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Abstract

The main contribution of this paper is to show the first order asymptotic validity of the moving
blocks bootstrap for fixed effects OLS estimators of panel linear regression models with individual
fixed effects. We show that this bootstrap method is robust to serial and cross sectional dependence
of unknown form under the assumption that n is an arbitrary nondecreasing function of 7', thus
allowing for the possibility that both n and T diverge to infinity. Our simulation results show that
the moving blocks bootstrap percentile-t intervals have very good coverage properties even when
the degree of serial and cross sectional correlation is large, provided the block size is appropriately
chosen.

1 Introduction

A common approach to handle serial dependence in panel data linear regression models is to construct
so-called clustered standard errors, as first proposed by Arellano (1987), and later analyzed by Kezdi
(2002), Bertrand, Duflo and Mullainathan (2004), and more recently by Hansen (2007) and Vogelsang
(2008). As these papers show, the clustered standard errors are robust to arbitrary levels of autocor-
relation, and their finite sample performance is extremely good across a variety of values of n (the
cross sectional dimension) and T (the time series dimension). The clustered standard errors essentially
eliminate the size distortions that are associated with the standard OLS variance estimators derived
under the assumption of serial and cross sectional independence.

A major drawback of clustered standard errors is that their validity depends on the assumption of
cross sectional independence. Nevertheless, many panel data sets are characterized by dependencies
among individuals due for instance to the presence of common shocks. An example is a panel data set
where countries respond to a common macroeconomic or political shock. Another example is when

individual financial assets respond to a common market shock. In such cases, the assumption of cross
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sectional independence is clearly not satisfied, violating the crucial condition under which the clustered
standard errors are consistent, resulting in severe size distortions in finite samples.

Driskoll and Kraay (1998) (henceforth D&K) propose standard errors for panel data estimators
that are robust to serial and cross sectional correlation of unknown forms. Their approach consists of
applying a standard nonparametric heteroskedasticity and autocorrelation consistent (HAC) variance
estimator to the cross sectional average of the moment conditions identifying the parameter of interest.
The consistency of the D&K standard errors is established under the assumption that T goes to
infinity, independently of the behavior of n. In particular, n can either be fixed as T grows to
infinity or grow to infinity with 7" at any arbitrary rate. The simulation results of D&K show that
their approach dominates the standard approach based on standard errors that assume independence
across individuals and over time when this assumption is not satisfied. Nevertheless, the simulation
results also show that there are important finite sample distortions associated with the D&K approach,
especially when the degree of serial correlation in the panel is large. Tests based on the D&K standard
errors tend to over reject in finite samples and confidence intervals tend to undercover.

Recently, Vogelsang (2008) proposes a new asymptotic theory for test statistics studentized with
HAC variance estimators of cross sectional averages in the context of panel linear regression models
with individual and time effects. Specifically, Vogelsang (2008) derives the limiting distribution of
the test statistic assuming that the bandwidth is a fixed proportion of the sample size, following the
approach of Kiefer and Vogelsang (2005). His simulation results show that the fixed-b asymptotic
distribution is more accurate than the standard normal approximation in finite samples.

Here we propose the panel moving blocks bootstrap (MBB). The panel MBB consists of applying
the standard MBB of Kiinsch (1989) and Liu and Singh (1992) to the vector containing the n individual
observations at each point in time. Because it does not resample the individual observations directly,
the panel MBB is robust to arbitrary forms of cross sectional dependence. By relying on the MBB,
it is robust to serial dependence of unknown form as long as this dependence satisfies a mixing type
condition.

The main contribution of this paper is to establish the first order asymptotic validity of the panel
MBB in the context of a panel linear regression model with individual fixed effects subject to het-
eroskedasticity, and serial and cross sectional dependence of unknown forms. We first derive the
asymptotic distribution of the fixed effects estimator and show the consistency of the D&K standard
errors in this context under the assumption that n is an arbitrary nondecreasing function of T'. Al-
though quite general, the D&K setup does not cover this case because it does not allow for individual
fixed effects (the moment conditions defining the common parameter of interest are not allowed to
depend on individual time series averages). Building on these results, we then prove the consistency
of the MBB distribution of the fixed effects estimator sampling distribution. We also show the first
order asymptotic validity of MBB Wald tests, which implies the first order asymptotic validity of MBB

percentile-t confidence intervals.



We follow D&K and assume that the panel is the realization of a mixing random field where the
mixing condition is imposed only in the time dimension, i.e. we require that the dependence between
any two observations decreases to zero as the time distance between them increases, without imposing
a priori any restriction on the amount of cross sectional dependence. Nevertheless, as it turns out,
a crucial condition for our results is that the long run variance of the cross sectional averages is
positive for all n, T sufficiently large. This essentially precludes weak dependence in the cross section
dimension. For instance, it is not satisfied when individuals are independent. A leading example where
it is satisfied is when the cross sectional correlation between any two individuals does not decay to
zero as the “distance” between them increases. Under these conditions, we show that the fixed effects
estimator is v/T-convergent (as opposed to v/nT-convergent) despite the fact that 7' and n are large.
Because individuals are allowed to be arbitrarily dependent, our results only exploit the time series
variation, which explains the slower rate of convergence.

We study the finite sample performance of the MBB in the context of a panel linear regression
model estimated with the fixed effects estimator, where the errors and the regressors follow a factor
structure, thus displaying cross sectional and serial dependence. Our results show that the MBB
performs very well, even when there is strong serial and cross sectional correlation. In particular, it
outperforms the standard normal approximation based on robust D&K standard errors and the fixed-b
asymptotic approximation of Vogelsang (2008).

The rest of this paper is organized as follows. In Section 2, we derive the asymptotic distribution
of the fixed effects estimator and state the consistency result of an appropriate version of the D&K
standard errors. Section 3 contains the bootstrap results for the fixed effects estimator. Section 4
reports the Monte Carlo simulation results and Section 5 concludes. Three mathematical appendices
are included. Appendix A contains results for the panel sample mean. In particular, we prove the
consistency of the MBB for the sample mean of a panel assumed to be the realization of a mixing
random field. These results are auxiliary in proving the results for the MBB of the fixed effects
estimator, but are of interest in their own right. Appendix B contains the proofs of the results in

Section 2 whereas Appendix C contains the proofs of the results in Section 3.

2 Asymptotic theory for the fixed effects estimator

We consider the following panel regression model
yie =a; + B teqw, i=1,....mt=1,...,T, (1)

where «; are individual fixed effects, y;; and €;; are scalars, and z;; and § are p x 1 vectors.

The parameter of interest is § and its estimator is the fixed effects OLS estimator

n T 1o
Bt = (Z D (@i — 2) (i — xi)’) SN (@i — &) (yie — i) (2)

i=1 t=1 i=1 t=1



where g; = T~ ! Zthl yiy and T; = T4 Zthl Tit.

Our goal in this section is to derive the asymptotic properties of B under general forms of het-
eroskedasticity and cross sectional/serial dependence in the regressors and in the errors of (1). In
particular, we suppose that the data are a realization of a random field.

To characterize the dependence structure of the panel over time and across individuals, we fol-
low D&K, and adopt the following definition of a mixing random field. For each ¢, let Z; o, =
{z1t, 22t - - -, Znt, - - -} denote the set containing the ' observation on all cross sectional units (1 =

1,2,...,n,...) for a given random vector z;.
Definition 1 The random field {z} is a-mizing of size —a if a (k) = O (k™) for some X > a, where

a (k) = sup sup |P(ANB)— P (A)P(B),

t {4eFt ,BeFL%

and F oy =0 (.., Zt—1.00y Zt.00) and .7:;;0,: = 0 (Zt1koor Zttktl,00s - --) denote the sigma fields gener-

ated by the corresponding set of random variables.

This definition of mixing does not impose any restriction on the cross sectional dependence, only
requiring that for any (i,j) pair, z; and z;,., become asymptotically independent as &k — oo. In
particular, no mixing condition is imposed on the cross section dimension. The cost of such generality
is that we will only be able to obtain v/T convergence results (as opposed to vnT convergence). In
what follows, we let ||z, = (E' |2/ )1/ P denote the L, norm of a random vector, where |z;;| denotes
its Euclidean norm.

We make the following assumptions.
Assumption 1
la. F (i) =0and FE (zyei) =0foralli=1,...,nandt=1,...,T.
1b. For some r > 2, ||z, < A < oo and ||y, LA <ooforalli=1,...,nandt=1,...,T.

le. {(z;,ei) i =1,...,n;t =1,...,T} are the realization of a time stationary mixing random field

of size —7,2%2, for some r > 2.

1d. A, =L 570 T: E [(zy4 — E (zi)) (xit — E (x3))'] ¢ is uniformly nonsingular, i.e. |det A, 7| >
nT =1 t=1
e > 0 for all (n,T) sufficiently large.

le. {BnT =Var (T‘l/2 23:1 nt Yo (@i — E (xit)) sit>} is uniformly positive definite, i.e. By is
positive definite for all n,T" and det B,, 7 > € > 0 for all n and T sufficiently large.

1f. n is a nondecreasing function of 7'

Assumption la. requires the regressors to be weakly exogenous, thus allowing for dynamic panel

models. Under Assumption lc. the regressors and the regression errors are the realization of a



strong mixing random field as defined above. The crucial part of this assumption is that mixing
occurs in the time dimension, without any dependence constraints in the cross section dimension.
The time stationarity assumption is mainly imposed to simplify the proofs. It could be relaxed
provided extra regularity conditions controlling the degree of time heterogeneity in the data were
imposed. Assumption le. imposes a restriction on the cross sectional dependence. In particular,
it is not satisfied if cross sectional units are weakly dependent, i.e. if the dependence between any
two individual observations decreases as the distance between them increases. A leading example
where Assumption le. is satisfied is when the data generating process of (azgt,eit)/ contains a time
varying factor that is common to all individuals. In this case, the cross section correlations do not
decrease to zero as the distance between individuals increases. A leading example where Assumption
le. is not satisfied is when observations are cross sectionally independent. In this case, det B, — 0
as n, T — oo and Assumption le. is violated. Weak cross section dependence allows for a faster
rate of convergence (\/ﬁ as opposed to VT, as we derive here), in which case B, is replaced
with V,,7 = Var (T —1/2 Zthl n-1/2 Yo (@ie — E (i) sit> . The requirement that V,,7 be uniformly
positive definite is compatible with weak cross sectional dependence whereas it is not when applied to
B, 7. Assumption 1f. allows two cases: (i) n — oo as T — oo, and (ii) n fixed as T" — oco. We will
write n, T — oo whenever Assumption 1f. holds.

Our first result is as follows.
. —-1/2 p d
Theorem 2.1 Under Assumption 1, as n,T — oo, B /" AprV/T (ﬁnT - ﬁ) —*N(0,1,).

The proof of Theorem 2.1 and of all the results in this Section are in Appendix B. Theorem 2.1
shows that BnT is asymptotically distributed as a standard normal distribution with an asymptotic
covariance matrix given by Cpr = A;%BHTA;%. Despite the fact that both n and T are large, the
convergence rate of B is only T and not v/nT. The reason for this slower rate of convergence is
that we allow for strong cross sectional dependence, which effectively means that most of the variation
is coming from the time series dimension and not from the cross sectional dependence. Under our
Assumption 1, BnT is consistent and asymptotically unbiased even for dynamic panel models, where
the regressors are not strictly exogenous. This contrasts with the results in Hahn and Kursteiner
(2002) (see also Alvarez and Arellano (2003)) where an asymptotic bias in 3, appears when n and
T grow at the same rate. Because Hahn and Kuersteiner (2002) assume cross sectional independence,
the convergence rate of BnT is v/nT. The asymptotic bias of ﬁnT disappears as T — oo, when cross
sectional dependence is of the strong type (as assumed in Assumption 1) and only VT convergence is
achieved.

To use the normal approximation given in Theorem 2.1, we need a consistent estimator of C),7 =
A;%BnTA;%. A consistent estimator of A,,7 under Assumption 1 is A, = n% oy Zthl (it — T;) (wi
See Lemma B.lc) in Appendix B. Next we propose a consistent estimator of B,r. Let s, =

n~tS°" | (@i — E (zit)) eir denote the cross sectional average of the individual scores for 3 (after



concentrating out «;). Then

T T-1
BnT =Var <T1/2 Z 3m§> = I‘nT (0) + Z (FnT (T) + F;?,T (T)) )

t=1 =1

where I',,7 (1) = T71 Z?;{ E (Sms;w +T). We propose the following kernel estimator of B,

T—1
Bur = Dur (0)+ 3k (57) (Par (1) + D (7))
=1
where k(-) is a kernel function, M is a bandwidth parameter, and for any 7 > 0, | (1) =
71 Zg:f Snt8niy s, With 8, = n-1 Yoy (wie — i) €, and &y = yir — Yi — (@i — :T:Z)/B the fixed
effects OLS residuals of model (1).

B, is a standard HAC estimator of the long run variance of the cross sectional averages s,; =
n-1 Yoy (zit — E (xit)) €it. Because E () and e;; are unknown, we replace these with zZ; (a consistent
estimator of F (z;;) under our time stationarity assumption) and &;;, the fixed effects OLS residuals.

In the context of GMM estimators with panel data, D&K propose estimating the long run variance
of the cross sectional averages of moment conditions defining a common parameter vector with a
standard HAC variance estimator applied to the cross sectional averages of the estimated moment
conditions. Nevertheless, their setup does not allow for individual fixed effects. Our proposed estimator
B, is an extension of the D&K approach to the case of linear panel regression models with individual
fixed effects.

To prove the consistency of By for By we strengthen Assumption 1 as follows.

1b'. For some r > 2, [|zit[ly, < A < oo and |eitfly, < A<ooforalli=1,....nandt=1,....T.

1c. {(«),,eir) :i=1,...,n;t=1,...,T} are the realization of a time stationary mixing random field

of size —7,4%2, for some r > 2.

Our next assumption describes the class of kernels that will be considered.

kE(-):R —[0,1] such that k() =k (—z),Vz € R, k(0) =1,
Assumption 2 k(-) € K, where £ = ¢ k(z) is continuous at 0 and at all but a finite number of points,
f_oooo |k (z)| dx < oo, and f_oooo [ (£)] d¢ < .

where ¢ (€) = (2m) 7" [Tk (v) €7 d.

Assumption 2 corresponds to Assumption 2 of de Jong and Davidson (2000). As they remark, it
contains many popular kernels, including the Bartlett, Quadratic Spectral, Parzen, and the Tuckey-

Hanning kernels.
Assumption 3 M — oo as T' — oo and MTQ — 0.

Theorem 2.2 Suppose Assumption 1 strengthened by Assumptions 1. and 1c holds. If Assumptions

2 and 3 also hold, 3nT —Byr =P 0asn, T — .



Theorems 2.1 and 2.2 justify using the standard normal approximation for computing critical values

of studentized statistics based on C7-.

3 Bootstrap results

The bootstrap fixed effects OLS estimator is defined as

Lo
nT - (Z Z zt 'i ;kt - .T;k),> Z Z zt yzt @z*) )

i=1 t=1 i=1 t=1

where g7 = T} Z;‘F Ly and F = T1 Z;le xf,. It is the fixed effects OLS estimator of 3 based
on the bootstrap data {zlt = (y,x *') i=1,...,n,t=1,..., T} obtained with the MBB as follows.
Let Zyn = (2}, 2,...,2h;) denote the n(p—|— 1) x 1 vector containing the n cross sectional ob-
servations on z;. Let £ = ¢y € N (1 < £ < T) denote the length of the blocks and let B, =
{Zin, Zts1s- s Ziye—1n} be the block of ¢ consecutive observations starting at observation ¢; ¢ =1
corresponds to the standard i.i.d. bootstrap on the vector Z;,,. Assume for simplicity that T" = k.
The MBB resamples k = T'/¢ blocks randomly with replacement from the set of T'— ¢ 4 1 overlapping
blocks {Biy, ..., Br—¢+1,¢}. Thus, if we let Iy, ..., I} be ii.d. random variables uniformly distributed
on {0,...,T — ¢}, the MBB pseudo-data {Z;n, t=1,... ,T} is the result of arranging the elements of
the k resampled blocks By 41y4,..., B, 41, in a sequence: Zin = ZI+1n, Z;vn =Zn+42n;-- .,Zzn =
21 +tm; Zz+1,n = Zlyt1ins-- > Z;;lm = ZI,+¢n- Thus the MBB corresponds to the standard MBB ap-
plied to the vector that contains the n cross section observations for time ¢. As we will prove here,
this method is robust to both serial and cross sectional dependence of unknown form when applied to
the fixed effects estimator.

A word on notation. In this paper, and as usual in the bootstrap literature, P* (E* and Var*)
denotes the probability measure (expected value and variance) induced by the bootstrap resampling,
conditional on a realization of the original data. In addition, for a sequence of bootstrap statistics
Z'p, we write Z*, = op= (1) in probability, or Z*, —P" 0, as n,T — oo, in probability, if for any
€>0,0>0,lim, 700 P[P*(|Z})] > 0) > €] = 0. Similarly, we write Z¥, = Op- (1) as n,T — o0,
in probability if for all € > 0 there exists a M. < oo such that lim, 7o P [P* (|Z} ;| > M) > €] = 0.
Finally, we write Z} —d Z as h — 0, in probability, if conditional on the sample, Z" weakly
converges to Z under P*, for all samples contained in a set with probability converging to one.

We strengthen Assumption 1b’. as follows.

1b”. For some r > 2 and § > 0, [Zitllariey < A < 00 and [|eit]ly 5 < A <ooforalli=1,...,n
andt=1,...,7T.

Theorem 3.1 Suppose Assumption 1 strengthened by Assumptions 10" and 1 holds. If {1 — oo and
br =0 (ﬁ), then for anye > 0, P (supzeRp P* (ﬁ (B* — B) < x) - P (\/T <B — ﬁ) < x)‘ > 6) —
0.




The proofs of Theorem 3.1 and of all the results in this section are in Appendix C. Theorem 3.1
justifies using the order statistics of the bootstrap distribution of v/T' (B* — B) to approximate the

quantiles of the distribution of v/T' (B — ﬁ). This result is useful for constructing bootstrap percentile
confidence intervals for 8 with asymptotically correct coverage probabilities. Although it does not
immediately justify the use of the bootstrap for constructing bootstrap percentile ¢ intervals or testing
hypotheses about 3 based on studentized statistics, it is an important first step in that direction, as
we now show.

Consider testing the null hypothesis Hy : RG = r against the alternative Hy : R # r, where R is

a ¢ X p matrix of rank ¢ and r is a p x 1 vector. The Wald statistic for testing Hy is
. L -1, .
War =T (RB=r) [RAZ B AtR| (RB-7),

where A, is a consistent estimator of A, and B, is a consistent estimator of B,,7, as we showed

in Section 2. Our bootstrap Wald statistic is
- AN T . . “1/ .y .
v =T (RB = RB) |[RAZ Bir Az R| (BB - RB).

where AZT is the bootstrap analogue of A,r and is given by

Lemma C.1.c) shows that under our assumptions A;T — A, =P 0in probability, which together with
Lemma B.1.c) implies that A* . — A7 —" 0 in probability. To define B, let 5%, = n~" 31", (3, — 77) &5,
where &, = yi, —yF — (z}, — &} )/B* are the bootstrap fixed effects residuals. Note that for any
j=1,...,kand t = 1,...,¢, §Z,(j—1)€+t =n iy, ($i,1j+t - a’:;k) &i1;+t, Where &y = yi — Ui —

(i — Ef),@*, where [; are i.i.d Uniform on {0,...,7 — ¢} . Then,

k ¢ : /
~ 1 _1/2 Ak -1/2 g*
nT = % E <€ / E :Sn,(j—l)é+t> (5 / anv(j—l)“t ’
j=1 t=1 =1

B’ is the multivariate analogue of the estimator of the MBB variance proposed by Gétze and Kiinsch
(1996) for studentizing the sample mean, adapted to the fixed effects context. Theorem C.1 in Ap-

pendix C proves that B;:T — B,7 —7 0 in probability. Thus, we can state the following result.

Theorem 3.2 Suppose Assumption 1 strengthened by Assumptions 10" and 1¢ holds. If b — oo and
lr=o0 (ﬁ), then under Hy for any € > 0, P (sup,er |P* Wiy <x) = P (Wyhr < )| >¢) — 0.

Theorem 3.2 justifies using the MBB distribution of W}» to compute critical values for WW,,r when
testing Hy against H;. By the same arguments, we can show the consistency of a MBB t-statistic
studentized with C’;‘;T = A;‘Z?BZTA;}I, justifying the construction of bootstrap percentile-t intervals

for the elements of 3.



4 Monte Carlo results

This section provides simulation evidence of the finite sample performance of the MBB in the context

of a panel linear regression model with fixed effects. Specifically, we consider the following model
Yit = @ + T30 + €4t

where € and zy = (21,3, $2,it,1'3,it), are serially and cross sectionally correlated, and are mutually
independent. Without loss of generality, we set a; = = 0. To introduce cross sectional dependence

we assume a factor structure for the errors and the regressors. In particular,

€it = Neyt + €sit,

where

fer = pleg—1+uey, uep~N(0,1—p?)
Ceit = peeit—1+ Vet Veit ~ N (0, (1= p?) (1—22)),

where the innovations u.; and v, ;; are mutually independent and uncorrelated over time and across

units. We can show that for any 7,

T

p if i =7,

E (gite; = e

(gltgjyt-i-T) { )\2p7' if 4 ?é 7
where we use the convention that 0° = 1. Thus, the error term for each individual is correlated over
time according to p” whereas the error terms of any two individuals (7, j) are equicorrelated according
to A2p7. A similar factor structure is assumed for each regressor, i.e. for [ = 1,2,3, and independently

of each other, we let

Tie = Mgt e,
fie = pfig—1+u, we~N (Oa 1- P2)
et = peLi—1 + v, v~ N (0, (1= p?) (1= )?)),

with v, and v;;; mutually independent and uncorrelated over time and across units. As previously,
this implies a cross sectional contemporaneous correlation equal to A? and a lagged cross sectional
correlation equal to A2p”.

We can easily verify that this model satisfies our regularity conditions provided A # 0 and |p| < 1. In
particular, the moment conditions on €;; and x;; are automatically satisfied given that the innovations
driving the factor processes and the idiosyncratic errors have normal distributions. Because each
factor and idiosyncratic error are generated by stationary AR(1) models, their sum forms an a-mixing

random field with exponentially decaying « coefficients. Finally, we can show that A, = I3, where



I3 is the 3 x 3 identity matrix , which is nonsingular, and

o0
lim B,y =\ <1 + 22p27> Is,

n,T—o0
T=1

where \* (1+23%22, p*) > 0 provided |p| < 1 and A # 0. Although A\ = 0 is not covered by the
regularity conditions in this paper, we also consider this case in the simulations. Specifically, we let
PS {O, \/ﬁ}, where A = 0 implies cross sectional independence whereas A = 1/0.5 implies a cross
sectional correlation of 0.5 for each regressor and error term (note that this implies that s;; = x4 is
equicorrelated with correlation equal to A\* = 0.25).

We examine the finite sample performance of two-sided symmetric 95% confidence intervals for [3;

based on the studentized statistic

. vT (Bl,nT - /31) |

B1 \/@

where Bl,nT is the first element of BnT, the fixed-effects estimator of 3, and C’T(LlT’l)

denotes the element
(1,1) of Cor = A;%Bn;pfl;%, with A, 7 and B, as given in Section 2. In particular, B, is based on
the Bartlett kernel where the bandwidth is chosen by Andrews’ (1991) automatic procedure based on
approximating AR(1) models for the elements of 3,; =n !> | ;. We also ran results with the QS
kernel. To conserve space and because these results follow the same patterns as those for the Bartlett
kernel, we only present results for the Bartlett kernel.

We consider intervals based on the normal approximation (AT), on the new fixed-b asymptotic
theory of Vogelsang (2008) (Fixed-b), and on the bootstrap. The AT intervals rely on the standard
normal distribution for computing critical values for tﬁl' The Fixed-b intervals rely on the fixed-b
asymptotic distribution of Vogelsang (2008) (see also Kiefer and Vogelsang (2005)), where we set
b= % with M equal to the chosen data driven bandwidth.

The MBB intervals rely on the bootstrap distribution of

VT <B;nT - Bl,nT)

o

by =

for computing the critical values of the distribution of ¢ B, Here C’:(Tl s the (1,1)-element of C’;T =
A;}lézTAZ}l, with A;T and E:T as given in Section 3. In particular, BZT is the analogue of the
Gotze and Kiinsch (1996) bootstrap variance estimator for the panel context. An alternative approach
is to replace B’;‘;T with an estimator of the same form as E’nT, where the bootstrap data replaces the
original data. This naive approach was recently considered by Gongalves and Vogelsang (2008) in the
pure time series context. Their results show that there is a close link between the naive bootstrap and
the fixed-b asymptotic theory, with the naive i.i.d. bootstrap (where the block size equals 1) following
almost exactly the fixed-b asymptotic theory. We also consider the naive bootstrap approach in this

study. It is implemented with the Bartlett kernel and a data-driven bandwidth chosen by Andrews’

10



(1991) procedure applied to the bootstrap scores 85, =n~1> 1 | 8%,.

To choose the block size, we exploit the asymptotic equivalence between the MBB and the Bartlett
kernel variance estimators and use the integer part of the automatic bandwidth chosen by Andrews’
automatic procedure. For comparison purposes, we also include the i.i.d. bootstrap where ¢ = 1.

The results are in Figures 1-6. Each figure contains results for a particular (A, p) combination,
where \ € {O, J(T5} and p € {0,0.5,0.9}. We find three panels in each figure, corresponding to three
different values of T' € {25,50,100}. Each panel depicts the actual coverage rates of each interval as a
function of n € {10, 20, 30, 40, 50, 60, 70, 80,90, 100}. The results are based on 2,000 random samples
for each (n,T) combination and the bootstrap intervals are based on 999 bootstrap replications for
each sample. We show results for six types of intervals: the asymptotic theory (AT) intervals based on
the normal approximation, the fixed-b (Fixed-b) intervals based on the Vogelsang (2008) approach, the
MBB intervals based on BZT given in Section 3, implemented with a data-driven block size (MBB) and
a block size equal to 1 (MBB1), and the naive MBB intervals implemented either with a data-driven
block size (N-MBB) or a block size of 1 (N-MBB1).

Figures 1-3 consider the case when there is cross sectional dependence, i.e. A = /0.5, and p €
{0,0.5,0.9}, respectively. Figure 1 shows that when there is no serial correlation (p = 0) but individuals
are cross sectionally correlated, some finite sample distortions arise for T = 25, especially for the AT
intervals (whose rates are in the range 89.5%-91.5%). The Fixed-b intervals outperform the AT
intervals by a small margin, with rates between 91.5%-93.5% for T = 25. Among all bootstrap
methods, the best is the MBB, which uses the Gotze and Kiinsch (1996) variance estimator and a
data-driven block size (the selected ¢ was on average 1.60 across all values of n and 7'). The N-MBB
with £ = 1 has rates that are very close to the MBB intervals and it dominates MBB1. For T" = 100,
the differences between all methods disappears and they all perform very well. When we increase p
to 0.5, Figure 2 shows that the performance of all methods deteriorates, but this is more pronounced
for the AT intervals (with rates around 85% when 7' = 25). The Fixed-b intervals outperform the
AT intervals, displaying rates between 88% and 90% when T' = 25, followed by the MBB1 and the
N-MBBI1. The N-MBBI1 tends to dominate the MBB1, but both are worse than the MBB and the
N-MBB implemented with a data driven ¢ (with an average value of 2.00 across all values of n when
T = 25, of 2.7 when T' = 50, and of 3.5 when T' = 100). The MBB tends to slightly dominate N-MBB
when T = 25, but the differences disappear for 7' = 50 and T" = 100. Figure 3 shows that when p = 0.9
and A = /0.5, the degree of undercoverage increases significantly for all methods. Of all methods,
the AT intervals are the most distorted, with coverage rates between 62% and 65% for T' = 25 (these
rates increase to about 68% for T' = 50 and to 75% for T' = 100, across all values of n). Next come the
block bootstrap methods with £ = 1, with the N-MBBI1 slightly better than the MBB1. The Fixed-b
intervals outperform the i.i.d. bootstrap methods and the AT intervals, for all values of T' and n. In
particular, the Fixed-b intervals dominate the N-MBB1. This finding appears to be at odds with the

evidence in Gongalves and Vogelsang (2008). Nevertheless, the difference of results can be explained by
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the fact that here we implement the fixed-b intervals and the naive i.i.d. bootstrap with an automatic
bandwidth whereas Gongalves and Vogelsang (2008) compare the two methods across a range of fixed
bandwidths. In particular, the bandwidth used to studentize the fixed-effects estimator Bl’nT is not
necessarily the same as the bandwidth used to studentize BTHT Instead, the same (fixed) bandwidth
is used for the two methods in Gongalves and Vogelsang (2008). This could explain the difference of
results. Overall, the best method is MBB, followed by the N-MBB (both use a data-driven block size
equal on average to 4.4 when T' = 25, 7.9 when T = 50, and 12.2 when 7' = 100). The performance of
the MBB intervals is very good, even for the smallest sample size, where the actual rates are between
87.6% and 91.7%. The difference between the MBB and the N-MBB intervals tends to decrease when
T increases.

Figures 4-6 contain the results for A = 0 and p € {0,0.5,0.9}, respectively. A comparison between
these figures and Figures 1-3 shows that the degree of coverage distortions for all methods decreases but
the results follow the same patterns as when A = 1/0.5. In particular, the MBB is the best performing
method among the ones we consider and its performance is very good across different values of p, T,
and n.

Although our regularity conditions effectively rule out the cross sectional independent case, Figures
4-6 suggest that the D&K approach and the MBB approach proposed here continue to be valid in
this case. Recently, Hansen (2007) studies the asymptotic properties of test statistics studentized with
the Arellano (1987) clustered standard errors when both n and T are large. Assuming cross sectional
independence, Hansen (2007) shows that the OLS estimator is y/n-convergent when the time series
dependence is left unrestricted whereas it is v/nT when a mixing type condition is imposed in the time
series dimension. Despite this discontinuity in the convergence rates of the OLS estimator, Hansen
(2007) shows that the same test statistics can be used and are asymptotically valid in the two cases
(no-mixing and mixing in the time series dimension). We conjecture that a similar result holds in our
context. In particular, the same test statistics based on the D&K standard errors can be computed
and are asymptotically valid in the two cases (mixing and no-mixing in the cross sectional dimension),
a feature also shared by the panel MBB. By exploiting the cross sectional mixing conditions, BRT
is vnTI'-convergent, and not VT -convergent as we proved in Section 2, with an asymptotic variance
equal to BST = Var <\/7ﬁBnT> = nBur. The analogue of Assumption le. in this case requires
{BgT} to be uniformly positive definite, which is a weaker requirement than Assumption le. For our
specific DGP, when A\ = 0, B, = (1 +23%27, pQT) I3, which is positive definite provided |p| < 1.
The appropriate t-statistic is t%1 = W

Thus, although the fixed effects estimator has a different rate of convergence according to degree of

, where EgT = nEnT, which implies that t% =t B,
1

cross sectional dependence, the same t-statistics and Wald statistics can be used. Similarly, the same
bootstrap statistics apply and are asymptotically valid independently of the degree of cross sectional
dependence in the panel. Providing a set of primitive conditions under which the theoretical results

derived here cover the case of weak cross sectional dependence is an important extension of our results,

12



which we will consider elsewhere.

5 Conclusion

In this paper we introduce and show the first order asymptotic validity of the moving blocks bootstrap
for fixed effects estimators of panel linear regression models with individual fixed effects. We show
that this method is robust to heteroskedasticity and cross sectional and serial dependence of unknown
forms under the assumption that n is an arbitrary nondecreasing function of 7' (thus allowing for the
possibility that both n and T diverge to infinity). Our simulation results show that the block bootstrap
has better finite sample properties than competitors based on the normal approximation or on the
fixed-b asymptotic theory, as derived by Vogelsang (2008), provided the block size is appropriately
chosen.

The crucial condition under which the MBB works is that a mixing condition holds in the time
series dimension. If such a condition does not hold, the MBB is not valid. This occurs for instance
if the error term includes an individual specific random effect that is uncorrelated with the regressors
and the estimated model does not include an individual fixed effect. In this case, all observations for
a given individual are equicorrelated over time and this will not satisfy our mixing conditions in the
time series dimension.

The MBB as well as the D&K standard errors do not exploit any mixing in the cross sectional
dimension. This is an attractive feature because no natural ordering in the cross sectional dimension
need exist (other approaches that rely on the availability of a cross sectional ordering have been
proposed in the literature on cross sectional dependence, see e.g. Conley (1999)). Nevertheless, if
an ordering in the cross sectional dimension exists, the MBB as proposed here may not be the most
efficient method. Proposing a bootstrap method that exploits the mixing conditions in both dimensions

(cross sectional and time series) is an important area of research.

A Appendix A: The panel sample mean

In this Appendix we study the panel sample mean of {z;; :i=1,...,n,t =1,...,T}, the realization
of a random field defined on a given probability space (€2, F, P). The Appendix is divided in three
parts. The first part contains some auxiliary results that will be used throughout the proofs. The
second part contains the asymptotic theory results for the sample mean. The third part contains the
bootstrap results for the sample mean.

Auxiliary results

The first auxiliary result is a well known maximal inequality for strong mixing double arrays.

Lemma A.1 Let {X,;:t=1,2,...,n=1,2,...} be a zero mean a—mizing array with mizing coeffi-

cients
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a (k) = supy Sup{AEQEtoovBEQZ’_ZOO} |P(ANB)— P(A)P(B)|, where gﬁgo =0 (..., Xy) and gtrrl;oo _

o (Xpitks---). Then for any 1 <p<r,

; 1_1
() 11 < p <2, [mayn S || < K (S0 077 (Siy 1l
P
. j 0o 11 n 2\ 1/2
i) Fp > 2, |jmaxjen | S Xoe| < K (SiZra k)7 ) (S 10])
Lemma A.2 Suppose {zy:i=1,....n,...;t=1,...,T,...} is an a-mixing random field of size —a,

as defined in Definition 1. Let n be a nondecreasing function of T'. Then z;, = n~t o zit S a

double mizing array of size —a with mixing coefficients bounded above by those of {zi}.

. it 1,400
For each i = 1,...,n, let G° = o (..., zit—1,21t) and G\ = 0 (% 11k, Zi+k+1, - --) denote the

o-fields generated by the corresponding set of random variables. For each individual ¢, we can define

the individual mixing coefficients as «; (k) = sup, SUD{ yegit pegivhe) |P(ANB)— P(A)P(B).
—o0? t+k

Lemma A.3 Suppose {z :i=1,....,n,...;t=1,...,T,...} is an a-mixing random field of size —a,
as defined in Definition 1. Then, for each i, the stochastic process given by {zy :t=1,...,T,...} is
a—mizing of size —a with sup; «; (k) < a (k) for all k.

Proof of Lemma A.1. By Corollary 17.6 (Davidson, 1994, p. 265), we can show that {Xmg, QT;O}

is an L,-mixingale with mixing coefficients ¢ (k) = o (k)P

and mixingale constants c¢,; =
O (|| Xntl|,.)- We can then apply the maximal inequalities for L,-mixingales given e.g. in Hansen
(1991, 1992).
Proof of Lemma A.2. See D&K, 1998, proof of Result 1.
Proof of Lemma A.3. The results follows because gitoo - ]-“ioo and QZ’:kOO - ft—:-Ok?’ which implies
that a; (k) < a (k) for all i and k.

Asymptotic theory for the panel sample mean

Let zy de a p x 1 vector and let p;; = E (2;) for i = 1,...,n, t = 1,...,T. The parameter of
interest is the time average of the cross sectional average of individual means 1, = % Zthl % Doy Mg
For simplicity, we will assume that there is no time mean heterogeneity, i.e. p;; = p; for all ¢t =
1,2,...,T,i=1,2,...,n, in which case fi,,p =n~' Y7, y;. If in addition there is no individual mean
heterogeneity, p,; = p for all (i,t), and f,p = p. We estimate [z, p with the panel sample mean,

ZnT = % Zthl Y iy zit. We make the following assumptions.

Assumption A.
A1l. For some 7 > 2, ||zi]|, < A < oo for all (4,t).
A2. {z:i=1,...,n; t =1,...,T} is the realization of an a-mixing random field of size —-"5 for

some r > 2, as defined in Definition 1.
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A3. X, r = Var (T*1/2 Zthl n~ty zl-t> is positive definite uniformly in n and 7T, i.e. X, 7 is
definite positive for each (n,T) and det (X, 7) > x > 0 for all n, T sufficiently large.

A4. n is a nondecreasing function of 7.
Theorem A.1 Under Assumption A, asn,T — oo,
T
a) nLT it e (2it — B (21)) =7 0.
-1/2 1 n T d
b) X 2im 2= (Zie — B (2ir)) = N (0, L)

Next we provide a consistent estimator of ¥,7. Let Iy (1) = T7! Zf:_lTE (ZntZhyyr) for any

7 > 0. We can write

T T-1
Yor = Var (T_1/2 Z Zm) =Ty (0) + Z (FnT (1) + T (T)) .
t=1 T=1

The HAC estimator of X,,7 is given by
A Til A A~
Sur = Lr 0)+ Yk (17) (Tur (1) + T (7).

where I'yr (r)=T7" Z?:_{ ZntZnis, for any 7 > 0, and M is the bandwidth parameter. The following
result shows that inT is a consistent estimator for ¥, provided the following additional assumptions
hold.

Assumption C M — oo as T — oo and % — 0.

Theorem A.2 Under Assumption A, Assumption 2 in the main text, and Assumption C, Spr —

Y.r —F 0 asn, T — oo.

Proof of Theorem A.1. a) follows automatically given b) and given that E:T/Q = O(1). To prove b),
note that we can write ﬁ > Zthl (zit — E (21)) = ﬁ EtT:l Znt, where 2 =030 (20— E(2i)) =
Znt — fp- By Lemma A.2, {Z,,} is a zero mixing double array of the same size as {z;}. Hence, the
result follows by Theorem 5.20 of White (2001) under Assumption A.
Proof of Theorem A.2. The proof follows immediately from Theorem 2.1 of de Jong and Davidson
(2000) upon noting that {Z,; = Z, — [i,, } is an L,-integrable zero mean mixing array of size —-*5 for
some r > 2 and therefore satisfies Assumption 1 of that Theorem. Assumption B and C correspond
to their Assumptions 2 and 3, respectively.

Bootstrap results for the sample mean

Given a bootstrap resample {z};} obtained with the PMBB, we can compute the resampled version
of the panel sample mean as Z,; = - S S 2= %Zle z,, where z, = n=1 Y " | 2% is the
MBB resample cross sectional average for observation ¢t. To prove the consistency of the MBB we need

to strengthen Assumption A as follows.

15



A1 [|zit]l, s < A < oo for some r > 2 and some small § > 0, for all (4,¢).

A2'. {z;} is an a-mixing random field of size — (24 6) (r +0) / (r — 2).

Theorem A.3 Assume {2} satisfies Assumption A strengthening by A1' and A2. If by — oo with
br=o0 (T1/2), then

a) n TS ST (2 — 2i) =70, in probability.

b) ¥ Y2p-1p-1/2 T: T: 25 — zit) =4 N(0,1;) under P* with probability P approaching one
n,T' =1 t=1 \~t

asn, T — oo.

Our next result shows the consistency of

k ¢ 2
i;le = kj_l Z (6_1/2 Z (Z]ith,n — Z:;T))
=1 t=1

for the bootstrap variance X', = Var* (\/T ?ZT) as n and T" — oo jointly. This estimator was

proposed by Gotze and Kiinsch (1996) in the pure time series context.

Lemma A.4 Assume {zy} satisfies Assumption A strengthened by A1' and AZ2. If b — oo with
br=o0 (T1/2) we have that for any € > 0 and 6 > 0, lim,, 7o P (P* (‘f]flT -2l > 8) > 5) =0.

Proof of Theorem A.3. By Lemma A.2, Z,; is a double array that satisfies the moment and memory
assumptions of Gongalves and White (2002) (Assumption 2.1 (a) and (b). See also Assumption 1 of
Gongalves and de Jong (2003) for weaker moment conditions). In particular, z,; is trivially NED on
a mixing process because it is itself a mixing array (as proven in D&K). Thus, the result follows by
Theorem 2.2 of Gongalves and White (2002).

Proof of Lemma A.4. Apply Lemma A.2 and Lemma B.1 of Gongalves and White (2004).

B Appendix B: proofs of the results in Section 2.

This Appendix is organized as follows. First, we state some auxiliary lemmas and their proofs. Then,

we prove the results in Section 2. Throughout we will let u; = E (x4) for all (i,1).
Lemma B.1 Under Assumption 1, as n,T — oo,

a) o Yin 23:1 (it — 1) (it — ) — A =7 0.

b) %Z?:l (i — @) (; — ;) =7 0.

€) 7 ict Lt (wit — Ti) (i — 23) — Aur =T 0,

Lemma B.2 Under Assumption 1, as n,T — oo,
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—1/2 n
a) B, / ml/T Sy Yy (@i — p) e = N (0,,).
b) ﬁ >ie1 ZtT:1 (1; — @) e =T 0.
—1/2 n -
C) B / \1@ Zi:l ZtT:1 (w3 — xi) Eit -4 N (0, [p)_

Proof of Lemma B.1. a) We apply Theorem A.l.a) with z;; = (fUit,k — Mz‘,k) (%‘t,l — #i,l) , a typical
(k,1) element of (zy — ;) (v — p;). Under Assumption 1b., ||zit]], < A < oo, whereas Assumption
le. implies that {z;} is a-mixing of size —-25 (hence, of size —-L5), for some r > 2. b) Since
z;, =T71 Zthl Tit, We can write
T
it —

n T
Rinr = —Z i — T;) l—:fi)/:—lZT_2ZZx
i3 t=1 s=1
= —*ZT QZZ%%

t=1 s=1

xzs Ni),

where we let z; = x5 — ;. We show that B |R17nT\ — 0 and consequently Ry ,7 ) by Markov’s

inequality. Define {;7 = Zthl z;it. 1t follows that

n T T n
Rinr = *# > (Z Zit) (Z ng) = *# > &réir.
i=1

i=1 \t=1 s=1
The triangle inequality and the Cauchy-Schwartz inequality imply that E |R; 7| < # S E !QT&T‘ <
e o D |€;71l5 - Next we show that ||€,7], = O (T'/?) uniformly in i using a maximal inequality for
mixing processes. This implies that E|R;y 7| = O (%) = o0(l) as T — oo. Specifically, for each i,
Lemma A.3 implies that z; is a zero mean a-mixing process with a; (k) < a (k). Thus, by Lemma A.1,
we have that [|;7|l, < K> oo, a(k )7_7 <Zt 1 Nzl ) for some r > 2. Assumption 1b. implies

1 1
that [|zit|,, < A < co whereas Assumption lc. implies that > 72, (k)2 * < oo, thus proving that

1€7]l, < CTY? for some constant C. ¢) Adding and subtracting appropriately, we can write

nLT 2 ; (it — i) (Tt — Ti) — Apr = Iinr + Loy + Isnr + Lar — Anr,s
i=1 i—

where I = on S0y Sy (wie — 1) (@i — ) Tt = 3 iy Sy (@it — 1) (5 — %)’y Iy =
Ié,nT’ and Iy ,r = % S Z?zl (p; — Z;) (u; — #;)'. By part a) of this Lemma, I pr — Apr — 0.
Using the assumption of time stationarity and noting that z; = 7! Zthl x;t, we can show that I 1
goes to zero as n,T — oo given part b). The same holds for I3, and I4,7, thus completing the
proof.

Proof of Lemma B.2. a) This follows from an application of Theorem A.1.b) with w;; = (zit — W) Eit-
In particular, Assumptions la. and lc. imply that w;; is a zero mean random field of size —-=5 (hence

of size — as required by Assumption A2) whereas Assumption 1b. implies that [Jwg]|, S A < o0

,
=2
for all (i,t), thus satisfying Assumption Al. Assumption le. ensures that Assumption A3 is satisfied.
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For b), note that

1 n T 1 n T
Ronr = T Z Z (i — Ti) eir = — Z (1 — ;) Z&t
i=1 t=1 i=1 t=1
1 n T T 1 n
= - X ; E; s
TLT\/T ; ; ( it Mz) SZ:I 8 T\/T ; ngnzT

where £, = Zthl (xit — ;) = Zthl zit and n;p = Zstl €is. We can show that

Bzt nTVT o] Sirhir! nTvT ; 1Eillz 71l (\/T) (1)

as T' — oo. Consequently, by Markov’s inequality, it follows that R ,7 —P 0. In particular, As-
sumption 1 ensures that [|&;r[l, < CT'? (see the proof of Lemma B.l.a)). A similar argument
can be used to show that |17/, < CT'? for some constant C independent of T and 4. Thus,
E|Ry 1| =0 (%) =o0(l) as T — oc.

Proof of Theorem 2.1. The proof follows standard arguments (see e.g. Gallant and White, 1988,
p. 82). In particular, note that B;%/Q = 0O(1) and A,7 = O (1) (this follows by Assumption 1b) and
apply Lemmas B.1 and B.2.

Proof of Theorem 2.2. By definition,

T T—1 T—71 T—7
Bur = Bur =T'S 6dly+ 3 k() [T udlysr + TS bpiyrbny | — B
nT nT = SntSnt Vi SntSpitr Snt+7Snt nTs
t=1 =1 t=1 t=1
A~ —1 n — ~ ~ — \/ 2 ~
where 8, =n7" ) " (i — T5) € and &y = g4 — (Tir — T4) (ﬁ — ﬁ) — (& — ). Thus,

n n

Sto= Y (= E) e =Sm=n""Y  (zi — ) <€z‘t — (zi — 3;)' <B - ﬁ) — (G — Oéi))
i=1 i=1

= n! Z (it — ) €it + (1 — i) it — (i — ) (wir — T3)' (@ - ﬂ) — (it — Ti) (G — o)

i=1

= Spt+ ant + by

where s,y = n~! Yo (@ie — ) ity Ang = nt Sy (uy — @) e and
bt = —n Y0 (w — Z5) (i — z;) (ﬂ — ﬂ) —n Y (i — %) (& — o) . Substituting 8, in Byr—
B, yields
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T T—1 T—1 T—T1
~ _ T _ _ /
B,r—Byr = T ! E SntS;lt + E k (M) (T ! E Sntfs%t_i_q— +7T ! g SntJrTsnt) — Bur
t=1 =1 =1 =1

T T T
+ (T_l Z St (Qnt + bpe) + T Z ant (Snt + @nt + bpe) +T7" Z bt (Snt + ane + bnt),)

t=1 t=1 t=1
T-1 - T—1 T—1
=+ Tzl k (M) (Tl tzl Snt (CLnt+7— + bnt—i—T)/ + T’i1 tzl (ant + bnt) (Snt—i—T + Ant+r + bnt+7’>l>

T-1 T—1 T—1

T _ _

+ Z k (M) <T ! Z (ant-‘r‘r + bnt—i—T) S;nt + T ! Z (Snt—l—T + Qptyr + b?’bt+T) (ant + bnt)l>
T=1 t=1 t=1

= Il,nT + IZ,nT + I3,nT + Ii/%,nT'

By Theorem A.2 in Appendix A, under Assumption 1, 2 and 3, I1,,7 —% 0. Thus, it suffices to show

that each of the remaining terms is op (1). We start with I3 7, which we write as
It = Jinr + Jo0r + J30T,

where Jl,nT = T_l Zle Snt (ant + bnt)la J27nT = T_l 23;1 Ant (Snt + ant + bnt)/7 and
Jyor = T71 Ethl but (St + @nt + bnt)’. Next we show that Jenr = op (1) for all & = 1,2,3, which

implies 5,7 = op (1). We can write
T T T
Jl,nT =7! Z Snt (ant + bnt)/ =7! Z Snta;’Lt + T Z Sntb(nt = Cl,nT + CZ,nT'
t=1 t=1 t=1

Cror =7 O [[Crrll, < T 20 Isutlly lantlly — 0. By definition of sne, [lsnell, = [ln " S0 zieae |, <
n=ESN L |lzieitll, < A < oo provided [|zieit]l, < A < oo. A sufficient condition is that [z, < A <
oo and ||gi]|, < A < oo (which holds under our Assumption 1b’). By definition of a,, recalling that
p; — & =—T71 Zle zit, and letting &;p = Zle 2is, We have that

n

n T n
Ant = nt Z (1 — Ez) Eit = T pt Z (Z zis> it = e Z@‘Tfit-
i=1

i=1 i=1 \s=1

Thus, by first using the Minkowski inequality and then the Cauchy-Schwartz inequality,

n n n
lantly < Tt Z [€ireitlly < T 'n! Z 1€srll4 lleatlls < AT ' Z 1€z ll4 -
=1 =1 =1

N\ 1/4 , 2\ 1/A4
By definition of the Ly- and the Euclidean norms, ||&;7], = (E 1€ ) = (E 1> & )

1/4
<Z£Z1E}51T,k‘4) <3P Hgm,ﬁH‘l. For each k = 1,...,p, we can show that Hfz‘T,kH4 < CTY?
for some constant C' independent of ¢. In particular, Lemma A.3 with p = 4 together with Lemma
1/2
A1 imply that |[&7, < KZﬁla(j)%fﬁ <Zf:1 sztHg,) for some ' > 4. Setting ' = 2r
and using the size condition in Assumption lc. and the moment condition in Assumption 1b. show

that HgiT,k:H4 = O (TY?) uniformly in i. Thus, [|ay|, < CT~Y/? uniformly in n,t. It follows that
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Cior =0 (T) Next we analyze (y,p. Noting that

T T
& —a;=T"" Zf‘:it -7 Zf’«";t (B - 5) =T "0y — (B - ﬁ) )
t=1 t=1

with n,7 = Zz;l €it, it follows that

bmg —n_l

M-

@
Il
—

(zit — &) (@i — ;) (B - 5) —n! z": (w3t — Z;) (i — )
i=1

(wis — @) (e — 32) (B 8) —n™! Z (wie = 23) (T "z — 7 (B - B)).

I
[
3
L
gt

i=1 i=1
n n

= —n! Z (it — &) (i — 27;) (ﬁ - 5) - ! Z Tit = Ti) Nip = bint + bt
1=1 1=1

Thus
Comr =17 Z Sntblpy =T~ Z Srtbl s + T Z Sntby iy = Siar + S0t

For the first term, consider

T T ,
Vec (Sl,nT) = Vec (T_l Z sntbll,nt> =Vec (T_l Z Snt (B - ﬂ) (zit — 2%;) (wi — fz),>
t=1 t=1
T /
== T_l Z Vec <5nt (B - ﬁ) (:Uit — 2;2'1) (‘rit — []_j,L>/>
t=1

T

= 71 Z (zit — @) (wig — 22;)' @ sp4) Ve (B - ﬁ) =Rur- (B — ﬂ)

where we have used the fact that Vec (ABC) = (C' ® A) Vec (B). Since f—3 = Op (%) =op (1), it
suffices to show that R, = Op (1), or that F |R,r| = O (1). Using our Assumption 1b'., we can show
that there exist a finite matrix A such that E |R,7| < T~} Zthl E ‘(xzt — ;) (z4 — 27;) ® Snt’ <A,
which shows that R,r = Op (1) and therefore Sy ,r = op(1). For Sy ,r, we have that ||Sy,7|; <

TS sudlly [02ntll, where lsully < A < o0 and [baully < T-'n S0 llzie — il Iner s =
0 (%), given that ||zy — 7, < 2||lzill, < A < oo and |n;pll, < CVT uniformly in i. Thus,
|S2,nrll; < CT~1/2, showing that Somr = Op (ﬁ) This completes the proof that Ji ,r = op (1).
Next,

T T T
—1 / -1 / -1 /)
Jor =T E antSpy + T E antQpy + T E antbyy = V11 + Vo1 + V307
=1 =1 =1

V1 = ¢ and therefore it follows immediately that 4y, = op (1) . For 95,7, note that E ‘1/127nT’ <
TS Elapadl,) < TP a3 = O (T~1), since we showed before that [la,|l, < CT~Y/2.
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Thus, 15,7 = Op (T~') = op (1). To show that 13,7 = op (1), we can proceed as for (7. Finally,

T T T
JSJLT = Til Z bntS;Lt + Til Z bntant + Til Z bntb;n = wl,nT + w2,nT + w3,nT7

where w17 = CIZ,nT = op (1), wonr = ¢g}nT = op (1), and the term w3,7 is analyzed next. In
particular,

T T
wgnr = T bubly =T (bt + bant) (brne + bonr)
t=1 t=1

T T T T
-1 -1 -1 -1
=T Z blﬂ’btbll,nt +T Z bl,mfbé,nt +T Z b27ntb/1,nt +T Z b27mfb/2,nt'
=1 t=1 =1 =1

We can show that each of the above terms vanishes in probability. Since the arguments are similar,
we consider only the first term in detail,

T

T /
T byl =T (@i — To) (wa — 22:)' (3 - ﬁ) (3 - 5) (it — 22;) (i — 7))’

t=1 t=1

with
T /
Vec (Tl Z bl,ntbllmt) =71 Z (zit — Z;) (i — 22;)' @ (w40 — ;) (wir — 27;)") Veee <<@ — 5) (B - 5) ) .
t=1

Under our Assumption 1b’., 7! Zthl ((.mt — ;) (w4 — 2%;)' @ (zie — %) (2ir — 2@-)’) = Op (1), whereas
A~ ~ /
ec ((6 - ﬁ) (ﬂ - ﬁ) ) =0Op (%), thus showing that 7! Zg‘rzl bl,mb’lm = op (1). Next we analyze

I3 7. We consider a typical element of I3 ,7, say the (k,[) element, where k,l =1,2,...,p,

T-1 T—7 T—1
k,l T — —
I:g,ni)’ = Z k (M) (T ! Z Snt,k (antJrT,l + bnt+7,l) +T ! Z (ant,k + bnt,k) (Snt+7—,l + Ant4r,l + bnt+7,l)>
=1 t=1

t=1

- T—7 — T—71
T ! thl Snt,kant-‘r'r,l +T ! thl snt,kbnt+7,l
= (-~ 71571 71y 71y b
= Z M + Zt 1 OntkSnt+rl + Zt 1 Qnt kOnt+r,l T Z% 1 Ont,kOnt411
=1 +T1~ 1 Zt 1 bnt EkSnt+7,l + T~ Zt 1 bnt JkAnt+r.1 + T Z T bnt kbnt—i—r,l
= M ur + Moyt + M3 1 + My + Ms o + Mg o + M7 7 + Mg 7.

By time stationarity, p; — z; = —T ! EtT:l (it — p;), and hence

_ _ 1 _ T
tner =07 300 (= T3) €iter = =T "7 300 Ep€iter, where & = 30, 25 Thus

T—1
T _
|Myrlly, < \k(ﬂ K 12”£nt,kant+r,l”1

IA
NA
/\
’ﬂ
Hv ~—
'ﬂ
f
S
=
=
BN
g
+
\‘
l\3:
IN
N
—~
~——
g
N~
L
~
[N}

IA
Q
=) -
T
—
B
—

<
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given that [[spkll, < A and |[aniqr ], < CT—1/2. Since ir 277 (T-1) k(& )‘ — f+°° |k (x)] dz < oo,

by Assumption 2, it follows that ||[Mi.,7|, = Op (*=) = op (1 prov1ded “~ — 0, as we assume in
M x/T VT

Assumption 3. For My ,r,

T-1 T T-1 T—1
T _ T _
Maur = Sk (2) (T 35 b> SR(E) (T 33 b> = oz + V3
T=1 T=1

t=1

vg,,7 may be analyzed in the same way as M ,7 since in particular ||by p¢yr iy < CT—Y/2. For VinT,

substituting by pe4r; = —n~! Sy (Titgrg — Tig) (Titer g — 27;) (ﬁ — 6) yields

T-1 T—1 n
T o _ _ _ A~ A~
== Sk () TS ( ' s =) e - zm) (5 8) = mr- (- 5)
We can show that 7,7 = Op (M) whereas ﬂ B=0p <\F> thus implying that vy ,7 = Op <\/T> =

op (1). The remaining terms can be analyzed using similar arguments and therefore we omit the

details.

C Appendix C: proofs of the results in Section 3.

First, we state some auxiliary lemmas and their proofs. Then, we prove the results in Section 3.

Lemma C.1 Under Assumption 1 strengthened by Assumption 10" and 1¢, if by — oo such that

t=0(T) as T — oo,

a) n T S (atal — waxl,) =T 0, in probability.

b) n '3, (& — &) (zF — 7)) =70, in probability.

c) A;T — A, =P 0, in probability, where A;T = ﬁ Yoy Zthl (z3, — 2F) (o, — x7) and Ay =
o it D (i — Ti) (i — &)

Lemma C.2 Under Assumption 1 strengthened by Assumption 1V and 1¢, b7 — oo such that ¢ =

o(T) as T — oo, B_l/2 \%Zz SO (e, — 3 el =4 N(0,1,), in probability.

Theorem C.1 Under Assumption strengthened by Assumption 10" and 1, by — oo such that { =
o(T) as T — o, E;T — Bur =70, in probability.

Proof of Lemma C.1. Without loss of generality, we consider the scalar case with p = 1. a)
follows from an application of Theorem A.3.a) in Appendix A with wy = x . Under Assumptlon 1",
witll, .5 < A < 0o, whereas Assumption 1c’. implies that {w;} is a-mixing of size — 47 (hence, of

_(Q-Ff)_#)’ for some r > 2 and some small § > 0 (in particular, it suffices that 0 < ¢ < 1). To

size
prove b), note that

n n
n IS (@ @) (@ - m) =n Y (@ - @)t = IZ T — EN(@) + E* (@) —2)" <2(Jur + J5nr)

i=1
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where J§, = n 1YL, (zF - B* (7)), and J3,p = n "t YL (B (2)) — 2:)* . We show that J}, =
op+ (1) in probability, for [ = 1 and 2. By repeated application of Markov’s inequality, it suffices to
show that E‘E* ot ’ = o(1) as n,T — oco. Consider first J7, 7. Note that z; — E*(z]) =

IS (@ — B (3)) = kWYY S (wigser, — BF())) = Ay, where Ij ~ iid. Uniform
on {0, 1,...,T—{},and A; ; = Zle (@i j+¢ — E* (2})). We can write

2
n n k
Tiar =0 (@ —E* @) =n 'Y KDY A |
i=1 i=1 j=1
and it follows that
n k 2 n k
E [ Tr| < o0 kB[S A | [ <0t Yk %Y B A
i=1 j=1 i=1 j=1

n n 1 T—¢
. -1 —2 % . 2, —1 —2 12
= n ;e E* AP =n ;e T—€+1JZ::0’A”’

) 2

Zigprg + 4 (0 = E7(77))
1

n 1 T4
- n_lze_QT—ﬂJrl Z
=1 7=0

t=

_1Z£_T £+1Z ZZ”Jr]

where 214 = Xii45 — by, with p; = E(x44;), and where the first inequality holds by the tri-

IN

1Z€— |0 (; — E* (3})))> = F1 + Py,

angle inequality and the second and third hold by the c,-inequality. We can show that E |Fj| =

O (6‘1) = o(1) if £ — oo. Specifically, for each i, Lemma A.3 implies that z;;y; is a zero mean
2
a-mixing process with «; (k) < « (k). Thus, by Lemma A.1, we have that E‘Ef 1 %, tﬂ" <

K (21?;1 a(k )% ?) Zt 1z, t+JH for some r > 2. Assumption 1b”. implies that ||z 1|, <A < oo

1
T

N

whereas Assumption 1¢/. implies that > oo, a (k)2 < oo, thus proving that F ’ztzl zi7t+j’ < v

for some constant C. Thus,

T—¢ l
E‘F1| <n~ 1Z£_ Tlﬁ—l—le ZZ“H_J

Next, we show that E|Fy| = O (T~!) + O ((%)2). Since p; — E* (7)) = -T2 | B* (a, — ;) =
—71 Zthl E* () = —E* (%), it follows that

=T B ) = Y B D = S G <07 Y8 ().
i=1 —

=1

2 n
<SEn' ) =01,
=1

Using Lemma A.1 of Gongalves and White (2005), we can show that E}E* (|Z:‘\2>‘ =0 (%) +

0 (7{—22) = 0(1) uniformly in 4, which implies that F5 = op+ (1) in probability. To prove c), note that
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we can write

n

n T n
N F oD IR %) BES SEREEL SRR
1t=1 i=1 t=1 i=1 =1

k *
= Qynr — a2,nT — agpr-

By parts a) and b), a . = op+ (1) and a3, = op+ (1), in probability, respectively. To show that
E* ’:o(l) as n, T — oo. By the

aj o = op+ (1), in probability, it suffices to show that F as .o

triangle inequality,

1 n
E*|a3,r| < = Z@E* |Z7 — T4
[
. N\ 1/2 o\ 1/2 )
and therefore F ‘E* angH < sy (E |z ) (E (E* |z} — &) ) . We can show that E'|Z;|
A > oo whereas E (E* |78 — 7;|)* = O (£)+0(%)+0 (LQQ) = 0 (1), uniformly in 1.

Proof of Lemma C.2. Let €} t =yl — z}/# — o; and note that ¢}, = 5“5 —x} (ﬁ ﬂ) (i — ).

)
Similarly, & = e — o, (B = 8) = (& — o). By the FOC for 3, —Lo 530, Y7L (wa — ) & = 0.
Thus, adding an subtracting appropriately, we have that

1 = d * —% * */ ~ ~ 1 n ) _% %
”;;(ﬂfit_$i)5it = n\/*Z;;%t( —xit<ﬂ—ﬁ>—ai—ai)—nT;;xigit
1 n L 0 1 n T
= ﬁ ; tzl ((w;kt — ;) €5y — (@it — p;) Eit) + W 2 ; (Ts — ;) €3t
1 Gapd =% *O " & _ / 2 ~
_n7T ;; (CUz - ,Uz)g \F ;; (-Tit — iL'l) (xit (ﬁ — /8) + (ai — ng))
n T
_LZZ(@":‘}— )( <ﬂ ﬁ)+az—ai)
nvT =

* * *
= {ar twinr —Wonr T W3l — Wiy

1/ 251 T —4" N (0,1,), in probability, provided w; = (v — ;) i satisfies

By Theorem A.3.b), B
Assumption A strengthened by A1’ and A2' and ¢ = o <\/T) Assumption 1.b” suffices for A1’
whereas Assumption 1.¢’ suffices for A2’. Lemma B.2.b) shows that wy,7 = op (1). Next we show

*O_

that w3, - = op« (1) in probability. Let z; = Z} — ; and & -1 Zt L€, By repeated application

of the Cauchy Schwartz inequality, we have that

E‘E*‘w;,nTH < {?Z (E*‘zfafo)<\/Ti[E(E*\sz)r/Q[E(E*}EfO‘Q)]l/Q
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where we have used the fact that £ (E* |22*\2) = ( )+O <T2) and B (E* ‘?:fof) =0 (%) +0 (%)

uniformly in 4. Finally, we can show that wj . —w} - = op+ (1). We can write

n T
ot~ Wir = <an SN (@ie — 3 (@i — @)~ (fy — 77) (@ - z:)’) VT (- 5)

=1 t=1

TZZ zi — i) — (v — 7)) VT (&4 — o)

i=1 t=1
= wT,nT—{_QpZnT?

where 1/)§7nT = 0. Since Wlﬁ,nT = <AnT - A;‘LT) VT (B - ﬁ) =op+ (1) x Op (1) = op~ (1), in probabil-
ity, given Lemma C.1.c) and the fact that /7' <B — ﬂ) = Op (1) by Theorem 2.1, this completes the
proof.

Proof of Theorem C.1. Take p = 1. We follow the proof of GW (2004), adapting it to the fixed ef-
fects estimator context. Forany j =1,...,kandt=1,...,/, let §* (1)t = n-1 Z?Zl (mi,1j+t — :E;“) Ei L+t
where &; = yir — i";"ﬂ* — &, with &7 =g — JE;”B*, and where I; are i.i.d Uniform on {0,...,7 — (}.

. . —1 n / .
Similarly, let sz,(j—l)€+t =n""y ", (xi71j+t — Mz‘) €i1;+t, Where g;t = y;t — x}, 8 — ;. Consider

V4 2 k ¢ 2
1 . . 1 .
Biir = k 2. ( Ty s e — Far ) % Z ( DY Sn,(jl)Zth) — U557,

j=1 = =

where 57 = 71! Zthl sy We can apply Lemma A.4 to show that B;;[:)F - Brr —P" 0 in probability,
where B’ = Var* (% Zthl sj;t) For this, it suffices that s, = n~' Y | (z; — ;) €ir is such that
l8ntll, 45 < A < 0o and syt is a—mixing of size — (2 +0) (r + ) / (r — 2), which follows under our
assumptions Since B} — Byt —P0, it suffices to show that B;T — BXY, —P" 0, in probability. Let
S = 21 8 onyess A0d S =300 8% 4y We have that

B = Blir = Zﬂ N8 - 83) ~ tsi5 = Dy + D,

where D3 = op~ (1) in probability (by an argument similar to that used in GW(2004)). Next we prove

that D} = op« (1) in probability. We can write 8, = s%,+a%,+b},, where al, =n=1 S0 | (u; — zF) el

and
n

b= =03 (@l = ) (BT = 8) = 07t (i — 80 (67 = ) = Vg + b
=1

i=1
It follows that

¢ l ¢
Sni = D Sn-nest T D GnGoyese T D Oh vyt = Snj + Ring + Rin ).
t=1 t=1 t=1
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and

| DO

k
|DT‘ < L Zﬁil 1nj‘ + }R2 nJ‘ + ‘S:L,j Tn,j‘ + ‘SZ,jR;n,jD
j=1

i 2 & 1 1
ZE_I\RW EZ TR+ ;Z TSR Rl + gz IS8 R

= A*+B*+C*+D*.

w\w

We show that each of these terms vanishes in probability. We first prove that E (E*|A*|) — 0. We

have that E (E* |A*|) < %25:1 (~'E <E* R’fznj ) . But

2

_E>'< ‘Rl nj -

n ¢
—1 — %
n E (i — T7) E :Ei,Ijth
=1 t=1

4\ 1/2

. 712 g 1)0+1
Z( (v-=)) +

IN

Zfz‘zl +t

implying that
" 4\ 71/2
B(E A" <20 S (B (B (5)) | B | B

i=1

E &g I+t

where Z7 = z} — p;. By an application of Lemma A.1 of Gongalves and White (2005), we can show
that £ (E* (z/1)) = O ( )+ 0 (T4> uniformly in ¢ (for this, it suffices that ||zi||,, < oo and {z;} is

a—mixing of size —fj, for some r > 2), whereas

4
E 6i,[1+t
t=1

also uniformly in i. Thus E (E*|A*[) = O (¢71) (O (%) +0 (%)) =0(3)+0 (%) =o0(1). Next
we show that E (E*|C*|) = o(1). By the well known inequality

4 4

E* =0 (),

¢
E :5i,j+t
t=1

1
:T—£+1.ZE
7=0

N . 1/2
2 * * — * 1 — *
*EZ TSR] <2 Ze Hsil” (kZﬁ YR
j=1 j=1
and by repeated application of the Cauchy-Schwartz inequality,
1/2 1/2
1 k 1 b 2
2 2SRl < Ze lE E*‘ 2 UE (E* | Rin il )
j=1 J=1

- o<;>+o< ) o(1),
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*
Sn.j

E

where we have used the previous result and the fact that we can show that % Z?Zl B <E*
O (1) . Next, consider B*:

B* = Zf YIRS, | = Zf L

2

2

Zb* (F—1)b+t

2

< kzelzbln] 10+t kZ£1Zb2nJ Vetrt| =Bl + Bs,
where

2 & e » 2| - 2 1,

o253 ()| 17l = o [ (5

Because VT (3* - ﬁ) = Op-~ (1), it suffices that £U* = op« (1), in probability. For some constant K,

k V4
%E(E*|\Il*!) < /ch:: Z ’1ZE(E \(x,zﬂ—:c)}‘*)

4

h E (Z (5 gl 05 1)

IN

Z T4

* | =% |4
= Z 7o £+1ZE|zi,j+t|4+fE(E 51)

(gl oF)

if £ =o0(T). This shows that Bf = op- (1), in probability. Next consider Bj. Let £ = 7! Zt L&
and note that & — a; = 210 — 7/ (ﬂ ﬁ) . It follows that

bznv(j—l)@rl = —n! En: (x:,(j—l)é-i-t - f:) (& — )
=1
= - Zn: (“’f,(jfl)ut 7'%) el = Z < G—1)e+t i’f) ;i (3* - 6) ,
=1

which implies that

k ¢ n
* 2 — - * — —%
By < KoY 7MY om 12(56 (-1t x1>520
j=1 t=1 i=1
9 k n 2 9
— — R — »*
+KEZ€1 w3 (wigen =) 7] |-
j=1

oo Jr o
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We show that M7 and £.Mj are op« (1) in probability. We can show that +E (E* [M3|) is bounded by

_ . 4\ /2 L 5
T2 ;“?:1 Zle n~ty (E (E }zuﬁt — z7| )) , which is of order O (%) +0 (%) +0 (%) =
o(1), as we just showed. By a similar argument,

2

k l n
BEMG) = 2B B0 (5 e o) &
j=1 t=1 i=1
kL n
< zZZ;nl > E [(E 260,40 — 22‘|4)1/2 (& 15?0}4)1/2]
j=1t= i=1
9 kL . n AN 172 1/2 »
< TX X (B (B -2 ) (B (2 T)) o).
j=1 t= i=
0(0)+0( % )+0( %) o(+)+0(5z)

if % = 0(1). Thus B* = op~ (1) in probability. Finally, we show that D* = op- (1), in probability.
1/2 2
2) ( B*)1/2

2
Y% 6718 | = Op- (1) and B* = op« (1) in probability.

Proof of Theorem 3.1. We can write

We have that |[D*|* < [2 <114 Z?Zl Sy = Op~ (1) x op= (1) = op~ (1), since

n T
VI (5 =) = Azt = 303 (@l = a0l = Glar + G

i=1 t=1
* _ 4-1pl/2p-1/2 1 n T * —%\ %
where C7 0 = A7 Bp By T > izt 2= (@ — 7)) €y and

n

* _ A— — Ax— A— T * =% % —-1/2 * *
Conr = [(An% - Anil“) + (AnTl - Anzlﬂ)} % > i1 2o (T3 — %) ;. By Lemma C.2, BnT/ AnrCi —

N (0, I,) whereas Lemmas B.1.c) and C.1.c), and the fact that ﬁ S S (a -3 el = 0p- (1)
imply that (5,7 = op~ (1), in probability.

Proof of Theorem 3.2. The proof follows from Theorems 3.1 and C.1 using standard arguments.
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Figure 3: Empirical coverage rates, p = 0.9 and A = /0.5
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Figure 4: Empirical coverage rates, p = 0.0 and A = 0.0
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Figure 5: Empirical coverage rates, p = 0.5 and A = 0.0
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Figure 6: Empirical coverage rates, p = 0.9 and A = 0.0
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