t

t�1X
s=1

bt�s;r1"s

nX
k=1

"k

k�1X
l=1

bk�l;r2"l

!

= E

 
nX
t=1

t�1X
s=1

bt�s;r1"s

t�1X
l=1

bt�l;r2"l

!

=
4

n2m

[mr1]X
j=1

[mr2]X
l=1;l 6=j

nX
t=1

t�1X
s=1

cos((t� s)�j) cos((t� s)�l)

+
4

n2m

[mr1]X
j=1

nX
t=1

t�1X
s=1

cos2((t� s)�j)

=
4

n2m

[mr1]X
j=1

[mr2]X
l=1;l 6=j

�
�n
2

�
+

4

n2m

[mr1]X
j=1

n2

4

! r1:
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To prove tightness, we follow Nielsen (2004) and use Theorem 13.5 of Billingsley (1999).
That is, for every m and r1 � r � r2, we have

E
���z�t;r � z�t;r1

��2 ��z�t;r2 � z�t;r
��2� � K( m(r2)�  m(r1))

2; (A.2)

where K is some �nite constant and  m(:) is a function on [0; 1] that is �nite, nondecreasing,
and satis�es

lim
�!0

lim sup
m!1

j m(s+ �)�  m(s)j ! 0 uniformly in s 2 [0; 1]:

First, using Lemma B.3 in Appendix B, we have

E

0@�����
nX
t=1

z�t;r �
nX
t=1

z�t;r1

�����
2 �����

nX
t=1

z�t;r2 �
nX
t=1

z�t;r

�����
2
1A

� C

 
nX
t=1

t�1X
s=1

bt�s(r1; r)
2

! 
nX
k=1

t�1X
l=1

bk�l(r; r2)
2

!
;

where C is some constant, bt�s(r1; r) = bt�s;r � bt�s;r1 ; and bk�l(r; r2) is de�ned analogously.
Consider the �rst term:

nX
t=1

t�1X
s=1

bt�s(r1; r)
2 =

4

n2m

nX
t=1

t�1X
s=1

0@ [mr]X
j=[mr1]+1

cos((t� s)�j)

1A2

=
4

n2m

[mr]X
j=[mr1]+1

nX
t=1

t�1X
s=1

cos2((t� s)�j)

+
4

n2m

[mr]X
j=[mr1]+1

[mr]X
k=[mr1]+1;k 6=j

nX
t=1

t�1X
s=1

cos((t� s)�j) cos((t� s)�k)

� 2

m
([mr]� [mr1]) :

Hence, the left hand side of (A.2) is bounded from the above by

C

�
2

m
([mr2]� [mr1])

�2
:

Let  m(s) = [ms] =m. The proof is complete. �
Proof of Theorem 1: The proof consists of three steps.
Step 1. Apply a Taylor�s expansion to represent the statistic as a quantity that depends

on d only through the true value d0. The approximation needs to hold uniformly in r 2 [0; 1]:
We focus on the following quantity:

Ym(r; d̂) = m�1=2
[mr]X
j=1

vj

 
Ij

G(d̂)��2d̂j

� 1
!
:
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Apply a �rst order Taylor expansion around d = d0:

Ym(r; d̂) = m�1=2
[mr]X
j=1

vj

 
Ij

G(d0)�
�2d0
j

� 1
!
+m�1=2@Ym(r;

ed)
@d

m1=2(d̂� d0);

where

m�1=2@Ym(r;
ed)

@d
=

2

G(ed)2m
[mr]X
j=1

vjIj�
2ed
j

(
1

m
log �j

mX
k=1

�2
ed
k Ik �

1

m

mX
s=1

�2
ed
s Is log �s

)
; (A.3)

and ed is a random variable that lies between d0 and d̂: Adding and subtracting the term
(m�1Pm

j=1 log �j)(m
�1Pm

k=1 Ik�
2ed
k ), the term in the brackets can be rewritten as

vj
1

m

mX
k=1

�2
ed
k Ik �

1

m

mX
s=1

vs�
2ed
s Is:

Substituting into (A.3), we have

2

G(ed)2m
[mr]X
j=1

vjIj�
2ed
j (vj

1

m

mX
k=1

�2
ed
k Ik �

1

m

mX
s=1

vs�
2ed
s Is)

=
2

G(ed)2 ( 1m
mX
k=1

Ik�
2ed
k )(

1

m

[mr]X
j=1

v2j Ij�
2ed
j )�

2

G(ed)2 ( 1m
[mr]X
j=1

vjIj�
2ed
j )(

1

m

mX
s=1

vsIs�
2ed
s ):(A.4)

To approximate (A.4), we now prove the following result: for k = 1 and 2,

1

G(ed)
0@ 1

m

[mr]X
j=1

vkj Ij�
2ed
j

1A =
1

m

[mr]X
j=1

vkj + op (1) uniformly in r 2 [0; 1]: (A.5)

Consider the term on the left hand side, we have, uniformly in r 2 [0; 1];

1

G(ed)
0@ 1

m

[mr]X
j=1

vkj Ij�
2ed
j

1A =
m�1P[mr]

j=1 v
k
j Ij�

2ed
j

m�1Pm
j=1 Ij�

2ed
j

=
m�1P[mr]

j=1 v
k
j Ijj

2ed + op(n
2d0)

m�1Pm
j=1 Ijj

2d0 + op(n2d0)

=
m�1P[mr]

j=1 v
k
j Ij�

2d0
j + op(1)

m�1Pm
j=1 Ij�

2d0
j + op(1)

=
1

m

[mr]X
j=1

vkj
Ij

G0�
�2d0
j

+ op(1);
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where the �rst equality follows from (6), the second equality follows from Lemma B.2 in
Appendix B, and the last equality follows from m�1Pm

j=1 �
2d0
j Ij !p G0. The above result

implies

sup
r2[0;1]

������ 1

G(ed)
0@ 1

m

[mr]X
j=1

vkj Ij�
2ed
j

1A� 1

m

[mr]X
j=1

vkj

������
= sup

r2[0;1]

������ 1m
[mr]X
j=1

vkj

 
Ij

G0�
�2d0
j

� 1
!������+ op(1):

Using summation by parts, the leading term on the right hand side is bounded from above
by

sup
r2[0;1]

0@ 1

m

[mr]�1X
s=1

��vks+1 � vks
�� �����

sX
j=1

 
Ij

G0�
�2d0
j

� 1
!�����+ 1

m
(log [mr])k

������
[mr]X
j=1

 
Ij

G0�
�2d0
j

� 1
!������
1A :

The �rst term in this expression is bounded by (see Robinson 1995b, p.1643)

1

m

mX
s=1

log(s+ 1) + 2

s

�����
sX
j=1

 
Ij

G0�
�2d0
j

� 1
!����� = Op

�
(logm)2

m1=2

�
:

For the second term, using Lemma 2, we have

sup
r2[0;1]

0@ 1

m
(log [mr])k

������
[mr]X
j=1

 
Ij

G0�
�2d0
j

� 1
!������
1A

= sup
r2[0;1]

(log [mr])2

m1=2
jW (r)j+ op

�
(log [mr])2

m1=2

�
= Op

�
(logm)2

m1=2

�
:

This proves (A.5). Applying this result, (A.4) can be written as

2

m

[mr]X
j=1

v2j �

0@ 2

m

[mr]X
j=1

vj

1A 1
m

mX
k=1

vk

!
+ op(1);

which converges to

2

Z r

0

(1 + log s)2ds� 2
Z r

0

(1 + log s)ds

Z 1

0

(1 + log s)ds

= 2

Z r

0

(1 + log s)2ds � 2�(r) by Lemma B1 in Appendix B:
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Combining the results, we have

Ym(r; d̂) = m�1=2
[mr]X
j=1

vj

 
Ij

G(d0)�
�2d0
j

� 1
!
+ 2�(r)m1=2(d̂� d0) + op(1)

= m�1=2 G0
G(d0)

[mr]X
j=1

vj

 
Ij
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�2d0
j

� 1
!
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vj

1A mX
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Ij

G0�
�2d0
j

� 1
!

+2�(r)m1=2(d̂� d0) + op(1):

Step 2. Prove �nite dimensional convergence. We focus on the �rst term in the preceding
display; the second and the third terms are straightforward to analyze. The arguments used
are similar to those in Lemma 2. Because G0=G(d0)!p 1; it su¢ ces to study

m�1=2
[mr]X
j=1

vj

 
Ij

G0�
�2d0
j

� 1
!
:

Eq. (4.8) and Eq. (4.11) of Robinson (1995b, pp. 1643-1644) imply that the above quantity
can be approximated by

Pn
t=1 zt;r with

zt;r � "t

t�1X
s=1

ct�s;r"s and ct;r = 2n�1m�1=2
[mr]X
j=1

vj cos(t�j):

Let p denote an integer and suppose 0 � r1 � ::: � rp � 1. We need to show

(
nX
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zt;rs)s=1;:::;p )
�Z rs

0

(1 + log x)dW (x)

�
s=1;:::;p

:

The asymptotic multivariate normality of (
Pn

t=1 zt;rs)s=1;:::;p follows immediately from Robin-
son (1995b), hence we only need to verify the covariance of the left hand side converges to
that of the right hand side. We have, for 0 � r1 � r � r2 � 1;

Cov(

nX
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nX
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= 4n�2m�1
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:
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The �rst term is of order O(
Pm

j=1 v
2
j=n) = O(m=n)! 0; see Robinson (1995b, p.1645). The

second term converges to
R r1
0
(1 + log s)2ds by Lemma B.1 in Appendix B.

Step 3. Prove the tightness. Again, we follow Nielsen (2004) and show

E

0@�����
nX
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zt;r �
nX
t=1

zt;r1

�����
2 �����

nX
t=1

zt;r2 �
nX
t=1

zt;r

�����
2
1A � K('m(r2)� 'm(r1))

2 (A.6)

for some �nite constant K and some function 'm(:) that satis�es the same conditions as
 m(:) in (A.2). First, using Lemma B.3 in Appendix B, we have

E

0@�����
nX
t=1

zt;r �
nX
t=1

zt;r1

�����
2 �����

nX
t=1

zt;r2 �
nX
t=1

zt;r

�����
2
1A

� C

 
nX
t=1

t�1X
s=1

ct�s(r1; r)
2

! 
nX
t=1

t�1X
h=1

ct�h(r; r2)
2

!
;

where C is some constant, ct�s(r1; r) = ct;r�ct;r1 and ct�h(r; r2) is de�ned analogously. Now,

nX
t=1

t�1X
s=1

ct�s(r1; r)
2 =

4

n2m

nX
t=1

t�1X
s=1

0@ [mr1]X
j=[mr]+1

vj cos((t� s)�j)

1A2

=
4

n2m

[mr]X
j=[mr1]+1

[mr]X
k 6=j

vjvk

�
�n
2

�
+

4

n2m

[mr]X
j=[mr1]+1

v2j

�
n2

4

�

� 1

nm

[mr]X
j=[mr1]+1

[mr]X
k 6=j

�
v2j + v2k

�
+
1

m

[mr]X
j=[mr1]+1

v2j

� 3

m

[mr]X
j=[mr1]+1

v2j :

Similarly, it can be shown
Pn

t=1

Pt�1
h=1 ct�h(r; r2)

2 � 3m�1P[mr2]
j=[mr]+1 v

2
j . Thus let

'm(s) =
1

m

[ms]X
j=1

v2j :

It satis�es the conditions stated because (see Lemma B.1 in Appendix B)

lim
�!0

lim sup
m!1

j'm(s+ �)� 'm(s)j = lim
�!0

Z s+�

s

(1 + log x)2dx! 0:

This completes the proof. �
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Appendix B. Auxiliary Lemmas

Lemma B.1

1

m

[mr]X
j=1

vj =

Z r

0

(1 + log x)dx+O(
1

m1�� ) and

1

m

[mr]X
j=1

v2j =

Z r

0

(1 + log x)2dx+O(
1

m1�� ) uniformly in r 2 [0; 1];

where � is some arbitrarily small positive number.

Proof: We prove the result using the Euler-Maclaurin formula which states that if k is
a natural number and f(�) is a twice di¤erentiable function de�ned for all real numbers
between 0 and k, then the following equality holds:

kX
j=1

f(j) =

Z k

1

f(x)dx+
f(1) + f(k)

2
+
1

12
(f 0(k)� f 0(1)) +R;

where R is a remainder term that satis�es

jRj � 2

(2�)2

Z k

1

jf 00(x)j dx:

Let k = [mr] and f(x) = log( x
m
); then

1

m

[mr]X
j=1

log
j

m
=

Z r

1=m

log xdx+
log [mr]� 2 logm

2m
+

1

12m

�
1

[mr]
� 1
�
+
1

m
R;

and the remainder term satis�es

jRj � 2

(2�)2

Z [mr]

1

1

x2
dx = O(1):

Thus,

1

m

[mr]X
j=1

log
j

m
=

Z r

1=m

log xdx+O(
logm

m
) =

Z r

0

log xdx+O(
1

m1�� );

where the last equality holds becauseZ 1=m

0

jlog xj dx =
Z 1

m

jlog xj
x2

dx =

Z 1

m

jlog xj
x�

1

x2��
dx = O(

1

m1�� ):
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Hence,

1

m

[mr]X
j=1

vj =

Z r

0

log xdx� r

Z 1

0

log xdx+O(
1

m1�� ) =

Z r

0

(1 + log x)dx+O(
1

m1�� ):

For the second result, let k = [mr] and f(x) = log2(x=m); then following similar arguments,
we have

1

m

[mr]X
j=1

�
log

j

m

�2
=

Z r

1=m

(log x)2 dx+O(
(logm)2

m
):

Note that we have used R = O(logm), which holds because

jRj � 4

(2�)2

(Z [mr]

1

(logm� log x) 1
x2
dx+

Z [mr]

1

1

x2
dx

)

� 4

(2�)2
(1 + logm)

Z [mr]

1

1

x2
dx

=
4

(2�)2
(1 + logm)

�
1� 1

[mr]

�
:

Combining these results, we have

1

m

[mr]X
j=1

v2j =
1

m

[mr]X
j=1

�
log

j

m
+ 1 +O(

logm

m
)

�2
=

Z r

1=m

(1 + log x)2dx+O(
(logm)2

m
)

=

Z r

0

(1 + log x)2dx+O(
1

m1�� ):

This completes the proof. �
Lemma B.2 Let d̂ denote the local Whittle estimate of d, and let �(d0; d̂) denote the interval
between d0 and d̂. For k=0,1, and 2, we have

sup
d2�(d0;d̂)

sup
r2[0;1]

������ 1m
[mr]X
j=1

j2d0Ij (log j)
k � 1

m

[mr]X
j=1

j2dIj (log j)
k

������ = op(n
2d0):

Proof: The arguments follow Robinson (1995b, pp.1642-1643). Fix � > 0 and choose n
and m such that (logm)2 > 2�: De�ne M =

�
d: (logm)3 jd� d0j � �

	
: Then,

P

0@ sup
d2�(d0;d̂)

sup
r2[0;1]

1

m

������
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j=1

j2d0Ij (log j)
k �
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j2dIj (log j)
k

������ > �

�
2�

n

��2d01A
� P (d̂ =2M)+P

0@ sup
r2[0;1];d2M

1

m

������
[mr]X
j=1

j2d0Ij (log j)
k �

[mr]X
j=1

j2dIj (log j)
k

������ > �

�
2�

n

��2d01A :
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The �rst term is op(1) by Robinson (1995b). For the second term,

sup
r2[0;1];d2M

m�1

������
[mr]X
j=1

j2d0Ij (log j)
k �

[mr]X
j=1

j2dIj (log j)
k

������
� sup

d2M
m�1

mX
j=1

j2d0Ij (log j)
k
��1� j2(d�d0)

��
� 2e� (logm)k�2m�1

mX
j=1

j2d0Ij

= 2e� (logm)k�2
�
2�

n

��2d0
(G0 + op(1)) ;

where the last equality follows from m�1Pm
j=1 �

2d0
j Ij !p G0: Hence the second term can be

made arbitrarily small by choosing a small �: This completes the proof. �

Lemma B.3 Let zt;r = "t
Pt�1

s=1 ct�s;r"s with ct;r = 2n
�1m�1=2P[mr]

j=1 vj cos(t�j) and "t satis-
fying Assumption 2. Then, for 0 � r1 � r � r2 � 1; we have
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ct�s(r1; r)
2

! 
nX
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t�1X
h=1

ct�h(r; r2)
2

!
;

where C is a constant that does not depend on r1, r or r2; ct�s(r1; r)=ct;r�ct;r1 ; and ct�h(r; r2)
is de�ned analogously. This result also holds when zt;r is replaced by z�t;r and ct by bt.

Proof: Let zt(s; r) = zt;r � zt;s: Then,

E

0@�����
nX
t=1

zt;r �
nX
t=1

zt;r1

�����
2 �����

nX
t=1

zt;r2 �
nX
t=1

zt;r

�����
2
1A

= E
nX
t=1

nX
s=1

nX
k=1

nX
l=1
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2 (B.1)
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2 (B.2)

+2E
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First consider term (B.2):
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!2
:

Thus, it is su¢ cient to analyze the �rst term on the right hand side due to symmetry. It
equals
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� (I) + (II):

Due to Assumption 2, term (I) is bounded by
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(B.4)
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for some 0 < C1 <1. Applying the Cauchy�Schwarz inequality to the elements of (II), we
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Combining these two results, we have
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which is proportional to (B.4). Hence,
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!
with C2 = C1 + 1: (B.6)
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where the �rst term is the same as (B.2) and the second term equals (B.1).
Finally, we turn to (B.1). It equals
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Applying the same arguments that lead to (B.5), we have
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; (B.8)

where C4=C3 + 2�4. Combining (B.6), (B.7), and (B.8) leads to the desired result. �
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