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Very Preliminary

ABSTRACT. This paper explores robust estimation of parameters identified by a set of moment restric-
tions. Suppose the econometrician observes data generated from a perturbed version of the probability
distribution that corresponds to the true parameter value. Such perturbation can be regarded as a
consequence of data errors, misspecification and other factors, following the literature of robust sta-
tistical estimation. There are two aspects in assessing robustness properties of an estimator. One is
about bias, that is, the effect of the perturbation of the data generating mechanism on the behavior of
the limit of the estimator. The other is about dispersion, often measured by the asymptotic variance.
As far as one considers global perturbation, the former factor typically dominates, thereby making
the latter a second order issue. An alternative approach is to consider the effect of local perturbation
within shrinking topological neighborhoods of the original probability distribution, so that both bias
and variance matter asymptotically. Such analysis, put loosely, enables the researcher to assess ro-
bustness in terms of asymptotic mean squared error (MSE). This paper derives asymptotic optimality

results in moment restriction models along this line of analysis.

1. INTRODUCTION

TO BE ADDED.

2. PRELIMINARIES

Consider a probability measure Py € M, where M is the set of all probability measures on the
Borel o-field (X, B (X)) of ¥ C RY. Let g : X x© — R™ be a vector of moment functions parametrized
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by a p-dimensional vector 6 which resides in © C RP. The function g satisfies:

(2.1) Er, g (2, 00)] = /g(ac,@o) Py =0, 6 cO.

The econometrician wishes to estimate the unknown 6.

Suppose a random sample {x;}; ; generated from P0®” is observed. Our focus is on robust
estimation of 6y when observations are drawn from a (locally) perturbed version Py, not Py itself.
For the time being, however, consider the above model where no such perturbation is added to the
measure FPy. Under this “classical” setting, various estimator for 6y are available, including GMM
(Hansen (1982)), the empirical likelihood (EL) estimator and its variants. This paper is concerned
with an estimator, which can be viewed as the Minimum Hellinger Distance Estimator (MHDE) by
Beran (1977) applied to the moment restriction model (2.1). In particular, it will be shown to have
asymptotic optimal robust properties in subsequent sections. The Hellinger distance between two

probability measures is defined as follows:

Definition 2.1. Let P and () be probability measures with densities p and ¢ with respect to a

dominating measure v. The Hellinger distance between P and @ is then given by:

H(P,Q) = {/ <p1/2 — q1/2>2d1/}1/2 = {2 — 2/p1/2q1/2d1/}1/2.

It is often convenient to use the standard notation in the literature that does not explicitly refer

to the dominating measure. Then the above definition becomes:

H(P,Q) = {/ (dp1/2 _ dQ1/2>2}1/2 _ {2 B Q/dPudel/g}

In what follows we show some results concerning the Hellinger distance that are useful in

1/2

understanding the robustness theorems in the following sections.

Definition 2.2. Let P and () be probability measures with densities p and ¢ with respect to a

dominating measure v. The a-divergence from @) to P is given by

[a(P,Q):a(ll_a)/<l— <z>a> qdv, acR.

If P is not absolutely continuous respect to @, then [I{p > 0,¢ =0}dv > 0, and as a conse-
quence I, (P, Q) = oo for a > 1. A similar argument shows that I, (P,Q) = 0o if Q &« P and o < 0.
Note that I, is well-defined for e = 0 by taking the limit & — 0 in the definition. Indeed, L’Hospital’s
Rule implies that

lim I (P, Q) = / log <p) qdv
a—> q
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(with the above convention for the case where P 4 @), giving rise to the well-known Kullback-Leibler
(KL) divergence measure. The case with a@ = 1 corresponds to the KL divergence with the roles of
P and @ reversed. Note that the above definitions imply that the a-divergence includes the Hellinger

distance as a special case, in the sense that

H?(P,Q) =511 (P,Q).

I,
2

[\D\H

Lemma 2.1. For probability measures P and @,

max (a, 1 —a) I, (P,Q) > (P,Q)

I,
2

l\DM—A

for every a € R.
Proof. |[Proof of Lemma 2.1] We first show the claim for a < 3, that is,
1

Let Hy (z) = 2 (1 —2%) —2 (1 - :1:%> , 0 <z < oo, then the above inequality becomes

o~ [ (2) a0

Note
>0 ifx>1
d _ _1
T Ho (1) = —2* "+2720=0 ifz=1
<0 ifzx<l
The above holds for the case with @ = 0 as well, since Hp (z) = —logx — 2 (1 - a:%> Moreover,

H, (1) = 0. Therefore H, (z) > 0 for all z > 0, and the desired inequality (2.3) follows immediately.

Next, we prove the case with o > %, that is,

1 (P.Q) > 515 (P.Q).
Let =1—a< %, then the above inequality becomes
(24) (1-0)L-p(P,Q) = % (P,Q).
By (2.2) and the symmetry of the Hellinger distance,
(1-B15(Q.P) > 31 (Q.P) = 311 (P.Q).

But the equality I;_g (P, Q) = Ig (Q, P) holds for every 3 € R, and (2.4) follows. O
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Remark 2.1. Lemma 2.1 has some implications on a neighborhood system generated by the Hellinger
distance. Consider the following neighborhood of a probability measure P whose radius in terms of I,

iséd>0:
By, (P,6) = {QeM /1. (Q, P) ga}.

Lemma 2.1 implies that
1
(G+L)Vv(z+0))

I, (P,Q) = 5 Loy (P, Q)

1

holds for every a € [5 — L, % + U] where L,U > 0 determine the lower and upper bounds for the

range of «, if ap = % It is easy to verify that this statement holds only if g = % Now, define

K (L,U) = <;+L>v(;+U),

then by the above inequality

(2.5) Unels 1,1 401 Bra (P0.6) € B, <P0, V2K (L, U)(S) —H (PO, 2/K (L, U)5> .

That is, the union of the I,-based neighborhoods over a0 € [% — L, % +U ] is covered by the Hellinger
neighborhood By, /2 with a “margin” given by the multiplicative constant 2\/m . (2.5) is impor-
tant, since in what follows we consider robustness of estimators against perturbation of Py within its
neighborhood, and it is desirable to use a neighborhood that is sufficiently large to accommodate a
large class of perturbations. The inclusion relationship shows that the Hellinger-based neighborhood
covers other neighborhood systems based on I,,« € [% — L, % +U ] if the radii are chosen appropri-
ately. It is easy to verify that (2.5) does not hold if the Hellinger distance I 1 is replaced by I, # %,

showing the special status of the Hellinger distance among the a-divergence family.

Beran (1977), considering a parametric model, proposed an estimator that minimizes the
Hellinger distance between a model-based probability measure (from the parametric family) and a
nonparametric probability measure estimate. This is known as the Minimum Hellinger Distance Esti-
mator (MHDE). This method has been regarded as a robust procedure in the literature of parametric
model estimation. An application of the MHDE procedure to the moment condition model (2.1) yields
a computationally simple procedure as follows. Let P, denote the empirical measure of observations

{xi};,. P, is an appropriate model-free estimator in our construction of the MHDE. Define

Paz{PeM:/g(x,G)dPZO}
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then the MHDE, denoted by é, is defined to be a parameter value that solves the optimization problem

inf inf H(P,P,).
inf inf H (P Pn)

By convex duality theory (Kitamura (2006)), the objective function has the following representation:

n

1 1
inf H(P.P.) — —— T
ph, H (P Fo) = g ”;;1+Vg@u®

Therefore the MHDE 6 = arg mingee Max,erm —% S L ) is easy to compute.

i=1 1++7g(wi,0)

It is of interest to replace H (-, -) in the above definition with the a-divergence. It is easy to see
that the resulting family of estimators §, = arg mingeo MaX,crm —% S pa (Vg (24,0)) with @ € R
corresponds to the so-called Generalized Empirical Likelihood (GEL) estimator discussed by Newey and
Smith (2004). It is obvious that the MHDE 6 corresponds to 0, with o = {%} Asymptotic properties

of the (G)EL estimators under the current setting are well-understood (see, for example, Newey and

Smith (2004)). Let G = Ep, [0g (z,00) /00'], @ = Ep, [g(z,60) g (z,00)'], and £ = G’Q'G. Then
A d 71
(2.6) ﬁ%%—%)ﬁij ).

Therefore éa, which includes the MHDE 6 as a special case, is a semiparametrically efficient estimator.
Some alternative asymptotic efficiency criteria suggest that, among many those estimators, EL (éa
with a = 0) has some optimality properties (Kitamura (2006)) assuming that observations are drawn
according to Py in (2.1). In what follows, however, we argue that MHDE has asymptotic optimal

robust properties if observations are drawn from a perturbed version of F.

3. ROBUSTNESS

We now analyze robustness of the MHDE 6. Observe that the estimator 6 can be interpreted
as a mapping of the empirical measure P,. In other words, for each realization of P,,, we can compute
the estimate by 0. To make the dependence explicit, let us denote =T (P,). Although we are
interested in the properties of the mapping 7' : M — ©, the value T (P) may not exist for some

P € M. Therefore, we consider the mapping defined by a trimmed moment function:

T(Q) = argmin{ inf I (P, Q)},

0€O ( PePy
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where {m,}, .y is a sequence of positive numbers satisfying m,, — oo as n — oo, and

Py = {PG M /g(:c,ﬁ)]l{:v € Xn}dP:0},
X, = {x € X :suplg(z,0)| < mn} ,
0cO

with the indicator function I{-} and the Euclidean norm |-|, i.e., &}, is a trimming set to bound the
moment function and Py is a set of probability measures satisfying the bounded moment condition
Eplg(x,0)I{z € X,}] = 0. Lemma 6.1 (i) guarantees that for each n € N and @ € M the value
T (Q) exists.

Let 7: ® — R be a transformation of the parameter. We first focus on the estimation problem
of the transformed parameter 7 (fy) and investigate the behavior of the bias term 70T (Q) — 7 (6p) in

a (y/n-shrinking) Hellinger ball with radius r > 0 around the true probability measure

By (Po,’r'/\/ﬁ) :{QEM:H(Q,P()) ST/\/E}

In particular, we compare the maximum bias of 70T over the Hellinger ball By (Py,r/+/n) with that of
the alternative mapping 707,. We impose the following assumptions. Let A" be an open neighborhood

around 6.

Assumption 3.1. Assume that
(i): {=i}, is id;
(ii): © is compact;
(iii): 6p € int(O) is a unique solution to Ep, [g (x,8)] = 0;
(iv): for each 0 € ©, g (x,0) is continuous for all x € X;
(v): Ep, [supgeo |9 (z,0)|"] < 0o for somen > 2, Ep, [supgeN lg (ZE,0)|4:| < 00, g(x,0) is contin-
uously differentiable a.s. in N, sup,cx, pen |09 (x,0) /00| = o (n'/?), and Ep, [supgeN |0g (z,0) /89’|2} <
0
(vi): G has the full column rank and Q is positive definite;
(vil): {mn}, ey satisfies my, — oo, nmyp"" — 0, and n~/2mlte = O (1) for some 0 < e < 2 as
n — co;!
(viii): 7 is continuously differentiable at 0.

1

ALETNATIVELY:: mn ~n® (ie., 2 — 1 asn — oo) with 1/n <a < 1/2;
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Assumption 3.1 (i)-(vi) are standard in the literature of the GMM. Assumption 3.1 (iii) is a
global identification condition of the true parameter 6. Assumption 3.1 (iv) is required to guarantee
the continuity of the mapping T (Q) in Q € M for each n € N. Assumption 3.1 (v) contains the
smoothness and boundedness conditions for the moment function and its derivatives. This assumption
is stronger than the one to derive the asymptotic distribution in (2.6). Assumption 3.1 (vi) is a local
identification condition for §y. This assumption guarantees that the asymptotic variance matrix >~
exists. Assumption 3.1 (vii) is on the trimming parameter m,,. If m,, = n®, this assumption is satisfied
for 1/n < a < 1/2. Define the projection of the measure @ to the space Py as

Py = arg min H (P,Q).
PePy

From the proof of Lemma 6.1 (i), the projection Pp ¢ exists for each n € N, § € ©, and Q € M.
Assumption 3.1 (viii) is a standard requirement for the parameter transformation 7. The following

theorem shows the optimality of the mapping 7 o T in terms of bias.

Theorem 3.1. Suppose that Assumption 3.1 holds. If an alternative mapping T, : M — © satisfies

(3.1) ﬁ(ToTa (P(,OW@%) 77(90)) _ <8Ta(9€0))/t+0(1)’

for each t € RP, then for each r > 0,

(3.2)
lim inf sup n(roT(Q)—7(0)) > 4r’B* = lim sup n(roT(Q)—1 (90))2 ,
e QGBH(Po,T/\/H) n—oe QGBH(Po,T/\/ﬁ)

where B* = (%)/Z_l (%)

Note that the mapping T satisfies the restriction (3.1) (because T (P00+t/\/ﬁ,Po> =0o+t//n).
Therefore, this theorem says that in a class of mappings that satisfies (3.1), the mapping T has
the smallest maximum bias over the set By (Py,r/y/n). The (trimmed version of) the Hellinger-
based mapping T is therefore optimally robust in a minimax sense. Also, if the moment function
SUpgeg |9 (z,0)| is bounded a.s., then we do not need the trimming term I{z € A},} and the mapping
for the minimum Hellinger distance estimator 1" has the above optimal robust property.

We now turn to the analysis of (the supremum of) the mean squared error (MSE) of the
minimum Hellinger distance estimator and other competing estimators. Let {Ps:s € [0,€]} with
some € > 0 be a parametric submodel in the moment restriction model P = UgecePy, which satisfies

Py = Py and is differentiable in quadratic mean at s = 0 with score function . A collection of
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all score functions is called the tangent set 75p0. We say that an estimator 7o T}, (P,) is regular for

estimating 7 (6p) = 7 o Ty, (Pp) if there exists a probability measure M such that

(3.3) vn <7- oTy (Pp)—T1oT, (Pl/\/ﬁ,C)) 4, M, under Py, s,

for every ( € 75p0. We obtain the following optimal MSE property of the minimum Hellinger distance
estimator 6 = T (P,).

Theorem 3.2. Suppose that Assumption 3.1 holds. Then the following holds for each r > 0:
(1): If an alternative mapping T, satisfies (3.1) and 7o Ty (Py,) is regular for estimating T (6p) =
70Ty (Ry), then
lim liminf sup /b An (1o T, (Py) —1(0)) dQ%" > (1+4r%) B*,
b—oo n—00 QGBH(PO,T/\/H)

(ii): the MHDE satisfies

lim lim sup /b/\n(ToT(Pn) —7'(90))2 Qe = (1 +4r2) B*,
b=00 1% e By (Powr/ /)
or
blim lim sup /b/\n(TOT(Pn) _7(90))203@@71 < (1+4T2) B,

QEBH(PO,T/\/E)Q{Q:EQ[supge@|g(x,9)|"]<oo}
We next derive the Hajek-Le Cam-type convolution theorem. We define a class of regular

estimators.

Definition 3.1. The mapping S,, : (X", B(X")) — (RP, B(RP)) is called a regular estimator for T if
for each r > 0, and sequence Q,, € By (Po,r/v/n), \/ﬁ(Sn - T(Qn)) M under Qn, where M is
some probability distribution on (RP, B (RP)).

The convolution theorem is stated as follows.

Theorem 3.3. Suppose that Assumption 3.1 holds with nm}f” — 0. Then

(1): for any regular estimator Sy, the limiting distribution M is represented as
M = My N (0,271),
where My satisfies

vn (S’n — 0y 4 /nX ! /AdPn> —q My  under Py,
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(ii): T (P,) has the limiting distribution:
M*=N (0,571,
and
vn <T (Pn) — 6 + v/nx 1 /AdPn> =0, (1) under I.
Let R be the extended real line [—o0, c0]. We consider the following loss functions.

Assumption 3.2. The loss function  : RP — [0,00] is (i) symmetric subconvex (i.e., for all z € RP
and ¢ € R, £(z) = €(—=2) and {z € RP : £ (z) < ¢} is convex); (ii) upper semicontinuous at infinity;

and (iii) continuous on RP.

Let S be a set of all estimators, i.e., a set of all RP-valued measurable functions. We now present

an optimality result for the modified minimum Hellinger estimator T (P,).

Theorem 3.4. Suppose that Assumptions 3.1 and 3.2 hold. Then

(1):

lim liminf inf sup /6 (\/ﬁ (Sn — T(Q))) aQ®™ > /KdN (O, 271) )

oo oo S"ESQGBH(PO,T/\/E)

(ii): for every b >0 and r > 0, T (P,) satisfies:

lim sup /b/\e(ﬁ(T (Pn) —T(Q))) dQ®" = /b/\ﬁdN (0,=71).

n—oo QGBH(P(),’I‘/\/E)

MORE RESULTS TO BE ADDED.

4. CONCLUSION

TO BE ADDED.

5. APPENDIX

This Appendix presents the proofs of some of the results presented in the previous sections.
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Notation. Let C' > 0 be a generic positive constant, ||-|| is the La-metric,

Gn ($7Q) = g([]},&)ﬂ{x S Xn}v Ry (Q79”7) = _/ (1 +’}//gln (.T,Q))dQ’

G = Ep [09(z,00)/00'], Q=Ep,|g(,60)g, 90)/] ,

An = GO, (2,60), A= G’Q‘lg (,69),

5.1. Proof of Theorem 3.1. The proof is based on Rieder (1994, proof of Theorem 5.3.5). We first
derive the lower bound B*. Pick any r > 0 and ¢ € RP. From the definition of the Hellinger distance

and the triangle inequality,

(5.1) H (Py, s Po) < Hdp;,{;o R+ a2

NG

t'A,dP,’ 2”
From the convex duality of partially finite programming (Borwein and Lewis (1993)), the Radon-
Nikodym derivative dPp g/dQ is written as

dpg,Q _ 1
AQ (149 (0,Q) g (1.0))°

(5.2)

for each n € N, § € O, and Q € M, where v, (0, Q) solves

0= gn (2.0) dQ = [ gn(2,0) {1 — 27, (0,Q) gn (x,0) + 0n (2,0,Q)} dQ,
/(1—1—%(9,62)’%(%9))2 /9( ) {1 =27 (6,Q) gn (2,0) + 0n ( )}

where

3 (9 (0,Q)' gn (2,6))” + 2 (1(0, Q)' g (2, 0)°
(147 (6, Q) gn (,0))°

On (-757 0, Q) =

Thus, if [ g (2,0) gn (x,0) dQ is invertible, 7, (6, Q) is written as
(5.3)

100.00= 3 ([ae00w0/a@) " [nwoni( [neon @) [oweomwio

We now show that the first term of (5.1) is o (n*1/2). Note that Ep, [gn (x,6,) gn (z, Hn)/] is invertible
for all n € N large enough by Lemma 6.4 (i) and Assumption 3.1 (vi). So, using (5.2), (5.3), and the
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triangle inequality, the first term of (5.1) is written as

51/2 1/2 1 1/2
dP,/% —dP)* + ﬁt’AndPO/

Y (0n: Po)" gn (,0n) 1/2 1/2
- APy 4+ ~—tG'07 g, (x,6) dP;
(14 7 (60, Po) gn (x,6,)) NG 9n (2, 00)

1 — 1
_7EP0 [gn (xv Gn)]/ Ep, [gn (:E» en) 9n (xa en)/] ! dn (x, an) dP()1/2 + Tﬁth/Q_lgn (SE, 90) dPOI/2

EPO [g’l’b (.’L', en)]/ EPO [gn (1;, 971) gn (xa 071)/] - gn (x7 971) d—P(:)I-/2

IN

Hl ’Yn an,PO gn(x 0 )

21+, (0, Py) g (,6,)

(f On x79n7P0) dn (x76n) dPO)/EPO [gn (xyen) 9n (.’L‘,en)/] ! dn (x79n)
(1 + PY’/Z (9717 PO)/ gTL (3:', 07’7,))

_|_

ap)/?

= Tl + T2 + T37
for all n € N large enough. For T7, the triangle inequality and a Taylor expansion around ¢ = 0 yield

1 _
1< =gl @0 (i [on (00 00 00,)) " = 07) g (0,6 0

1
+ ||~ 5 Br (90 (@.62)) Q7 gu (2, 6,) APy
k /
1 gn (x,0 t _
+ —Ft (E o (@ 80; /) —G> Qg (2,0,) dPy?
1/2
+ 2\ﬁtGQ Ygn (z,0,) — gn(%ao)}dpo/

= o0 <n71/2) ,

where f is a point on the line joining 0 and ¢, and the equality follows from Lemma 6.4 (i). For Tb,

Lemma 6.4 implies
T> <o(1) HEPO [9n (2,60,,)] Ep, [gn (,6,) gn (z, Gn)']fl gn (2,05) dP()l/2H =0 (n_1/2> )
For T3, we have

T3

IA

1) ‘/ (Y (s Po) gn (2,6,))° gn (2, 60,) APy

IN

O (my,)

o (6 P’ ( [ 90,00 90 .00 dpo) o (6 Po)

< 0 (n_lmn) =0 (n_1/2> ,

where the first inequality follows from Lemma 6.4 (ii), the third inequality follows from Lemma 6.4,

and the equality follows from Assumption 3.1 (vii). Combining these results, the first term of (5.1) is
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o (n_l/ 2) and

= 1 1
lim nH (F)gmpo,ljo)2 = lim Zt, </ AnA;LdP0> t= Zt’Et,

n—oo n—oo

for all t € RP, where the second equality follows from Lemma 6.4 (i). This implies that

(5.4) Py, p, € B (Po,r/v/n)

for any ¢ satisfying it’zt <r?—¢foranyec (0, TQ) and n large enough. From (3.1), T, satisfies

2

(5.5) lim n (70T, (Po,.p,) — 7 (60))° = <<8Ta(g°)),t> ,

n—oo

for each ¢t € RP. Therefore, similar to Rieder (1994, eq. (56) on p. 180), the lower bound of the

maximum oscillation of Ty, is obtained as

lim inf sup n(roT,(Q)—71 (90))2

o QEBH(P(),T/\/E)
> liminf sup n (7' oT, (pgmpo) -7 (00))2

{teRrr:Py,, p,€B(Po,r/vn)}

v 5 (532 )
(5.6) — 4P =) (878(990))/2—1 (878(090)> —4(r’ —€) B,

for any € € (0,7“2), where the first inequality follows from the set inclusion relationship, the second

v

inequality follows from (5.4) and (5.5), and the first equality follows from the Kuhn-Tucker theorem.
Since € can be arbitrarily small the minimum bound is 472B*. Since ¥ is positive definite from
Assumption 3.1 (vi), the lower bound B* is positive and finite.

[This part is also based on the proof of Rieder (1994, Theorem 5.3.5)] We now show that the limit of
the maximum oscillation of the mapping 7 o T attains the bound B*. A Taylor expansion of 7o Tp,

around Tg, = 0y, Lemmas 6.1 (ii) and 6.2, and Assumption 3.1 (viii) imply that for each sequence

Qn € By (Py,r/+/n) and r > 0,

Vit (70 T, — 7 (6)) = —v/n (ag@e@)' -1 / AndQn + 0 (1)

- nVO/An {d@}ﬂ - dP01/2} dQY? — \/ﬁuo/AndPO”2 {dQ}/? - dPol/Q} Yo(1),
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/
where we denote vy = (%) ¥~!. From the triangle inequality,

n(ro Ty, —7(0))°

v f A {dQi? — ary*} dQ}/Qf + |0 f An {dQi/ — ary?} dpg”f
+2 )uofAn {dQi® - ary*} dQ}/Q‘ (yofAn {dQi* - ar)*} dpol/?’
= n{A4; + Az + 243}

< n +o(1)

For Aq, observe that
2 2
/ {dQ}/Q - dP()l/2} ‘ <B* to(nh),
n

where the first inequality follows from the Cauchy-Schwarz inequality, and the second inequality follows

from Lemma 6.5 (i) and @, € By (Po,7/+/n). Similarly, we have As < B*%. From these results, Az

A1 S '/UoAnA;ZI/([)dQn

satisfies

2 2 2
A3 <\/B*—+4o0(n1)\/B*—=B"*—+o0(n"").
n n n

Combining these terms,

limsupn (1o Ty, — T (90))2 < 4r?B*,

n—oo

for any sequence Q,, € By (Po,r/+/n) and r > 0. Since By (Py,r/+/n) is compact for each n € N and
r > 0, we have

lim sup sup nlroly, — T (00)|2 < 4r°B*.
= QneBy (Por/v/n)

5.2. Proof of Theorem 3.2. Proof of (i). Pick any € € (0,7“2). From lim,, oo nH (Pgn’po,P0)2 =
1t'St, we have { P, p, € M : 2t/St <12 — €} C By (Po,r/y/n) for all n large enough. Thus,

lim liminf sup /b An (1o T, (Py) —7(6))* dQ°"

bme0 M0 QeBy (Por/v/i)
> blim lim inf sup /b An(toT, (Py)—T (00))2 dQ®™

QE{ Py, pyEM: St/ St<r2—c}

(5.7) > lim liminf/b An (10T, (Pn) — 7 (60))? dpo?fpov

b—oo Mm—00
for each {t € RP: %t’Et <r?— e}. Note that from the proof of Theorem 3.1, we can show that the
submodel Ps_x satistying Py, m A = Pgm p, for each n € N is differentiable in quadratic mean at
s = 0 with score function —A. Thus, the convolution theorem (van der Vaart (1998, Theorem 25.20))
implies that for each {t cRP: %t’Zt <r?- e},

(5.8) Vi (roTy(P,) = 70T, (Po,.p,)) % dMoy + N (0, B*) under Py, p,,
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for some probability measure My, which does not depend on ¢. Let t* be a solution of
2
/
MAXfyepp: Lysip<ri—c} <(6T6(30)> t> satisfying (87(90 ) t* [ €dMy = N (0,B*) > 0. Such a choice is
Lese<
possible because the integral [ ¢dMj * N (0, B*) does not depend on ¢. Therefore,

. . Rn
i tmint [0 (ro T (P) =7 00 4P,

= i fon e+ (%59
_ /deMO*N(O B*) + (( ™ (% )> t*) (aTa(gO)>/t*/§dMO*N(O,B*)

> /§2dN (0,B*) +4(r* —¢) B*

) )dM*NOB)

(5.9) = {1+4(r*—¢)} B,

where the first equality follows from (3.1), (5.8), and the continuous mapping theorem, the second
equality follows from the monotone convergence theorem, the inequality follows from Anderson’s lemma
(see, e.g., van der Vaart (1998, Lemma 8.5)) and the definition of ¢*. From (5.7) and (5.9), the
conclusion is obtained.

Proof of (ii). Pick any » > 0. Observe that

lim sup sup / bAn(roT (P,)—7(0))*dQ®"
=00 QeBy(Po,r/v/n)

IN

lim sup sup /b/\n(ToT(P)—TOT( )) aQ®"
n=% QeBy (Po,r/v/n)

+2lim sup sup /b/\{n'TOT(Pn)—TOT(Pn)‘ ’TOT(Pn) —7(90)’}(1@@”
=00 QeBy (Por/vn)

+lim sup sup /b/\n (ToT (P,) — T(HO))2dQ®”
n=00 QeBy(Py,r/v/n)

= A; +2A5+ As,
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for each b > 0, where the inequality follows from the triangle inequality and bA (¢1 + ¢c2) < bAci+bAco

for any c1,co > 0. For Ay,

Ay = limsup sup {/ bAn(roT (P,) —TOT(Pn))2dQ®”
n—00 QEBH(POJ"/\/'E) (3717"'73:")6‘)(77

—i—/ b/\n(TOT(Pn)—TOT(Pn))ZdQ®n}
(Z1yeeeyn )X

< b x limsup sup / aQ®™
n—o00 QEBH(P(),T/\/H) (Z1yeeeyxn)EXT

< b x limsup sup nEq []I {sup lg (z,0)] > mnH .
)

n—o0 QEBH(POJ"/\/E 0co

If Eq [supgee |9 (,0)|"] < oo for all Q € By (Py,r/+/n), then the Markov inequality and Assumption
3.1 (vii) imply that

Ay < b x limsup sup nm,""Eq [Sup lg (z, 9)|n] — 0.
n=%0 QeBy(Por/vn) 9€®

However, in general, we only have

Eq {H {Sgglg(%@)! > mn}]

2
- /H{sup|g<x,9>| zmn} {aQ2 - ar}?) +2/H{sup 19.(2,0)| zmn}dP&/Q{dQ”?—dP&/Z}

0cO 0cO

+Ep, [H {suplg(wﬁ)l > mn}]

0cO

ey [ f e en [ i
— 4+ 24/ Ep, |[I{su z,0)| >my | — 4+ Ep, |14 su z,0) > my,
- \/ Py eeglg( )| Jn T ER Beglg( )|

742

r
< —+2(/FEp [sup g(z,0 77}m_”m—i-Ep [sup g(z,0 77] m ",
- \/ : 9691 (@, 0)[" | m,, NG 0 96@\ (@, 0)["| m,,

IN

for all @ € By (Py,r/+/n). Thus, from Assumption 3.1 (v) and (vii),

Ay < br.
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For As, a similar argument to A; yields

Ay = limsup sup {/ b/\{n‘TOT(Pn)—ToT(Pn)‘|TOT(Pn)_T(00)’}dQ®n
n—oo QGBH(POW/\/E) (Z1yeeeyn ) EXD

n|to —70T 70T g ®n

< b x limsup sup / dQ@n
=00 QeBy (Por/vn) Y (@1, Tn) EXT

< bxlimsup  sup = nEg [H {S“p\g(x,e)l > mn}]
=00 QeBy (Por/vn) 0€0

< brl

We now show that
Az < (1+44r%) B*,

as b — oo. Pick any b > 0. Note that the mapping f;, (Q) = [bAn (7’ oT (P,) —7 (00))2dQ®” is
continuous in @ € By (Py,r/+/n) under the Hellinger distance for each n, and the set By (Py,r/y/n)
is compact under the Hellinger distance for each n. Thus, there exists Qb,n € By (Py,r/+/n) such that

SUPGE By (Por/y/i) fn (Q) = fn (van) for each n. Then we have
. . = 2 mn
Az = limsup sup bAn(roT (P,)—7 () dQ
=00 QeBy(Por/vn)

= limsup/b/\n(ToT(Pn)—7'(90))2ng®7’:

n—oo

= /b/\ (2 + 1) dN (0, BY)

IN

B* + 1

IN

(1+4r%) B*,

where t, = limsupy/n (7’ oT (Qbm) -7 (00)), the third equality follows from Lemma 6.8 and the

continuous mapping theorem, the first inequality follows from b A ¢ < ¢ and a direct calculation, and

the second inequality follows from Theorem 3.1. Therefore, the conclusion is obtained.

5.3. Proof of Theorem 3.3. Proof of (i). The proof is based on Rieder (1994, proof of Theorem
4.3.2). The proof is split into several steps.



ROBUSTNESS, INFINITESIMAL NEIGHBORHOODS, AND MOMENT RESTRICTIONS 17

Step 1: Analyze the simple perturbations @, ((,t) for bounded scores. [See Rieder (1994,
proof of Theorem 4.3.2)] Let

L, = {all RP-valued bounded measurable functions on Rd} ,

Z8 (Py) {¢ e Lt : Ep,( =0} (space of bounded tangents at Pp).

Consider the simple perturbations of Py along (:

dQn (¢,1) 1,
Tpo_urﬁtg.

Pick any ¢ € Z& (Py) satisfying
det E'p, [AC/] #0.
From Assumption 3.1 (vi), Ep, [(('] is positive definite. Pick any ¢ € RP. From the definition of

dQy, (¢, t) /dPy, we have the Hellinger differentiability of @, (¢,t), i.e

7 |[dQn (¢, 1) — dP)/? — 5 ft '¢dp)/?

(1 + 1t"c> o 1y 'cdp)/?
vn 2y/n

where the equality follows from a Taylor expansion around ¢ = 0 and £ is a point on the line joining 0

(5.10) = -0,

and ¢, and the convergence follows from ¢ € Z&, (Py). This implies
Vi|dQn .02 — ary?|

n||dQy (¢,6)/% —apy/* — 5 ft’(dPl/Q

IN

+vn H —_t'cap?

= o(l)+ %t,EpO [¢¢'t.
Since ¢ is bounded, Q,, (¢,t) € By (Py,7/+/n) for some r > 0. Since S,, is regular,
(5.11) Vi (S =T (Qn (1)) % M under Q, (C,1).
Also we have
Vi (T (Qn (¢, 1)) — o)
= —vny¥ ! /AndQn (¢, t)+o(1)

= VX Ep Ay - 27 ER, [Anl] t+ 0 (1)

(5.12) = —X7'Ep [A{]t+0(1),
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for each ¢ € Z% (Py) and t € RP, where the first equality follows from Q,, (¢,t) € By (Po,r//n) and
Lemma 6.2, the second equality follows from the definition of @, ((,t), and the third equality follows
from Lemma 6.4 (i) and Ep, [An{'] — Ep, [A('] as n — oo (by applying the same argument as the
proof of Lemma 6.4 (i)).

Step 2: Derive asymptotic normality of Q, ((,t). [See Rieder (1994, Lemma 4.2.4)] From
the definition of Q,, (¢,t) and the L2-differentiability of Q, (¢,t) in (5.10), we can apply a standard
likelihood expansion (e.g., Rieder (1994, Lemma 4.2.4)), that is

dQy" (¢ 1) _

5.13 1
( ) 0g dP®n

\f Z( x;) 1t "Ep, [¢']t+0p (1) under F.

This implies that {Qy (¢, )}, cy is asymptotically normal with the asymptotic variance Ep, [¢(¢'] and
the asymptotic score n=! >0 | ¢ (z;) under F.
Step 3: Apply a convolution theorem. [See Rieder (1994, Lemma 4.2.4)] From (5.12),

\/ﬁ (Sn - T(Qn (Cat))) = \/E(Sn - ‘90) - \/ﬁ (T (Qn (§7t)) - 90)
(5.14) = (S, —00) + S 'Ep, [A{] t+0(1).

Combining the above result with (5.11) implies that the statistic \/n (S, — 6p) is regular for esti-
mating the parameter —X"!Ep [A(']t with the limiting distribution M under @, (¢,t). Note that
{Qn (¢, t)},,cn is asymptotically normal from Step 2. Therefore, we can apply a Hajek’s convolution
theorem for normal experiments (e.g., Rieder (1994, Theorem 3.2.3)), i.e., the limiting distribution M

is represented as
(5.15) M = Mo (€)= N (0,Z2(C)),

where 2(¢) = S Ep, [A{']| Ep, [¢¢') " Ep, [AC') 71 and the distribution My (¢) satisfies
(5.16) Vi (Sn —0o) + X Ep, [AC'] Ep, [¢C] Z C(x)) 5 My (¢) under Pp.

This holds for any ¢ € Z5, (P).

Step 4: Generalize to L score functions. [See Rieder (1994, second half of proof of Theorem
4.3.2)] Let M* (u) and M{" (¢, u) be the Fourier transformations of M and My (¢), respectively. From
(5.15),

(5.17) MF () exp <;u/5 (©) u) — MEF(C,u).
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Consider ¢ € L%, such that ¢ — X ~'A € L} under the Ly-norm. Then we have = (f) — ¥~ and the

continuity theorem yields that M (f ) converges weakly to My with the Fourier transform

1
ME (u) = M (u) exp <2u’2_1u) .
Therefore, for any regular estimator, the limiting distribution M is written as
(5.18) M= My*N (0,571).

Therefore, the first statement of Part (i) is proved. The second statement of Part (i) follows from

P{ >e. po}

2
1
€2

n

> 1 (0] 2 6] 5 o0 -2 3 A

n

SLEp, {A&’} Ep, [55’}_1\/15%5(95 _yrd ZA )
=1

IN

Ep,

— 0,

where the inequality follows from the Markov inequality and the convergence follows from C~ — X7 IA
under the Lo-norm. Therefore, the conclusion is obtained.

Proof of (ii). This is implied from Lemma 6.8.

5.4. Proof of Theorem 3.4. Proof of (i). The proof is based on Rieder (1994, proof of Theorem
4.3.4). Pick any ¢ € Z&, (P) satisfying det Ep, [AC'] # 0. From Assumption 3.2, the loss function ¢
is uniformly continuous on RP (note that R? is compact). Thus, from (5.14), the following uniform
convergence holds for each ¢ > 0:

sup £ (Vi {S, = T (Qu(6.)}) = € (Vi {S, = 00} + £ B, [AC] )] — 0,

t|<c
This implies
inf sup /ﬁ VS, =T (Qn (¢, 1))}) dQE™ (¢, t)— me sup /E (Vn{Sn — 60} + S ' Ep, [A] £) dQE™ (¢, 1) — 0
Snes [t|<c Sne [t|<c

for each ¢ > 0. Since @, ((,t) is asymptotically normal from (5.13), we can apply Rieder (1994,
Theorem 3.3.8), i.e

(5.19) lim liminf inf sup /f (\/E{Sn — T (Qn (C,t))}) dQ®™ (¢, t) > /ZdN (0,2(0)),

c—oo n—oo S,ES |t\<c

where Z(¢) = Y Ep, [AC'| ER, [¢¢') " Ep, [AC') £, Note that (5.19) holds for any ¢ € Z% (Py).
Consider 5 € L%, such that C~ — Y7'A € L2 under the Ly-norm. Then we have = (f) — Y71 and
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the pdf of N (O, = (C)) converges to the pdf of N (O, 2_1) at each x € X. Therefore, Fatou’s lemma
implies that

(5.20) liminf /EdN (0,5 (g)) > /édN (0,571,

C—>L2271A

On the other hand, comparing the variances of ¥ ~!A and ¢ = X~'Ep, [A('] Ep, (€17 ¢, we have

0 < Var(S'A—¢) =S =5 'Ep [AC] En, [¢¢'] ' Ep, [¢N] =7

= Var (Z7'A) — Var (§).

This implies

(5.21) /sz 0,271) > /sz (o, = (g)) ,

for ¢ € Z% (Py). From (5.19), (5.20), and (5.21),

(5.22)  lim liminf inf sup /f (ﬁ{sn _T (Qn (5, t))}) dQe™ (5, t) > /edN (0,%71).

c—oo n—oo S,ES |t|<c

Now, from @, (¢,t) € By (Py,r/+/n) (see Step 1 in the proof of Theorem 3.3),

lim liminf inf sup E f{S -T(Q }) aQ®"
r—oo n—oo S,ES QeBy Poﬂ”/\f

> lim liminf inf sup /z (\/ﬁ{sn -7 (Qn (5, t)) }) dQe™ (é,t) > /ﬁdN (0,571,
c—oo n—oo S,ES |t\<c
where the first inequality follows from a set inclusion relationship, and the second inequality follows
from (5.22). The conclusion is obtained.

Proof of (ii). The asymptotic local uniform normality of T' (Lemma 6.8) and the uniform continuity

of ¢ over R¥ imply that

lim sup /b/\é(\/ﬁ{T(Pn) ~T(Q)}) dQ®" = /bMdN (0,71,

"0 QeBy (Po,r/v/m)

for each b > 0 and r > 0. The conclusion is obtained.

6. AUXILIARY LEMMAS

Lemma 6.1. [Existence and consistency of T| Suppose that Assumption 3.1 holds. Then

(i): T(Q) exists for each n € N and each Q € M,
(ii): Ty, — 6o as n — oo for each sequence Qy, € By (Py,r/+/n) and each r > 0.
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Proof of (i). The proof is based on Kitamura (2001, Lemma 1). See also Beran (1984, Handbook
chapter, p. 744). Pick any n € N and Q € M. Denote R, (Q,0) = infp.p, H (P, Q). Since g, (z,0)
is bounded a.s. for each n € N and 0 € O, the duality of partially finite programming (Borwein and
Lewis (1993)) yields that for each (Q,0) € M x 0,

(6'1) R, (Q: 0) = fye]lagz(n R, (Qa 97'7) .

From Rockafeller (1970, Theorem 10.8) and Assumption 3.1 (iv), R, (Q,#) is continuous in (Q,0) €
M x © under the Lévy metric. This continuity also implies that for each Q@ € M, R, (Q,0) is
continuous in # € O. Since O is compact (Assumption 3.1 (ii)), T (Q) = arg mingee R, (Q, 0) exists.
Proof of (ii). Pick any sequence Q,, € By (Py,r/+/n) and r > 0. The proof is based on Newey and
Smith (2004, proof of Theorem 3.1). From Lemma 6.6 (i), |Eq, [gn (2. Tg,)]| — 0. From the triangle
inequality,

(6.2)

sup [Eq,, [gn (2,0)] = Ep, [9 (2, 0)]| < sup |Eq, [gn (z,0)] = Ep, [gn (2, 0)][+sup|Ep, [g (z,0) [{z & Xa}][.
=) =E) =)

The first term of (6.2) satisfies

sup |EQn [gn ('rv 9)] - EPO [gn (337 9)”
0O

IN

/gn (z,60) Py {dQy/? - dP01/2}‘

sup
6co

2
/gn (,0) {dQ}/Z - dP&/Q} ’ + 2sup
0cO

r

2
< Mmp——+24/E 21 2 —1/2
< ml+ \/ i suplg (@0 | T =0 (n712)

where the first inequality follows from the triangle inequality, the second inequality follows from @Q,, €
By (Po,r/+/n) and the Cauchy-Schwarz inequality, and the equality follows from Assumption 3.1 (v)
and (vii). The second term of (6.2) satisfies

sup |Ep, [g (2, 0) 1{z ¢ X, }]]
9o

Jegoaran)"( o )™

1/ (n=1)/n o
(n [supls@or]) " (mren [suploor| ) =0 (n12),
0cO

0cO

IN

IN

where the first inequality follows from the Holder inequality, and the second inequality follows from

the Markov inequality, and the equality follows from Assumption 3.1 (v) and (vii). Combining these
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results, we obtain the uniform convergence supyce |Eq, [9n (x,0)] — Ep, [g (x,0)]] — 0. From the

triangle inequality,
|Ery 9 (2. Ta.)]| < |Br [9 (2. Ta.)] = Equ [9a (2. 7o) ]| + [Eq, [9n (2. Ta,)] | — 0.
The conclusion is obtained from Assumption 3.1 (iii).

Lemma 6.2. [Differentiability of T| Suppose that Assumption 3.1 holds. Then for each sequence
Qn € By (Py,r/y/n) and r > 0,2

(6.3) Vit (Tg, = 80) = ~vis™ [ A.dQu+o(1).

Proof. The proof is based on Rieder (1994, proof of Theorems 6.3.4 (and maybe Theorem 6.4.5)).
Pick any @,, € By (Py,r/+/n) and r > 0. Observe that

2

_ 1 -

2

_ 1, 2 1 -
i1 ~aralf, + 33,0007 + |3 (T, —00—ina.) e

= 1 ! ! —
+ {/ (dQ}L/2 - dPelo/,iQn + 2¢n,QnA"dQ}L/2> AndQ}zﬂ} (TQn — 6o — ¢n7Qn>
(6.4) — |laQV2 — ap}/? +1¢’ AndQL/? 2+ 1(T — 0o — @) AndQY? ;
: - n 001Qn 2 n’Qn n n 2 Qn 0 nan n n )

where the second equality follows from
- 1 /
/ {dQ%L/Q — dP;één + 2¢n,QnAndQ%/2} AndQ%L/Q
! D 1 / ’
- /An {dQ}Lﬂ _ dpgo{gn} QY + Yo, /AnAndQn o

2REPONSE TO COMMENT FOR 316. I changed the statement of this lemma from
Vi (To, —60) =~V [ 8. +0(1)
to
Vi (To, — 00) = —y/ns"! /AndQn +o(1).

Actually, this is sufficient for our purpose in the proofs of Theorems 3.1 and 3.4 (i). So we don’t need to impose

[ 1g (z,00)["* dQn here.
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From the triangle inequality, the left hand side of (6.4) satisfies

_ 1 -
dQL* — dpl% + 5 (To, - 0o)' AndQL?
1/2 51/2 51/2 51/2 I - / 1/2
< ||dQi? —dPg” o I+ HdPTQn’ 0. = Fa0, + 5 (To, = bo) AndQy/
< |d@i?—ary? ||+ o (|Ta, — o) + o (n712)
_ . 1/2 p5l/2 7 —1/2
= min HdQ”/ - dPonnH +o0 (‘TQH - 90}) +o <n / >
1/2 51l/2 7 —1/2
< ‘dQn/ 7dP60+"/)n,Qn7Qn +0(|TQn *90’) +o(n / )
_ 1 — _ 1

+0 (g, —60]) + o (n""/2)

_ 1
ot - api + 1 M0t

-+ 0 ([Ta. — 0) + o(neul) +0 (177,

where the second inequality follows from Lemma 6.3 (i), the first equality and the third inequality
follows from the definition of Ty, , the fourth inequality follows from the triangle inequality, and the
second equality follows from Lemma 6.3 (ii). Thus, from (6.4),

1/2

2 2

_ 1
Ha@}/2 B dP910/22n + §¢”’Qn AndQ}z/Z

1 -
+ (o, ~ 00— v, miaci?

_ 1, _
= Herl/ P dByG, + 5tn0 And@Q 2H +0(|Tq, = bol) + 0 (1tn,l) +o (n712).

This implies

o (lTQn — 90‘) -+ 0(‘wn,Qn|) + o0 (n_l/Q)

1, / 7
> \/ 1 T, =00~ tng,) / An D dQn (TQ. = b0 — ¥nQ.)

(65> 2 C ‘TQ’VL - 90 - wn,Qn

)

for all n large enough, where the second inequality follows from Lemma 6.5 (i) and Assumption 3.1

(vi).

We now analyze 1, g, . From the definition of ¢, g,,,

—1
’ _ =1/2
UnQn = —2 { ( / AnAndQn> _x 1} / A {dQY? - ap,l7, b dql?

(6.6) _ox-! /An {d@}ﬂ - dp;(){gn} dQL/2.
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The second term of (6.6) satisfies
-1 1/2 pl/2 1/2
_9% / A, {dQ,/ _ dPHO’QH} dQY/

= 2l ! </ dn ($7 90) dn (-T7 90)/ dQn) Tn (903 Qn)

—1,v—1 'Yn(eo,Qn)/gn(x790) />
Loxla < / L s (2,00 0 (1,00 ) 3 (80, Q)

= _ylgot {/gn (x, (90) dQ@y, + % /Qn (x, 0, Qn) gn ($, 90) dQn} +o0 (n*1/2)

- —Z_l/AndQn+o (n_l/Q),

where the first equality follows from (5.2), the second equality follows from (5.3) and Lemma 6.5, and
the third equality follows from Lemma 6.5. From this and Lemma 6.5 (i), the first term of (6.6) is
0 (n_l/Q). Therefore,

Vittng, ==V [ 8,dQ, +0(1),
which also implies |y, g, | = O (n*1/2) (by Lemma 6.5 (i)). From (6.5),

Vi (Tg, — 0) = Vi, + o (Vn|Tq, — 6o]) +o(1).
By solving for /n (T, — o), the conclusion is obtained.

Lemma 6.3. Suppose that Assumption 3.1 holds. Then for each sequence Q. € By (Po,7/v/n) and

r >0,
O: 4Py o, — B35, + 3 (Ta, — 00) 2udQil?| = o (| T, — o)) + 0 (n7172),
.o =1/2 =1/2 ’ 1/2 _
(@0): (AP 3 0 000 = WPl + 300, MndQ3 | = 0 ([0, ) + 0 (n71/2),

Proof of (i). Denote t, = T, — 6p. Pick any Q,, € By (Py,r/+/n) and r > 0. From (5.2),

51/2 ~1/2 1 1/2

_ - 1
= H {70 00, Qu) g0 (,00) = (T, Q) gu (. Tay,) } AQY? + 5t And Q1

{’Yn (007 Qn)/ gn (:C, 90) —Tn (TQn7 Qn)/ gn (.CC, TQn)}

+ =T+ T15.

X - . 1 —1%dQY?
{ (1+'Yn (T, @n) gn (w,TQn)) (1470 (00,Qn) gn(2,00)) } @

For T, Lemmas 6.5 and 6.6 imply

T2§0(1)‘

Tn (Tan Qn)/gn (xa TQn) dQ}z/z + Tn (907 Qn)/gn (337 60) dQ}LﬂH =0 (n_1/2> .
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Thus, we focus on T;. From (5.3),

_ _ -1 _
Tl < % 9n .ZL‘ TQH) dQ") (f 9n ($7TQH) 9n (:U’TQTL) dQ”) 9n ($’ TQn) dQ1/2
+3 ([ gn (2,600) Q) ([ gn (z,60) gn (,60) dQn) " gn (x,60) + 11, A,

{( on (2,00, Qn) gn (,60) dQn>/ (/ gn (,00) gn (x,eo)’dQn> - gn (, 90)} dQL/2
v

! -1
{ Qn z TQn’ Qn) 9n (aj TQn) dQn) </ 9n ($7TQn) 9n (m7TQn)/dQn> gn (x’ 00)} dQ}L/2

= Ty + T + T1s.

Lemmas 6.5 and 6.6 imply that T2 = o (n_1/2) and T3 = o (n_l/z). Thus, we focus on T1;. Taylor
expansions of gy, (:L’, TQn) around Tp,, = 6 yield

T < {; (/gn (:U,TQn) dQn>, { (fgn (m,TQn) I (x’TQn)/dQOi } 9n (maTQn) } dQ}l/z

— (J 9n (2,60) gn (x,60) dQy) ™"

tl g ([onteTo0a@.) ([ anetone00a@n) ™ fon (v To) -~ o)} @i

/

) Agn (.6 , -1
-t ( / 8(9,>dQnG) ([ o o001 g 0007 Q. ) g 00)

-1
+ %t;G’ {Ql - (/gn (,60) gn (w,Ho)'dQn> }gn (x,60) dQ,/?
= 0 (n_l/Q) +o(tn),

where 6 is a point on the line joining fg and TQH, and the inequality follows from the triangle inequality
and Lemmas 6.5 (i) and 6.6 (i).
Proof of (ii). The proof is similar to that of Part (i).

Lemma 6.4. Suppose that Assumption 3.1 hold. Then for each t € RP,
(i): [Bp, [9n (2,00)]] = 0 (n7V/2), | Ep, [gn (,60)]] = O (n~1/2),
0(1), and |Ep, [0gn (z,6,) /00'] — G| = 0 (1),
(ii): v (O, Py) = argmaxyecpm — [ deo exists for all n large enough, |y, (0n, Po)| =
0] (n*1/2), and sup,cy }’yn (0, Po) gn (,0),) ‘ — 0.

(gn (%,00) gn (%,6,)'] — Q| =
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Proof of (i). Proof of the first statement. Pick any ¢ € RP. Observe that

/g(:L', 0o) 1{x ¢ X, } dPy

( [ <x,eo>\"dPo)1/n ( JALEE: Xn}dpo)(nl)/n

(6.7) < (Er,llg (@,60)")"" <m,;nEp0 {228 9 @,90)@ ) o (n),

’EPO [gn (.’B, 00)” =

IN

where the first inequality follows from the Holder inequality, the second inequality follows from the
Markov inequality, and the second equality follows from Assumption 3.1 (v) and (vii).

Proof of the second statement. Pick any ¢t € RP. From the triangle inequality,

(6.8) |Ep, [gn (,00)]] < ‘/g(%%)ﬂ{w ¢ Xn}dPo| + |ER, [9(z,0n)]] -

By the same argument as (6.7), the first term of (6.8) is o (n*1/2) (note that Ep, [|g (x,0,)|"] < oo for

all n large enough from Assumption 3.1 (v)). The second term of (6.8) satisfies

ag@ O t | _ (1o

for all n large enough, where the inequality follows from a Taylor expansion around ¢ = 0 and As-

sumption 3.1 (iii), and the equality follows from Assumption 3.1 (v). Therefore, the conclusion is
obtained.

Proof of the third statement. Pick any t € RP. Observe that

‘EPO [gn (ZL', Hn) 9n (337 9”)/] — Ep, [g (l‘, HU) g (l’, 90),] ‘

< |Epy [gn (@,00) gn (2,00)'] — Ep, [9 (2, 0,) g (z,60,)']| + |Ep, [9 (2,00) g (2,00)'] — Ep, [ (2,600) g (z,60)]|
1/(144) 6/(146)
< (EPO [33}&\9@,9)@) <m;”EPO [gggm(a:,e)r"]) Fo1) = o),

for all n large enough and sufficiently small 6 > 0, where the first inequality follows from the triangle
inequality, the second inequality follows from the Hoélder and Markov inequalities and the continuity
of g (z,0) at 0y, and the equality follows from Assumption 3.1 (v) and (vii).

Proof of the fourth statement. Pick any ¢ € RP. Observe that

{Ep0 09y, (z,6y,) /08'] — Ep, [0g (z,6) /00'] ‘

< |Ep0 [agn (x,0p) /89'] — Ep, [Gg (z,6,) /89'] ‘ + |Ep0 [89 (z,0y) /69'] — Ep, [89 (z,60) /80’} ‘
g (x,0) 2 _ B
< Ep, asél}\)/‘ael ] \/mnnEPo |:21€18 |g (3379)7]:| +0(1) —0(1),




ROBUSTNESS, INFINITESIMAL NEIGHBORHOODS, AND MOMENT RESTRICTIONS 27

where the first inequality follows from the triangle inequality, the second inequality follows from the
Cauchy-Schwarz and Markov inequalities and the the continuity of dg (z,6) /06" at 8y, and the equality
follows from Assumption 3.1 (v) and (vii).

Proof of (ii). The proof is based on Newey and Smith (2004, proofs of Lemmas A.1-3). Pick any
teRP. Let '), = {y e R™: |y| < a,} with a,m,, — 0 and ann'/? = co. Observe that

(6.9) sup hlgn (x, 0)‘ < apmy, — 0.
vEl L, z€X,0€0

Since R, (Py,0n,7) is twice continuously differentiable with respect to v and I'), is compact, ¥ =

arg max~er,, Ry (Po,0n,y) exists for each n € N. A Taylor expansion around 7 = 0 yields

!/

gn (xy gn) gn (ZE, en)
(1 +%gn (z, en))g

-1

RTL (P07 9n70) S Rn (P07 envﬁ/) - _1 + ;VEPO [gn (CU, gn)] - ’?/EPO

IN

~1+7'Ep, [gn (2,02)] = C'Ep, [gn (2,00) g (2,00)'] 7

(6.10) < —1+7][ER, [gn (z,60)]| = C13I7,

for all n large enough, where 4 is a point on the line joining 0 and 7, the second inequality follows
from (6.9), and the last inequality follows from Lemma 6.4 (i) and Assumption 3.1 (vi). Thus, Lemma

6.4 (i) implies

(6.11) CIA| < Ep, lgn (2,60)] = O (n772) .

From annl/Q

— 00, 7 is an interior point of I';, and satisfies the first-order condition OR,, (Qn, 00,7) /0y =
0 for all n large enough. Since R, (Qn, 0o, y) is concave in y for all n large enough, 4 = arg maxyerm Ry, (FPo, 0n,7)
for all n large enough. Thus, the first statement is obtained. Also, from (6.11), the second statement

is obtained. Using Assumption 3.1 (vii), the third statement follows from

(6.12) SUp | (6, Po)’ g (2,6,)] < O (n71/2mn) =0(1).
reX

Lemma 6.5. Suppose that Assumption 3.1 holds. Then for each sequence Q, € By (Po,7/y/n) and
r >0,
(l) ‘EQn [gn (‘Tv 00)” =0 (n_1/2)7 and ‘EQn [gn (.T, 00) gn (33, 90)/] - Q‘ =0 (1)7
(i1): vn (6o, Qrn) = arg maxyecgm — [ mdQn exists for alln large enough, and |y, (0, Qrn)| =

O (n™/2), and sup,ex |Yn (B0, Qn) gn (x,60)| — 0.
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Proof of (i). Proof of the first statement. Pick any sequence Q,, € By (Py,r/y/n) and r > 0.
Observe that

[EQ. [gn (, 60)]]

= ‘/gn (z,00) {dQy, — dPo}| + |ER, [gn (z, 00)]|
o |Joetr st Y2 oo i (o)
< mni + 2Ep, [|g (33790”2} % 1o (n_1/2> ~0 (n_1/2) ’

where the first and second inequalities follow from the triangle inequality and Lemma 6.4 (i), the third
inequality follows from the Cauchy-Schwarz inequality and @, € By (Py,r/y/n), and the equality
follows from Assumption 3.1 (v) and (vii).
Proof of the second statement. Pick any sequence Q,, € By (Py,r/y/n) and r > 0. From the
triangle inequality,

|Eq, [9n (%,00) gn (2,60)'] — Ep, [g(,60) g (x,60)']]
(6'123 |EQn [gn (xv 90) In (337 60)/] - EPO [gn (SL‘, 00) In (l‘, 90)/] ’ + |EP0 [g (xv 90) (x, 90)/]1{1' ¢ Xn}] | :

The first term of (6.13) satisfies

|Eq, [gn (%,00) gn (x,60)'] — Ep, [gn (%,60) gn (x,60)'] |

2
< '/gn (2, 00) gn (2,00)' {dQ}/* — aPy*}"| 42 ’/gn (2,00) ga (2, 00) dPy'* { aQ/? —dP01/2}‘

2
< m2 4 2Ep [yg(x 90)14} =)
— nn 0 ’ ?

where the first inequality follows from the triangle inequality, the second inequality follows from the
Cauchy-Schwarz inequality and Q,, € By (Py,r/+/n), and the equality follows from Assumption 3.1
(v) and (vii). The second term of (6.13) satisfies

|Ep, [9(x,60) g (x,00) T{z ¢ X,}]|
1/(1+9) 5/(146)
</ lg (2,60) g (x,60)'|"*° dPo) (/]I{x ¢ Xn}dP())

(EPO [’9 (z, 90)|2+5D1/(1+5)

for sufficiently small 6 > 0, where the first inequality follows from the Hdélder inequality, the second

IN

(my"Ery [lg (2. 00)") M = 0 (1),

IN

inequality follows from the Markov inequality, and the equality follows from Assumption 3.1 (vii).



ROBUSTNESS, INFINITESIMAL NEIGHBORHOODS, AND MOMENT RESTRICTIONS 29

Proof of (ii). The proof is based on Newey and Smith (2004, proofs of Lemmas A.1-3). Pick any
sequence @, € By (Py,r/v/n) and r > 0. Since R, (Q,0,) is twice continuously differentiable with
respect to v and I'y, is compact, ¥ = arg maxyer, Ry, (Qn,00,7) exists for each n € N. A Taylor

expansion around ¥ = 0 yields

!/

In (l‘, 90) In (l‘, 90)

-1 = Rn (angoao) < RTL (aneoaﬁ/) =-1+ ’V/EQn [gn (56,00)] - r_Y/EQn .
(1+4gn (x,60))°

IN

1+ 7 Eq, [gn (,00)] — C¥' Eq, [gn (x,00) gn (x,60)] 7

(6.14) < —1+17]|Eq, [gn (z,60)]| = C 517,

for all n large enough, where + is a point on the line joining 0 and 7, the second inequality follows from
(6.9), and the last inequality follows from Lemma 6.5 (i) and Q,, € By (Py,r/+/n). Thus, Lemma 6.5

(i) implies

(6.15) C1Al < |Eq, lgn (,00)]| = O (n7/2).

From ann1/2

— 00, 7 is an interior point of I';, and satisfies the first-order condition R, (Qn, 6o, 7) /07 =
0 for all n large enough. Since Ry, (Qn, 6o, y) is concave in +y for all n large enough, ¥ = arg max,erm Ry, (Qn, 00,7)
for all n large enough. Thus, the first statement is obtained. Also, from (6.15), the second statement

is obtained. The third statement follows from

(6.16) sup [y (60, Qu)' gn (x,60)| < O (n*1/2mn) —o(1).
reX

Lemma 6.6. Suppose that Assumption 3.1 holds. Then for each sequence Q, € By (Po,7/v/n) and

r >0,

(0): |, lon (2. Ta,)]| = 0 (n72), |Eq, [on (v, T0,) 9u (.Ta,)] = 2| =0(1), and
|EQn [8gn (m,TQn) /80’] — G‘ =o0(1),

(ii): vy (TQR, Qn) = argmax,egm — | mdQn exists for allm large enough,

T (T, Qn) gn (2. Tg,)| = 0.

Vo (TQu, Qn)| =

O (n_l/Q), and sup,cy

Proof of (i). Proof of the first statement. Pick any sequence Q,, € By (Py,r/y/n) and r > 0.
Define 7 = n~Y2Eq, (g, (2. Tg,)] / |Eo, [gn (z,T0,)]| Since |§| = n~1/2,

(6.17) sup ¥ gn (z,0)] < n~?m, — 0.
zeX,0€cO
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Observe that

o, o0 (2. Ta,) 9n (+.70,)')|

2
< /sup lgn (z, 9)\2 {dQ}/Q — dPol/Q} + 2/sup |gn (30,9)\2 dPOl/2 {dQ}/Q — dPol/Q} + Ep, [sup lgn (z, 0)]2}
fcO fcO 6ce
2 2 21 T 2 2
< m2{6.182m, [ Ep, [suplg (z,0)]* | —= + Ep, |suplg (z.0)]*| < CEp, |suplg (z,0)| .
n 0cO \/ﬁ 0cO 0cO

for all n large enough, where the first inequality follows from the triangle inequality, the second
inequality follows from the Cauchy-Schwarz inequality and @Q,, € By (Py,7/+/n), and the last inequality

follows from Assumption 3.1 (v) and (vii). Thus, a Taylor expansion around ¥ = 0 yields

9n (2, Tq,) gn (z,Tg )'
Ry (QuTo.5) = —1+7Eq, [on (. To,)] - 7Eq, | 20 T2)9n (0. Tan) | -
= —l+ n_1/2 |EQn [gn ($7TQ")] ‘ - CWN/EQ” {gn (I7TQ7L) In (-’II,TQH)/} 5

\%

(6.19) 1412 |EQn [gn (w,TQn)] ‘ — C’nil,

for all n large enough, where  is a point on the line joining 0 and 4, the first inequality follows from
(6.17), and the second inequality follows from 7’4 = n~! and (6.18). From the duality of partially
finite programming (Borwein and Lewis (1993)), v, (T0,., @n) and Ty, are written as

)n j_ I Qn ar max -Rn Q’n7 [ b Y
1(:.2 = a‘IgIIliIllz’ll Qn; 07 n 0’ QTL .

Thus, from (6.19),

1072 |Eq, [ga (2. To,)]| - On”!

(6'20) < R, (Qny TQnaﬁ/) <R, (an TQTH’YTL (TQnu Qn)) <R, (Qny 907 Tn (007 Qn)) .

From |y, (60, Qn)| = O (n~Y2) and |Eq, [gn (z,600)]] = O (n"1/?) (by Lemmas 6.5 (ii) and 6.5 (i),
(6.14) yields

(6:21) Rn (Qu, 80, 7n (80, @n)) < =1+ |7a (80, Qu)l |EqQ, [9n (2, 60)]|—C I7n (60, Qu)[* = =140 (7).

Combining (6.20) and (6.21), we have |Eq, [gn (#,Tg,)]| = O (nil/z) .
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Proof of the second statement. Pick any sequence @, € By (Py,7/v/n) and r > 0. From the

triangle inequality,

Bq, [gn (v Ta,) gn (+.To,)'] = Ery [9(2,60) 9 (2, 60)']
< |Eq, [9n (2. T0.) 90 (2. T0.)'] = Brt, [90 (2. T,) 90 (2. T ) ||
+|En [9 (5. T0,) 9 (2, Ta,) Tz ¢ 2}]|
|9 (2. Tq

(6.22) + ‘Epo g )o@ To,)'| = En g (55,90)9(%90)/]‘-

The first term of (6.22) satisfies

Eq, [on (2 T0,) n (+.T0,)| = Ery [gn (2. T0,) 9n (2. Ta,)']|

_ _ 2 _ _
< ‘/gn (:C,TQn)gn (a:,r./’Qn),{dQ}L/2 _dP(]l/Q} ‘—}—2‘/9” (:U,TQn)gn (a:,TQn) dPOl/2 {dQ%L/2 —dP()l/Q}
< m2" 4 2mn [sup lg (@ 00" <= = o)
= mn n Po gél}\)/_ g '1“7 \/ﬁ =0 b

for all n large enough, where the first inequality follows from the triangle inequality, the second
inequality follows from the consistency of Ty, (Lemma 6.1 (ii)) and the Cauchy-Schwarz inequality,
and @ € By (Py,r/v/n), and the equality follows from Assumption 3.1 (v) and (vii). The second
term of (6.22) satisfies

|Bn, [9 (0. T0,) 9 (2, Ta,) Tz ¢ 2}

s 1/(1+96) 5/(145)
(/ sup ‘g (z,0) g (x,e)” dPo) </]I{x ¢ Xn}dP())

<
0N
ois 1/(1+5) 6/(1+5)
< (Epo [sup 9 (@07 ]) <m;"Epo [sup |g<a:,9>|"D —o(1).
OeN 6cO

for sufficiently small 6 > 0, where the first inequality follows from the Hdélder inequality, the second
inequality follows from the Markov inequality, and the equality follows from Assumption 3.1 (v) and

(vii). By the continuity of g (x,0) at 6y and the consistency of Ty, , the third term of (6.22) is o (1).
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Proof of the third statement. Pick any sequence Q,, € By (Fo,r/y/n) and r > 0. From the

triangle inequality,

|EQn [aqn (m,TQn) /80'] — Ep, [8g (x,6p) /89’”
|EQn [agn (l‘, TQn) /89,] - EPO [69n (.%, TQn) /89/] ‘
+|Ep, [I{z ¢ X} 09 (2, Ty, ) /0]

(6.23) +|Ep, [09 (x,Tq,) /00'] — Ep, |89 (z,00) /06']|.
The first term of (6.23) satisfies

‘EQn [ng (:E,TQn) /69’] — Ep, [8gn (x,TQn) /80'”

< ‘/8gn (v.Tq,) /00 {dQy/? — Py} 2’ 42 ’/8gn (z, To,) /ae’dpg/Q{dQ}/Q —ary?}
< sup|agn z,0) /89'}—+2sup‘agn z,0) /(96?" \f =o0(1),

where the first inequality follows from the triangle inequality, the second inequality follows from the
Cauchy-Schwarz inequality, and the equality follows from Assumption 3.1 (v) and (vii). The second
term of (6.23) satisfies

|Ep, [[{z ¢ Xa} 09 (2. Tq,) /06|

IN

VEn Tz € %) ¢ Er, [Eﬁff 199 (2,0) /ae'ﬁ]

IN

1/2
% (rn;‘*EPO [sup 9 <x,9>|4]> (1),
0N

where the first inequality follows from the Cauchy-Schwarz inequality, the second inequality follows
from the Markov inequality, and the equality follows from Assumption 3.1 (v) and (vii). By the
continuity of dg (z,0) /00" at 6y and the consistency of Ty, , the third term of (6.23) is o (1). Therefore,
the conclusion is obtained.

Proof of (ii). THIS IS EXACTLY THE SAME PROOF AS FOR LEMMA 6.4 (ii) EXCEPT USING
6.6 (i) INSTEAD OF 6.4 (i). The proof is based on Newey and Smith (2004, proofs of Lemmas A.1-3).
Pick any @, € By (Fo,r/+/n) and r > 0. Since R, (Q,0,~) is twice continuously differentiable with

respect to v and I'y, is compact, ¥ = argmaxyer, 2, (Qn,T Qm?’) exists for each n € N. A Taylor
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expansion around ¥ = 0 yields

) ] ] 7 Ty,
L= Ra(QnT0,0) € B (Qu T 7) = ~1+ 7o, [0 (2.To,)] ~ 7, | S1@:) 00 (0 T0,)

(1 +%9n (2. Tq,))’

IN

—14+7Eq, [9n (,Tq,)] — CYEq, {9” (2. 7q.) 9n (=, TQ")/] g

< (6:24% 7] | Eg, [gn (2, Tq,)]| — C 1A,

for all n large enough, where 4 is a point on the line joining 0 and 7, the second inequality follows
from (6.9), and the last inequality follows from Lemma 6.6 (i) and Assumption 3.1 (vi). Thus, Lemma

6.6 (i) implies

(6.25) C 1l < |Eg, [gn (2. Tg,)]| = O (nfl/z) .

From a,n'/? — oo, 7 is an interior point of I',, and satisfies the first-order condition R, (Qn, TQn, '_y) /Oy =
0 for all n large enough. Since R, (Qn, 1o, 'y) is concave in v for all n large enough, we have
7y = argmax,crm I, (Qn, TQn’ 7) for all n large enough. Thus, the first statement is obtained. Also,

from (6.25), the second statement is obtained. The third statement follows from

(6.26) sup
zeX

Tn (TQna Qn), 9n (xv TQn)

<0 (nil/an) =o0(l).

Lemma 6.7. [Consistency of Tp, | Suppose that Assumption 3.1 holds. Then for each sequence @y, €
By (Py,7/+/n) and r >0, Tp, 2> 0y under Q.

Proof. The proof is based on Newey and Smith (2004, proof of Theorem 3.1). From Assumption 3.1
(iii) and (v) (continuity of g (z,6) in N), it is sufficient to show that ’Ep0 l9 (2, Tpn)” 2, 0. Observe
that

Bp, o (=.T,))
< |Bry (L € X} (o.75,)]| + | Er, [on (2. r,)] ~ Ep, [0 (2.T0,)]| +|Ep, [ (2.T,)]

(628 Epy |z & An}suplg (@, 6)|| +sup|Ep, [gn (,0)] = Ep, lga (z,0)]] + 0p (1),

/-_y
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where the first inequality follows from the triangle inequality, and the second inequality follows from

Lemma 6.10 (i). The first term of (6.27) satisfies

B 1o ¢ ) suplg o)

IN

NN RETES) \/ Er, [ggg g <x,e>|2]

\/mglEpo [sup 9, eﬂ \/Epo [sup 9(a, W] o,
6cO fcO

where the first inequality follows from the Cauchy-Schwarz inequality, the second inequality follows

IN

from the Markov inequality, and the convergence follows from Assumption 3.1 (v) and (vii). The

second term of (6.27) satisfies

sup|Ep, [gn (2,0)] = Ep, [9n (z,0)]]
0cO

< sup|Ep, [gn (2,0)] — Eq, [gn (z,0)]| + sup|Eq, [gn (z,0)] — Ep, [gn (z,0)]|
0€O 0e©
2
= sup / gn (2,0) {aQ}/* — apy*}" 42 / gn (2,0) P> {dQ}/? — aPy*}| + 0, (1)
fco
2
< sup [ lgn (0,0) {dQY? ~ B} + 25up [ lgn (2,0)] [4R)*[[aQY? — aPy?] + 0, 1)
0cO 0cO
2
< mn% + an% +0,(1) 20,

where the first inequality follows from the triangle inequality, the first equality follows from a uniform
law of large numbers, the second inequality follows from the triangle inequality, the third inequality
follows from the Cauchy-Schwarz inequality and Q,, € By (Py,r/+/n), and the convergence follows

from Assumption 3.1 (vii). Combining these results, we have ‘Ep0 [g (af, Tpn)] ! 2o,

Lemma 6.8. [Local uniform normality of T| Suppose that Assumption 3.1 holds . Then for each
sequence Qn € By (Py,r/v/n) and r > 0,

(6.28) Vvn (Tp, —8y) = —/nE™" /AndPn +o0p, (1) under Qn,

(6.29) vn (Tp, — To,) 4N (0, 2_1) under Q.

Proof of (6.28). The proof is similar to that of Lemma 6.2. Replace @,, with P,, and use Lemma 6.9
and Lemma 6.10 instead of Lemma 6.5 and 6.6.
Proof of (6.29). From (6.28) and Lemma 6.2,
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Vn (Tp, —Tg,)
— —ElG’Ql\/lﬁ ; {gn (xi,60) — Eq, [gn (x,60)]} + 0, (1).

Thus, it is sufficient to check that we can apply a central limit theorem to the triangular array

{9n (2i,00) }1<i<pn (NEED A REFERENCE). Observe that
Eq. |lgn (x,00)*]

2
= [ lon w00 {a@? = ar} 42 [ lgu (w00 aPy* QY - aBY} + Er, [l .00
o
Jn

for all n large enough, where the first inequality follows from the Cauchy-Schwarz inequality, and the

7“2
< mEs - oml By, [lg (v,00) ) <= + En, lg (2. 00)/*"] < oc,

second inequality follows from Assumption 3.1 (v) and (vii). Therefore, the conclusion is obtained.

Lemma 6.9. Suppose that Assumption 3.1 holds. Then for each sequence Q,, € By (Py,r/v/n) andr >
0 the followings hold under Qy:
(D): |Ep, [9n (2,00)]] = Op (n71/2), |Ep, [gn (2,00) gn (x,600)'] — Q| = 0, (1),
(i1): vn (6o, Py) = arg maxyegm — [ mcﬂ% exists a.s. for alln large enough, |y, (6o, Pn)| =
O, (n*1/2), and sup,c y "yn (0o, Pn)" gn (z, 90)| 20.

Proof of (i). Proof of the first statement. From the triangle inequality,

[Ep, lgn (x,00)]] < |Ep, [gn (x,00)] = Eq,, [gn (2, 00)] + |EQ,, [9n (2, 60)] -

From the proof of (6.29) in Lemma 6.8, an application of central limit theorem implies that the first
term is O), (n_1/2). From Lemma 6.5 (i), the second term is O (n‘l/Q).

Proof of the second statement. From the triangle inequality,
‘EPn [gn (f];, 90) gn (‘Ta 00)/ - Q] I
S ‘EP»,L [gn (SU, 00) gn (.’E, 00)/] - EQn [gn (l‘, 60) gTL (1177 90)/} | + ‘EQH [gn ($) 90) gn (£) 90)/] - Q‘ .

From a law of large numbers, the first term is o, (1). From Lemma 6.5 (i), the second term is o (1).

Proof of (ii). THIS IS EXACTLY THE SAME PROOF AS FOR LEMMA 6.4 (ii) EXCEPT USING
6.9 (i) INSTEAD OF 6.4 (i). The proof is based on Newey and Smith (2004, proofs of Lemmas
A.1-3). Pick any sequence Q, € By (Py,r/y/n) and r > 0. Since R, (Q,0,~) is twice continuously
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differentiable with respect to v and I',, is compact, ¥ = argmaxer, Rn (Pn,00,7) exists for each
n € N. A Taylor expansion around 5 = 0 yields

dn (I’, 90) dn (.’IJ, 90)/

-1 = Rn (aneoao) é Rn (Pn7907’7) = _]‘+’7,Epn [gn (1‘790)] _’S/EPn ;
(1 +’Y,g7l ($,00))3

IN

—1+4'Ep, [gn (z,600)] — C¥'Ep, [gn (%,60) gn (z,00)'] 7

< —1+7]|Ep, lgn (z,00)]| — C |77,

for all n large enough, where ¥ is a point on the line joining 0 and 4, the second inequality follows

from (6.9), and the last inequality follows from Lemma 6.9 (i). Thus, Lemma 6.9 (i) implies

(6.30) C 3l < |Ep, [gn (2,00)]| = Op (n~V2).

From annl/Q

— 00, 7 is an interior point of I';, and satisfies the first-order condition OR,, (P, 6y,7) /0y =

0 for all n large enough. Since R, (Py,6o,) is concave in « for all n large enough, ¥ = argmax,crm R, (Pn,00,7)
for all n large enough. Thus, the first statement is obtained. From (6.30), the second statement is
obtained. The third statement follows from

sup |y (00, Pr) gn (,600)| < O, (n’l/an) =o0(1).
TEX

Lemma 6.10. Suppose that Assumption 3.1 holds. Then for each sequence Q, € Bg (Py,r/\/n)
and r > 0 the followings hold under Q. :

O B8, [ (2701 = Oy (), B [ 0.7 ) (7] — ] = Oy (), and
|Epn [8gn (.Z‘,Tpn) /00’] — G‘ =o(1),

(ii): vn (Tpn, Pn) = arg max,cgm — [ mdﬂl exists a.s. for allm large enough, |fyn (TpnPn)‘ =

Tn (TP,UPn)/gn (SU,TP,L) 0.

O, (n*1/2), and sUp, ¢y

Proof of (i). Proof of the first statement. By a uniform law of large numbers
(6.31) lim zug ‘Epn [gn (x,0) gp (z, 9)'] - Eg, [gn (z,0) gn (z, 0)/] | =0,
n—oo c

then from (6.18) and T,

sup |Ep, [qbn (b, TQn) On (b, TQn)/” < CEp, [sup lg (33,9)|2] .
0cO (ISS]

From here the proof of the first statement is exactly as for the first statement of Lemma 6.6 (i) except

using Lemma 6.9 (i) instead of Lemma 6.6 (i). Replace @,, with P,, and use Lemma 6.9 and instead of
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Lemma 6.5. Note that we cannot use Lemma 6.7 to show the above bound, since the proof of Lemma
6.7 relies on the first statement of this lemma.
Proof of the second statement follows from (6.31) and Lemma 6.6 (i).

Proof of the third statement. By a uniform law of large numbers,
lim sup |Ep, [0gn (x,0) /00] — Eq, [0gn (x,0) /90]] = 0,
=0 9eo

and hence the conclusion follows from Lemma 6.6 (i).

Proof of (ii). The proof is similar to that of the third statement of Lemma 6.6 (i).
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