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Abstract

A definition of contagion between financial markéesed on local correlation was introduced in Bradind
Taqqu (2004) and a test for contagion was propdsedthe test to be implemented, local correlatiarst be
estimated. This paper describes an estimation guveebased on nonparametric local polynomial resjpes
The procedure is illustrated on the US and Freigelity market data.
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1. INTRODUCTION

There is no universally accepted definition of egibdn in the financial literature. Typical defioitis
involve an increase in the cross-market linkagésr & markeshock The linkage between markets is usually
measured by a conditional correlation coefficiearid the conditioning event involves a shpoist-shockor
crisis time period. Contagion is said to have occurredhére is a significant increase in the correlation
coefficient during the crisis period. This phenomeiis also referred to aerrelation breakdownStatistically,
correlation breakdown corresponds to a changerirtsire of the underlying probability distributigoverning
the behavior of the return series. Most tests éotagion attempt to test for such a change in stracbut these
tests may be problematic. One difficulty was padnteit by Boyer, Gibson and Loretan (1999) who shibthat
the choice of conditioning event may lead to spusioonclusions. The reader is referred to Bradhely Baqqu
(2004) for an extensive discussion. We proposethat paper to use local correlation in order to soea
contagion. The goal of the present article is toettp the statistical methodology behind such apragch.
Applications can be found in (Bradley and Tagqu)30

Suppose thatX and Y represent the returns in two different marketse Tdcal correlation provides a
measure of dependence for the model

Y=m(X)+s(X)e, 1)

where € is mean zero, unit variance and is independenkofThus X affectsY in two ways: through the
mean levelm(X) and through the standard deviatisi(X) associated with the noise. If m(X) is linear and

5 (X) equals the constanst , one recovers the standard linear regression model
Y =a+ bX +se, (2
where the correlation is

r=Corr(X,Y)=bS—x= Sxb

Sy [5)2(b2+52
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Bradley and Taqqu 65
This last formula motivates the following definiti@f local correlation for the non-linear model.(1)

Definition 1.1. Let X and Y be two random variables with finite variance. Toeal correlation between
Y and X at X =x is given by

S x b(X)
Js2b2(0+s2(%)

r(x)=

(4)

where s denotes the standard deviation of, b6(x) =m(x) is the slope of the regression function
m(x) = (Y|X =x) and s ?(x) = Var(Y|X =X) is the nonparametric residual variance.

The local correlations (x) was introduced by Bjerve and Doksum (1993). Sihcmeasures the strength

of dependence betweeX andY at different points of the distribution of , we can use it do define (spatial)
contagion.

Definition 1.2. Suppose thalX andY stand for the returns, over some fixed time toorjof marketsX
and Y respectively. We say that there is contagion froanket X to marketY if

r(x.)>r(xu) (5)

where x, = F)'(l(O.S) is the median of the distributioRy (x) = {X £x} of X and x, is a low quantile of
that distribution.

See Bradley and Taqqu (2004) for a detailed disonss this definition and of the choice of . Our goal
here is to present the theory behind the estimatfon(x,) at a target point,. We shall use nonparametric
curve estimation techniques to estimatgx,) . The procedure is illustrated on the US and Fresuplity market

data. Applications to contagion in financial magkand to flight of quality from the US equity marke the US
government bond market can be found in the compapiaper Bradley and Tagqu (2005). We make the
software written in support of this work freely #dahle and describe its use in the appendix of EBnadnd
Taqqu (2005).

2. ESTIMATION PROCEDURE

In order to estimate the local correlation measurex,) at a target pointx, we assume that our
observations(X;,Y;), i =1, n, are an independent sample from a populafignY) * and we apply a method

similar to those set forth in Bjerve and Doksum93Pand Mathur (1998). The method consists of estirg
the functionsm(x,), &(xy) and s(xy) through consecutive local polynomial regressiohdegreesp; and

p, at X, . To obtain "(x, ) . Bjerve and Doksum (1993) first use a local linemgression to estimaté with a
bandwidth equal to the standard deviati®p which has no asymptotically optimal propertieBgrt perform a
local linear regression with a bandwidth selectimsed again ors y on the squared residuals to obtain an

estimate ofs 2 (Xo) - In contrast, we follow a suggestion of Mathur4@

(a) we apply a local quadratic regression to eséntgx,) using an estimate of the asymptotically optimal
bandwidth for that regression (this reduces the)bia

b) apply a local linear regression on the squaesitiuals to estimats ?(x,) using again an estimate of
0

the asymptotically optimal bandwidth appropriatetfds regression (by using techniques developeRugypert
et al. (1997),

(c) obtain "(x,) and show that it is asymptotically normal.

! When dealing with practical applications, one @iest filter the data for heteroscedasticity bypaming Xi =Sy X;

andY; = sY’i\Z and perform the local correlation estimation prhre on()zi ,Vi )
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See the monograph of Fan and Gijbels (1996) foaildebn local polynomial regression. Step (a) is
developed in Section 3 and step (b) in Sectionheseé steps require the specification of a bandwiglkiich is
done in Section 5. Step (c) is then presented oti®@e5.1. We illustrate the estimation proceduwe lbcal
correlation using the US and French equity markéa ¢h Section 7.

3. LOCAL POLYNOMIAL REGRESSION
Let (X;,Y),i=1 ,n be the return data for the US and French equittkets respectively. LeX ,(X,)

be any target point at which we would like to knthe local correlatiorv (x,) . For our definition of contagion
we will use the target pointg, and x,, from Definition 1.2 forx, . We therefore require estimates of the local
slope b(x,) and local residual varianc.ez(xo) . To that end, assume the regression functigw) is p+1

times differentiable. Using a Taylor series expansif the regression function about the target tpogn we
know that

m® (o)

2

(p)
m(x) » M%) + M (xo) (X~ %o) + (x- x)? + +m7§Qu-%w. ®)

This polynomial estimate of the regression functierfit locally at x, using weighted least squares

regression. That is, the terrmB(k)(xO)/ ki, k=0, ,p are estimated as the coefficients of the weigheadt
squares problem

n p 2

min Y - b X - %) w(x.h), .
(bl Bo00) g k (%) (X - %) i (Xo.h) @)

which yield the estimators
m® (Xg) =K 5k (Xo). @)

The weights of the regression g are given by a kernel function

Xi'Xo_

W X0,h) = Ky (X - 30) = K

We will defer discussion of the choice of kernehdtion K and bandwidthh for the time being. The
regression problem (7) may be rewritten in matotation. Let

1 (xl'xo) (xl'xo)p
Xp(XO):

1 (X1-%) o (Xn-%)°

be then” (p+1) design matrix for the grid poin, . Let

Y by (Xo)

1

y= and b(xg) = b1(%)
K by ()

be the response and regression parameter vecgpsci&vely. The local polynomial regression probleray
then be written as

rrgxior}(Y' Xp(%) (%0)) Wo(Xo)(y - X p(X0) (Xo)), 9)

whereW, (xy) = diagw; (Xq, h), ...,w, (Xp, h)). The solution to (9) is known to be given by
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b(X0) = (X p (X0) "Wh (X0) X p (X0)) 1 X (X0) Wi (%) - (10)

Notice that the estimated value of the regressioctfon at target poink, may be written as
2 - 17 - T T -1 T
MXo) = & (o) = e (XpXo) Wh(Xo)X p(X0))™ Xp(Xo) = Wh(Xo) Y,

where e, = (10,...0)" . Because the observations de;,Y;),i=1 ,n} and we need to obtain the residuals,
Yo Yo Yo MXi,i 1, n we wil need m evaluated at the observation poin;, X, .
Letting m=(M(X;),..., M(X,)"T " be the vector of estimated values of the regresfimction at the

observed valueX = (Xl, ,Xn) we see that

m=H,,y (12)

for the smoother matritd ,, T ™. Its (i, i)™ entry is given by

(Hpndij = eI(xp(xi)TWh(Xi)Xp(xi))_lxp(xi)TWh(xi)ej , (12)

whereg =(0,...,0,10, ... ,0)" is a unit vector for tha™" position of the appropriate dimension. In (12),
X p(Xj)denotes the matrixX ,(xo) with x5 = X; . The following result will be used in the sequedais
proved in Section 6.

Proposition 3.1.The smoother matriXi ,, preserves constant vectors in the sense tHat,1=1.

Local polynomial regression, aside from being esymplement, has two additional benefits for our
problem. First, the local correlation(x,) is a function of the local slop@(x,) = m{(x,) of the regression

function m(x,) . By choosing the degrep 3 1 of the polynomial fit in (6), local polynomial regssion gives us
an immediate estimate of the local slope

mEx,) = [71(X0) (13)

in the regression equation (9). The second beagfically polynomial regression is a reductiontlie bias of
the estimated regression function and its derieatiat the boundaries of the support of the dididhuof the
covariate x. In classical kernel-based nonparametric regrassitethods, also calledocally constant

regression the regression functiorm(x) = (Y| X =X) is approximated byn(x,) for x close tox,, (p=0
in (6)) andm(x,) is estimated by

n n
i Wi (X0, MY; _ i:1Kh(xi - %o)Yi

(x(p) = —

n 1
iq Wi (X, h) ileh(Xi - %)Y

that is, by a weighted average about the targaitpxy. If the target pointx, is near the boundary of the
support X the weighted average may be strongly biased, e¥xem the kernel has compact support, since more
interior points than exterior points may be usead¢amputing the local average. This bias may be aediby
fitting locally a polynomial inx, instead of a constant.

Using the local polynomial regression above, Fad &ijbels (1996) shofvthat under certain non-
restrictive regularity conditions the asymptotionddional bias and variance of the local derivatesimator

2 See Theorem 3.1 of Fan and Gijbels (1996) or Tmo4.2 of Ruppert and Wand (1994). Its proof mayfcumd in
Ruppert and Wand (1994) or Fan and Gijbels (1996 fBgularity conditions require thdty (X;) >0 and thatfy (J,

m(p+1)(>) and s 2(¥ are continuous in a neighborhood x§ . Additionally, we require than® ¥ , h® 0 such that
nh® ¥ .
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Mm@ (x,),u £ p are given by

i T = -1 ul 1 1- 1-

Bias(fi (xo)| )=l S pa ™ oINPT 0, (0P) (14)
. . us?

Var (5 (xg)| )=l 5718 S gy — (%) ro L) a5

f X (Xo)nhl+2u nhl+2u

Equation (14) for the conditional bias is valid fine casep- 7 odd and has a slightly different form
otherwise. For our purposes, we will upe=2 and 7 =1 and so we concentrate on this case. The vectadrs an
matrices in the expressions for the bias and veeiaabove are either constants or functions of #mmet
function. To define them, letm = ul K(uydu and vu; = ul K2(u)du be moments ofK and K2

respectively. Then the vector, =( pu. .. 2ps)' 1 ™Y and the matricessi ("X ang

* o~

ST (DX are given byS = (/141 ) ogjigp aNd s =W )ogjep -

Consistent with Bjerve and Doksum (1993), we chdheeEpanechnikov kernel

K(u)=%(1— u2)+.

e
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Figure 1. The Epanechnikov kernelK (u) =%(1— u?),

The kernel is plotted in Figure 1. This choice efnel is typical in local polynomial modelling. fact, for
local polynomial estimators it may be shown tha HEpanechnikov kernel is optimal in the sense fiasll
choices of p and n it minimizes the asymptotic mean squared erroe Beeorem 3.4 of Fan and Gijbels

(1996) for a more detailed discussion of this point

The choice of the degree of the polynomial is tgfljctaken to bep =7 +1. This choice gives a first order

reduction in the bias ofm without substantially increasing its variance.c®irwe are primarily concerned
with reducing the bias of the local slope estimatechoose7 =1, p=2 and the Epanechnikov kernel. This

*The proof may be found in Fan et al. (1997). Thaimization is over all non-negative, symmetric angschitz
continuous functions.
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yields
1 0 1/5 3/5 0 3/35
S= 0 1/5 0 , S= 0 3/35 0 |,
1/5 0 3/35 3/35 0 1/35

andc, = (0,3/35,0)" . For our problem, we are interested in the lot@pes, [7(x0) ° MEx,) = [71(xo), (see

Definition1.1 and (8)). Applying (14) and (15), wétain that the asymptotic conditional bias andarare of
the local slope are given by

Bias(é(xo)| )=1—14m(3) (xo)h? +0,(h?) (16)

R 2
var (b(xo)| ):gﬁmp(n—:‘g). (17)

In fact, Fan and Gijbels (1996) show that undetaiemon-restrictive regularity conditions, as thember
of data pointsn ® ¥ , the bandwidthh® 0 and nh® ¥ , conditional on , the above estimator of the local

slope is asymptotically normal. Applying their Them 5.2, one gets

Theorem 3.1.Suppose1§ is the estimator described ab8v&uppose also that the following regularity
conditions hold: fy (x), m(s)(x) and (d/dx)s 2(x) are continuous, the residual varianee?(x) is positive

and finite and (Y*|X =x) is bounded. Then fofy (Xg) >0, we have

3 1/2
7;?,5(‘5(21”? [6(x0) - (o) - (h*m’(xo) [L4+0(h*)]@  (O.1), (18)
0

asn® ¥, h® 0 andnh® ¥ .

Observe that (18) involves the leading terms ofwagance in (17) and of the bias in (16). Relatldp
(18) implies that ifh =o{n 7} , then

1/2
7y (Xo)nh® ~
Th OBy - boN® (O (19)
155 “(Xo)
and 5(xo) is asymptotically unbiased. Observe that asymptatbiasedness is not necessarily optimal because

the asymptotic variance may be large. In sectiore5will choose a bandwidth; for which h; = O(n” Y7y put
which optimizes the bias-variance tradeoff.

4. RESIDUAL VARIANCE ESTIMATION

Our estimate of the local correlation in (4) stdfuires an estimate of the local residual variam@’éxo).

The estimation procedure is similar to the one usedve. It was first introduced by Mathur (19954 ats
asymptotic properties were established by Ruppesl.e(1997). Let p; and h, denote the degree of the

polynomial and bandwidth for the smooth of theector used above, namely the valuegpodnd h used to get

4 b is the local slope estimator of a local quadratigression using the Epanechnikov kernel.
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m (see (11)). Letf =(Y;- M(X;),....Y, - M(X,))" be the vector of estimated residuals from the abov
estimation of the regression function. Note thiat (I - H p,oh )Y for the smoother matrixH  ,p,, in (11).

Following Fan and Yao (1998) and Ruppert et al9{)9ve propose to estimasez(xo) in a manner analogous
to a second smooth of the estimated squared rédsiddaby H p,h2 f2. The matrix H p,h, Nereis as above
with elements given by (12), but the values fordiegree of the polynomiap = p, and bandwidthh = h, may

be different from the valuep, and h, used form.

A natural requirement is that the estimagf(x) be unbiased in the case of homoscedastic regressior

52(x) =s2. As shown in Section 6, this implies the followipgposition.

Proposition 4.1.Let i =(I - H b, 71 )yl " be the vector of residuals from an initial smoot-Hlpl,hl of
the data and let H pz,hZT ™" he a second smoother matrix. If the residual vag&@s 2(x) is constant,
thatis s 2(x) =s 2, then

(Hp,n, 12| )=H, ., [Bias’(h| )+s?@+D)], (20)

whereBias(f| )= (f| ) and
D= d|ag(H pyrhy H-lerﬁ._ 2H pythy ) (21)

is the vector of diagonal elements of the matrix.

Recall from Proposition 3.1. thatl ,,1=1 for all polynomial smoothersH . If m is unbiased fom

then (H, .n, F2 | )=s52@1+H p,+h, D), which suggests the following estimator for thedeal variance:

Hy . F2
52_ p2'hsp

= P2ho’ 22
1+Hp,n, D 22

where multiplication and division are taken compamése. The estimator is unbiased at each of the
observation pointsX; , thatis ($%(X;)| )=s2.

Even though our estimatan is biased (see (14)), the estimator of the residaidance at the observation
points X;, ,X, given by (22) and the structure of the smoothetrimgiven by (12) motivate the following

residual variance estimator at target poigt

el (Xp, (X0) " Wh, (X0)(X 5, (X0)) X, (Xo) " Wi, (Xo)F 2
1+e] (X, (X0) " Wh, (Xo)(X p, (X0)) "X . (X0) T Wh, (X)D

$%(xo) = (23)

Recall the vectors and D are functions of the degrep, of the initial polynomial fit with bandwidtth, .

The asymptotic properties of the estimator (23) established in Theorem 2 of Ruppert et al. (199hpy
show, under certain regularity conditions and fr odd, that if

(WP 4 (i, ) 1] =o{n{?:*? (24)
then
$2(x0) =5 2(x) +O, (P2 + (nhy) 12, (25)

A similar result hold for p, even. We will use this result in Section 5.1, glomith the asymptotic
normality result (18) from above, to show asympmtotbrmality of our estimator of local correlation/hen
estimating the residual variance we tafie=1.
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5. CHOICE OF BANDWIDTH

In order to carry out the local regressions of degmp, =2 and p, =1 described above we need to choose
the appropriate bandwidthis, and h,. The choice of bandwidth is crucial to local palymial modelling. A
bandwidth too small results in our under-smoottimg data. Since in this case only data poiisclose to the
target pointx, are used in the fit, the resulting estimator hasmall bias but large variance. When the

bandwidth is too large, we have an over-smoothiinthe data and an estimator with small variancelége
bias. This is the typical bias versus varianceeodfdin statistics. We will use a data-driven baitttv selection
rule from Section 4.2 of Fan and Gijbels (1996)cakhias we will see, is asymptotically optimal ie ense that
it minimizes the weighted Mean Integrated Squaredr§MISE)

[Biasz (M@ (x)) + Var (M (x))]W(x)dx (26)

for some non-negative weight function(x) . Equations (14) and (15) give the asymptotic ctowtal bias and
variance of m“ respectively as a function of bandwidth. Expressing (26) as MISE), we get
MISE(h) = ah®P*% 2/ +pn th + 2 +op(h2(p+l' “) +(nhl+2”)'1) for some constanta and b . This implies that
the optimal choice of bandwidth Ig, =O(n'1/(2p+3)). In fact, it is straightforward to verify that (ldnd (15)

imply
N 1/(2p+3)
5 2()W(x) / 5 (x)dx n-(2p+3)

{m®*2) (0} * Wy cx

hopt =Cn,p(K) . (27)
The constanC,, ,(K) is a function of the kerne , the degree of fitp and the order of the derivative. It is
given by

. -1/(2p+3)
(p+1) (27 +1) Ky(®)dt

G, p(K) = -
P 2(p+1- n){ tp+1Kn(t)dt}2

where K (t)=¢,,S™" (t,...t°)TK(t) (see Section 3.2.2 of Fan and Gijbels, 199}, is called the
equivalent kernel.

The optimal bandwidthhy,; in (27) depends on unknown quantities and mustsienated. In fact, one
must do this before going through the steps desdrébove in Sections 3 and 4. In order to estinhgie , we
start with a preliminary and rough estimatongx) for m(x) and s 2(x) for s2(x) . This is because our goal

here is not to estimate the parametenéx) and s?2(x), but only to obtain an estimate of the optimal
bandwidth. We obtairm(x) by fitting a polynomial of ordem +3 to m(x) °. This is done using a global least

n

2
squares, that is, by choosing tag, k =0, ,p+3 which minimize i:l(Yi - ,f:gakxik) . This yields the
estimator m(x) =a, +a,x+ +ap+3xp+3. The estimator for thep +1 st derivative of the regression function
is then given by

|
m(P*Y) (x) = (p+D'a +(p+2)!ap+2X+@ap+3X2'

The residualsY, - m(X;) of this fit are used to obtain the usual globamgke variance estimator
s2=2L (Y- m(X;))? for s%. Now let wy(x) be some specified weight function. After the creadg

variables w(x) = w,(X) fyx (X) and assuming a constant residual variaséethe optimal bandwidth (27) may
be written

®We use ap + 3 degree fit in order to obtain a quadratic fit foe p +1storder derivative ofm.
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1/(2p+3)
5% wy(x)dx
h=C, ,(K)= (28)

n {m<p+1> (x)} 2w0 (x) f (x)dx

The denominator of (28) may be estimated ngl{m(”"l)(xi )}2 Wy (X;) which yields the estimator

1/(2p+3)
R S5 Wy (X)dx
hopt = Cu,p (K) n 2 (29)
izl{m(pﬂ) (X; )} Wo (X;)
We choosew;, to give equal weight to all data points in thetcain95% of the empirical distribution o .
5.1. Asymptotic Normality of the Local Correlation Estimator
The estimation procedure outlined above resuleiestimator of the local correlation of the form
" S 15(x )
Fxg) = e (30)
\/Sx b= (%) +5 “(Xo)

The estimatorsi :ﬁ i”:l(Xi - X)? is the sample estimator of variansef< . Recall that the estimator

b(x,) is the result of the local quadratic regressioimgis bandwidthh1=0(n'1/(2p1+3)) (see (27)) with
p, =2, that is h, =O(n'1’7). The estimator$ %(x,) is given in (23) and is the result of a local &ne

regression p, =1) with bandwidth h, :O(n'1’(2p2+3))=0(n'1/5). Notice that in this case Relation (24) holds
and therefore so does (25). In fact, the followiegult holds.

Theorem 5.1.Suppose that (iX, is an interior point of the support offy (x) , (i) m(x) has 4 continuous
derivatives in a neighborhood of;, (ii) 52(x) has 3 continuous derivatives in a neighborhoodxgf (iii)

fy (x) and s 4(x) are differentiable in a neighborhood af, where the innovations in (1) have finite fourth
moment, (iv) the local regressions are performeithwi, =2 and p, =1 and (v, ® 0, h, ® 0, nh, ® ¥,

nh, ® ¥ such thath, =o(n"Y”) and h, =o(n"Y'®). Then for the estimators described in (30) abave,
have

1/2
7fis(:—3)xn_hf b roo)?] ") roole 0, (1)

The proof is given in Section 6.

Equations (31) and (18) relate the conditional gstptic variance of the estimatar(x, ) to that of [7(x0) :

52

Var(?(x)| ) =Var(h(x)| ) =2~ [- r(x)?[ (32)
5 “(Xo)

Let §§(XO) and s‘%()(ﬂ)denote estimators of the conditional variance 7gf,) and 15(x0) respectively.

Relation (10) givesé(xo) and implies that its conditional covariance maisigiven by
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Coub(xg)| )=Cov (X (%) Wh (X)X 5 (%)) X 5 (%6) Wi (X0)]
( T V\ﬂ"llXpl) meVinCov(y| WlXpl(XBl\AM1Xp1)_l

= (XIMWth pl)_ ' XIM X p1 (XTmWth pl)- ' (33)

where the dependence of, and W,, on X, has been dropped and :diag(wlz(xo,hl)sz(xi)) for

i=1 ,n. Sincesz(Xi) is unknown, instead of estimating it as in (23)isi sufficient in this context to

estimate it by§2(x0), that is to assume that it is locally homoscedadtience is estimated by
diagw? (%o, hy)$ 2(X;)) and

~ -1 ~
8% ey = & XWX ) T XEWE X (X W, X, ) 28 2 (00). (34)

The vectors gpick off the second diagonal element of the cararé matrix 0f15(x0) since this is the term

related to the local slop#(x,) of the local regression. In view of (32) this giviae following estimator of the
conditional variance of (x,) :

Ai(Xo) Ai(xo) Az [1 7(%o) ]
= e; (X}—lehlxpl)_l XTplWﬁlX pL (X-;I;lwmxm)_leZS)z( [1' f(xo)2]3 ' (35)

which does not involvéz(xo) anymore.

6. PROOFS

Proof of Proposition 3.1The form of thei, jth element of the smoother matty, j, is

(Hpnij =eT1(xp(xi)TWh(xi)X p(xi))-lxp(xi)TWh(Xi)ej .

Let H; represent tha™

row of H, . Dropping for notational simplicity the dependerwe the target point
X, we get

-1
= o] [P X W
It suffices to show thatH;1=1, thatis,H; (1...,2) =1.

Let S, = XpW, X, T (PP ThenH; =¢f 5,1 X W, where the matrixS, has the form

n

(Sa); =Snivj-2 1E0L,jEp+L  whee S, =  Ky(X; - X;)(X; - X;)"

w
Since on the one hand,
1 1 Wy Sho
XTW, 1= 1= X X X Wo Sn1 ,
(Xl‘ xu)p (xn - xu)p W Sh.p

and on the other,
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Sio Sna S 1 Sho
S = St Sz Sppn O _ Sh1 ,
Shp Snps Shzp O Sh.p
we have
XpWhl=Sie .

This implies that
Hil=¢ Si'XpWhl=e] Si'Sie =ef € =1,
which concludes the proof.

Proof of Proposition 4.1Assume all vector multiplications, including powease taken component-wise.
. T
Let m=(m(Xy ), ... m(X,))", M=Hy, s2 :(sz(xl), ,sz(Xn)) =s?1e=(g ,..,e,)" and let
2 =(y- m)?. Then
~ ~12
e )= -y )

([m+s e- rﬁ]2| )

([m- M) +526% +2s5 em- 25 en | )

MSE(rﬁ| )+s21- 2H (s me+ % 2| )
since (e?)=1, (e)=0andm=H pmY = H o (M+s €) . hence
(2| )=Bias?(m| )+var(m| )+s2@- 2diagH ).

Now, note that Var(rﬁ | ): diag(Cov(rﬁ | )):diag(H . Cov(y, | )H-yl;l,h)_s 2diag(H puhe HLLm)

since, by assumption:ov(y, | )=s 2] ,. Letting D= diag(H o H pon™ 2H pum ) we get
(2| )=sias’(m| )+s2a+D)
and the result follows.

Proof of Theorem 5.1First note that the regularity conditions of Theorb.1 are those of Theorem 3.1
and of Theorem 2 of Ruppert et al. (1997). We have

b e
= Afx (XO)AZ = 9@n).
\/be (X0) *+5 “(Xo)

where g, =(Sy, B(Xy), $2(%))T .Observe that 7(X,)=g(qgo) Where gy =(Sx, b(X), S 2(Xo))" .
Expandingg(g,) in a Taylor series abouf, we get

F(Xo) =

[sy - sx]+:(;o) [13(x0)- b(xo)]- .....

32 b(Xg)
5(Xo)

P (%)~ 7 (%) =[1- r2(x0)]

b .
?szz(xo)-sz(xo)] +R(g, - 9), (36)
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and so

[1- rz(xo)]'3’2[f(x0)- r(x)] =1+11- 1 +R(@g, - q). 37)
When multiplied by

12
def 7fy (Xo)nh?

— 38
(%) 2ot (38)

17 2/7

only term Il contributes to the asymptotics. Inde&gd=o(n"~") implies r (x,) =o(n“ ). For terml we
know that nl’z[sx - sx]® OV (X)) and sor, (xo)[sX - sx]=op(1) .The asymptotics of term Il are
determined by equation (25). Fqr, =1and h, =O(n""'®) we have thats *(x,)- s *(X,) = O, (n"*'®) .This
implies thatr, (x0)|_§2(xo) -5 2(xO)J= 0p (D . The contribution of term Il is determined as da¥s. In view of
(38), equation (19), which is an immediate corgllaf Theorem 3.1, implies that

S x
5(Xo)

The remainder terR is handled in the usual way. Note that

t060)—X[b(xg)- b)|® 0.

R(@n - 90) =9(0) - 9(0) - Ng(9) | =40 (@ - G0). (39)

By the differentiability of g at ¢ we know thatR(g, - g,) =opq|c7n - q0||). Now, since r,, (%)@, - )
converges in distribution, it is uniformly tightr@horov's theorem). Multiplying both sides of (38) r,(X,) .
this implies that r,(X,)R(q, - q)=op(rn (Xo)|n - q||) The tightness of r,(X,)(q, - g) implies that

Mo (Xo)|gn - 4l = Op(l) and sinceo, (0, 1))=0, @) , the theorem follows.

7. ILLUSTRATION

Figure 2 illustrates the procedure for French ggreturnsY as a function of the US equity returps.
The data are described in Bradley and Taqqu (2001.procedure is applied to 101 equidistant tapgétts
Xo located in the central 95% of the empirical disition of the US equity returns. The correlationveuplot

shows a clear increase in the local correlatiowbeh the French and US equity markets as the UBeatndoes
poorly. That is, when the US market is doing ba@iggative x, ), the corresponding local correlation is high.
Additionally, the plots indicate an increase intbtte local slope(;(xo) and local residual standard deviation
S$(Xg)- In this case, the increase in the local residitahdard deviation is not sufficient to overcome th
increase in the local slope and the local cormaincreases as a result. Had the model béerm(X) + e
instead of (1), then the residual standard deviafigx) would be assumed constant and the large increase i

the local sIopelS(x) would have contributed (recall the definition o€al correlation in (4)) to a large increase
in the local correlation” (x) . That increase, which would not have been mitij&tethe increase ig (x) (now
assumed constant), would have been dramatic antbspuHowever, in accordance with our intuitiore gee
that the residual varianc€(x) is roughly an increasing function ¢k |, the absolute value of the returns of the
US equity market. That is, conditional upon largbsplute value) returnsin the US market, the variance of
the French market increases|aq increases.
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Figure 2. The correlation curve, local mean, slopegnd residual standard deviation for the French eqity
market as a function of the (log) returns, expresskas a percent, of the US equity market.

95% confidence levels are attached using normafithe estimator and equation (35).
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