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Abstract

In this paper we study high-dimensional time series that have the generalized
dynamic factor structure. We develop a test of the null that the number of
factors k equals kg versus an alternative that k # kg while 0 < k < kpax, where
kmax 18 an a priori maximum number of factors. Our test is based on the
statistic Maxy)«k<ikmax (vk - 7k+1) / (7k+1 - 7k+2), where 7, is the i-th largest
eigenvalue of the smoothed periodogram estimate of the spectral density matrix
of data at a pre-specified frequency. We describe the asymptotic distribution
of the statistic, as the dimensionality and the number of observations rise, as a
function of the Tracy-Widom distribution and tabulate the critical values of the
test. As an application, we construct asymptotic 95% confidence sets for the
number of dynamic factors in macroeconomic time series and for the number
of dynamic factors driving excess stock returns.

KEYWORDS: Generalized dynamic factor model, approximate factor model,

number of factors, hypothesis test, Tracy-Widom distribution.



1 Introduction

High-dimensional factor models with correlated idiosyncratic terms have been exten-
sively used in recent research in finance and macroeconomics. In finance, they form
the basis of the Chamberlain-Rothschild (1983) extension of the Arbitrage Pricing
Theory. They have been used in portfolio performance evaluation (Connor and Ko-
rajczyk, 1986), in the analysis of the profitability of trading strategies (Yao, 2006),
in testing implications of the Arbitrage Pricing Theory (Zhang, 2006), and in the
analysis of bond risk premia (Ludvigson and Ng, 2005). In macroeconomics, such
models have been used in business cycle analysis, in forecasting, in monitoring eco-
nomic activity, in construction of inflation indexes and in monetary policy analysis
(see Breitung and Eickmeier (2005) for a survey of work in these areas). More recent
macroeconomic applications include the analysis of international risk sharing (Gian-
none and Lenza, 2004), the identification of global shocks (Forni et al. 2005), the
analysis of price dynamics (Boivin et al 2006), the instrumental variable estimation
(Bai and Ng, 2006) and the estimation of the dynamic stochastic general equilibrium
models (Boivin and Giannoni 2006).

An important question to be addressed by any study which uses factor analysis is
how many factors there are. The number of factors is needed in the implementation
of various estimation and forecasting procedures. Moreover, it often has interesting
economic interpretations and important theoretical consequences. In finance and
macroeconomics, it can be interpreted as the number of the sources of non-diversifiable
risk, and the number of the fundamental shocks driving the macroeconomic dynamics,
respectively. In consumer demand theory, the number of factors in budget share data

provides crucial information about the demand system (see Lewbel, 1991).! For

'We thank an anonimous referee for pointing out this fact.



example, the number of factors must be exactly two for aggregate demands to exhibit
the weak axiom of revealed preference.

Although there have been many studies which develop consistent estimators of
the number of factors (for recent work in this area see Bai and Ng (2002, 2005), Stock
and Watson (2005), Hallin and Liska (2005), Kapetanios (2004), Onatski (2005), and
Watson and Amengual (2006)), the corresponding estimates of the number of factors
driving stock returns and macroeconomic time series often considerably disagree. In
finance, the estimated number of factors ranges from two to more than ten. In
macroeconomics, there is an ongoing debate (see Stock and Watson, 2005) whether
the number of factors is only two or, perhaps, larger than seven. The purpose of this
paper is to develop formal statistical tests of various hypotheses about the number
of factors in large factor models. Such tests can be used, for example, to decide
between competing point estimates or to provide confidence intervals for the number
of factors.

We consider T observations Xi, ..., X7 of n-dimensional vectors that have the
generalized dynamic factor structure introduced by Forni et al. (2000). In particular,
X; = A(L)F, + e;, where A(L) is an n X k matrix of possibly infinite polynomials
in the lag operator L, F; is a k-dimensional vector of factors at time ¢, and e; is an
n-dimensional vector of correlated stationary idiosyncratic terms. We develop the
following test of the null that there are k = ky factors at a particular frequency of
interest wg, say a business cycle frequency, vs. the alternative that k& # ko while

0 < k < kmax, where k., is an a priori maximum number of factors.

e First, compute the finite Fourier transforms X; = Zthl Xy exp {—iw;t} of
the data at frequencies w; = 2ms1/T,..,w, = 27s,/T approximating wy,

where si, ..., s, are integers such that s; £ s, # 0(modT) for j # k and



max; [w; — wo| < 2wm/T.

okt e — ) Yi—Vit1 — kg " Vkg+1
e Next, compute two statistics: R = maxy,<i<kma. ERE—— and R; = —%03177‘;0“,
where v, is the i-th largest eigenvalue of the smoothed periodogram estimate
ﬁ Z;”Zl X jX % of the spectral density of the data at frequency wy. Here and

throughout the paper the “prime” over a complex-valued matrix denotes the

conjugate-complex transpose of the matrix.

e Finally, reject the null if and only if either of the following two inequalities hold:
R is above a critical value given in Table 1, or R; is below a cutoff level é(n)
such that &(n) — oo and &(n)n~2/3 — 0 as n — oo. For n < 150, we recommend

using ¢(n) = 2 although this choice does not influence the asymptotic properties

of the test.
Table 1: Critical values of the test statistic R.

The test’s size kmax — Ko
% T 2 3 [ 4] 5 6] 738
15 2.75 3.62 415 454 489 520 545 5.70
10 333 431 491 540 577 6.13 642 6.66
9 3.50 449 513 562 6.03 6.39 6.67 6.92
8 3.69 472 537 591 6.31 6.68 695 7.25
7 392 499 566 624 6.62 7.00 732 7.59
6 420 531 6.03 657 7.00 741 774 8.04
5 4.52 573 6.46 701 750 795 829 859
4 5,02 6.26 6.97 7.63 816 861 9.06 9.36
3 562 691 7.79 848 9.06 9.64 10.11 10.44
2 6.55 815 9.06 9.93 1047 11.27 11.75 12.13
1 874 10.52 11.67 12.56 13.42 14.26 14.88 15.25

For example, the 5% critical value for statistic R of the test of k = kg vs. k # kg
while 0 < k < kpax where kg = 3 and kyax = 10 is in the 5th row (counting from the

bottom up) and 2nd column (counting from the right) of the table. It equals 8.29.



We prove that as n, m and T' go to infinity so that n/m remains in a compact subset
of (0, 00) and T" grows sufficiently faster than n, statistics R and R; behave as follows.
Under the null, statistic R is asymptotically pivotal whereas Pr(R; < ¢(n)) — 0.
The asymptotic distribution of R is a function of the Tracy-Widom distribution (see
Tracy and Widom, 1994), which refers to the asymptotic joint distribution of a few
of the largest eigenvalues of a particular Hermitian random matrix as the dimen-
sionality of the matrix tends to infinity. Under the alternative, either R explodes,
or Pr(Ry; < &(n)) — 1, or both. Our Monte Carlo analysis shows that the size and
power of the test remain very good even for T comparable to n as long as m remains
relatively large.

The main idea behind our test is as follows. Suppose there are k dynamic factors
in X;. Then there will be k static factors in X ;. Consider the sample covariance matrix
of X ;- Compute its eigenvalues and leave away the largest k. What is left over should
have the same asymptotic distribution as the largest eigenvalues in the zero-factor
case. Now, the zero-factor case corresponds to X ; being asymptotically complex
normal, independent finite Fourier transforms of X; (see Theorem 4.4.1 of Brillinger
1981). The asymptotic distribution of the scaled and centered largest eigenvalues
of the corresponding sample covariance matrix is known to be Tracy-Widom (see
El Karoui (2007) and Onatski (2007)). However, the common asymptotic centering
and scaling for the eigenvalues do depend on the unknown details of the correlation
between the entries of vector X]‘. Our statistic R gets rid of both the unknown
centering and scaling parameters which makes it asymptotically pivotal under the
null.

Further, under the null, R; = %, and therefore it explodes because the

Ve~ Vk+1

denominator of E— is bounded whereas the numerator explodes. Under the

alternative, when k > kg, R > %, which, as we have just explained, explodes.



When k < kg, R; converges in law to a non-degenerate distribution and, hence,
Pr(R, < é(n)) — 1.

Our test procedure can be interpreted as formalizing the widely used empirical
method of the number of factors determination based on the visual inspection of the
scree plot introduced by Cattell (1966). The scree plot is a line that connects the
decreasing eigenvalues of the sample covariance matrix of the data plotted against
their respective order numbers. In practice, it often happens that the scree plot shows
a sharp break where the true number of factors ends and “debris” corresponding to
the idiosyncratic influences appears. Our R and R; statistics effectively measure
the curvature of the frequency-domain scree plot at a would-be break point under
the alternative when k£ > k¢ and under the null, respectively. When k& > kg, the
curvature measured by R asymptotically goes to infinity. In contrast, under the null,
this curvature has a non-degenerate asymptotic distribution that does not depend on
the model’s parameters. Quite the opposite is true for the curvature measured by
R;. It explodes under the null, but converges to a non-degenerate distribution under
“the other part” of the alternative hypothesis: k < k.

In an important special case when A(L) does not depend on L but factors are
not necessarily white noise, model (1) reduces to an approximate factor model of
Chamberlain and Rothschild (1983). If, in addition, the idiosyncratic terms e; follow
an i.i.d. Gaussian process, we can test hypotheses about the number of factors using
a modified procedure which does not rely on the frequency domain transformation
of the data. First, we transform the original data X; to the independent complex
Gaussian form Xj by splitting the sample into two time periods of equal length,
multiplying the second half by the imaginary unit v/—1, and adding to the first half.
Then the second and the third steps of the above testing procedure follow without

any changes.



The rest of the paper is organized as follows. Section 2 describes the model
and states our assumptions. In Section 3 we develop the test. Section 4 considers
the special case of the approximate factor model. Section 5 contains Monte Carlo
experiments and comparisons with procedures proposed in the previous literature.
Section 6 applies our test to macroeconomic and financial data. Section 7 concludes.

Technical proofs are contained in the Appendix.

2 The model and assumptions

Suppose that our data {X;;7 <n,t <T} come from a double sequence of random
variables {X;,7 € N,t € Z} which admits a version of the generalized dynamic k-
factor structure of Forni et al. (2000). Precisely, for any ¢ and ¢ :

Xi = ANa(L)Fiy + ... + N (L) Fip + e, (1)
where A;;(L) =307, AZ(-;TL)L“, and factor loadings AZ(;-L), factors Fj;, and idiosyncratic
terms e;; satisfy Assumptions 1, 2, 3, and 4 stated below.

To make the assumptions more compact, let us introduce the following notations.
Let Xi(n) = (X, ...,Xnt)/ denote the data vector at time t; e; (n) = (ey, ...,em)/
denote its idiosyncratic part; x,(n) = Xi(n) — ei(n) denote its systematic part; S¢(w)
and SX(w) denote the spectral density matrices of e,(n) and x,(n), respectively; F;, =
(Fit, ..., Fiy)' denote the vector of factors at time ¢; A®™)(n) denote the n x k matrix
of factor loadings AE? with ¢ =1,..,nand j =1,...k An,L) = > 7, A (n)L®

denote the n x k matrix of the corresponding dynamic loadings; finally, let X, (n) =
S Xew)e VT, By = S Fe VT and &(n) = S e(nje VT

denote the finite Fourier transforms of the processes X;(n), F; and e;(n), respectively,



at the frequencies w,, s = 1, ..., m, defined in the Introduction.

Assumption 1: i) The factors F; follow an orthonormal white noise process.
ii) For each n, vector e;(n) is independent from Fy at all lags and leads and follows

a stationary zero-mean process.

This assumption is standard. It is somewhat stronger than Assumption 1 in Forni

et al. (2000) which requires only orthogonality of e;(n) and Ff.

Assumption 2: i) The factor loadings are such? that Y oo ||A®(n)|| (1 +u) =
O (nl/ 2) . ii) The idiosyncratic terms ey are jointly Gaussian with autocovariances

cij (u) = Eeyejyy satisfying Y oo (1 +u)|cij(u)] < oo uniformly in i,j € N.

To obtain results without referring to Gaussianity of e;;, we will need a stronger

version of Assumption 2ii:

Assumption 2: iia) For each n, e;(n) follows a strictly stationary process with slowly
growing cumulants so that C; = sup;, Zul,...,uzﬂ ‘cum (ejltﬁ_u, €jtattus -+ €ji_1ti14us

€ju)| <00 for 1 =0,1,2,... and > ;2 Cri32*/k! < 00 for z in a neighborhood of 0.

Assumptions similar to Assumption 2iia) have been often used to obtain strong
convergence results for the periodogram based estimates of spectral density matrices
(see Brillinger (1981), Chapter XXX). Assumption 2i guarantees that A(n,e ™) is
well approximated by A(n,e ™°) for T sufficiently larger than n and m. We need
Assumption 2ii (or 2iia) to show that, for 7" sufficiently larger than n and m, the
real and imaginary parts of vector é,(n) are well approximated by Gaussian vectors
which are independent across s = 1,...,m and have variance-covariance matrices

proportional to S¢ (wy) .

Our next assumption concerns the asymptotic behavior of S&(wp). Let Iy, > ... >

2For any matrix or vector A, ||A|| denotes the standard Euclidean norm of A, that is || A||* equals
the maximum eigenvalue of A’A.



Iy be the eigenvalues of S¢(wp). Denote by H,, the spectral distribution of S&(wy),
that is H,(A) = 1= 2# {i <n:l; > A}, where # {-} denotes the number of elements

in the indicated set. Further, let c,,, be the unique root in [O, ll_nl) of the equation
[ Aemn/ (1= Aemn)? dH,(N) = m/n.

Assumption 3: As n and m tend to infinity so that n/m remains in a compact

subset of (0,00), limsuply, < oo, liminfl,, > 0, and limsup l1,¢pn < 1.

The inequalities of Assumption 3 have the following meaning. The inequality
limsuply,, < oo guarantees that the cumulative effects of the idiosyncratic causes of
variation at frequency wg on the n observed cross-sectional units remain bounded as
n — oo. It relaxes Assumption 3 of Forni et al. (2000) that the largest eigenvalue of
SE(w) is uniformly bounded over w € [—m, w] which is a crucial identification require-
ment for generalized dynamic factor models. Our focus on a single frequency allows
us not to worry about the identification at frequences other than wy. In particular,
we allow the number of factors at other frequences to be different from k, a situation
which may occur, for example, if data are preprocessed by a band-pass filter.

The inequality liminfl,, > 0 requires that the distribution of the wy-frequency
component of the stationary process e;(n) does not become degenerate as n — 0.
The inequality lim sup l1,,¢,,, < 1 is crucial for Onatski (2007) which we rely on in our
further analysis. For this inequality to hold, it is sufficient that H,, weakly converges
to a distribution H,, with density bounded away from zero in the vicinity of the
upper boundary of support lim sup [y,,. Hence, the inequality essentially requires that
relatively large eigenvalues of S¢(wg) do not scatter too much as n goes to infinity.
Intuitively, such a requirement rules out situations when a few weighted averages of
the idiosyncratic terms cause unusually large variation at frequency wq so that they

can be misinterpreted as common dynamic factors.



Assumption 4: The k-th largest eigenvalue of SX (wo) diverges to infinity faster

than n?/3.

Note that k-th largest eigenvalue of SX (wg) can be interpreted as measuring the
cumulative explanatory power of “the least influential linear combination of factors”
on the observed cross-sectional units at frequency wy. Hence, Assumption 4 insures
that the factor explanatory power at frequency wq rises sufficiently fast as n goes
to infinity. It relaxes a standard requirement that factors’ cumulative effects on the
cross-sectional units rises linearly in n (see, for example, assumption A4 in Hallin and
Liska, 2007).

Allowing for a slower than linear in n cumulative factor effect is important be-
cause it better corresponds to the current practice of using larger and larger macro-
economic data sets created by going to higher and higher levels of disaggregation.
For example, suppose one disaggregates a normalized macroeconomic indicator = =
(y + 2) //Var (y + 2) into two indicators: y = F +¢ and z = F +7, where F, &, and
n are independent and have variance 1/2. It is not difficult to see that x = 2F//3+(,
where ( is independent from F. Hence, the factor F' explains 2/3 of the variation in
x, but its cumulative explanatory power does not double increasing only to 1 for the

disaggregated series y and z.

3 The test

Before we explain the workings of our test, let us recall the notions of the complex
Gaussian and complex Wishart distributions (see, for example, Brillinger (1981),
p. 89). We say that an n-dimensional vector Y has a complex Gaussian dis-
tribution N (3,%) if and only if the 2n-dimensional vector Z = (ReY’,ImY”)’

which stacks the real and imaginary parts of Y has a usual Gaussian distribution

10



Re ReYX —ImX
NZn 9

Im S Im> ReX

dimensional N (0,3) variates, then we say that the n x n matrix-valued random

. Further, if Y7,...,Y,, are independent n-

=

variable > 7" | Y;Y/ has a complex Wishart distribution WE (m, %) of dimension n
and degrees of freedom m.

Our test is based on the following three observations. First, Assumption 2i implies
that the vectors of the finite Fourier transform of our data admit an approximate
factor structure in the sense of Chamberlain and Rothschild (1983). That is, X,(n) =
A(n, e ™) F, +¢é,(n) + Ry(n), where, as Lemma 4 in the Appendix shows, R,(n) with
s = 1,...,m can be made uniformly arbitrarily small for 7" which is larger enough
than n and m.

Second, as is well known (see, for example, Theorem 4.4.1 of Brillinger, 2001), for
fixed n and m, Assumption 2ii (or 2iia) implies that é;, ..., é,, converge in distribution
to m independent N (0,275¢ (wp)) vectors and hence, the smoothed periodogram
estimate S¢ (wo) = 3.7, é.6./2mm of S¢ (wo) converges in distribution to a complex
Wishart W (m, S¢ (wo) /m) random matrix. As Lemma 5 in the Appendix shows,
the complex Wishart approximation of 5’5 (wo) remains good even if n and m are not
fixed as long as T' grows sufficiently faster than n and m.

Finally, let 7, > ... > 7, be the eigenvalues of 3.7 | X, X’/2mm. Then, since, as
have been observed above, X, have an approximate k-factor structure asymptotically,
the eigenvalues 74, ..., v, must explode as n, m — oo sufficiently slower than 7" while
the rest of the eigenvalues must approach the eigenvalues of 5’5 (wo) , whose distri-
bution becomes arbitrarily close to the distribution of the eigenvalues of a complex
Wishart WE (m, S¢ (wg) /m) matrix.

The last observation implies that as n,m — oo sufficiently slower than T, our

Vi~ Yit1

statistic R = maXp,<i<kma. — explodes under the alternative of & > kg but be-

11



. . .. . Ai—Ni
comes well approximated in distribution by maxo<i<p..—ko % L ynder the null,

i+1—Ait2

where ); is the i-th largest eigenvalue of a complex Wishart W< (m Lge (wo)) ma-

YmTn

Vg~ Vkg+1

— explodes under the null but becomes well
Vko+1~ Vg +2

trix. On the contrary, R; =

Alg—k —Akg—k+1
kg—k+1—Akg—k+2

approximated in distribution by 5 under the alternative k& < k.

The marginal distribution of the largest eigenvalue of W< (m,Y) as both n and
m tend to infinity so that n/m remains in a compact subset of (0, 1) is studied by El
Karoui (2007). Onatski (2007) extends his results to the case of the joint distribution
of a few of the largest eigenvalues of W (m, ¥) as both n and m tend to infinity so

that n/m remains in a compact subset of (0,00). We have:

Lemma 1: (Onatski, 2007) Let Assumption 3 hold. Define

1 ACrmn
P = <1+£/%dﬂn()\)>, and

Cm,n

1 A ’ v
n Cm,n

= — |14+ — —_— H .

Om,n m2/3Cm,n ( + m/ <1 — )‘Cm,n) d n(>‘)>

Then, for any positive integer r, as m and n tend to infinity so that n/m remains in a
compact subset of (0,00), the joint distribution of the first r centered and scaled eigen-
values oty (A = tanp) + s O (A = Hinn) of matriz WS (m, SE (wo) /m) weakly con-
verges to the r-dimensional joint Tracy- Widom distribution of type 2.

The Tracy-Widom law of type 2 (denoted as T'W; in what follows) refers to a dis-
tribution with a cumulative distribution function F(z) = exp (— [T (z — s)¢*(s)ds) ,
where ¢(s) is the solution of an ordinary differential equation ¢”(s) = sq(s) + 2¢>(s),
which is asymptotically equivalent to the Airy function Ai(s) as s — c0.® It plays

an important role in large random matrix theory (see Mehta, 2004) because it is the

asymptotic distribution of the scaled and normalized largest eigenvalue of a matrix

3For the definition and properties of the Airy function see Olver (1974).
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from the so called Gaussian Unitary Ensemble (GUE) as the size of the matrix tends
to infinity.

The GUE is the collection of all n x n Hermitian matrices with i.i.d. complex
Gaussian N (0,1/n) lower triangular entries and (independent from them) i.i.d. real
Gaussian NV (0,1/n) diagonal entries. Let dy > ... > d,, be eigenvalues of a matrix
from GUE. Define d; = n?/3 (d; — 2) . Tracy and Widom (1994) studied the asymptotic
distribution of a few of the largest eigenvalues of matrices from GUE when n — oo.
They described the asymptotic marginal distributions of di, ..., d, where r is any fixed
positive integer, in terms of a solution of a completely integrable system of partial
differential equations. If we are interested in the asymptotic distribution of the largest
eigenvalue only, the system simplifies to the single ordinary differential equation given
above. The joint asymptotic distribution of di, ..., d, is called a joint T'Wjy distribution.

Lemma 1 implies that as long as the distribution of v, 4, ..., 744, is well approx-
imated by the distribution of A{,...,\,, we can test our null hypothesis k = ko by
checking whether the scaled and centered eigenvalues vy, .1, ..., V4., come from the
joint T'W5 distribution and, simultaneously, whether v, is too large for vy, 1 and
Vioto 0 be a part of a Tracy-Widom-distributed vector. Our test statistics R and Ry
are designed so as to get rid of the unknown scale and center parameters o,,, and

m.n Which makes such a testing strategy feasible.

Theorem 1: Let Assumptions 1,2i,8 and 4 hold, and n,m and T go to infinity
so that n/m remain in a compact subset of (0,00). Then if either Assumption 2ii
holds and m = o (Tg/g), or Assumption 2iia holds and m = o (T3/25), there exist

sequences of scale and center parameters &, , m™>

/3 and fi., Such that for any pos-
itive integer r, the joint distribution of 5;;,,1 (’7k0+1 — ﬂm’n) ey 5’;&71 <7ko+r — ,&mm)

weakly converges to the r-dimensional joint T'Wy distribution.

13



The proof of the theorem is given in the Appendix. As the Monte Carlo analysis
of the next section suggests, the rates required by Theorem 1 are sufficient but not
necessary for the theorem to hold. Our test has good finite sample power and size
properties even for m comparable to 7. A reason for this is that the Tracy-Widom limit
appears to be universal for a class of random matrices much wider than the class of
complex Wishart matrices. First important universality results were recently obtained
by Soshnikov (2002). Further development of such results remains a challenge for
mathematicians.

Our next theorem formally states the properties of our test.

Theorem 2: Under conditions of Theorem 1, if k = ko, statistic R converges

Ai—Ait1

i distribution to MaxXo<i<kmax—ko m,
- 3 2

where A1, ..., \; are random variables with
joint TWy distribution, and statistic Ry diverges to infinity in probability faster than

n?/3. In contrast, when k # ko and ko < k < kmax, R diverges to infinity in probability,

o Mgk
and when k # ko and k < ko, R, converges in distribution to /\kko kil_i(; k:; Such a
.- -

behavior of R and Ry implies that our test of the null of k = ko vs. the alternative

of k # ko while 0 < k < kpax is consistent and has asymptotically correct size.

A proof of the theorem is in the Appendix.

4 A test for the number of approximate factors

In an important special case when A(L) does not depend on L but factors are not
necessarily white noise, model (1) reduces to an approximate factor model of Cham-
berlain and Rothschild (1983). As is well known, a dynamic factor model with uni-
formly finite number of lags in A;;(L) can always be reduced to an approximate factor
model by including the lags of dynamic factors into the set of approximate factors.

For the special case when A(L) does not depend on L but factors are not necessarily

14



white noise, the Introduction describes an alternative testing procedure (for the null
of k = ko approximate as opposed to dynamic factors) which is not related to the
frequency domain transformation of the original data. It can be shown that this test
procedure is valid if the following modifications of Assumptions 1 through 4 hold:
Assumption 1m: i) The factors F; follow a fourth-order zero-mean stationary
process with non-degenerate variance, autocovariances I';;(u) = EF, Fj 1, decaying to
zero as u tends to infinity, and 4-th order cumulants cum (Fyy,, Fji,, Fr,, Fio) decaying
to zero as ti,ts, and t3 tend to infinity.
ii) For each n, vector e,(n) is independent from Fy at all lags and leads and follows
a stationary Gaussian zero-mean process.
Assumption 2m: i) Ag;b) =0 for any u # 0, ii) ¢;; (u) = Eeieji—y are zero for any
u # 0.
Assumption 3m: As n, and T tend to infinity so that n/T remains in a com-
pact subset of (0,00), limsuply, < oo, liminfl,, > 0, and limsupli,cron < 1,
where lip, ..., Ly, refer to the eigenvalues of Ee,(n)ej(n) and cpjay is defined as in
Assumption 8 with H, replaced by the spectral distribution of FEei(n)e,(n).
Assumption 4m: The k-th largest eigenvalue of A®(n)A©(n) diverges to infinity
faster than n?/?

Define X;(n) = X;(n)++v—1X, 7/2 (n) and let 7, >4, > ... be the eigenvalues of
% ZJTL i X jf( J’ Then our statistics R and R; for the approximate factor test procedure
are defined in the same way as statistics R and R; but with ~; replaced by 7,. We

have the following theorem.

Theorem 3: Under Assumptions 1m through 4m, statistics R and Ry behave in
the same way as statistics R and Ry in Theorem 2. Qur test of the null of k = kg

approximate factors vs. the alternative of k # ko while 0 < k < kyax 18 consistent
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and has asymptotically correct size.

A proof of the theorem is similar to the proof of Theorem 2 and is available from
the author upon a request. In the next section we explore the finite sample properties

of our test.

5 A Monte Carlo Study

We approximate the joint 10-dimensional Tracy-Widom distribution of type 2 by the
distribution of 10 largest eigenvalues of a 1000 x 1000 matrix from the Gaussian Uni-
tary Ensemble. We obtain an approximation for the latter distribution by simulating
30,000 independent matrices from the ensemble and numerically computing their 10
first eigenvalues. The left panel of Figure 1 shows the empirical distribution function
of the largest eigenvalue centered by 2 and scaled by n?/3 = 1000%3. It approximates
the univariate Tracy-Widom distribution of type 2. Tracy and Widom (2002) report
that the mean of their univariate distribution? is about -1.77, the standard deviation
is close to 0.90, the skewness is slightly larger than 0.22, and the kurtosis is around
0.09. These characteristics are consistent with the left panel of Figure 1.

The right panel of Figure 1 shows the empirical distribution function of the ratio
(x1 — z3) / (x3 — x3) , where x; denotes the i-th largest eigenvalue of a matrix from
GUE. It approximates the asymptotic cumulative distribution function of our test
statistic (Y411 — Veos2) / (Veos2 — Vioss) for the test of the null of ko factors against
an alternative that the number of factors is ky + 1. The graph reveals that it is not
uncommon to see large values of the statistic under the null. This observation suggests

that ad hoc methods of the determination of the number of factors based on visual

4They denote the distribution as Fy (type 2) to distinguish it from the (type 1 and type 4)
distributions F; and Fj that correspond to the limiting distributions of the largest eigenvalues of
matrices from the so called Gaussian Orthogonal and Simplectic Ensenbles, respectively.
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Figure 1: Left panel: CDF of the 1-dimensional Tracy-Widom distribution of type
2. Right panel: CDF of the statistic (x; — 23) / (z9 — x3) , where x1, x5, and x3 have
joint 3-dimensional Tracy-Widom distribution of type 2.
inspection of the eigenvalues of the sample covariance matrix, and their separation
into a group of “large” and a group of “small” eigenvalues may be misleading. It may
happen, for example, that even though data have no factors, the first eigenvalue of
the sample covariance matrix is substantially larger than the second one, while the
second eigenvalue is not much different from the third one.

According to Theorems 2 and 3, the approximate asymptotic critical values of our
test of k = kg versus k # ky while 0 < k < kyax equal the corresponding percentiles of
the empirical distribution of maxg;<g,..—ko (i — Tit1) / (Tix1 — Tiv2) . Table 1 given

in the Introduction contains such percentiles for k.. — ko =1, 2,...,8.

5.1 Size-power properties of the dynamic factor test

To study the finite-sample properties of our dynamic factor test, we generate data
from model (1) as follows. The k-dimensional factor vectors F; are i.i.d. N (0, [).

The idiosyncratic components e;; follow AR(1) processes both cross-sectionally and
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over time: e;; = p,eq_1 + vy, where p; are ii.d. U|[—.8,.8], vy = 0.2v;_1; + u; and
w; are ii.d. N (0,1). The filters A;;(L) are randomly generated (independently from

F;’s and e;’s) by one of the two devices proposed by Hallin and Liska (2007):

o MA loadings: Aj;(L) = AL + AL L+ A L? with iid and mutually independent

: 0) A A(2)
coefficients <Az-j NG A > ~ N(0,13),

-1 -1
e AR loadings: A;;(L) = bl(-?) (1 - bgl-)L> (1 - bf-?)L) , with iid and mutually

%)

independent coefficients bg.)) ~ N (0,1) b ~ U [.8,.9], and bg) ~ U[.5,.6].

» 045
We normalize the systematic components Z?:l A;;(L)F}; and the idiosyncratic com-
ponents e;; so that their variances equal 1/2.

Solid lines on Figure 2 show the p-value discrepancy plots and size-power curves
for our dynamic factor test. On the horizontal axis of a p-value discrepancy plot, we
have the nominal size of a test, on the vertical axis, we have the difference between
the finite-sample size and the nominal size. A size-power curve is a plot of the
power against the true size of a test. We consider the test of the null of £ = 2
factors at frequency zero against the alternative of k # 2 while £ < 8. The graphs
are based on 10,000 replications of data with (n,7") = (100, 120). The frequencies
w; “approximating” the zero frequency are 27 /T, ...,2w40/T so that m = 40. The
reported power of the test corresponds to the true number of factors equal to 3.

For AR loadings, the finite-sample size of our test is somewhat larger than the
nominal size. However, the discrepancy is small. For MA loadings, the size properties
of the test are much worse. One reason for the better performance of our tests in the
former case is that, in contrast to the MA loadings, the AR loadings are designed so
that their Fourier transforms are relatively large at low frequences. Therefore, our
choice of the zero frequency as the frequency of interest makes the tests’ task easier.

The power of the test in both AR and MA cases is very good.
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Figure 2: Size-power properties of the test when (n,m,T") = (100,40, 120) . Dash line:
test based on the weighted periodogram.

We tried several modifications of the benchmark test. Dashed lines on Figure
2 show the size-power performance of the best modification found. The modifica-
tion is based on the weighted periodogram estimate of the spectral density matrix
Ly (11— )A(JXJ’ as opposed to the unweighted estimate 5=— > XJXJ’ used
by the benchmark test. As is well known (see, for example, Section 5.5 of Brillinger,
2001), weighting reduces the bias of the periodogram estimate. This fact may explain
better size properties of the weighted periodogram test relative to the unweighted
periodogram test. Since the size properties of the weighted test are considerably bet-
ter than those of the unweighted test and, at the same time, the power properties of

the two versions of the test are not very different, we recommend to use in empirical

applications the weighted test .
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To check the robustness of our size-power analysis with respect to the non-Gaussianity

of the simulated data, we repeated our Monte Carlo experiments altering the distri-
bution of the idisoycratic terms’ innovations u;. We consider two alternative dis-
tributions: the centered chi-squared distribution x?(1) — 1 and the Student’s (5)
distribution. The former distribution is an example of a skewed distribution, and
the latter one is an example of a distribution with relatively fat tails. For both the
chi-squared and Student’s ¢(5) cases the size-power properties of our tests are similar
to the Gaussian case both quantitatively and qualitatively.

[Choice of the cutoff for R; statistics and choice of m here:]

5.2 Size-power properties of the approximate factor test

To study the finite-sample properties of our approximate factor test we generate data
from model (1) with A;;(L) = Ag?) as follows. The k-dimensional factor vectors F;
follow VAR(1) process Fy, = AF, 1 + ;, where A is a diagonal matrix with i.i.d. di-
agonal elements A; ~ U [0,1] and &; ~ N (0, I, — A?). The idiosyncratic components
e;; are independent from Fj’s and follow an AR(1) process cross-sectionally. That is,
eir = 0.2¢;_1; + v;, where v;; are i.i.d N (0,1). The factor loadings AEJQ) are N(0,1)

random variables independent from F’s and e,;’s. We normalize the systematic com-

Table 2: Influence of the choice of the cutoff for R, on the test’s size-power properties

cutoff 1.27 139 153 1.68 1.86 2.09 237 275 333 4.52
Pr(TW, > cutoff) D D56 65 .7 75 .8 85 9 95

AR, size 729 729 729 29 729 729 729 730 731 741
MA, size 796 798 798 8.04 8.09 825 8539 9.50 114 19.0

AR, power, k =ky+1 76.1 77.1 782 794 80.9 831 852 88.0 91.1 95.3
MA, power, k =ky+1 75.6 79.8 83.5 869 89.8 923 948 96.7 983 994
AR, power, k =ky—1 41.3 46.3 51.7 57.0 62,5 681 73.7 80.2 86.1 92.7
MA, power, k =ko —1 38.6 43.4 479 528 57.7 63.8 69.8 76.7 839 914
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ponents 2?21 A,E?)th and the idiosyncratic components e; so that their variances
equal 1/2. To create complex-valued data sets we add the first 7'/2 simulations of
data and \/—1 times the last 7/2 simulations of data.

Figure 4 explores the size-power properties of the test of 2 vs. 3 factors for
different combinations of n and T. The left panel shows the equal-size-contours for
the test with nominal size 0.05. The right panel shows the equal-power-contours for
the test with true size 0.05. The solid lines correspond to the Monte Carlo setting
described in the previous paragraph. The dash, dash-dot and dot lines correspond
to the x?(1) — 1-distributed innovations v;, ¢(5)-distributed innovations v;;, and the
two-way correlated idiosyncratic terms generated as in the Monte Carlo setup of
Section 4.1, respectively. To facilitate reading, we report only 0.06-size-contours and

0.8-power-contours for the alternative Monte Carlo settings.

5.3 Comparison to other tests

Our next task is to compare the finite sample properties of our test and the tests
proposed by Connor and Korajzcyk (1993), Kapetanios (2005), and Jacobs and Otter
(2005). In contrast to our test, these tests require the dynamic factor loadings A;;(L)
be lag polynomials of finite order . Furthermore, without the knowledge of r, they
would be testing joint hypotheses about the number of dynamic factors & and the
lag length r. In the comparisons below, we, therefore, will assume that r is finite and
known. Then, the Connor-Korajzcyk, Kapetanios, and Jacobs-Otter procedures can
be used to test the null of £ = kg against the alternative ky < k which is more narrow
than the alternative k& # ko handled by our test.

Let us briefly describe the alternative tests. Connor and Korajczyk (1993) test the

null of p = pg approximate factors versus the alternative that p = pg+1. Their test uses
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Figure 3: Upper pannel: benchmark. Lower panel: solid line- two-way correlation;
dash line- t(5) innovations; dot line: x*(1) — 1 innovations.

the fixed T, large n asymptotics and is based on the idea that the explanatory power of
an extra po + 1-th factor added to the model should be small under the null and large
under the alternative. We can use the Connor-Korajczyk procedure to test the null of
k = ko dynamic factors by transforming the dynamic factor model, via reinterpreting
lags of dynamic factors as separate approximate factors, into an approximate factor
model with % (1 + r) factors and testing the null of & (1 + r) = ko (1 + r) approximate
factors.

Kapetanios (2005) tests the null of p = py approximate factors vs. the alterna-
tive that py < p < pmax- He employs a subsampling method to approximate the
asymptotic distribution of a test statistic Ax,+1 — Akaet1, Where ); is the i-th largest
eigenvalue of the sample covariance matrix of the data % Zthl X X;. He makes high-
level assumptions about the existence of a scaling of A\g,+1 — Ag,,..+1 Which converges

in distribution to some unknown limit law, about properties of such a law, and about
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the functional form of the scaling constant. Kapetanios’ test can be adapted to
testing hypotheses about the number of dynamic factors in the same way as the
Connor-Korajczyk test.

Jacobs and Otter (2005) propose a procedure to determine the number of dynamic
factors based on formal statistical tests of hypotheses about singular values of certain
combination of the sample auto-covariance matrices of the data. These tests can be
used to test the null of k£ = ky dynamic factors versus the alternative of k > ky. Jacobs
and Otter’s framework relies on the classical large T, small n asymptotics.

To compare the size-power properties of the tests we use the MA-loadings Monte
Carlo setting of Section 5.1 with lag length » = 2. Table 2 reports the actual size of
the nominal 5% size tests and the power of the actual 5%-size tests for the hypotheses
of 0 vs. 1 dynamic factor and 2 vs. 3 dynamic factors.

Columns “O1” correspond to our dynamic factor test with wy = 0 and m equal to
the integer part of min (4\/T , T/ 2) . Columns “O2” correspond to our static factor
test of the hypotheses of 0 vs. 1-3 approximate factors, and 6 vs. 0-5 or 7-9 approxi-
mate factors. Columns “K” correspond to Kapetanios’ test of 0 vs. 1-3 and 6 vs. 7-9
approximate factors. Columns denoted “CK” correspond to the Connor-Korajczyk
test of 0 vs. 1 and 6 vs. 7 approximate factors. We do not report results for the
Jacobs-Otter procedure because it always rejected the nulls in all of our Monte Carlo
experiments.[Note here] The empty spaces in Table 2 correspond to situations when
the minimal size detectable by our Monte Carlo experiment exceeded 5% so that the
power of the actual 5% size test could not be evaluated.

Overall, our tests are much better sized than the alternative tests. The size of
our tests become particularly good when min (n,7") > 100. The alternative tests
have very large size distortions which do not disappear when the sample size grows.

Our approximate factor test and Kapetanios’ test are the most powerful of the four
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Table 3: Size-power properties of the alternative tests

01 02 K CK

n T kOZO k0:2 kOZO k0:2 kOZO k0:2 kOZO k0:2
Size of the nominal 5%-size test
50 100 | 8.9 14.8 | 6.7 156 | 323 242 | 258 229
100 50 | 8.4 414 | 6.6 342 [41.5 36.3 | 275 23.0
100 100 | 7.5 114 | 6.4 6.8 309 31.6 |27.0 239
100 200 | 7.3 7.3 5.8 5.8 23.6 22,5 |26.3 25.0
200 100 | 6.6 11.4 | 6.5 5.8 30.5 33.2 | 273 25.0
200 200 | 6.5 8.4 6.0 5.4 24.5 2777 | 274 257
Power of the actual 5%-size test

50 100 | 59.4 97.9 99.6 |80.6 15.6
100 50 | 13.8 89.9 46.0 10.7
100 100 | 57.6 86.3 | 99.9 86.8 85.2 27.6
100 200 | 100 98.6 | 100  98.6 | 100 100 |98.8 59.4
200 100 | 58.2 90.3 |100 91.0 86.4  38.2
200 200 | 100  99.8 | 100  99.9 | 100 99.1 77.0

compared tests. The Connor-Korajczyk test is the least powerful for the test of 2 vs.
3 dynamic factors. Although our dynamic factor test is disadvantaged relative to the
other tests because it does not use the additional information that » = 2, its power
is comparable with the power of the alternative procedures, especially for the 2 vs. 3

dynamic factors case.

5.4 Using the tests to determine the number of factors

Using our test versus Hallin-Liska and Bai and Ng criteria.

6 Application

We apply our test to construct 95% confidence sets for the number of dynamic factors

in macroeconomic and in financial data.
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6.1 Macroeconomic factors

The literature is full of controversy about the number of dynamic factors driving
macroeconomic data. Stock and Watson (2005) estimate seven dynamic factors in
their data set. Giannone et al. (2005) find evidence supporting existence of only two
dynamic factors. Two factors is also a preferred number in the older literature that
uses factor models to describe the US economy.

The macroeconomic dataset we use is the same as in Stock and Watson (2002).
It includes 215 monthly time series for the United States from 1959:1 to 1998:12
(T' = 480). The variables in the dataset were transformed, standardized and screened
for outliers as described in Stock and Watson (2002). Our analysis is based on the
data subset of the transformed and screened 148 variables available for the full sample
period (n = 148).

I maintain the assumption that the true number of dynamic factors is larger than
zero but no larger than seven. My choice of one and seven as the lower and upper
bounds is consistent with the conclusions of the majority of the previous studies. If a
5%-asymptotic-size test of the null of k = kg factors, versus the alternative of k # ko,
does not reject the null, I will include kq in the asymptotic 95% confidence set for the
number of factors.

Iset m = 40 and wy = 27/480, ..., wyo = 2740/480 so that the range of the low and
business cycle frequences is covered. I consider two versions of my test: one based

on the weighted periodogram im ZTzl (1 — %) X]X; and the other based on the

weighted periodogram % Z;”:l %f( jX ;. The first choice of weights emphasizes low
freqeunces, and wy = 0 in particular. The second choice emphasizes ces close to the
business cycle frequences, and wy = 27/12 in particular. I set the cutoff level for

statistic Ry at 2.
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Table 4 contains the first ten eigenvalues vq,...,7;, of the two weighted peri-
odograms normalized so that v; = 100 and the corresponding ratios (% - +1) / (% 11
1 =1,...,8. For the test emphasizing low frequencies, I reject all the tested nulls but
the nulls of 1,2 and 7 dynamic factors, which means that the 95% confidence set for
the number of pervasive dynamic factors at low frequences is {1,2,7}. For the test
emphasizing business-cycle frequencess, I reject all the tested nulls but the nulls of 1,2
and 6 dynamic factor, which implies that the 95% confidence set for the number of
pervasive dynamic factors at business-cycle frequences is {1, 2,6} . The two 95% confi-
dence sets would have changed® into {2} for low frequences and {1} for business-cycle
frequences had we used the 95% quantile of the distribution of (A} — A2)/(A2 — A3),

where A1, Ao, A3 are joitly TWs, as the cutoff level for R;.

6.2 Financial factors

Similarly to the situation with the macroeocnomic factors, the previous studies of
factors driving excess stock returns often do not agree and report from 1 to 6 such
factors (see Onatski (2007) for a brief review of available results). The focus of
the majority of these studies is on the number of the approximate factors. Therefore,
below I construct 95% confidence sets both for the number of dynamic and the number

of approximate factors driving the excess returns.

5Of course, although the asymptotic coverage rate of a confidence interval based on our test does
not depend on the choice of the cutoff level, the finite sample coverage rate may change.

Table 4: Eigenvalue statistics for the Stock-Watson data.

w | ¢ | 1 2 3 4 5 6 7 8 9 10
0 % 100 33.3 13.9 11.4 883 531 3.45 243 2.00 1.61
0 itV 1344 778 1.00 0.70 1.91 1.82 2.39 1.08

Yit1 " Vit2
2 /12 Y 100 174 11.0 9.09 7.88 6.92 549 4.82 3.86 3.54
2m /12 | =L 1129 332 1.59 1.27 0.67 213 0.70 2.99

Yit1 " Vit2

26

- %‘+2) )



To construct the sets, I use the data provided by the Center for Research in
Security Prices (CRSP) on monthly returns on p = 972 stocks traded on the NYSE,
AMEX, and NASDAQ during the period from January 1983 to December 2006. My
data set includes those and only those companies for which CRSP provides monthly
holding period return data for all months in the studied time interval. To obtain the
excess returns on the stocks I subtract the 1-month risk-free rate provided by CRSP
from the stock returns. Since previous empirical research suggests that the number
of common risk factors may be different in January and non-January months, I drop
January data, which leaves me with 7" = 264 time observations of real-valued data.

I maintain the assumption that the true number of dynamic factors is larger
than zero but no larger than seven. I set m = 40 and consider the following three
different frequency ranges. Range 1: wy = 27m/264, ..., w40 = 2740/264; Range 2: w; =
2741/264, ..., wq = 2780/264; and Range 3: wy = 2781/264, ..., wy = 27120/264. For
Range 1, I consider the same two versions of my test as in the study of macroeconomic
factors. For Ranges 2 and 3, I use the test based on the weighted periodogram
% ;”:1 |1 — 2%| XJXJ’ Hence, the two tests for Range 1 emphasize frequency
wo = 0 and frequency wy = 2740/264 which corresponds to 1 cycle per 6.5 months.
The test for Range 2 emphasizes frequency wy = 2760/264 which corresponds to 1
cycle per 4 months. The test for Range 3 emphasizes frequency wy = 27100/264
which corresponds to 1 cycle per 2.5 months.

As can be seen from Table 5, for the test corresponding to wy = 0, I do not
reject the nulls of 1,2,3 and 6 factors. Hence, the 95% confidence set for the number
of dynamic factors at low frequences is {1,2,3,6}. For the test corresponding to

2740

wo = g, only the nulls of 1,2 and 3 dynamic factors is not rejected. Hence, the

95% confidence set for the number of dynamic factors at the 1-cycle-per-half-a-year

frequency is {1,2,3}. For the test corresponding to wy = %, the only non-rejected
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Table 5: Eigenvalue statistics for the excess stock return data.

w | ¢ |1 2 3 4 5 6 7 8 9 10

0 % 100 534 31.2 252 236 19.8 179 174 156 14.8
ﬁ 2.10 3.69 3.81 042 197 3.41 0.32 210

Z0 %5 100 279 181 153 142 136 129 119 109 10.2
ﬁ 731 361 248 1.63 0.93 0.75 0.93 1.51

2780 % 100 56.4 334 29.3 256 23.7 222 21.3 20.1 18.2
ﬁ 1.89 5.62 1.10 2.00 1.21 1.75 0.75 0.59

%0 % 100 44.5 37.1 312 29.3 27.3 25.1 233 224 20.8

el 1749 1.24 3.22 094 091 1.17 2.16 0.54

Yit1—Vi42

null is the null of 2 dynamic factors. Thus, the 95% confidence set is a singleton {2} .
For the last test, which corresponds to relatively high frequencies, I do not reject the
nulls of 1,3 and 7 dynamic factors. Hence, the 95% confidence set for the number of
dynamic factors at 1-cycle-per-2-months frequency is {1, 3,7} . there is a 95% chance
that there are no common factors explaining low frequency movements of the excess
stock returns.

To construct the 95% set for the number of approximate factors, I use my test
developed for approximate factor models. I set the cutoff level as in the dynamic factor
tests considered above. To get a complex-valued data set which is needed for the test,
I divide the real-valued data into two parts: the first containing all observations from
February 1983 to December 1994, and the second containing all observations from
February 1995 to December 2006. Then I add the data from the first sub-period to
the product of the imaginary unit and the data from the second sub-period.

I maintain the assumption that the true number of approximate factors is larger
than zero but no larger than nine, which is an upper bound on the estimates reported
in Stock and Watson (2005). As can be seen from Table 6, I cannot reject the nulls
of 1,2,4,6 and 8 approximate factors, so that the 95% confidence set for the number

of approximate factors in excess stock returns is {1, 2,4, 6,8}. Since the approximate
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factors may correspond to the different lags of the same dynamic factor, such a 95%
confidence set is not inconsistent with the 95% confidence sets for the number of

dynamic factors reported above.

7 Discussion and Conclusion

TBA

8 Appendix

We first formulate and prove auxiliary Lemmas 1 through 5. Denote the i-th largest
singular value of a matrix A with possibly complex entries, defined as the square root
of the i-th largest eigenvalue of AA’, as o;(A).
Lemma 2 For any matriz A, 0}(A) <37, 1Ayl

This is a well known result. See, for example, Horn and Johnson (1985), p.421.
Lemma 3 Let n and m go to infinity at the same rate so that n/m remains in a
compact subset of (0,00) and let AT™™ and B™™) be two sequences of random nxm
matrices such that o3 (A™™ — Bm) = o,(n=13) and o2 (B™™) = O,(n). Then
o2 (Alnm)) — o2 (Bm)| = o, (n/3) uniformly over k.

The statement of Lemma 2 easily follows from Weyl’s inequalities for singular
values of a sum of two matrices (see Horn and Johnson (1985), p.423). Let x, A(L)

and F be n X m, n x k and k x m matrices with j-th row and s-th column entries

Table 6: Eigenvalue statistics for the excess stock return data. The test for the
number of approximate factors.l

1 1 2 3 4 5 6 7 8 9 10 | 11
Yy 100 30.1 199 17.2 129 124 104 9.57 891 | 8.77 | 8.59

2t 684 377 0.63 8.00 027 253 1.19 4.90 0.76

Yit1—Vi42
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Njs = Yoper (X — e0) et VT, Ajg(L) and Fy = 3"/, Fye ™=t //T, respectively.
Lemma 4 Let n,m and T go to infinity so that m = o (T3/ 7) and n/m remains in a
compact subset of (0,00). Then, under Assumptions 1i and 2ii o3 (f( - A(e’i“’o)ﬁ> =
Op (n_l/ 3) .

Proof: Let R and  an n X m matrices with j, s-th entries X, — S A () Fy
and SF_ (A (e7™5) — Aj,(e7™°)) F, respectively. A simple extension of Theorem
1 of Hannan (1970), p.248 which takes into account that n goes to infinity, implies
that EZ]’,S |st|2 =0 (n’l/ 3). Using Markov’s inequality and Lemma 1, we get:
o1 (R) = o, (nfl/ %) . Further, using Assumption 1i and Markov’s inequality, it is
g O,(m). In addition, Assumption 2ii together with

easy to show that >, Ej,

the assumption about the relative rates of growth of n,m and7 and the definition
of the frequencies w,, imply that |[A(e=**) — A(e=™°)|| = o (n=*/®) uniformly in s.
Therefore, using Lemma 1, we obatin: o1 (Q) = 0, (n"'/?) . Now the statement of the
lemma follows from the fact that o, <5( — A(e*iw‘))ﬁ’) <o1(R)+01(Q). QED

Let € be an n x m matrix with entries é;, = Zle ejte_i“St/\/T and let é; be.the

s-th column of é.
Lemma 5 Let n,m and T go to infinity so that n/m remains in a compact subset of
(0,00) and Assumptions 1ii, 2i, 3 hold. Then under either additional assumption i) or
ii) of Theorem 1, there exists an n X m matriz € with independent N¢ (0,215 (wy))
columns, independent from F, and such that o3 (¢ — &) = o, (n=/3).

Proof: Suppose additional assumption i) holds. Define a real zero-mean Gaussian
vector n = ((Reéy)’, (Iméy)’, ..., (Reéy) , (Im ém)')/ . By Theorem 4.3.2 of Brillinger
(2001) and by the fact, following from Assumption 2i, that [Sy(w;)];, = [S5(wo)];, +
O (m/T) uniformly in j and r, we have: Enny = I, ® Q + R, where R is an

2nm x 2nm matrix with 2n x 2n blocks R;; such that R;; = O(T ') ifi # j and R;; =
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O(m/T)+O(T)ifi=j and Q = mReffwo) i S, (wo) . Construct
7ImS¢(wo) 7ReSE(wo)

7= Ln " (I, @+ R)"?1 and define an n x m matrix & with s-th column

€, so that ((Re &), (Imé) ..., (Reé,)", (Im ém)/)/ = 7). It is not difficult to show

that B (7 — ) (7 — 1) = tr <(Im @0+ R — (I, ® 9)1/2)2 = 0 (n"1/3) , which to-

gether with Lemma 1 and Markov’s inequality implies that 0% (é — &) = o, (n™/3).

Now, suppose additional assumption ii) holds. Although vector 7 is no longer
Gaussian, we still have Var (n) = I, ®Q+ R. Lemma 4i then implies that to prove part
ii), it is enough to find a zero-mean Gaussian vector 7 such that Var (1) = Var (n)
and [}y — 7| = o, (n"1/%)

According to Strassen’s theorem (see Theorem 8, p.243 of Pollard, 2002), such a
vector exists if and only if , for any positive £ and 8, 7 (F, G;e'/?>n~1/6) < § for large
enough n. Here F' is the distribution of n, G is N (0,1, ® Q+ R), and 7 (F,G; \) =
sup 4epr max { F (A) — G (AY) ,G(A) — F (A"}, where A* = {y € R" : infca ||z — y|| < A}
and B" is the Borel sigma-algebra on R" (r = 2mn is the dimensionality of 7).

Theorem 1.1 of Zaitsev (1987) provides an upper bound on 7 (F,G;e!/?n=1/9).

Under the conditions of Lemma 4ii, this bound converges to zero as n, m and T" diverge
to infinity which completes the proof. The proof of the convergence of Zaitsev’s bound

to zero is tedious but straightforward. It is available from the Detailed Appendix to

the paper posted at the author’s website. QED
1 1
AR AR

Let AV = be a symmetric non-negative definite n x n matrix
Ay Ay
A Ag
and let Aﬁ) be its k x k block. Further, let A = be an n X n matrix
Ag1 A

partitioned similarly to A and such that Ay, Ajo, and Ay, are zero matrices and

Ay =diag(ay,...,ag), a1 > as > ... > a; > 0.
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Lemma 6 Let A () = A+ %AW and let ry = ay/2. For real » such that 0 < » <

o/ HA(I)H and for any i =1,2,....n — k, we have:

52 | AO |
(ro — | [| A2

‘AM (A (5)) — e\ (Ag;) ) < 3rq

The proof of this lemma is rather technical. It is based on the properties of the
expansion of the resolvent (A (s¢) — zI,)”" in the power series of ». To save space, we
allot the proof to the Detailed Appendix which is available from the author’s website.
Now, we are ready to prove Theorem 1.

PROOF OF THEOREM 1:

Denote [X'l, ...,X’s} as X and A (e7™0) as A. Lemmas 2, 3 and 4 imply that
there exists matrix X = AF + &, where é and F are independent and é has inde-

pendent N¢ (0,27S¢ (wp)) columns, and such that |A; (XX'/m) — A (XX’/m)‘ =

Op (m_z/ 3) uniformly over j. Therefore, the asymptotic joint distribution of interest
in Theorem 1 is the same as that of {6;;71 ()\kOH <)~()~(//m) — /]m’n> =1, ...,r} .
We will prove that this distribution is Tracy-Widom of type 2.

Assume that the k x m matrix of factors F' has all but the first k columns zero.
There is no loss of generality in such an assumption because we can always find a
unitary () such that FQ has the above form. Multiplying X = AF + ¢ from the
right by @ does not change neither the eigenvalues of X X’ /m nor the joint complex
Gaussian distribution of the elements of é.

Denote the matrix of the first & columns of F' as FM, the matrix of the first &
columns of é as €;, and the matrix of the last m — k columns of é as é. Then we
can decompose XX’/m into a sum of two terms: <AFM + é1> <Aﬁ’1;k + él>, /m and
€26, /m. Let R'AR be a spectral decomposition of the first term. Since the first term

has rank k, the diagonal matrix A can be chosen so that it has all but first k£ nonzero
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diagonal elements. We will denote these elements as a; > as > ... > a;, > 0.

Define 7y as ro = aj/(2n). Note that Assumptions 1 and 4 imply that ry' =
Op (nl/ 3) . Indeed, using Weyl’s inequalities for singular values (see Horn and John-
son, 1985, p. 423), we have: a,1€/2 > /\,13/2 (AFF’A’/m) - )\1/2 (é1€7/m) . Further,
A1 (€1€7/m) is no larger than A; (é€'/m), which by Lemma 1 is bounded in probabil-
ity. On the contrary, \; <Aﬁ’ F'N/ m) is bounded below by \; <ﬁ’ F'/ m) Ak <A’ f\)
which, by Assumptions 1 and 4, is diverging to infinity in probability faster than n?/3.
Hence, ry ' = 2n/a; may diverge to infinity but slower than n'/3,

Let us denote R - €5 as €. Further, let us denote the matrix of the last n — k rows
of & as @. Then, we have: RXX'R' /nm = A/n+ (1/n) (€;€,/m), and therefore, by

Lemma 5:

(1/n)" |eaey/m]*
(ro — (1/n) lle2gy/m|))*

‘)\kﬂ- (RXX'R’/nm) —(1/n) N (6226/22/771)’ < 3rp (2)

Now, note that €9}, /m is a W (m — k, S 5, (wo) /m) matrix, where S 5, (wp) is ob-
tained from S¢ (wg) by eliminating its first & rows and columns. It is straightforward to
show that S, 5, (wo) satisfies an assumption analagous to Assumption 3 for Sy, (wo) (a
proof of this fact is available from the Detailed Appendix). Hence, by Lemma 1, there
exist sequences of center and scale constants fi,, ,, and Gy, , ~ m~%/3 (related to the
spectral distribution of S}, 55 (wo) in the same way as ju,, , and o, are related to the
spectral distribution of S (wy)) such that for any fixed r, 6,.", (A; (€228 /M) — iy, )
with ¢ = 1, ..., jointly converge to the Tracy-Widom law of type 2.
Further, since &,&,/m is distributed as W (m — k, 2r.5¢ (wp) /m) , the norm ||éxeh /m|

is bounded in probability by Lemma 1. Finally, the fact that r,* can diverge to infinity
in probability only slower than n'/3 and inequality (2) imply that ‘)\kﬂ- (f( X'/ m) —

i (228hy/m)| = 0, (n™%/3) . Therefore, since Gy, ~ m~*? and n/m remains in
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a compact subset of (0,00), the random variables ", ()\kﬂ- (f( X' /m) - [me) :
i = 1,...,7 have the same asymptotic joint distribution as &', (X; (€228hy/m) = firy.) -
1=1,..,r. QED
PROOF OF THEOREM 2:
The first part of Theorem 2 follows from Theorem 1. Therefore, we only need to
show that maxy,«i<k,.. (% -, +1) / (% 1Y +2) diverges in probability to infinity
when the true number of factors k satisfies kg < k < kpay. Clearly, it is enough to
show the divergence in probability of the ratio (fyk — Vi +1) / (’yk 1= +2) :
Vi — A (X)N(’/m)‘ =

0 (n~%?) uniformly in i. Further, using Weyl’s inequalities for singular values (see

Recall that v, = \; (X X’ / m) . As was shown in the proof of Theorem 1,

Horn and Johnson, 1985, p. 423), we have:
A2 (AFF’A/ /m> N2 (@8 m) < AV (XX' /m) < A2 (AFF’]\/ /m>+A}/2 (&8 /m)

for © = 1,...,n. First, take ¢« = k and consider the first inequality. By Lemma 1,
A1 (é€'/m) is bounded in probability, and, as was shown in the proof of Theorem 1,
Ak (AF F'N/ m) diverges to infinity in probability at least as fast as n??. Therefore,
Ak (X X’ / m) , and hence 7,, diverges to infinity in probability as n,m and T rise.
Now, take 7 > k. Then \; (AFF’A’/m) = 0. Therefore, \; (Xf(’/m) , and hence ,,
is bounded in probability because A\; (€€’ /m) is bounded in probability. Summing up,
the numerator of (v, — Yii1) / (Vep1 — Vese) diverges to infinity in probability and
the denominator stays bounded in probability. Hence, the ratio diverges to infinity

in probability. QED
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