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Abstract

In this paper we study high-dimensional time series that have the generalized

dynamic factor structure. We develop a test of the null that the number of

factors k equals k0 versus an alternative that k 6= k0 while 0 ≤ k ≤ kmax, where

kmax is an a priori maximum number of factors. Our test is based on the

statistic maxk0<k≤kmax
¡
γk − γk+1

¢
/
¡
γk+1 − γk+2

¢
, where γi is the i-th largest

eigenvalue of the smoothed periodogram estimate of the spectral density matrix

of data at a pre-specified frequency. We describe the asymptotic distribution

of the statistic, as the dimensionality and the number of observations rise, as a

function of the Tracy-Widom distribution and tabulate the critical values of the

test. As an application, we construct asymptotic 95% confidence sets for the

number of dynamic factors in macroeconomic time series and for the number

of dynamic factors driving excess stock returns.

Keywords: Generalized dynamic factor model, approximate factor model,

number of factors, hypothesis test, Tracy-Widom distribution.
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1 Introduction

High-dimensional factor models with correlated idiosyncratic terms have been exten-

sively used in recent research in finance and macroeconomics. In finance, they form

the basis of the Chamberlain-Rothschild (1983) extension of the Arbitrage Pricing

Theory. They have been used in portfolio performance evaluation (Connor and Ko-

rajczyk, 1986), in the analysis of the profitability of trading strategies (Yao, 2006),

in testing implications of the Arbitrage Pricing Theory (Zhang, 2006), and in the

analysis of bond risk premia (Ludvigson and Ng, 2005). In macroeconomics, such

models have been used in business cycle analysis, in forecasting, in monitoring eco-

nomic activity, in construction of inflation indexes and in monetary policy analysis

(see Breitung and Eickmeier (2005) for a survey of work in these areas). More recent

macroeconomic applications include the analysis of international risk sharing (Gian-

none and Lenza, 2004), the identification of global shocks (Forni et al. 2005), the

analysis of price dynamics (Boivin et al 2006), the instrumental variable estimation

(Bai and Ng, 2006) and the estimation of the dynamic stochastic general equilibrium

models (Boivin and Giannoni 2006).

An important question to be addressed by any study which uses factor analysis is

how many factors there are. The number of factors is needed in the implementation

of various estimation and forecasting procedures. Moreover, it often has interesting

economic interpretations and important theoretical consequences. In finance and

macroeconomics, it can be interpreted as the number of the sources of non-diversifiable

risk, and the number of the fundamental shocks driving the macroeconomic dynamics,

respectively. In consumer demand theory, the number of factors in budget share data

provides crucial information about the demand system (see Lewbel, 1991).1 For

1We thank an anonimous referee for pointing out this fact.
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example, the number of factors must be exactly two for aggregate demands to exhibit

the weak axiom of revealed preference.

Although there have been many studies which develop consistent estimators of

the number of factors (for recent work in this area see Bai and Ng (2002, 2005), Stock

and Watson (2005), Hallin and Liska (2005), Kapetanios (2004), Onatski (2005), and

Watson and Amengual (2006)), the corresponding estimates of the number of factors

driving stock returns and macroeconomic time series often considerably disagree. In

finance, the estimated number of factors ranges from two to more than ten. In

macroeconomics, there is an ongoing debate (see Stock and Watson, 2005) whether

the number of factors is only two or, perhaps, larger than seven. The purpose of this

paper is to develop formal statistical tests of various hypotheses about the number

of factors in large factor models. Such tests can be used, for example, to decide

between competing point estimates or to provide confidence intervals for the number

of factors.

We consider T observations X1, ...,XT of n-dimensional vectors that have the

generalized dynamic factor structure introduced by Forni et al. (2000). In particular,

Xt = Λ(L)Ft + et, where Λ(L) is an n × k matrix of possibly infinite polynomials

in the lag operator L, Ft is a k-dimensional vector of factors at time t, and et is an

n-dimensional vector of correlated stationary idiosyncratic terms. We develop the

following test of the null that there are k = k0 factors at a particular frequency of

interest ω0, say a business cycle frequency, vs. the alternative that k 6= k0 while

0 ≤ k ≤ kmax, where kmax is an a priori maximum number of factors.

• First, compute the finite Fourier transforms X̂j ≡
PT

t=1Xt exp {−iωjt} of
the data at frequencies ω1 ≡ 2πs1/T, .., ωm ≡ 2πsm/T approximating ω0,

where s1, ..., sm are integers such that sj ± sk 6= 0 (modT ) for j 6= k and
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maxj |ωj − ω0| ≤ 2πm/T .

• Next, compute two statistics: R ≡ maxk0<i≤kmax γi−γi+1
γi+1−γi+2 and R1 ≡

γk0−γk0+1
γk0+1−γk0+2

,

where γi is the i-th largest eigenvalue of the smoothed periodogram estimate

1
2πm

Pm
j=1 X̂jX̂

0
j of the spectral density of the data at frequency ω0. Here and

throughout the paper the “prime” over a complex-valued matrix denotes the

conjugate-complex transpose of the matrix.

• Finally, reject the null if and only if either of the following two inequalities hold:
R is above a critical value given in Table 1, or R1 is below a cutoff level c̄(n)

such that c̄(n)→∞ and c̄(n)n−2/3 → 0 as n→∞. For n ≤ 150, we recommend
using c̄(n) = 2 although this choice does not influence the asymptotic properties

of the test.

Table 1: Critical values of the test statistic R.
The test’s size kmax − k0

% 1 2 3 4 5 6 7 8
15 2.75 3.62 4.15 4.54 4.89 5.20 5.45 5.70
10 3.33 4.31 4.91 5.40 5.77 6.13 6.42 6.66
9 3.50 4.49 5.13 5.62 6.03 6.39 6.67 6.92
8 3.69 4.72 5.37 5.91 6.31 6.68 6.95 7.25
7 3.92 4.99 5.66 6.24 6.62 7.00 7.32 7.59
6 4.20 5.31 6.03 6.57 7.00 7.41 7.74 8.04
5 4.52 5.73 6.46 7.01 7.50 7.95 8.29 8.59
4 5.02 6.26 6.97 7.63 8.16 8.61 9.06 9.36
3 5.62 6.91 7.79 8.48 9.06 9.64 10.11 10.44
2 6.55 8.15 9.06 9.93 10.47 11.27 11.75 12.13
1 8.74 10.52 11.67 12.56 13.42 14.26 14.88 15.25

For example, the 5% critical value for statistic R of the test of k = k0 vs. k 6= k0

while 0 ≤ k ≤ kmax where k0 = 3 and kmax = 10 is in the 5th row (counting from the

bottom up) and 2nd column (counting from the right) of the table. It equals 8.29.
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We prove that as n,m and T go to infinity so that n/m remains in a compact subset

of (0,∞) and T grows sufficiently faster than n, statistics R and R1 behave as follows.
Under the null, statistic R is asymptotically pivotal whereas Pr (R1 < c̄(n)) → 0.

The asymptotic distribution of R is a function of the Tracy-Widom distribution (see

Tracy and Widom, 1994), which refers to the asymptotic joint distribution of a few

of the largest eigenvalues of a particular Hermitian random matrix as the dimen-

sionality of the matrix tends to infinity. Under the alternative, either R explodes,

or Pr (R1 < c̄(n)) → 1, or both. Our Monte Carlo analysis shows that the size and

power of the test remain very good even for T comparable to n as long as m remains

relatively large.

The main idea behind our test is as follows. Suppose there are k dynamic factors

inXt. Then there will be k static factors in X̂j. Consider the sample covariance matrix

of X̂j. Compute its eigenvalues and leave away the largest k.What is left over should

have the same asymptotic distribution as the largest eigenvalues in the zero-factor

case. Now, the zero-factor case corresponds to X̂j being asymptotically complex

normal, independent finite Fourier transforms of Xt (see Theorem 4.4.1 of Brillinger

1981). The asymptotic distribution of the scaled and centered largest eigenvalues

of the corresponding sample covariance matrix is known to be Tracy-Widom (see

El Karoui (2007) and Onatski (2007)). However, the common asymptotic centering

and scaling for the eigenvalues do depend on the unknown details of the correlation

between the entries of vector X̂j. Our statistic R gets rid of both the unknown

centering and scaling parameters which makes it asymptotically pivotal under the

null.

Further, under the null, R1 =
γk−γk+1
γk+1−γk+2 , and therefore it explodes because the

denominator of γk−γk+1
γk+1−γk+2 is bounded whereas the numerator explodes. Under the

alternative, when k > k0, R ≥ γk−γk+1
γk+1−γk+2 , which, as we have just explained, explodes.
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When k < k0, R1 converges in law to a non-degenerate distribution and, hence,

Pr (R1 < c̄(n))→ 1.

Our test procedure can be interpreted as formalizing the widely used empirical

method of the number of factors determination based on the visual inspection of the

scree plot introduced by Cattell (1966). The scree plot is a line that connects the

decreasing eigenvalues of the sample covariance matrix of the data plotted against

their respective order numbers. In practice, it often happens that the scree plot shows

a sharp break where the true number of factors ends and “debris” corresponding to

the idiosyncratic influences appears. Our R and R1 statistics effectively measure

the curvature of the frequency-domain scree plot at a would-be break point under

the alternative when k > k0 and under the null, respectively. When k > k0, the

curvature measured by R asymptotically goes to infinity. In contrast, under the null,

this curvature has a non-degenerate asymptotic distribution that does not depend on

the model’s parameters. Quite the opposite is true for the curvature measured by

R1. It explodes under the null, but converges to a non-degenerate distribution under

“the other part” of the alternative hypothesis: k < k0.

In an important special case when Λ(L) does not depend on L but factors are

not necessarily white noise, model (1) reduces to an approximate factor model of

Chamberlain and Rothschild (1983). If, in addition, the idiosyncratic terms et follow

an i.i.d. Gaussian process, we can test hypotheses about the number of factors using

a modified procedure which does not rely on the frequency domain transformation

of the data. First, we transform the original data Xt to the independent complex

Gaussian form X̃j by splitting the sample into two time periods of equal length,

multiplying the second half by the imaginary unit
√−1, and adding to the first half.

Then the second and the third steps of the above testing procedure follow without

any changes.
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The rest of the paper is organized as follows. Section 2 describes the model

and states our assumptions. In Section 3 we develop the test. Section 4 considers

the special case of the approximate factor model. Section 5 contains Monte Carlo

experiments and comparisons with procedures proposed in the previous literature.

Section 6 applies our test to macroeconomic and financial data. Section 7 concludes.

Technical proofs are contained in the Appendix.

2 The model and assumptions

Suppose that our data {Xit; i ≤ n, t ≤ T} come from a double sequence of random

variables {Xit, i ∈ N, t ∈ Z} which admits a version of the generalized dynamic k-

factor structure of Forni et al. (2000). Precisely, for any i and t :

Xit = Λi1(L)F1t + ...+ Λik(L)Fkt + eit, (1)

where Λij(L) ≡
P∞

u=0Λ
(u)
ij Lu, and factor loadings Λ(u)ij , factors Fjt, and idiosyncratic

terms eit satisfy Assumptions 1, 2, 3, and 4 stated below.

To make the assumptions more compact, let us introduce the following notations.

Let Xt(n) ≡ (X1t, ...,Xnt)
0 denote the data vector at time t; et (n) ≡ (e1t, ..., ent)

0

denote its idiosyncratic part; χt(n) ≡ Xt(n)− et(n) denote its systematic part; Se
n(ω)

and Sχ
n(ω) denote the spectral density matrices of et(n) and χt(n), respectively; Ft ≡

(F1t, ..., Fkt)
0 denote the vector of factors at time t; Λ(u)(n) denote the n× k matrix

of factor loadings Λ(u)ij with i = 1, ..., n and j = 1, ..., k; Λ(n, L) ≡ P∞
u=0Λ

(u)(n)Lu

denote the n× k matrix of the corresponding dynamic loadings; finally, let X̂s(n) ≡PT
t=1Xt(n)e

−iωst/
√
T , F̂s ≡

PT
t=1 Fte

−iωst/
√
T and ês(n) ≡

PT
t=1 et(n)e

−iωst/
√
T

denote the finite Fourier transforms of the processes Xt(n), Ft and et(n), respectively,
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at the frequencies ωs, s = 1, ...,m, defined in the Introduction.

Assumption 1: i) The factors Ft follow an orthonormal white noise process.

ii) For each n, vector et(n) is independent from Fs at all lags and leads and follows

a stationary zero-mean process.

This assumption is standard. It is somewhat stronger than Assumption 1 in Forni

et al. (2000) which requires only orthogonality of et(n) and Fs.

Assumption 2: i) The factor loadings are such2 that
P∞

u=0

°°Λ(u)(n)°° (1 + u) =

O
¡
n1/2

¢
. ii) The idiosyncratic terms eit are jointly Gaussian with autocovariances

cij (u) ≡ Eeitej,t−u satisfying
P∞

u=0 (1 + u) |cij(u)| <∞ uniformly in i,j ∈ N.

To obtain results without referring to Gaussianity of eit, we will need a stronger

version of Assumption 2ii:

Assumption 2: iia) For each n, et(n) follows a strictly stationary process with slowly

growing cumulants so that Cl ≡ supj1,...,jl
P

u1,...,ul−1

¯̄
cum

¡
ej1t1+u, ej2t2+u, ..., ejl−1tl−1+u,

ejlu)| <∞ for l = 0, 1, 2, ... and
P∞

k=0Ck+3z
k/k! <∞ for z in a neighborhood of 0.

Assumptions similar to Assumption 2iia) have been often used to obtain strong

convergence results for the periodogram based estimates of spectral density matrices

(see Brillinger (1981), Chapter XXX). Assumption 2i guarantees that Λ(n, e−iωs) is

well approximated by Λ(n, e−iω0) for T sufficiently larger than n and m. We need

Assumption 2ii (or 2iia) to show that, for T sufficiently larger than n and m, the

real and imaginary parts of vector ês(n) are well approximated by Gaussian vectors

which are independent across s = 1, ...,m and have variance-covariance matrices

proportional to Se
n (ω0) .

Our next assumption concerns the asymptotic behavior of Se
n(ω0). Let l1n ≥ ... ≥

2For any matrix or vector A, kAk denotes the standard Euclidean norm of A, that is kAk2 equals
the maximum eigenvalue of A0A.
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lnn be the eigenvalues of Se
n(ω0). Denote by Hn the spectral distribution of Se

n(ω0),

that isHn(λ) = 1− 1
n
# {i ≤ n : lin > λ} , where# {·} denotes the number of elements

in the indicated set. Further, let cm,n be the unique root in
£
0, l−11n

¢
of the equationR

(λcm,n/ (1− λcm,n))
2 dHn(λ) = m/n.

Assumption 3: As n and m tend to infinity so that n/m remains in a compact

subset of (0,∞), lim sup l1n <∞, lim inf lnn > 0, and lim sup l1ncm,n < 1.

The inequalities of Assumption 3 have the following meaning. The inequality

lim sup l1n < ∞ guarantees that the cumulative effects of the idiosyncratic causes of

variation at frequency ω0 on the n observed cross-sectional units remain bounded as

n→∞. It relaxes Assumption 3 of Forni et al. (2000) that the largest eigenvalue of

Se
n(ω) is uniformly bounded over ω ∈ [−π, π] which is a crucial identification require-
ment for generalized dynamic factor models. Our focus on a single frequency allows

us not to worry about the identification at frequences other than ω0. In particular,

we allow the number of factors at other frequences to be different from k, a situation

which may occur, for example, if data are preprocessed by a band-pass filter.

The inequality lim inf lnn > 0 requires that the distribution of the ω0-frequency

component of the stationary process et(n) does not become degenerate as n → ∞.

The inequality lim sup l1ncm,n < 1 is crucial for Onatski (2007) which we rely on in our

further analysis. For this inequality to hold, it is sufficient that Hn weakly converges

to a distribution H∞ with density bounded away from zero in the vicinity of the

upper boundary of support lim sup l1n. Hence, the inequality essentially requires that

relatively large eigenvalues of Se
n(ω0) do not scatter too much as n goes to infinity.

Intuitively, such a requirement rules out situations when a few weighted averages of

the idiosyncratic terms cause unusually large variation at frequency ω0 so that they

can be misinterpreted as common dynamic factors.
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Assumption 4: The k-th largest eigenvalue of Sχ
n (ω0) diverges to infinity faster

than n2/3.

Note that k-th largest eigenvalue of Sχ
n (ω0) can be interpreted as measuring the

cumulative explanatory power of “the least influential linear combination of factors”

on the observed cross-sectional units at frequency ω0. Hence, Assumption 4 insures

that the factor explanatory power at frequency ω0 rises sufficiently fast as n goes

to infinity. It relaxes a standard requirement that factors’ cumulative effects on the

cross-sectional units rises linearly in n (see, for example, assumption A4 in Hallin and

Liska, 2007).

Allowing for a slower than linear in n cumulative factor effect is important be-

cause it better corresponds to the current practice of using larger and larger macro-

economic data sets created by going to higher and higher levels of disaggregation.

For example, suppose one disaggregates a normalized macroeconomic indicator x =

(y + z) /
p
V ar (y + z) into two indicators: y = F + ξ and z = F +η, where F, ξ, and

η are independent and have variance 1/2. It is not difficult to see that x = 2F/
√
3+ζ,

where ζ is independent from F. Hence, the factor F explains 2/3 of the variation in

x, but its cumulative explanatory power does not double increasing only to 1 for the

disaggregated series y and z.

3 The test

Before we explain the workings of our test, let us recall the notions of the complex

Gaussian and complex Wishart distributions (see, for example, Brillinger (1981),

p. 89). We say that an n-dimensional vector Y has a complex Gaussian dis-

tribution NC
n (β,Σ) if and only if the 2n-dimensional vector Z ≡ (ReY 0, ImY 0)0

which stacks the real and imaginary parts of Y has a usual Gaussian distribution
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N2n


 Reβ

Imβ

 , 1
2

 ReΣ − ImΣ

ImΣ ReΣ


 . Further, if Y1, ..., Ym are independent n-

dimensional NC
n (0,Σ) variates, then we say that the n × n matrix-valued random

variable
Pm

j=1 YjY
0
j has a complex Wishart distribution WC

n (m,Σ) of dimension n

and degrees of freedom m.

Our test is based on the following three observations. First, Assumption 2i implies

that the vectors of the finite Fourier transform of our data admit an approximate

factor structure in the sense of Chamberlain and Rothschild (1983). That is, X̂s(n) =

Λ(n, e−iω0)F̂s+ ês(n)+Rs(n), where, as Lemma 4 in the Appendix shows, Rs(n) with

s = 1, ...,m can be made uniformly arbitrarily small for T which is larger enough

than n and m.

Second, as is well known (see, for example, Theorem 4.4.1 of Brillinger, 2001), for

fixed n andm, Assumption 2ii (or 2iia) implies that ê1, ..., êm converge in distribution

to m independent NC
n (0, 2πS

e
n (ω0)) vectors and hence, the smoothed periodogram

estimate Ŝe
n (ω0) ≡

Pm
s=1 êsê

0
s/2πm of Se

n (ω0) converges in distribution to a complex

Wishart WC
n (m,Se

n (ω0) /m) random matrix. As Lemma 5 in the Appendix shows,

the complex Wishart approximation of Ŝe
n (ω0) remains good even if n and m are not

fixed as long as T grows sufficiently faster than n and m.

Finally, let γ1 ≥ ... ≥ γn be the eigenvalues of
Pm

s=1 X̂sX̂
0
s/2πm. Then, since, as

have been observed above, X̂s have an approximate k-factor structure asymptotically,

the eigenvalues γ1, ..., γk must explode as n,m→∞ sufficiently slower than T while

the rest of the eigenvalues must approach the eigenvalues of Ŝe
n (ω0) , whose distri-

bution becomes arbitrarily close to the distribution of the eigenvalues of a complex

Wishart WC
n (m,Se

n (ω0) /m) matrix.

The last observation implies that as n,m → ∞ sufficiently slower than T, our

statistic R ≡ maxk0<i≤kmax γi−γi+1
γi+1−γi+2 explodes under the alternative of k > k0 but be-
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comes well approximated in distribution by max0<i≤kmax−k0
λi−λi+1
λi+1−λi+2 under the null,

where λi is the i-th largest eigenvalue of a complex Wishart WC
n

¡
m, 1

m
Se
n (ω0)

¢
ma-

trix. On the contrary, R1 ≡ γk0−γk0+1
γk0+1−γk0+2

explodes under the null but becomes well

approximated in distribution by λk0−k−λk0−k+1
λk0−k+1−λk0−k+2

under the alternative k < k0.

The marginal distribution of the largest eigenvalue of WC
n (m,Σ) as both n and

m tend to infinity so that n/m remains in a compact subset of (0, 1) is studied by El

Karoui (2007). Onatski (2007) extends his results to the case of the joint distribution

of a few of the largest eigenvalues of WC
n (m,Σ) as both n and m tend to infinity so

that n/m remains in a compact subset of (0,∞) . We have:
Lemma 1: (Onatski, 2007) Let Assumption 3 hold. Define

µm,n =
1

cm,n

µ
1 +

n

m

Z
λcm,n

1− λcm,n
dHn(λ)

¶
, and

σm,n =
1

m2/3cm,n

Ã
1 +

n

m

Z µ
λcm,n

1− λcm,n

¶3
dHn(λ)

!1/3
.

Then, for any positive integer r, as m and n tend to infinity so that n/m remains in a

compact subset of (0,∞), the joint distribution of the first r centered and scaled eigen-
values σ−1m,n

¡
λ1 − µm,n

¢
, ..., σ−1m,n

¡
λr − µm,n

¢
of matrix WC

n (m,Se
n (ω0) /m) weakly con-

verges to the r-dimensional joint Tracy-Widom distribution of type 2.

The Tracy-Widom law of type 2 (denoted as TW2 in what follows) refers to a dis-

tribution with a cumulative distribution function F (x) ≡ exp ¡− R∞
x
(x− s)q2(s)ds

¢
,

where q(s) is the solution of an ordinary differential equation q00(s) = sq(s) + 2q3(s),

which is asymptotically equivalent to the Airy function Ai(s) as s → ∞.3 It plays

an important role in large random matrix theory (see Mehta, 2004) because it is the

asymptotic distribution of the scaled and normalized largest eigenvalue of a matrix

3For the definition and properties of the Airy function see Olver (1974).
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from the so called Gaussian Unitary Ensemble (GUE) as the size of the matrix tends

to infinity.

The GUE is the collection of all n × n Hermitian matrices with i.i.d. complex

Gaussian NC
1 (0, 1/n) lower triangular entries and (independent from them) i.i.d. real

Gaussian N1 (0, 1/n) diagonal entries. Let d1 ≥ ... ≥ dn be eigenvalues of a matrix

fromGUE. Define d̃i = n2/3 (di − 2) . Tracy andWidom (1994) studied the asymptotic
distribution of a few of the largest eigenvalues of matrices from GUE when n→∞.

They described the asymptotic marginal distributions of d̃1, ..., d̃r where r is any fixed

positive integer, in terms of a solution of a completely integrable system of partial

differential equations. If we are interested in the asymptotic distribution of the largest

eigenvalue only, the system simplifies to the single ordinary differential equation given

above. The joint asymptotic distribution of d̃1, ..., d̃r is called a joint TW2 distribution.

Lemma 1 implies that as long as the distribution of γk+1, ..., γk+r is well approx-

imated by the distribution of λ1, ..., λr, we can test our null hypothesis k = k0 by

checking whether the scaled and centered eigenvalues γk0+1, ..., γk0+r come from the

joint TW2 distribution and, simultaneously, whether γk0 is too large for γk0, γk0+1 and

γk0+2 to be a part of a Tracy-Widom-distributed vector. Our test statistics R and R1

are designed so as to get rid of the unknown scale and center parameters σm,n and

µm,n which makes such a testing strategy feasible.

Theorem 1: Let Assumptions 1,2i,3 and 4 hold, and n,m and T go to infinity

so that n/m remain in a compact subset of (0,∞) . Then if either Assumption 2ii
holds and m = o

¡
T 3/8

¢
, or Assumption 2iia holds and m = o

¡
T 3/25

¢
, there exist

sequences of scale and center parameters σ̃m,n˜m
−2/3 and µ̃m,n such that for any pos-

itive integer r, the joint distribution of σ̃−1m,n

¡
γk0+1 − µ̃m,n

¢
, ..., σ̃−1m,n

¡
γk0+r − µ̃m,n

¢
weakly converges to the r-dimensional joint TW2 distribution.
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The proof of the theorem is given in the Appendix. As the Monte Carlo analysis

of the next section suggests, the rates required by Theorem 1 are sufficient but not

necessary for the theorem to hold. Our test has good finite sample power and size

properties even form comparable to T.A reason for this is that the Tracy-Widom limit

appears to be universal for a class of random matrices much wider than the class of

complexWishart matrices. First important universality results were recently obtained

by Soshnikov (2002). Further development of such results remains a challenge for

mathematicians.

Our next theorem formally states the properties of our test.

Theorem 2: Under conditions of Theorem 1, if k = k0, statistic R converges

in distribution to max0<i≤kmax−k0
λi−λi+1
λi+1−λi+2 , where λ1, ..., λj are random variables with

joint TW2 distribution, and statistic R1 diverges to infinity in probability faster than

n2/3. In contrast, when k 6= k0 and k0 < k ≤ kmax, R diverges to infinity in probability,

and when k 6= k0 and k < k0, R1 converges in distribution to
λk0−k−λk0−k+1
λk0−k+1−λk0−k+2

. Such a

behavior of R and R1 implies that our test of the null of k = k0 vs. the alternative

of k 6= k0 while 0 ≤ k ≤ kmax is consistent and has asymptotically correct size.

A proof of the theorem is in the Appendix.

4 A test for the number of approximate factors

In an important special case when Λ(L) does not depend on L but factors are not

necessarily white noise, model (1) reduces to an approximate factor model of Cham-

berlain and Rothschild (1983). As is well known, a dynamic factor model with uni-

formly finite number of lags in Λij(L) can always be reduced to an approximate factor

model by including the lags of dynamic factors into the set of approximate factors.

For the special case when Λ(L) does not depend on L but factors are not necessarily
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white noise, the Introduction describes an alternative testing procedure (for the null

of k = k0 approximate as opposed to dynamic factors) which is not related to the

frequency domain transformation of the original data. It can be shown that this test

procedure is valid if the following modifications of Assumptions 1 through 4 hold:

Assumption 1m: i) The factors Ft follow a fourth-order zero-mean stationary

process with non-degenerate variance, autocovariances Γij(u) ≡ EFitFj,t+u decaying to

zero as u tends to infinity, and 4-th order cumulants cum (Fit1, Fjt2, Frt3 , Fl0) decaying

to zero as t1, t2, and t3 tend to infinity.

ii) For each n, vector et(n) is independent from Fs at all lags and leads and follows

a stationary Gaussian zero-mean process.

Assumption 2m: i) Λ(u)ij = 0 for any u 6= 0, ii) cij (u) ≡ Eeitej,t−u are zero for any

u 6= 0.
Assumption 3m: As n, and T tend to infinity so that n/T remains in a com-

pact subset of (0,∞), lim sup l1n < ∞, lim inf lnn > 0, and lim sup l1ncT/2,n < 1,

where l1n, ..., lnn refer to the eigenvalues of Eet(n)e
0
t(n) and cT/2,n is defined as in

Assumption 3 with Hn replaced by the spectral distribution of Eet(n)e
0
t(n).

Assumption 4m: The k-th largest eigenvalue of Λ(0)(n)Λ(0)(n)0 diverges to infinity

faster than n2/3

Define X̃j(n) ≡ Xj(n)+
√−1Xj+T/2 (n) and let γ̃1 ≥ γ̃2 ≥ ... be the eigenvalues of

2
T

PT/2
j=1 X̃jX̃

0
j. Then our statistics R̃ and R̃1 for the approximate factor test procedure

are defined in the same way as statistics R and R1 but with γi replaced by γ̃i. We

have the following theorem.

Theorem 3: Under Assumptions 1m through 4m, statistics R̃ and R̃1 behave in

the same way as statistics R and R1 in Theorem 2. Our test of the null of k = k0

approximate factors vs. the alternative of k 6= k0 while 0 ≤ k ≤ kmax is consistent

15



and has asymptotically correct size.

A proof of the theorem is similar to the proof of Theorem 2 and is available from

the author upon a request. In the next section we explore the finite sample properties

of our test.

5 A Monte Carlo Study

We approximate the joint 10-dimensional Tracy-Widom distribution of type 2 by the

distribution of 10 largest eigenvalues of a 1000× 1000 matrix from the Gaussian Uni-
tary Ensemble. We obtain an approximation for the latter distribution by simulating

30,000 independent matrices from the ensemble and numerically computing their 10

first eigenvalues. The left panel of Figure 1 shows the empirical distribution function

of the largest eigenvalue centered by 2 and scaled by n2/3 = 10002/3. It approximates

the univariate Tracy-Widom distribution of type 2. Tracy and Widom (2002) report

that the mean of their univariate distribution4 is about -1.77, the standard deviation

is close to 0.90, the skewness is slightly larger than 0.22, and the kurtosis is around

0.09. These characteristics are consistent with the left panel of Figure 1.

The right panel of Figure 1 shows the empirical distribution function of the ratio

(x1 − x2) / (x2 − x3) , where xi denotes the i-th largest eigenvalue of a matrix from

GUE. It approximates the asymptotic cumulative distribution function of our test

statistic
¡
γk0+1 − γk0+2

¢
/
¡
γk0+2 − γk0+3

¢
for the test of the null of k0 factors against

an alternative that the number of factors is k0 + 1. The graph reveals that it is not

uncommon to see large values of the statistic under the null. This observation suggests

that ad hoc methods of the determination of the number of factors based on visual
4They denote the distribution as F2 (type 2) to distinguish it from the (type 1 and type 4)

distributions F1 and F4 that correspond to the limiting distributions of the largest eigenvalues of
matrices from the so called Gaussian Orthogonal and Simplectic Ensenbles, respectively.
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Figure 1: Left panel: CDF of the 1-dimensional Tracy-Widom distribution of type
2. Right panel: CDF of the statistic (x1 − x2) / (x2 − x3) , where x1, x2, and x3 have
joint 3-dimensional Tracy-Widom distribution of type 2.

inspection of the eigenvalues of the sample covariance matrix, and their separation

into a group of “large” and a group of “small” eigenvalues may be misleading. It may

happen, for example, that even though data have no factors, the first eigenvalue of

the sample covariance matrix is substantially larger than the second one, while the

second eigenvalue is not much different from the third one.

According to Theorems 2 and 3, the approximate asymptotic critical values of our

test of k = k0 versus k 6= k0 while 0 ≤ k ≤ kmax equal the corresponding percentiles of

the empirical distribution of max0<i≤kmax−k0 (xi − xi+1) / (xi+1 − xi+2) . Table 1 given

in the Introduction contains such percentiles for kmax − k0 = 1, 2, ..., 8.

5.1 Size-power properties of the dynamic factor test

To study the finite-sample properties of our dynamic factor test, we generate data

from model (1) as follows. The k-dimensional factor vectors Ft are i.i.d. N (0, Ik) .

The idiosyncratic components eit follow AR(1) processes both cross-sectionally and
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over time: eit = ρieit−1 + vit, where ρi are i.i.d. U [−.8, .8] , vit = 0.2vi−1t + uit and

uit are i.i.d. N (0, 1). The filters Λij(L) are randomly generated (independently from

Ft’s and eit’s) by one of the two devices proposed by Hallin and Liska (2007):

• MA loadings: Λij(L) = Λ
(0)
ij +Λ

(1)
ij L+Λ

(2)
ij L

2 with iid and mutually independent

coefficients
³
Λ
(0)
ij ,Λ

(1)
ij ,Λ

(2)
ij

´
∼ N (0, I3) ,

• AR loadings: Λij(L) = b
(0)
ij

³
1− b

(1)
ij L

´−1 ³
1− b

(2)
ij L

´−1
, with iid and mutually

independent coefficients b(0)ij ∼ N (0, 1) , b
(1)
ij ∼ U [.8, .9] , and b

(2)
ij ∼ U [.5, .6].

We normalize the systematic components
Pk

j=1Λij(L)Fjt and the idiosyncratic com-

ponents eit so that their variances equal 1/2.

Solid lines on Figure 2 show the p-value discrepancy plots and size-power curves

for our dynamic factor test. On the horizontal axis of a p-value discrepancy plot, we

have the nominal size of a test, on the vertical axis, we have the difference between

the finite-sample size and the nominal size. A size-power curve is a plot of the

power against the true size of a test. We consider the test of the null of k = 2

factors at frequency zero against the alternative of k 6= 2 while k ≤ 8. The graphs
are based on 10,000 replications of data with (n, T ) = (100, 120). The frequencies

ωj “approximating” the zero frequency are 2π/T, ..., 2π40/T so that m = 40. The

reported power of the test corresponds to the true number of factors equal to 3.

For AR loadings, the finite-sample size of our test is somewhat larger than the

nominal size. However, the discrepancy is small. For MA loadings, the size properties

of the test are much worse. One reason for the better performance of our tests in the

former case is that, in contrast to the MA loadings, the AR loadings are designed so

that their Fourier transforms are relatively large at low frequences. Therefore, our

choice of the zero frequency as the frequency of interest makes the tests’ task easier.

The power of the test in both AR and MA cases is very good.
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Figure 2: Size-power properties of the test when (n,m, T ) = (100, 40, 120) . Dash line:
test based on the weighted periodogram.

We tried several modifications of the benchmark test. Dashed lines on Figure

2 show the size-power performance of the best modification found. The modifica-

tion is based on the weighted periodogram estimate of the spectral density matrix

1
πm

Pm
j=1

¡
1− j−1

m

¢
X̂jX̂

0
j as opposed to the unweighted estimate

1
2πm

Pm
j=1 X̂jX̂

0
j used

by the benchmark test. As is well known (see, for example, Section 5.5 of Brillinger,

2001), weighting reduces the bias of the periodogram estimate. This fact may explain

better size properties of the weighted periodogram test relative to the unweighted

periodogram test. Since the size properties of the weighted test are considerably bet-

ter than those of the unweighted test and, at the same time, the power properties of

the two versions of the test are not very different, we recommend to use in empirical

applications the weighted test .
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To check the robustness of our size-power analysis with respect to the non-Gaussianity

of the simulated data, we repeated our Monte Carlo experiments altering the distri-

bution of the idisoycratic terms’ innovations uit. We consider two alternative dis-

tributions: the centered chi-squared distribution χ2(1) − 1 and the Student’s t(5)
distribution. The former distribution is an example of a skewed distribution, and

the latter one is an example of a distribution with relatively fat tails. For both the

chi-squared and Student’s t(5) cases the size-power properties of our tests are similar

to the Gaussian case both quantitatively and qualitatively.

[Choice of the cutoff for R1 statistics and choice of m here:]

5.2 Size-power properties of the approximate factor test

To study the finite-sample properties of our approximate factor test we generate data

from model (1) with Λij(L) = Λ
(0)
ij as follows. The k-dimensional factor vectors Ft

follow VAR(1) process Ft = AFt−1 + εt, where A is a diagonal matrix with i.i.d. di-

agonal elements Aii ∼ U [0, 1] and εt ∼ N (0, Ik −A2) . The idiosyncratic components

eit are independent from Fs’s and follow an AR(1) process cross-sectionally. That is,

eit = 0.2ei−1t + vit, where vit are i.i.d N (0, 1) . The factor loadings Λ(0)ij are N(0, 1)

random variables independent from Fs’s and ers’s. We normalize the systematic com-

Table 2: Influence of the choice of the cutoff for R1 on the test’s size-power properties
cutoff 1.27 1.39 1.53 1.68 1.86 2.09 2.37 2.75 3.33 4.52
Pr(TW2 > cutoff) .5 .55 .6 .65 .7 .75 .8 .85 .9 .95
AR, size 7.29 7.29 7.29 7.29 7.29 7.29 7.29 7.30 7.31 7.41
MA, size 7.96 7.98 7.98 8.04 8.09 8.25 8.59 9.50 11.4 19.0
AR, power, k = k0 + 1 76.1 77.1 78.2 79.4 80.9 83.1 85.2 88.0 91.1 95.3
MA, power, k = k0 + 1 75.6 79.8 83.5 86.9 89.8 92.3 94.8 96.7 98.3 99.4
AR, power, k = k0 − 1 41.3 46.3 51.7 57.0 62.5 68.1 73.7 80.2 86.1 92.7
MA, power, k = k0 − 1 38.6 43.4 47.9 52.8 57.7 63.8 69.8 76.7 83.9 91.4
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ponents
Pk

j=1Λ
(0)
ij Fjt and the idiosyncratic components eit so that their variances

equal 1/2. To create complex-valued data sets we add the first T/2 simulations of

data and
√−1 times the last T/2 simulations of data.

Figure 4 explores the size-power properties of the test of 2 vs. 3 factors for

different combinations of n and T. The left panel shows the equal-size-contours for

the test with nominal size 0.05. The right panel shows the equal-power-contours for

the test with true size 0.05. The solid lines correspond to the Monte Carlo setting

described in the previous paragraph. The dash, dash-dot and dot lines correspond

to the χ2(1)− 1-distributed innovations vit, t(5)-distributed innovations vit, and the
two-way correlated idiosyncratic terms generated as in the Monte Carlo setup of

Section 4.1, respectively. To facilitate reading, we report only 0.06-size-contours and

0.8-power-contours for the alternative Monte Carlo settings.

5.3 Comparison to other tests

Our next task is to compare the finite sample properties of our test and the tests

proposed by Connor and Korajzcyk (1993), Kapetanios (2005), and Jacobs and Otter

(2005). In contrast to our test, these tests require the dynamic factor loadings Λij(L)

be lag polynomials of finite order r. Furthermore, without the knowledge of r, they

would be testing joint hypotheses about the number of dynamic factors k and the

lag length r. In the comparisons below, we, therefore, will assume that r is finite and

known. Then, the Connor-Korajzcyk, Kapetanios, and Jacobs-Otter procedures can

be used to test the null of k = k0 against the alternative k0 < k which is more narrow

than the alternative k 6= k0 handled by our test.

Let us briefly describe the alternative tests. Connor and Korajczyk (1993) test the

null of p = p0 approximate factors versus the alternative that p = p0+1. Their test uses
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Figure 3: Upper pannel: benchmark. Lower panel: solid line- two-way correlation;
dash line- t(5) innovations; dot line: χ2(1)− 1 innovations.

the fixed T, large n asymptotics and is based on the idea that the explanatory power of

an extra p0+1-th factor added to the model should be small under the null and large

under the alternative. We can use the Connor-Korajczyk procedure to test the null of

k = k0 dynamic factors by transforming the dynamic factor model, via reinterpreting

lags of dynamic factors as separate approximate factors, into an approximate factor

model with k (1 + r) factors and testing the null of k (1 + r) = k0 (1 + r) approximate

factors.

Kapetanios (2005) tests the null of p = p0 approximate factors vs. the alterna-

tive that p0 < p ≤ pmax. He employs a subsampling method to approximate the

asymptotic distribution of a test statistic λk0+1− λkmax+1, where λi is the i-th largest

eigenvalue of the sample covariance matrix of the data 1
T

PT
t=1XtX

0
t. He makes high-

level assumptions about the existence of a scaling of λk0+1− λkmax+1 which converges

in distribution to some unknown limit law, about properties of such a law, and about
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the functional form of the scaling constant. Kapetanios’ test can be adapted to

testing hypotheses about the number of dynamic factors in the same way as the

Connor-Korajczyk test.

Jacobs and Otter (2005) propose a procedure to determine the number of dynamic

factors based on formal statistical tests of hypotheses about singular values of certain

combination of the sample auto-covariance matrices of the data. These tests can be

used to test the null of k = k0 dynamic factors versus the alternative of k > k0. Jacobs

and Otter’s framework relies on the classical large T, small n asymptotics.

To compare the size-power properties of the tests we use the MA-loadings Monte

Carlo setting of Section 5.1 with lag length r = 2. Table 2 reports the actual size of

the nominal 5% size tests and the power of the actual 5%-size tests for the hypotheses

of 0 vs. 1 dynamic factor and 2 vs. 3 dynamic factors.

Columns “O1” correspond to our dynamic factor test with ω0 = 0 and m equal to

the integer part of min
³
4
√
T , T/2

´
. Columns “O2” correspond to our static factor

test of the hypotheses of 0 vs. 1-3 approximate factors, and 6 vs. 0-5 or 7-9 approxi-

mate factors. Columns “K” correspond to Kapetanios’ test of 0 vs. 1-3 and 6 vs. 7-9

approximate factors. Columns denoted “CK” correspond to the Connor-Korajczyk

test of 0 vs. 1 and 6 vs. 7 approximate factors. We do not report results for the

Jacobs-Otter procedure because it always rejected the nulls in all of our Monte Carlo

experiments.[Note here] The empty spaces in Table 2 correspond to situations when

the minimal size detectable by our Monte Carlo experiment exceeded 5% so that the

power of the actual 5% size test could not be evaluated.

Overall, our tests are much better sized than the alternative tests. The size of

our tests become particularly good when min (n, T ) ≥ 100. The alternative tests

have very large size distortions which do not disappear when the sample size grows.

Our approximate factor test and Kapetanios’ test are the most powerful of the four
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Table 3: Size-power properties of the alternative tests
O1 O2 K CK

n T k0=0 k0=2 k0=0 k0=2 k0=0 k0=2 k0=0 k0=2
Size of the nominal 5%-size test

50 100 8.9 14.8 6.7 15.6 32.3 24.2 25.8 22.9
100 50 8.4 41.4 6.6 34.2 41.5 36.3 27.5 23.0
100 100 7.5 11.4 6.4 6.8 30.9 31.6 27.0 23.9
100 200 7.3 7.3 5.8 5.8 23.6 22.5 26.3 25.0
200 100 6.6 11.4 6.5 5.8 30.5 33.2 27.3 25.0
200 200 6.5 8.4 6.0 5.4 24.5 27.7 27.4 25.7

Power of the actual 5%-size test
50 100 59.4 97.9 99.6 80.6 15.6
100 50 13.8 89.9 46.0 10.7
100 100 57.6 86.3 99.9 86.8 85.2 27.6
100 200 100 98.6 100 98.6 100 100 98.8 59.4
200 100 58.2 90.3 100 91.0 86.4 38.2
200 200 100 99.8 100 99.9 100 99.1 77.0

compared tests. The Connor-Korajczyk test is the least powerful for the test of 2 vs.

3 dynamic factors. Although our dynamic factor test is disadvantaged relative to the

other tests because it does not use the additional information that r = 2, its power

is comparable with the power of the alternative procedures, especially for the 2 vs. 3

dynamic factors case.

5.4 Using the tests to determine the number of factors

Using our test versus Hallin-Liska and Bai and Ng criteria.

6 Application

We apply our test to construct 95% confidence sets for the number of dynamic factors

in macroeconomic and in financial data.
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6.1 Macroeconomic factors

The literature is full of controversy about the number of dynamic factors driving

macroeconomic data. Stock and Watson (2005) estimate seven dynamic factors in

their data set. Giannone et al. (2005) find evidence supporting existence of only two

dynamic factors. Two factors is also a preferred number in the older literature that

uses factor models to describe the US economy.

The macroeconomic dataset we use is the same as in Stock and Watson (2002).

It includes 215 monthly time series for the United States from 1959:1 to 1998:12

(T = 480). The variables in the dataset were transformed, standardized and screened

for outliers as described in Stock and Watson (2002). Our analysis is based on the

data subset of the transformed and screened 148 variables available for the full sample

period (n = 148).

I maintain the assumption that the true number of dynamic factors is larger than

zero but no larger than seven. My choice of one and seven as the lower and upper

bounds is consistent with the conclusions of the majority of the previous studies. If a

5%-asymptotic-size test of the null of k = k0 factors, versus the alternative of k 6= k0,

does not reject the null, I will include k0 in the asymptotic 95% confidence set for the

number of factors.

I setm = 40 and ω1 = 2π/480, ..., ω40 = 2π40/480 so that the range of the low and

business cycle frequences is covered. I consider two versions of my test: one based

on the weighted periodogram 1
πm

Pm
j=1

¡
1− j−1

m

¢
X̂jX̂

0
j and the other based on the

weighted periodogram 1
πm

Pm
j=1

j
m
X̂jX̂

0
j. The first choice of weights emphasizes low

freqeunces, and ω0 = 0 in particular. The second choice emphasizes ces close to the

business cycle frequences, and ω0 = 2π/12 in particular. I set the cutoff level for

statistic R1 at 2.
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Table 4 contains the first ten eigenvalues γ1, ..., γ10 of the two weighted peri-

odograms normalized so that γ1 = 100 and the corresponding ratios
¡
γi − γi+1

¢
/
¡
γi+1 − γi+2

¢
,

i = 1, ..., 8. For the test emphasizing low frequencies, I reject all the tested nulls but

the nulls of 1, 2 and 7 dynamic factors, which means that the 95% confidence set for

the number of pervasive dynamic factors at low frequences is {1, 2, 7}. For the test
emphasizing business-cycle frequencess, I reject all the tested nulls but the nulls of 1, 2

and 6 dynamic factor, which implies that the 95% confidence set for the number of

pervasive dynamic factors at business-cycle frequences is {1, 2, 6} . The two 95% confi-
dence sets would have changed5 into {2} for low frequences and {1} for business-cycle
frequences had we used the 95% quantile of the distribution of (λ1 − λ2)/(λ2 − λ3),

where λ1, λ2, λ3 are joitly TW2, as the cutoff level for R1.

6.2 Financial factors

Similarly to the situation with the macroeocnomic factors, the previous studies of

factors driving excess stock returns often do not agree and report from 1 to 6 such

factors (see Onatski (2007) for a brief review of available results). The focus of

the majority of these studies is on the number of the approximate factors. Therefore,

below I construct 95% confidence sets both for the number of dynamic and the number

of approximate factors driving the excess returns.

5Of course, although the asymptotic coverage rate of a confidence interval based on our test does
not depend on the choice of the cutoff level, the finite sample coverage rate may change.

Table 4: Eigenvalue statistics for the Stock-Watson data.
ω0 i 1 2 3 4 5 6 7 8 9 10
0 γi 100 33.3 13.9 11.4 8.88 5.31 3.45 2.43 2.00 1.61
0 γi−γi+1

γi+1−γi+2 3.44 7.78 1.00 0.70 1.91 1.82 2.39 1.08

2π/12 γi 100 17.4 11.0 9.09 7.88 6.92 5.49 4.82 3.86 3.54
2π/12

γi−γi+1
γi+1−γi+2 12.9 3.32 1.59 1.27 0.67 2.13 0.70 2.99
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To construct the sets, I use the data provided by the Center for Research in

Security Prices (CRSP) on monthly returns on p = 972 stocks traded on the NYSE,

AMEX, and NASDAQ during the period from January 1983 to December 2006. My

data set includes those and only those companies for which CRSP provides monthly

holding period return data for all months in the studied time interval. To obtain the

excess returns on the stocks I subtract the 1-month risk-free rate provided by CRSP

from the stock returns. Since previous empirical research suggests that the number

of common risk factors may be different in January and non-January months, I drop

January data, which leaves me with T = 264 time observations of real-valued data.

I maintain the assumption that the true number of dynamic factors is larger

than zero but no larger than seven. I set m = 40 and consider the following three

different frequency ranges. Range 1: ω1 = 2π/264, ..., ω40 = 2π40/264; Range 2: ω1 =

2π41/264, ..., ω40 = 2π80/264; and Range 3: ω1 = 2π81/264, ..., ω40 = 2π120/264. For

Range 1, I consider the same two versions of my test as in the study of macroeconomic

factors. For Ranges 2 and 3, I use the test based on the weighted periodogram

1
πm

Pm
j=1

¯̄
1− 2 j−20

m

¯̄
X̂jX̂

0
j. Hence, the two tests for Range 1 emphasize frequency

ω0 = 0 and frequency ω0 = 2π40/264 which corresponds to 1 cycle per 6.5 months.

The test for Range 2 emphasizes frequency ω0 = 2π60/264 which corresponds to 1

cycle per 4 months. The test for Range 3 emphasizes frequency ω0 = 2π100/264

which corresponds to 1 cycle per 2.5 months.

As can be seen from Table 5, for the test corresponding to ω0 = 0, I do not

reject the nulls of 1,2,3 and 6 factors. Hence, the 95% confidence set for the number

of dynamic factors at low frequences is {1, 2, 3, 6}. For the test corresponding to
ω0 =

2π40
264

, only the nulls of 1,2 and 3 dynamic factors is not rejected. Hence, the

95% confidence set for the number of dynamic factors at the 1-cycle-per-half-a-year

frequency is {1, 2, 3} . For the test corresponding to ω0 = 2π60
264

, the only non-rejected
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Table 5: Eigenvalue statistics for the excess stock return data.
ω0 i 1 2 3 4 5 6 7 8 9 10
0 γi 100 53.4 31.2 25.2 23.6 19.8 17.9 17.4 15.6 14.8

γi−γi+1
γi+1−γi+2 2.10 3.69 3.81 0.42 1.97 3.41 0.32 2.10

2π40
264

γi 100 27.9 18.1 15.3 14.2 13.6 12.9 11.9 10.9 10.2
γi−γi+1
γi+1−γi+2 7.31 3.61 2.48 1.63 0.93 0.75 0.93 1.51

2π60
264

γi 100 56.4 33.4 29.3 25.6 23.7 22.2 21.3 20.1 18.2
γi−γi+1
γi+1−γi+2 1.89 5.62 1.10 2.00 1.21 1.75 0.75 0.59

2π80
264

γi 100 44.5 37.1 31.2 29.3 27.3 25.1 23.3 22.4 20.8
γi−γi+1
γi+1−γi+2 7.49 1.24 3.22 0.94 0.91 1.17 2.16 0.54

null is the null of 2 dynamic factors. Thus, the 95% confidence set is a singleton {2} .
For the last test, which corresponds to relatively high frequencies, I do not reject the

nulls of 1, 3 and 7 dynamic factors. Hence, the 95% confidence set for the number of

dynamic factors at 1-cycle-per-2-months frequency is {1, 3, 7} . there is a 95% chance
that there are no common factors explaining low frequency movements of the excess

stock returns.

To construct the 95% set for the number of approximate factors, I use my test

developed for approximate factor models. I set the cutoff level as in the dynamic factor

tests considered above. To get a complex-valued data set which is needed for the test,

I divide the real-valued data into two parts: the first containing all observations from

February 1983 to December 1994, and the second containing all observations from

February 1995 to December 2006. Then I add the data from the first sub-period to

the product of the imaginary unit and the data from the second sub-period.

I maintain the assumption that the true number of approximate factors is larger

than zero but no larger than nine, which is an upper bound on the estimates reported

in Stock and Watson (2005). As can be seen from Table 6, I cannot reject the nulls

of 1,2,4,6 and 8 approximate factors, so that the 95% confidence set for the number

of approximate factors in excess stock returns is {1, 2, 4, 6, 8}. Since the approximate
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factors may correspond to the different lags of the same dynamic factor, such a 95%

confidence set is not inconsistent with the 95% confidence sets for the number of

dynamic factors reported above.

7 Discussion and Conclusion

TBA

8 Appendix

We first formulate and prove auxiliary Lemmas 1 through 5. Denote the i-th largest

singular value of a matrix A with possibly complex entries, defined as the square root

of the i-th largest eigenvalue of AA0, as σi(A).

Lemma 2 For any matrix A, σ21(A) ≤
P

i,j |Aij|2 .
This is a well known result. See, for example, Horn and Johnson (1985), p.421.

Lemma 3 Let n and m go to infinity at the same rate so that n/m remains in a

compact subset of (0,∞) and let A(n,m) and B(n,m) be two sequences of random n×m

matrices such that σ21
¡
A(n,m) −B(n,m)

¢
= op(n

−1/3) and σ21
¡
B(n,m)

¢
= Op(n). Then¯̄

σ2k
¡
A(n,m)

¢− σ2k
¡
B(n,m)

¢¯̄
= op

¡
n1/3

¢
uniformly over k.

The statement of Lemma 2 easily follows from Weyl’s inequalities for singular

values of a sum of two matrices (see Horn and Johnson (1985), p.423). Let χ̂, Λ(L)

and F̂ be n ×m, n × k and k ×m matrices with j-th row and s-th column entries

Table 6: Eigenvalue statistics for the excess stock return data. The test for the
number of approximate factors.l

i 1 2 3 4 5 6 7 8 9 10 11
γi 100 30.1 19.9 17.2 12.9 12.4 10.4 9.57 8.91 8.77 8.59

γi−γi+1
γi+1−γi+2 6.84 3.77 0.63 8.00 0.27 2.53 1.19 4.90 0.76
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χ̂js =
PT

t=1 (Xjt − ejt) e
−iωst/

√
T , Λjs(L) and F̂js =

PT
t=1 Fjte

−iωst/
√
T , respectively.

Lemma 4 Let n,m and T go to infinity so that m = o
¡
T 3/7

¢
and n/m remains in a

compact subset of (0,∞) . Then, under Assumptions 1i and 2ii σ21
³
χ̂− Λ(e−iω0)F̂

´
=

op
¡
n−1/3

¢
.

Proof: Let R and Q an n×mmatrices with j, s-th entries χ̂js−
Pk

r=1Λjr(e
−iωs)F̂rs

and
Pk

r=1 (Λjr(e
−iωs)− Λjr(e

−iω0)) F̂rs, respectively. A simple extension of Theorem

1 of Hannan (1970), p.248 which takes into account that n goes to infinity, implies

that E
P

j,s |Rjs|2 = o
¡
n−1/3

¢
. Using Markov’s inequality and Lemma 1, we get:

σ1 (R) = op
¡
n−1/6

¢
. Further, using Assumption 1i and Markov’s inequality, it is

easy to show that
P

j,s

¯̄̄
F̂js

¯̄̄2
= Op(m). In addition, Assumption 2ii together with

the assumption about the relative rates of growth of n,m andT and the definition

of the frequencies ωs, imply that kΛ(e−iωs)− Λ(e−iω0)k = o
¡
n−5/6

¢
uniformly in s.

Therefore, using Lemma 1, we obatin: σ1 (Q) = op
¡
n−1/3

¢
. Now the statement of the

lemma follows from the fact that σ1
³
χ̂− Λ(e−iω0)F̂

´
≤ σ1 (R) + σ1 (Q) . QED

Let ê be an n×m matrix with entries êjs =
PT

t=1 ejte
−iωst/

√
T and let ês be.the

s-th column of ê.

Lemma 5 Let n,m and T go to infinity so that n/m remains in a compact subset of

(0,∞) and Assumptions 1ii, 2i, 3 hold . Then under either additional assumption i) or
ii) of Theorem 1, there exists an n×m matrix ẽ with independent NC (0, 2πS

e
n(ω0))

columns, independent from F̂ , and such that σ21 (ê− ẽ) = op
¡
n−1/3

¢
.

Proof: Suppose additional assumption i) holds. Define a real zero-mean Gaussian

vector η ≡ ¡(Re ê1)0 , (Im ê1)
0 , ..., (Re êm)

0 , (Im êm)
0¢0 . By Theorem 4.3.2 of Brillinger

(2001) and by the fact, following from Assumption 2i, that [Se
n(ωs)]jr = [S

e
n(ω0)]jr +

O (m/T ) uniformly in j and r, we have: Eηη0 = Im ⊗ Ω + R, where R is an

2nm×2nm matrix with 2n×2n blocks Rij such that Rij = O(T−1) if i 6= j and Rij =
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O (m/T ) + O (T−1) if i = j, and Ω =

 πReSe
n(ω0) −π ImSe

n(ω0)

π ImSe
n(ω0) πReSe

n(ω0)

 . Construct

η̃ = (Im ⊗ Ω)1/2 (Im ⊗ Ω+R)−1/2 η and define an n ×m matrix ẽ with s-th column

ẽs so that
¡
(Re ẽ1)

0 , (Im ẽ1)
0 , ..., (Re ẽm)

0 , (Im ẽm)
0¢0 = η̃. It is not difficult to show

that E (η̃ − η)0 (η̃ − η) = tr
³
(Im ⊗ Ω+R)1/2 − (Im ⊗ Ω)1/2

´2
= o

¡
n−1/3

¢
, which to-

gether with Lemma 1 and Markov’s inequality implies that σ21 (ê− ẽ) = op
¡
n−1/3

¢
.

Now, suppose additional assumption ii) holds. Although vector η is no longer

Gaussian, we still have V ar (η) = Im⊗Ω+R. Lemma 4i then implies that to prove part
ii), it is enough to find a zero-mean Gaussian vector η̂ such that V ar (η̂) = V ar (η)

and kη − η̃k2 = op
¡
n−1/3

¢
.

According to Strassen’s theorem (see Theorem 8, p.243 of Pollard, 2002), such a

vector exists if and only if , for any positive ε and δ, π
¡
F,G; ε1/2n−1/6

¢ ≤ δ for large

enough n. Here F is the distribution of η, G is N (0, Im ⊗ Ω+R) , and π (F,G;λ) ≡
supA∈Br max

©
F (A)−G

¡
Aλ
¢
, G (A)− F

¡
Aλ
¢ª

, whereAλ = {y ∈ Rr : infx∈A kx− yk < λ}
and Br is the Borel sigma-algebra on Rr (r ≡ 2mn is the dimensionality of η).

Theorem 1.1 of Zaitsev (1987) provides an upper bound on π
¡
F,G; ε1/2n−1/6

¢
.

Under the conditions of Lemma 4ii, this bound converges to zero as n,m and T diverge

to infinity which completes the proof. The proof of the convergence of Zaitsev’s bound

to zero is tedious but straightforward. It is available from the Detailed Appendix to

the paper posted at the author’s website. QED

Let A(1) ≡

 A
(1)
11 A

(1)
12

A
(1)
21 A

(1)
22

 be a symmetric non-negative definite n × n matrix

and let A(1)11 be its k × k block. Further, let A ≡

 A11 A12

A21 A22

 be an n× n matrix

partitioned similarly to A(1) and such that A21, A12, and A22 are zero matrices and

A11 = diag (a1, ..., ak) , a1 ≥ a2 ≥ ... ≥ ak > 0.
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Lemma 6 Let A (κ) = A+ κA(1) and let r0 = ak/2. For real κ such that 0 < κ <

r0/
°°A(1)°° and for any i = 1, 2, ..., n− k, we have:

¯̄̄
λk+i (A (κ))− κλi

³
A
(1)
22

´¯̄̄
≤ 3r0

|κ|2 °°A(1)°°2
(r0 − |κ| kA(1)k)2

The proof of this lemma is rather technical. It is based on the properties of the

expansion of the resolvent (A (κ)− zIn)
−1 in the power series of κ. To save space, we

allot the proof to the Detailed Appendix which is available from the author’s website.

Now, we are ready to prove Theorem 1.

Proof of Theorem 1:

Denote
h
X̂1, ..., X̂s

i
as X̂ and Λ (e−iω0) as Λ̂. Lemmas 2, 3 and 4 imply that

there exists matrix X̃ ≡ Λ̂F̂ + ẽ, where ẽ and F̂ are independent and ẽ has inde-

pendent NC (0, 2πS
e
n (ω0)) columns, and such that

¯̄̄
λj
³
X̃X̃ 0/m

´
− λj

³
X̂X̂ 0/m

´¯̄̄
=

op
¡
m−2/3¢ uniformly over j. Therefore, the asymptotic joint distribution of interest

in Theorem 1 is the same as that of
n
σ̃−1m,n

³
λk0+i

³
X̃X̃ 0/m

´
− µ̃m,n

´
, i = 1, ..., r

o
.

We will prove that this distribution is Tracy-Widom of type 2.

Assume that the k ×m matrix of factors F̂ has all but the first k columns zero.

There is no loss of generality in such an assumption because we can always find a

unitary Q such that F̂Q has the above form. Multiplying X̃ = Λ̂F̂ + ẽ from the

right by Q does not change neither the eigenvalues of X̃X̃ 0/m nor the joint complex

Gaussian distribution of the elements of ẽ.

Denote the matrix of the first k columns of F̂ as F̂1:k, the matrix of the first k

columns of ẽ as ẽ1, and the matrix of the last m − k columns of ẽ as ẽ2. Then we

can decompose X̃X̃ 0/m into a sum of two terms:
³
Λ̂F̂1:k + ẽ1

´³
Λ̂F̂1:k + ẽ1

´0
/m and

ẽ2ẽ
0
2/m. Let R0AR be a spectral decomposition of the first term. Since the first term

has rank k, the diagonal matrix A can be chosen so that it has all but first k nonzero
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diagonal elements. We will denote these elements as a1 ≥ a2 ≥ ... ≥ ak > 0.

Define r0 as r0 = ak/(2n). Note that Assumptions 1 and 4 imply that r−10 =

op
¡
n1/3

¢
. Indeed, using Weyl’s inequalities for singular values (see Horn and John-

son, 1985, p. 423), we have: a
1/2
k ≥ λ

1/2
k

³
Λ̂F̂ F̂ 0Λ̂0/m

´
− λ

1/2
1 (ẽ1ẽ

0
1/m) . Further,

λ1 (ẽ1ẽ
0
1/m) is no larger than λ1 (ẽẽ

0/m) , which by Lemma 1 is bounded in probabil-

ity. On the contrary, λk
³
Λ̂F̂ F̂ 0Λ̂0/m

´
is bounded below by λk

³
F̂ F̂ 0/m

´
λk
³
Λ̂0Λ̂

´
which, by Assumptions 1 and 4, is diverging to infinity in probability faster than n2/3.

Hence, r−10 = 2n/ak may diverge to infinity but slower than n1/3.

Let us denote R · ẽ2 as ē2. Further, let us denote the matrix of the last n− k rows

of ē2 as ē22. Then, we have: RX̃X̃ 0R0/nm = A/n+(1/n) (ē2ē
0
2/m), and therefore, by

Lemma 5:

¯̄̄
λk+i

³
RX̃X̃ 0R0/nm

´
− (1/n)λi (ē22ē022/m)

¯̄̄
≤ 3r0 (1/n)2 kē2ē02/mk2

(r0 − (1/n) kē2ē02/mk)2
. (2)

Now, note that ē22ē022/m is aWC
n

¡
m− k, Se

n,22 (ω0) /m
¢
matrix, where Se

n,22 (ω0) is ob-

tained from Se
n (ω0) by eliminating its first k rows and columns. It is straightforward to

show that Se
n,22 (ω0) satisfies an assumption analagous to Assumption 3 for S

e
n (ω0) (a

proof of this fact is available from the Detailed Appendix). Hence, by Lemma 1, there

exist sequences of center and scale constants µ̃m,n and σ̃m,n ∼ m−2/3 (related to the

spectral distribution of Se
n,22 (ω0) in the same way as µm,n and σm,n are related to the

spectral distribution of Se
n (ω0)) such that for any fixed r, σ̃

−1
m,n

¡
λi (ē22ē

0
22/m)− µ̃m,n

¢
with i = 1, ..., r jointly converge to the Tracy-Widom law of type 2.

Further, since ē2ē02/m is distributed asW
C
n (m− k, 2πSe

n (ω0) /m) , the norm kē2ē02/mk
is bounded in probability by Lemma 1. Finally, the fact that r−10 can diverge to infinity

in probability only slower than n1/3 and inequality (2) imply that
¯̄̄
λk+i

³
X̃X̃ 0/m

´
−

λi (ē22ē
0
22/m)| = op

¡
n−2/3

¢
. Therefore, since σ̃m,n ∼ m−2/3 and n/m remains in
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a compact subset of (0,∞) , the random variables σ̃−1m,n

³
λk+i

³
X̃X̃ 0/m

´
− µ̃m,n

´
,

i = 1, ..., r have the same asymptotic joint distribution as σ̃−1m,n

¡
λi (ē22ē

0
22/m)− µ̃m,n

¢
,

i = 1, ..., r. QED

Proof of Theorem 2:

The first part of Theorem 2 follows from Theorem 1. Therefore, we only need to

show that maxk0<i≤kmax
¡
γi − γi+1

¢
/
¡
γi+1 − γi+2

¢
diverges in probability to infinity

when the true number of factors k satisfies k0 < k ≤ kmax. Clearly, it is enough to

show the divergence in probability of the ratio
¡
γk − γk+1

¢
/
¡
γk+1 − γk+2

¢
.

Recall that γi ≡ λi
³
X̂X̂ 0/m

´
.As was shown in the proof of Theorem 1,

¯̄̄
γi − λi

³
X̃X̃ 0/m

´¯̄̄
=

o
¡
n−2/3

¢
uniformly in i. Further, using Weyl’s inequalities for singular values (see

Horn and Johnson, 1985, p. 423), we have:

λ
1/2
i

³
Λ̂F̂ F̂ 0Λ̂0/m

´
−λ1/21 (ẽẽ0/m) ≤ λ

1/2
i

³
X̃X̃ 0/m

´
≤ λ

1/2
i

³
Λ̂F̂ F̂ 0Λ̂0/m

´
+λ

1/2
1 (ẽẽ0/m)

for i = 1, ..., n. First, take i = k and consider the first inequality. By Lemma 1,

λ1 (ẽẽ
0/m) is bounded in probability, and, as was shown in the proof of Theorem 1,

λk
³
Λ̂F̂ F̂ 0Λ̂0/m

´
diverges to infinity in probability at least as fast as n2/3. Therefore,

λk

³
X̃X̃ 0/m

´
, and hence γk, diverges to infinity in probability as n,m and T rise.

Now, take i > k. Then λi
³
Λ̂F̂ F̂ 0Λ̂0/m

´
= 0. Therefore, λi

³
X̃X̃ 0/m

´
, and hence γi,

is bounded in probability because λ1 (ẽẽ0/m) is bounded in probability. Summing up,

the numerator of
¡
γk − γk+1

¢
/
¡
γk+1 − γk+2

¢
diverges to infinity in probability and

the denominator stays bounded in probability. Hence, the ratio diverges to infinity

in probability. QED
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