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Abstract

We consider the problem of estimating and testing for multiple breaks in a single
equation framework with regressors that are endogenous, i.e., correlated with the errors.
First, we show based on standard assumptions about the regressors, instruments and
errors that the second stage regression of the instrumental variable procedure involves
regressors and errors that satisfy all the assumptions in Perron and Qu (2006) so
that the results about consistency, rate of convergence and limit distributions of the
estimates of the break dates, as well as the limit distributions of the tests, are obtained
as simple consequences. More importantly from a practical perspective, we show that
even in the presence of endogenous regressors, it is still preferable to simply estimate
the break dates and test for structural change using the usual ordinary least-squares
framework. It delivers estimates of the break dates with higher precision and tests with
higher power compared to those obtained using an instrumental variable method.
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1 Introduction

Both the statistics and econometrics literature contain a vast amount of work on issues re-
lated to structural changes with unknown break dates, most of it specifically designed for
the case of a single change (see, Perron, 2006, for a detailed review). However, the prob-
lem of multiple structural changes has received more attention recently. Bai and Perron
(1998, 2003) provided a comprehensive treatment of various issues in the context of multiple
structural change models: consistency of estimates of the break dates, tests for structural
changes, confidence intervals for the break dates, methods to select the number of breaks and
efficient algorithms to compute the estimates. Related contributions include Hawkins (1976)
who presents a comprehensive treatment of estimation based on a dynamic programming
algorithm. Perron and Qu (2006) extended the analysis to the case where arbitrary linear
restrictions are imposed on the coefficients of the model. In doing so, they also consider-
ably relaxed the assumptions used in Bai and Perron (1998). Bai, Lumsdaine and Stock
(1998) considered asymptotically valid inference for the estimate of a single break date in
multivariate time series allowing stationary or integrated regressors as well as trends with
estimation carried using a quasi maximum likelihood (QML) procedure. Also, Bai (2000)
considered the consistency, rate of convergence and limiting distribution of estimated break
dates in a segmented stationary VAR model estimated again by QML when the break can
occur in the parameters of the conditional mean, the variance of the error term or both. Qu
and Perron (2007) considered a multivariate system estimated by quasi maximum likelihood
which provides methods to estimate models with structural changes in both the regression
coefficients and the covariance matrix of the errors. Kejriwal and Perron (2006a,b) provide
a comprehensive treatment of issue related to testing and inference with multiple structural
changes in a single equation cointegrated model. Zhou and Perron (2007) considered the
problems of testing jointly for changes in regression coefficients and variance of the errors.

More recently, Hall and Han (2006, 2007) considered a single equation framework with
regressors that are endogenous, i.e., correlated with the errors. They considered using an
instrumental variable (IV) procedure. Hall and Han (2006) provided a very detailed proof
for the consistency and rate of convergence of the estimates of the break fractions and the
limit distributions of the tests for multiple structural changes. Hall and Han (2007) provided
a detailed proof of the limit distribution of the estimate of the break date in a single break
model assuming a stable reduced form equation. In all cases, the results are similar to those
in Bai and Perron (1998).



This paper follows up on the work of Hall and Han (2006, 2007) in two directions. First,
we provide a very simple proof of the results they derived by showing that using generated
regressors, the projection of the regressors of the space spanned by the instruments, to
account for potential endogeneity implies that all the assumptions of Perron and Qu (2006)
(or those of Bai and Perron, 1998) obtained with original regressors contemporaneously
uncorrelated with the errors, are satisfied. Hence, all results derived in those papers continue
to hold. There is no need for a separate detailed analysis as done in Hall and Han (2006,
2007). This also allows us to have even more general results, in particular about the limit
distributions of the estimates of the break dates for which we do not require a stable reduced
form equation linking the regressors and the instruments.

The second contribution is more important from a practical perspective. We show that
even in the presence of endogenous regressors, it is still preferable to simply estimate the
break dates and test for structural change using the usual ordinary least-squares (OLS)
framework. The idea is simple yet compelling. First, changes in the true parameters of the
model imply a corresponding change in the probability limits of the OLS parameter estimates,
which is equivalent in the leading case of regressors and errors that have a homogenous
distribution across segments. Second, one can reformulate the model with those probability
limits as the basic parameters in a way that the regressors and errors are contemporaneously
uncorrelated. We are then simply back to the framework of Bai and Perron (1998) or Perron
and Qu (2006) and we can use their results directly to obtain the relevant limit distributions.
What is more important is that the OLS framework involves the original regressors, while the
IV framework involves as regressors the projection of these original regressors on the space
spanned by the instruments. As is well known, this implies that the generated regressors
in the IV procedure have less quadratic variation than the original regressors. Hence, a
given change in the true parameters will cause a larger change in the conditional mean of
the dependent variable in the OLS framework compared to the corresponding change in an
IV framework. Accordingly, using OLS not only delivers consistent estimates of the break
fractions and tests with the usual limit distributions, it also improves on the efficiency of the
estimates and the power of the tests. This is shown theoretically and also via simulations.

The structure of the paper is as follows. Section 2 presents the model and the assumptions
on the regressors, instruments and errors. We adopt those in Perron and Qu (2006) since they
are the most general available and also allows for structural change models with restrictions
on the parameters, including partial structural change models. Section 3 shows that these
assumptions imply that the second stage regression of the instrumental variable procedure



involves regressors and errors that satisfy all the assumptions in Perron and Qu (2006) so
that the results about consistency, rate of convergence and limit distribution of the estimates
of the break dates, as well as the limit distribution of the tests, are obtained as simple
consequences. Section 4 shows how using the OLS framework is not only valid but also
preferable in that it delivers estimates of the break dates with higher precision and tests
with higher power. Section 5 substantiates our theoretical results via simulations and shows
their practical importance. Section 6 provides brief concluding remarks and an appendix
contains some technical derivations.

2 The model and assumptions

Consider a general multiple linear regression model with m breaks or m + 1 regimes. There
are T observations and m is assumed known. The break dates occur at {Ti,..., Tm}. Let
y = (Y1,...,¥1) be the dependent variable and X a T by p matrix of regressors. Define
X = diag(Xy, ..., Xm+1), @ T by (m + 1)p matrix with X; = (Xr,_,+1,....X7,) for i =
1,...,m+ 1, with the convention that To = 1 and T,+1; = T (each matrix X is a subset of
the regressor matrix X corresponding to regime i). The matrix X is a diagonal partition of
X, the partition being taken with respect to the set of break points {Ty, ..., Tm}. The vector
u = (Ug,...,ur) is the set of disturbances and & = (&7, ...,0,,,.,)" is the (m + 1)p vector of
coefficients.

Following Perron and Qu (2006), we consider the general pure structural change model
with restrictions on the coefficients, i.e.,

y = X3 +u, (1)

where
Ré=r, 2

with R a k by (m + 1)p matrix with rank k and r a k dimensional vector of constants. Note
that this framework includes the case of a partial structural change model by an appropriate
choice of the restrictions on the parameters. Since some regressors may be correlated with
the errors, we assume that there exists a set of g variables z; that can serve as instruments,
and we define the T by q matrix Z = (zy, ..., z7)’.

The goal here is to estimate the unknown break dates whose true values are denoted with
a 0 superscript, i.e., (T?,..., T2), using the observables (y, X, Z) and the restrictions on the
coefficients. The relevant IV regression is then

y = X*3 +u, 3)
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subject to the restrictions given by (2), where X* = diag(Xy, ..., Xm+1), @ T by (m + 1)p
matrix with X; = (X1, ,+1,..%7,) fori = 1,..m+1, and X = (X,....%1) = PzX
where P, = Z(Z'Z)~1Z’ is the orthogonal projection matrix onto the space spanned by the
columns of Z. The estimates of the break dates are then

(T1, .oy Tm) = arngmirTw SSRR(T4, ..., Tm), (4)

where SSRR(Ty, ..., Ty) is the sum of square residuals from the restricted OLS regression
(3) evaluated at the partition {Ty, ..., Tm}. 1t will be useful also to define the break fractions
A0 A = (TY/T, ..., T2/T) with corresponding estimates (Ay, ..., Am) = (T1/T, ..., Tm/T).

We impose the following assumptions on the data, the errors and the break dates, which
are trivial extensions of those in Perron and Qu (2006).

e Assumption Al: Let w; = (X,Z¢). Foreachi=1,...m+1, letl; = (TS, — T?), then

TO+[1;v] : i
amy 'S ww -, @y = | S el
Qex(¥) Qsz(¥)

a non-random positive definite matrix uniformly inv [0, 1].

e Assumption A2: There exists an Iy > 0 such that for all | > |y, the minimum eigenvalues
+ 0 -
of (1/1) ZET;H z;z{ and of (1/1) ZI;T;O_I z;z{ are bounded away from zero (i =1, ..., m).

e Assumption A3: The matrix ZL=k ¢z, is invertible for | —k = T for some > 0.

e Assumption A4: Let the L-norm of a random matrix A be defined by ||A[l, = (3_; >_; E |Ajj D
for r = 1. (Note that ||A|| is the usual matrix norm or the Euclidean norm of a vector.)

With {F; :i=1,2,..} asequence of increasing o-fields, we assume that {z;u;, 7} forms a
L"-mixingale sequence with r = 2 + ¢ for some € > 0. That is, there exist nonnegative con-

stants {c;: i=1} and {y; : j =0} suchthat §); 1 0asj - « andforalli=1andj =0,

we have: (a) |E@uilFig)l, < iy, (0) |1ZiUi — E@Ui| Fiaj)|, < Cillj.y. Also assume (c)

max; ¢ < K < o, (d) Y72, W; < o, (e) ||zill,, <M < o and [|uill,, <N < oo for

some K,M,N > 0.

e Assumption A5 T? =[TA]], where 0 <A} <. <A}, <L1.

e Assumption A6: The minimization problem defined by (4) is taken over all possible
partitions such that Ty — Ti_; = T for some > 0.



Assumption Al basically rules out unit root regressors; otherwise the particular scaling
used is not important and could be relaxed at the expense of substantial technical compli-
cations . Assumption A2 imposes restrictions on the instruments in a local neighborhood
of the break points. They ensure that there is no local collinearity problem so the break
points can be identified. Assumption A3 is a standard invertibility requirement to have well
defined estimates. Assumption A4 imposes mild restrictions on the vector z;u;. They permit
a wide class of potential correlation and heterogeneity (including conditional heteroskedas-
ticity) and also allow lagged dependent variables. Finally, Assumption A5 is a standard
requirement to have asymptotically distinct break dates and A6 requires that the search
for breaks precludes candidates which are too close. This, however, is not constraining in
practice since can be chosen arbitrarily small.

For future references, note that Al implies that

m+1

4 T , |i 1 T¢0+1 , m+1 i
T tZ:thZt = > f[li > ZiZy] —p Z:l (Ai = Ai1)Qzz(1) = Qzz,
= 1=

i=1 t=T0+1
with Qzz a non-random positive definite matrix. Similarly,

m+1

T -
Tﬁlt:ZthXQ ~p ; (A = Ai-1)Qzx (1) = Qzx, (5)

with Qzx is a non-random matrix with rank equal to p, and

m+1

T .
T_lt;lxtxé —p ;1 (Ai — Ai—1)Q%x (1) = Qxx,

a non-random matrix with rank p.

Note that unlike Hall and Han (2006), we make no assumption about the relation between
the instruments Z and the regressors X other than they are correlated. That is, we do not
specify a reduced form linking them. If there is a stable reduced form equation of the form

X =270%+v, (6)

with
, 0-2 y/
E [(ug, vo)'(Ue, V)] = )
y X

LFor example, allowing for trending data would imply a different scaling but it would not change results
related to the consistency and rate of convergence of the estimates of the break dates or the fact that the limit
distribution of the other estimates is the same as in the known break date case. For the limit distribution of
the estimates of the break dates and the test statistics, this assumption matters and will be strenghtenned.
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then, Qzx = Qz20° and Qxx = 8%Qz26° + X. The framework can also accommodate a
reduced form that exhibits structural changes which are estimated in the usual way. As in
Hall and Han (2006), suppose that

X =2Z7%° +v, (7)

with Z° = diag(Z?, ..., Z9), the diagonal partition of Z at the (possibly different) break dates
(TZ, ..., TZ) and 8° re-defined accordingly. Suppose that we have estimates (fz, f,ﬁ) and we
use as instruments Z = diag(Zy, ..., Zn), a T by (n + 1)g matrix with Z; = (z¢. 4y, 25.)
fori =1,...,n+ 1. This fits in the framework discussed above by augmenting the number
of instruments so that there are n such set of instruments. Then, provided probability
limit values for the estimates of the break fractions (A, ..., A.) = (TZ/T,..., T2/T) exists,
Assumptions Al still holds with the limit values properly re-defined. Note that the estimates
of the break fractions need not be consistent. In fact, even ignoring breaks in the reduced
form when some are present is a case that still fits in our framework. There is no need for a
separate treatment as far as consistency and the rate of convergence is concerned. However,
a proper treatment of breaks in the reduced form can lead to more precise estimates of the
break dates, but Hall and Han (2007) do not cover this case.

3 Limit results for estimates and tests obtained using the IV method

Hall and Han (2006) provided a very detailed proof for the consistency and rate of con-
vergence of the estimates of the break fractions and the limit distributions of the tests for
multiple structural changes. They showed that all the results in Bai and Perron (1998) go
through. Hall and Han (2007) provided a detailed proof of the limit distribution of the
estimate of the break date in a single break model assuming a stable reduced form equation
of the form (6). We shall prove all those results by simply showing that the assumptions
imposed here, which are less restrictive than those of Hall and Han (2006, 2007), imply that
the conditions stated in Perron and Qu (2006), for regressors and errors that are contem-
poraneously uncorrelated, continue to hold for the IV regression with X; when the original
regressors are contemporaneously correlated with the errors.

We first consider the consistency of the estimates of the break fractions. We have the
following lemma proved in the appendix.

Lemma 1 Assumptions A1-A4 hold if we replace Zy with Xt.



Lemma 1 in conjunction with A5 and A6 directly imply that the estimates of the break
fractions are consistent. To obtain a rate of convergence, we adopt as is common in this
literature a framework in which the magnitude of the shifts may decrease as the sample size
increases. This is stated in the following assumption:

Assumption A7. Let Ar; = 6,+1 - 6?. Assume Ar; = vt 4, for some A; independent of
T where v > 0 is a scalar satisfying either a) vy is fixed, or b) v — 0 and T¥2 vy - o
for somen (0,1/2).

Lemma 1 in conjunction with A5-A7 directly imply the following result.

Proposition 1 Under Assumptions A1-A7: for every > 0, there exists a C < oo | such
that for all large T, P(|Tv2 (A — N0 | =>C) < foreveryk =1,.

To analyze the limit distributions of the estimates, we need, as in Bai and Perron (1998)
and Perron and Qu (2006), some additional assumptions. These are stated as follows.

Assumption A8. Let AT = T2 —=T2, fori=1,..,m, and wy = (X, z;). Then, as
AT? - oo, uniformly ins [0,1]: .

LTS e - 50t = s | U e
Qzx Qzz
2. (ATY)- ZtZT{L[SﬁT ]utu{ —p SO,
3. (ATO) Z:tle(;L[erAlT ] T,;_LESJrAlT ](Z Ztu ut) -p SQZU’
4. (AT9)—2 Ztlel[iAlT ]ztut BL,(s) with BL (s) a multivariate Gaussian process

on [0, 1] with mean zero and covariance E[BY,(s)BL (r)] = min{s, r}QL,

These assumptions are the same as those used in Perron and Qu (2006) for regressors
that are uncorrelated with the errors. Part (1) compared to Al implies, in particular, that
the regressors are non-trending. Similarly, part (2) implies that the variance of the errors
is fixed within each segment. Parts (3) and (4) are standard. These assumptions imply the
following counterparts for the case with X, as the regressors used in the instrumental variable
regression (see the appendix for a short proof).

Lemma 2 Let AT? = T2 —=T2,, fori = 1,...,m. Then, as AT? - o, uniformly in
s [0,1]:

i 1+[sAT ],\ o

1. (ATO) Zt =T? +1 txt -p Sszszszszsz = SQHH’
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TO | +[SATO] (~TO ,+[SAT?]

2. (ATP) Zt:Tglﬂ Zr;Tglﬂ (ReRqurUy)' —p SQ7x Q2727 Q77Qzx = sy,
TY | +[SAT?] o 1o i . i .
3. (AT V2 R QhxQzEBLy(S) = BLy(s) with Bly(s) a multi-
variate Gaussian process on [0, 1] with mean zero and covariance E[B},,(s)Bl,,(u)] =
min{s, u}QL,,.
The following result then follows immediately from Perron and Qu (2006).

Proposition 2 Under Assumptions A1-A8 and that (8Y'R¢)? & 8Y'KiUs has a continuous dis-

tribution, we have, fori =1,...,m:
(AQLKA) = o g 0
— = v (T; = T) - V ,
where

Vi) = WP (=s)—|s|/2 ifs=<0,

VPO = \E /oW () — gL Il /2 if s> 0,
with
@R = AQLA/AQLLA,
@) = NOISA/AQIAA
and

&l = AIQLHAI/AIQL L AL

Note that, unlike the case for the consistency and the rate of convergence, the assump-
tions about the reduced form and how it is analyzed if non-stable (e.g., using additional
instruments based on the identified sub-samples) will affect the limit distribution. In the
case of a stable reduced as specified by (7), we have

(A16° QL 8° A
INCIIOUN

VT ('ﬂ — Tio) _d arg mgx VS)(S),

where

V|_(|i)(S) _ Wl(i)(—s) —|s|/2if s <0,
VOE = VEE WO ~ 8725 >0



with

(r)? = APY0L,68°A/A87QL,0°A,,
((p:_,|2)2 — A/ieOIQiZ+UleOAi/A€eO/Qiz+ZleOAi,

and
Eh = ABYQUF0°AI/ AV QL ,0°A,.

The result for this special case is the same as that in Theorem 3 of Hall and Han (2007).

Despite the fact that our result, as stated in Proposition 2, is simpler and involves less
parameters to estimate, it is indeed more general since it does not presumes the existence
of a stable reduced form equation. All that is required is a consistent estimate of the limit
moment matrix of (X, z¢) which is trivial to obtain.

Consider now the problem of testing the null hypothesis of no structural change. In
the appendix, we show that the following results hold given Assumptions Al1-A4 when no
structural change is present.

Lemma 3 Assume that Uy is serially uncorrelated, then, uniformly in S,

_ Tslo o _ _ .
a)T ! ZE:Si] XXy —p SQ2xQzz 'Qzx = Qun;

and

b) E(U?) =02 for all t and T2 %0, 0QUAW,(s).

Hence, assumption A10 in Perron and Qu (2006) is satisfied so that all results pertaining
to hypothesis testing remain valid. Relaxing the assumption of serially uncorrelated errors
is done by modifying the various tests using a heteroskedasticity and autocorrelation robust
covariance matrix for the parameter estimates.

To summarize, we have shown that using the generated regressors X;, the projection of
the regressors on the space spanned by the instruments, to account for potential endogeneity
implies that all the assumptions of Perron and Qu (2006) (or those of Bai and Perron,
1998) obtained with original regressors contemporaneously uncorrelated with the errors, are
satisfied. Hence, all results derived in those papers continue to hold. There is no need for a
separate detailed analysis as done in Hall and Han (2006, 2007). But the question of interest
is then whether using an instrumental variable approach is necessary or even useful. The
next section addresses this issue and shows that simply using OLS is preferable.



4 Estimating and testing using OLS estimates

In this section, we show that it is preferable to estimate the break dates using the standard
OLS method rather than an IV procedure even in the presence of endogenous regressors.
The reasons for this are very simple. Assume for simplicity that the break dates are known
and let plimr_ . E(X{u) = @; for i = 1,...,m + 1, then, the probability limit of the OLS
estimate & from (1) is given by, under A8,

5" = 8%+ p lim (XpXo) *Xgu = 8° + diag(Qx, - Q%) (@1 s Ona)
= 3%+ [(Qxx) 011 - (D) Orman)]

Any change in the parameter 3° will imply an equivalent change in the limit value of the
OLS estimate 8*. Hence, one can still identify parameter changes using OLS estimates. The
second feature is the well known inequality ||PzX|| < ||X|| so that using an IV procedure
leads to regressors that have less quadratic variation than when using OLS. This and the
fact that the limit value of the OLS estimate changes in an equal way implies that the
estimates of the break dates will be less precisely estimated using an IV procedure. The
main cause for this is the fact that a change in the parameter 3° will cause a larger change
in the conditional mean of the dependent variable in the OLS framework compared to the
corresponding change in an IV regression.
To make the above arguments more precise, consider writing the DGP (1) as

y = X8+ Px,u+ (1 —Px,)u
= Xo[8° + (X;Xo) " tXgu] + (I — Px,)u

= Xoéikr + u*,

where u* = (I —Px,)u and & = [8°+ (X;Xo)~X4u] for which 8% -, 8*. So we can consider
a regression in terms of the population value of the parameters, viz.

y = )ZOES* + u*.

It is clear that in this framework >Zo Is uncorrelated with u* so that the OLS estimate, say
3", will be consistent for 3*. This suggests estimating the break dates by minimizing the sum
of squared residuals from the following regression

y = X3 + u*.
Then, the estimates of the break dates are given by
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(fﬁ"”f;)::mngﬂn SSR:(T1, ..., Tm), (8)

Lyeees Tm
where
SSR; (T, ..., Tm) = (y — X0%)'(y — X&%).

We then obtain directly from Perron and Qu (2006) that, under the same conditions as used
above, the estimates of the break fractions are consistent and have the same convergence
rate as in the usual OLS framework with regressors contemporaneously uncorrelated with
the errors. The assumptions used are the same. The limit distribution of the estimates of
the break dates is given in the following proposition.

Proposition 3 Under Assumptions A1-A8 with A2-A4 and A8 stated with X¢ instead of
v, A4 and A8 stated with U} instead of Uy (using the notation Q. instead of Q. ), with
A7 stated in term of AF = 8,y — 8} instead of Aj = 83y — &, and further assuming that

(87 2)2 4 8 ZJuy has a continuous distribution, we have, for i =1,...,m:
(AYQYxAD)? = o 4 10)
W(TI T) -%arg mng (s)
where
VD) = WP (=s)—|s|/2 ifs=<0,
VO®E) = VE(@io/0i)W; () —&ls| /2 if s>0,
with
0f1 = ATy AT/ATQYx AT,
02 = AVOGAZATQRXA,
and

& = ATQUXA/AT QYA

Note that the limit distribution depends on A} = §;,; —9;. But since the OLS estimates
are consistent for 6* this quantity can still be consistently estimated.

One can then compare the limit distributions of the estimates of the break dates using
OLS or the IV procedure discussed in the previous section. For simplicity, consider the
case where the instruments, regressors and errors have a constant distribution throughout
the sample so the moment matrices do not change across regimes. Also, suppose that the

11



errors are uncorrelated. Then, the limit distribution of the break fractions based on the IV
procedure, denoted 7\.\,, is given by

/ ~
%O\.V — A% ~dargmax[W(s) —|s| /2],
S
and the limit distribution of the break fractions based on the OLS procedure, denoted Xo._s,
IS .
AT QXXAT
o7
where 02 = plimy_. TG0 = plimy_o T-1(y — X3 )'(y — X3 ). Now, since ||X| =

IPzX ][ = [[X]] and [jul[ = [I(F = Px)ul| = fju]],

(Aovs =A%) —“ argmax W (s) — |s| /2]

1Qun|| = [Ip_lim T*X'X]| < |[p_lim T7X'X|| = [|Qxx||,
T—o0 T—o0
and
o?=plim T 'Wu=p lim T'070* = 0%,
T—o00 T—o00

so that
A1 QuuAT < A1Qxx At

0—2 - 0-*2
Therefore, the variance of the 1V-based estimate X.V is greater than that of the OLS-based
estimate Aors. This argument extends to more general cases. Hence, it is clearly preferable to
estimate the break dates using the simple OLS-based method than using an IV procedure. As
we shall see below, the loss in efficiency can be especially pronounced when the instruments
are weak as is often the case in applications.

Of course, if the goal is not to get estimates of the break dates per se but estimates
of the parameters within each regime, one should use an IV regression but conditioning
on the estimates of the break dates obtained using the OLS-based procedure. Their limit
distributions will, as usual, be the same as if the break dates were known since the estimates
of the break fractions converge at a fast enough rate.

Using the same logic, we can expect the power of tests for structural change to be more
powerful when based on the OLS regression rather than the IV regression. This will be
investigated through simulations in the next section.

5 Simulation evidence

In this section, we provide simulation evidence to assess the advantages of estimating the
break dates and constructing tests using an OLS regression compared to using an IV regres-
sion. We start in Section 5.1with the leading case with regressors that have a homogenous
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distribution across segments and with the correlation between regressors and errors also in-
variant. In Section 5.2, we consider the case for which either can be changing, a case not
covered by our theory.

5.1 Homogenous distributions across segments.

The data are generated by
Yt = X0t + U,

where y;, X¢ and u, are scalars. We consider, for simplicity, the case of a single break in the
parameter 6, occurring at mid-sample, so that

{ ¢ fort [1,T/2],
6t -

—c fort [T/2+1,T]. ©)

First, define the following random variables:

Ug . 1 172
1.i.d. N | 0oyq, ,
Vi 172 1
&t 1.i.d. N(1,1),
& 1.i.d. N(0,1).

The regressor X; is kept the same throughout the specifications and is generated by
Xt = & + Vi,
and, again for simplicity, we consider the case of single instrument z; generated by
Zy = \/V‘Et + /2~ YE,

with 0 <y < 2. Note that u; and v; are correlated so the regressors x; are correlated with the
errors uq. The variable &, is a component common to X; and z; and the parameter y controls
the extent of the correlation between the regressors and the instruments. The component
€ Is added in the generation of z; to keep the variability of the instrument constant when
varying y. The R? in the reduced form linking x; and z; is a function of y given by

R? = \/Vog/oxcrz = \/7/2

with oz, 0x and g, are the standard error of &;, X; and z;, respectively. e report results for
the following values R? = .7, .5, .2 and .001, and we consider three values for the size of the
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change in the parameter, ¢ = .25, .5 and 1.0. In all cases, the sample size is T = 100 and the
number of the replication is 1,000. The results are presented in Figure 1 for the cumulative
distribution functions and in Figure 2 for the probability density functions (estimated using
the normal kernel with the bandwidth chosen by Silverman’s (1986) rule of thumb).

The OLS-based estimates are always more precise than the instrumental variable-based
estimates, even when the R? is as high as 0.7. The extent to which the 1V-based estimates
perform badly increases as R? decreases, and even for a value as high as 0.5, which is larger
than what can be obtained in most applications, the 1V-based estimates show much higher
variability than the OLS-based estimates. In the case of very weak instruments, the IV-
based estimates are totally uninformative. Also, when the magnitude of change increases,
the precision of the OLS-based estimate increases noticeably. The increase in the precision
of the 1V-based estimate is, however, marginal as ¢ increases. Hence, even with large breaks,
the OLS-based estimates are far superior. The simulations show that it is indeed highly
preferable to estimate the break dates using a standard OLS framework even when the
regressors are contemporaneously correlated with the errors.

We also simulated the power of the sup-Wald test for a single break of Quandt (1958,
1960) as developed by Andrews (1993). Given our setup, it is given by

_ SSR} — SSR(Ty)
wpE = [T]<T§551— y11 SSR(Tp)/(T —1)°
where SSRY denotes the restricted sum of squared residuals obtained from a regression
assuming no break, and SSR(Ty) denotes the sum of squared residuals in a regression allowing
for a break at date T,. The trimming parameter is set to = 0.15 and we report results for
tests with a 5% nominal size. We also considered the UDmax test of Bai and Perron (1998),
for which there is no need to pre-specify the number of breaks. The results were qualitatively
similar and, hence, are not reported. To construct the power functions, we varied ¢ between
0 and 1.

The results are presented in Figure 3. They show that the OLS-based test has the highest
power. The power of the 1V-based test is noticeably inferior and becomes uninformative as
the instrument gets more weakly correlated with the regressors. Hence, testing should also
be performed using the usual OLS-based methods.

5.2 Non-homogenous segments

We now consider the case for which the distribution of the regressors and the correlation
between the regressors and errors can vary across segments. These cases are important since
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then the change in the pseudo limit values A} = &;,, — d; need not equal the change in
the true population values A; = 8?2,, — &) and neither is necessarily greater than the other.
Given the nature of the limit distributions stated in Propositions 2 and 3, it is difficult to
provide theoretical results; hence, we resort to simulations. The data generating process is
similar to the one used in the previous section except that we allow some key parameters to
change across regimes. More specifically, we now have

Xt = Et + Vi,
Vi i.i.d. N(0,02),
g ii.d. Ny, 1),
and
E(XtUr) = @;.

We consider three cases: 1) a change in Qxx induced by a change in the variance of the

regressor such that
_ {01\, fort [1,T/2],
tv —

o, fort [T/2+1,T];
2) a change in the correlation between the regressor and the errors such that

(e, fort [1,T/2],
P = ¢, fort [T/2+1,T];

and 3) a change in Qxx induced by a change in the mean of the regressor such that

[y, fort [1,T/2],
He = {uz fort [T/2+1,T].

The other specifications are the same. For cases (1) and (3), a change in the distribution of
the regressor across segments induces a change in the correlation between the regressor and
the instrument if y is fixed. In order to keep this correlation constant across segments, we
change y at date [T /2] so that R?> = " Y0:/040, is held fixed throughout the sample. Again,
in all cases, the sample size is T = 100 and the number of the replication is 1,000 and we
report results for R2 = .7, .5, .2 and .001. The results reported are the probability density
functions of the IV and OLS-based estimates. In all three cases, we consider changes such
that the value of the relevant parameter is smaller or greater in the first regime compared
to the second, since the distributions are not symmetric for equal changes occurring in the
two segments. Also, the change in the parameter 6 is given by (9) with ¢ = 0.25.
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Consider first case (1) with a smaller variance of the regressor in the first regime so that
0,y =1 and o, = awith a=0.8, 0.5 and 0.25. The results are presented in Figure 4. Here
A} is greater in absolute value than A;, so on that basis we can expect an increase in the
efficiency of the estimate of the break date. When comparing with the base case in Figure
2, this is indeed the case and more so as a decreases. The results in Figure 5 pertain to the
case of a smaller variance in the second regime so that A; is smaller in absolute value than
A;. The specifications used are o3, = 1 and g,, = b with b = 0.8, 0.5 and 0.25. One can
see a reduction in the efficiency of the OLS-based estimate. It nevertheless remains more
efficient that the 1V-based estimate for all cases considered and again more so as the extent
of the correlation between the regressor and instrument decreases.

Consider now a change in the correlation between the errors and the regressors across
regimes. The first case is one for which the correlation is smaller in the first regime given by
@, = 1and @, =a =0.25, 0.1 and 0.01, for which A3 is smaller in absolute value than A;.
As depicted in Figure 6, this translates into a reduction in the precision of the OLS-based
estimate of the break date. Unlike case (1), we have some instances for which the IV-based
estimate is more precise than the OLS-based one. This, however, requires an unrealistically
high correlation between the regressor and instrument (e.g., an R? value of 0.7) and a very
large change in the correlation between the regressor and the errors. The results for the case
with a correlation higher in the first regime are presented in Figure 7 for the specifications
¢, =1and @, =b =0.25, 0.1 and 0.01. Here A7 is greater in absolute value than A; and
the results show that in all cases the OLS-based estimate is more precise than the 1VV-based
one.

The last case considered is one for which the mean of the regressor changes across regimes.
Figure 8 presents the results when the mean is higher in the first regime, specified by p, =1
and y; =a =15, 2.0 and 5.0. In this case, A} is smaller in absolute value than A;. The
OLS-based estimate nevertheless remains more efficient unless the change in mean is very
large (a = 5) and the correlation between the regressor and instrument is high (e.g., an
R? value above 0.5). When the mean of the regressor is higher in the second regime A} is
greater in absolute value than A;. The results presented in Figure 8 for the specifications
M, =1and y, =b = 1.5, 2.0 and 5.0 indeed show that the OLS-based estimate is in such
cases more efficient that the IVV-based one and more so as the change in mean increases.

Overall, the simulation presented in this section showed that, in general, the OLS-based
estimate is more precise than the 1V-based one even when the distribution of the regressors
or the correlation between the regressors and the errors are allowed to change across regimes.
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There are cases for which this is not true but they occur for unrealistically high values of
the correlation between the regressors and instruments and very large changes in either the
correlation between the regressors and errors or the means of the regressors. Hence, for all
practical purposes, it is more beneficial to use an OLS-based method.

6 Empirical example

To illustrate the relevance of our theoretical results, we consider the stability of the New
Keynesian hybrid Phillips curve as put forward by Gali and Gertler (1999). The basic
specification is given by

Ty = M+ KX¢ + BEeTerg + YT g (10)

where T, is the inflation rate and E; is the expectation operator conditional on information
available at time t. The variable x; is a real determinant of inflation usually taken as a
measure of real economic activity such as the output gap, though Gali and Gertler (1999)
argue that using a measure of real marginal cost is preferable. The key ingredient is the
component E;m+; which makes the Phillips-curve forward looking. The one-period lag of
inflation is usually introduced on the ground that it improves the fit of the model but can be
rationalized by supposing that a proportion of firms use backward-looking rules to set prices.
In this specification, one expects B and y to be positive and that 3 is substantially larger
than y so that the forward looking component dominates. Also, K is expected to be positive
so that an increase in real activity is associated with an increase in inflation. As argued by
Gali and Gertler (1999), the estimate of K is usually negative when using the output gap but
is positive, though quite small, when using real marginal cost.

We follow the approach taken by Gali and Gertler (1999) and use the same specifications
and data. The data was obtained from Andre Kurmann’s website (and used in Kurmann,
2007). It is for the U.S.A. and quarterly for the period 1960:1-1997:4 as in Gali and Gertler
(1999). The inflation rate m; is the quarterly change in the GDP deflator and x; is either 1)
detrended real GDP assuming a quadratic linear trend as a measure of the output gap, or
2) labor income share as a proxy of real unit labor cost (nonfarm business unit labor cost
deflated by the GDP deflator). We estimated the parameters in (10) by IV using, as in Gali
and Gertler (1999), the following instruments: four lags of inflation, labor income share, the
output gap, the interest rate spread (10 years US treasury bill rate minus the 3 years bill
rate), wage inflation (quarterly change in the nonfarm business nominal wage rate) and the
commaodity price inflation (quarterly change in the spot market price index).

17



Gali and Gertler (1999) estimated the model using a non-linear GMM procedure given
that their model imply restrictions across the coefficients which are functions of some basic
parameters. The only difference from their approach is that we shall using a linear 1V method
of estimation. The results are, however, in line with those of Gali and Gertler (1999) for
the full sample specification and doing so does not affect our conclusions. The parameter
estimates for the full sample are presented in Table 1 for both cases in which the x; is specified
as the real marginal labor cost or as the output gap. The results are in close agreement with
those of Gali and Gertler (1999). The coefficient B on future expected inflation is large and
significant and more than twice as large as the coefficient y on lagged inflation, indicating
that the forward-looking behavior is dominant. The estimate of K is positive when using the
real marginal cost of labor and negative when using the output gap, though the values are
small and insignificant. It is finally noteworthy to point out that the instruments are quite
strongly correlated with future inflation, the R? of the first-stage regression being 0.812.

We now turn to the issue of the stability of this hybrid New-Keynesian Phillips curve.
When using 1V-based methods the sup-Wald test for one break is not significant in either
case (it is 12.0 with the real marginal cost and 10.0 with the output gap). The estimate of
the break date is at 1974:1 in both cases with a very large confidence interval (1963:3 to
1984:3 with real marginal cost and 1962:3 to 1985:3 with the output gap). Hence, 1V-based
methods do no provide any evidence of structural instability. Things are very different with
OLS-based methods. In both cases, the sup-Wald test for one break is highly significant with
a p-value less than 1% (28.2 with real marginal cost and 21.1 with the output gap). The
estimate of the break date is at 1991:1 in both cases with a very tight confidence interval
(1990:4 to 1991:2 in both cases). Hence, OLS-based methods provide strong evidence of a
structural change in 1991:1. The higher discriminatory power of OLS-based methods over
IV-based ones occurs despite the fact that instruments are highly correlated with future
inflation.

It remains to be seen whether this change in 1991:1 is economically significant. To that
effect we estimated the parameters of the model by 1V using the same instruments allowing
for a change in all parameters. The estimates are presented in Table 2. They are indeed very
interesting. The estimates for the period 1960:1-1991:1 are close to the full sample estimates
reported earlier and support Gali and Gertler’s (1999) conclusion. On the other hand, the
estimates for the period 1991:2-1997:4 are all very small and insignificantly different from
zero in both cases. Hence, both of these hybrid New Keynesian Phillips curve specifications
have lost any explanatory power for inflation.
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This forecast breakdown of the New Keynesian Phillips curve for inflation is interesting
and can be traced back to the change in the behavior of inflation. As argued by Stock and
Watson (2007) even though inflation has become more stable after the mid-80’s it also has
become more difficult to forecast. The evidence presented here is consistent with theirs,
though stronger perhaps because of the different break date identified.

7 Conclusions

In this paper, we considered the problem of multiple structural changes in a single equation
framework with regressors that are endogenous, i.e., correlated with the errors. We first
analyzed the properties of the estimates of the break dates using an instrumental variable
procedure. We provided a very simple proof for the consistency, rate of convergence and limit
distributions of the estimates of the break fractions, as well as the limit distributions of the
tests for multiple structural changes. We did so by showing that using generated regressors,
the projection of the regressors of the space spanned by the instruments, to account for
potential endogeneity implies that all the assumptions of Perron and Qu (2006) (or those
of Bai and Perron, 1998) obtained with original regressors contemporaneously uncorrelated
with the errors, are satisfied. Hence, all results derived in those papers continue to hold.

More importantly, we showed that even in the presence of endogenous regressors, it
is still preferable to simply estimate the break dates and test for structural change using
the usual ordinary least-squares framework. The reasons are simple. First, changes in the
true parameters of the model imply a corresponding change in the probability limits of the
OLS parameter estimates. Second, one can reformulate the model with those probability
limits as the basic parameters in a way that the regressors and errors are contemporaneously
uncorrelated. We are then simply back to the framework of Bai and Perron (1998) or Perron
and Qu (2006) and we can use their results directly to obtain the relevant limit distributions.
Since the OLS framework involves the original regressors, while the 1V framework involves as
regressors the projection of these original regressors on the space spanned by the instruments,
this implies that the generated regressors in the IV procedure have less quadratic variation
than the original regressors. Accordingly, using OLS not only delivers consistent estimates
of the break fractions and tests with the usual limit distributions, it also improves on the
efficiency of the estimates and the power of the tests.
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Appendix

Proof of Lemma 1: To verify assumption 1, note that

1 To+[1,v] 1 T2+[1;v]
M Yo XXy = m S (PzX)i(PzX):
1 t=T0+1 I t=T0+1
1 TP+
= (T-lx'Z)(T—lz'Z)-l(l— ST zz)(T1Z2'2) (T 1Z2'X)
i t=T0+1

~ Q% Qzz QL (V)Q22Qzx = QL (V),

by Al. Since Q2 is positive definite, so is Ql,,,(v), and it is non-random given that all
elements are non-random. To verify assumption 2, let

Ti0+| .
My =@/1) Y XK= (T XZ)T22) AL (T12'2) }(T12'X),

t=T0+1

where Al = (1/1) 10, z:2) and let &1 = (T-1X'Z)(T12/2)"{(T~1Z2'2)"}(T~1Z'X).

Also, let d be an arbitrary non-zero a p x 1 vector and define &; = d'(T ~1X'Z)(T 1z'Z)~L.
By A3, 1 has rank p and, hence, is positive definite. Denote the minimum eigenvalue of
®r by w,(> 0). Since A} is symmetric, we have ming, (§; A&7 /8:E5) = T, where T4 is the
minimum eigenvalues of AL which is bounded away from zero by A2. Now

C(dMed\ . [[EALELN (dDrd\] . [/&ALELN [d'drd
e (Sge) = mio| (Gate) ()| =mie | (8 (56|

C(EALELN  (dDd
> md|n< £t min | —5= | = a1,

Since 1, is bounded away from zero and w; > 0, T;w; is bounded away from zero, which
implies that the minimum eigenvalues of My are bounded away from zero. To verify as-
sumption A3, note that

t_ik Ry = (Tlx’Z)'(le'Z)l(t_ik zz)(T1Z2'2) 1T '2'X)
Since (T-1X’ZY, (T~12'Z) ! and (3 1., z:z}) have full column rank by A3,
rank[(T ~*X'Z)(T —12’2)—1(t_§|jk zz))(T'2'Z) Y (T *Z'X)] = rank [(T *X'Z)'] =p.
We now verify assumption A4. For any finite T, given a sample of {x;} and {z:}, let
Y1 = (ZLl ztz{)*l(ztll Z¢Xt), a g x p matrix. Then XUy = Y7 ZiUy = yZiUr+0,(1), uniformly

int, wherey = Qgész. Now yz:U; is a linear combination of the L"-mixingale sequence
{z:u:} (A4). Therefore all we need to show is that linear combinations of any finite numbers
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of L"-mixingale processes are also L"-mixingale processes. To prove this it is sufficient to
consider two sequences {ni} and {n?} that satisfy A4 and show that linear combinations of
these, say an} + bn?, satisfy properties (a), (b) and (e) in A4. For property (a), we have,

|E(ani +bnf[Fy)|, = |E(@ni|Fij) + E@®ni|Fy)|,
< ||E@i|Fi-p) ]|, + |E@niFi-p)]], < lalrcii + |b]ciw?,

while for property (b),

|ani +bnf — E(ani +bnf|Fi)||, = |lani +bnf — E(@ni|Fi-;) — EONF|F-5)|,
|ani — E(ani|Fij)||, + [[onf — EOnf|Fij)||,
< [alciyi + [alcfus,

IA

and, for property (e),

lani + b0, =< [l [[ni], + ol [[n?]l < (Jal + b)M < oo
Since y7z:u, differs from yz.u; by an 0,(1) term uniformly in t, it has the same properties.
Proof of Lemma 2. For part 1, we have

Tv',o— 1 + [SAT10]
(ATiO)_l > XXy
t=T2 ,+1
T2 | +[sAT?]
= (T X2)(TZ22)[ATHT S zz)(T2’2) (T X'Z)
t=T02 | +1

- p8QxQ22Q%2Q72Qzx =SQhn-
For part 2,

TO [ +[SATTY | +[sAT?]

QAT > S (ReRiurl)

t=T2 ,+1 r=T2  +1
TO | +[SATOITY | +[sAT?]
= 7X2)AZ)7NATH) ™ 2 > (@zuru)] (T71Z2'2) (T 1Z'X)

t=T2 ,+1 r=T2  +1

-1 i 1 _ -
- DSlexszglezzsz = s,y

For part 3,
TZ.(L 1 +[sATZ.0] Ti‘[ L +H[SAT iO]
ATV Y K = (TXZ0)TZZo) AT Y 2]
t=T2 +1 t=T2 ,+1

QyxQz2B7y(s) = By (s)
Proof of Lemma 3: Part (a) follows from the proof of Lemma 1(a) with trivial modifica-

tions using the fact that there is a single segment involved. Part (b) follows from the fact
that with serially uncorrelated errors and a single regime, Q,, in lemma 2 (part 3) reduces

to GZQHH.
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