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Abstract
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restrictions imposed; that is, in large samples, there is no efficiency gain from imposing
valid restrictions as far as the estimates of the break dates are concerned. Of course,
efficiency gains occur for the other parameters of the model. Simulations show that
in small samples, all parameters are more efficiently estimated using the restrictions.
We also consider tests of the null hypothesis of no structural change. These are also
more powerful when the restrictions are imposed. A Gauss code for all the procedures
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1 Introduction

Both the statistics and econometrics literature contain a vast amount of work on issues
related to structural changes with unknown break dates, most of it specifically designed for
the case of a single change. However, the problem of multiple structural changes has received
considerably less attention. Recently, Bai and Perron (1998, 2003) provided a comprehensive
treatment of various issues in the context of multiple structural change models: consistency
of estimates of the break dates, tests for structural changes, confidence intervals for the
break dates, methods to select the number of breaks and efficient algorithms to compute
the estimates. Related contributions include Hawkins (1976) who presents a comprehensive
treatment of estimation based on a dynamic programming algorithm. Andrews, Lee and
Ploberger (1996) consider optimal tests in the normal linear model with known variance.
Garcia and Perron (1996) study the sup Wald test for two changes in a dynamic time series,
and Liu, Wu and Zidek (1997) consider multiple structural changes in the context of a general
threshold model and propose an information criterion to select the number of changes.

In practice, it is often the case that prior information can be formulated as restrictions
on the coefficients of the model. A leading example is the case of a partial structural change
model, also analyzed in Bai and Perron (1998, 2003), for which some coefficients are not
allowed to change across regimes. But more general forms of restrictions are also common.
For example, a model which specifies a specific number of states. With two states, the
coefficients are the same in odd and even regimes. Again it could be the case that the value
of the parameters in a specific segment is known.

The purpose of this paper is to extend results available for multiple structural change
models to the case where arbitrary linear restrictions on the coefficients are available a
priori. We consider both theoretical issues related to the limiting distribution of estimates
and test statistics, as well as practical issues related to the construction of efficient methods
to compute the estimates without having to go through an extensive high dimensional grid
search. Our approach builds on the work of Bai and Perron (1998, 2003) and the estimates
are based on a global least squares procedure. The extension is, however, nontrivial since
the method of localization breaks down with restrictions across regimes. The difficulty is
solved by exploring the relationship between the restricted and unrestricted global sum of
squared residuals.

We derive the consistency, rate of convergence and asymptotic distribution of the es-
timates, under both fixed and shrinking shifts. We show that the estimates of the break



dates have the same asymptotic properties with or without the restrictions imposed; that is,
in large samples, there are no efficiency gains from imposing valid restrictions as far as the
estimates of the break dates are concerned. Of course, efficiency gains occur for the other
parameters of the model. Simulations show that in small samples, all parameters are more
efficiently estimated using the restrictions.

To obtain estimates, we extend the algorithm based on a dynamic programming approach
discussed in Bai and Perron (2003). Though, it is only guaranteed to reach a local minimum,
departures from the global minimum are rare and occur in cases where the breaks are small
to the extent that hypothesis testing would not favor a model with structural change. Hence,
the algorithm is reliable in the majority of practical cases.

Concerning hypothesis testing, we extend the popular sup F' type test, i.e., the F' test
for the null hypothesis that all coefficients are the same across regimes evaluated at the
break dates that maximize its value. We derive its limiting distribution. Unfortunately it
depends on the nature of the restrictions involved to the extent that the limit distribution
is case dependent and we cannot tabulate critical values valid generally. We therefore de-
scribe a method to simulate them. A program to implement the procedure involved for
arbitrary types of restrictions is made available on the web. A small simulation experiment
demonstrates that substantial power gains can be achieved imposing valid restrictions.

The paper is structured as follows. Section 2 discusses the model and assumptions.
Section 3 studies the consistency and rate of convergence of the estimates, for both fixed and
shrinking magnitude of shifts and Section 4 studies the limiting distribution of the estimates
of the break dates for both cases. Section 5 presents a computationally efficient procedure
to estimate a restricted structural change model. Section 6 presents simulations to show
evidence about the increased efficiency of the estimates. Section 7 describes the test of
the null hypothesis of no structural change versus an arbitrary number of changes, derives
its limiting distribution and a method to simulate asymptotic critical values, and presents
evidence that substantial power gains can be obtained over tests that do no take into account
the restrictions. Section 8 offers brief concluding remarks and an appendix contains technical

derivations of some results.

2 The model and the assumptions

Consider a general multiple linear regression model with m breaks or m + 1 regimes. There
are T observations and m is assumed known. The break dates occur at {71,...,T;,}. Let

y = (y1,-.,yr) be the dependent variable and Z a T by ¢ matrix of regressors. Define
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Z =diag(Zy, ..., Zmi1), aT by (m+1)g matrix with Z; = (2q,_, 41, ..., 27,)" fori =1, ..., m+1,
with the convention that Ty = 1 and 7,11 = T (each matrix Z; is a subset of the regressor
matrix Z corresponding to regime 7). The matrix 7 is a diagonal partition of Z, the partition
being taken with respect to the set of break points {71, ..., T,,}. The vector u = (uq, ..., ur)’
is the set of disturbances and 6 = (&7, ..., ,,,1)’ is the (m + 1)g vector of coefficients.

Our objective is to consider the general pure structural change model with restrictions
on the coefficients, i.e.

y=2726+u (1)

where

R6=r (2)

with R a k by (m + 1)g matrix with rank k and r a k dimensional vector of constants.

The goal here is to estimate the unknown coefficients whose true values are denoted with
a 0 superscript, i.e. (8),...,60 1,77, ..., T2) using the observables (y, Z) and the restrictions
on the coefficients. The method is based on least square principle. More specifically, the

estimated break dates are

(Ty, ..., Tpn) = arngin SSRE(Ty, ..., Tyy) (3)
1yeesdm

where SSRE(Ty, ..., Ty,) is the sum of square residuals from the restricted OLS regression
evaluated at the partition {71, ..., T,,}. We impose the following assumptions on the data,
the errors and the break dates.
e Assumption Al: Let Z° = diag(Z?, ..., Z0,,,) be the diagonal partition of Z at the true
break dates {17, ..., T}, }. Foreachi = 1,...,m+1,let |; = (T7,,—T7), then(1/; )ZtT ;folfl 212, —
Q(v) a non-random positive definite matrix uniformly in v € [0, 1] .
. Assumption A2: There exists an lo > () such that for all [ > [y, the minimum eigenvalues
of (1/1) Zt T°+1 22y and of (1/1) Zt To_ , %2 are bounded away from zero (i = 1,...,m).

e Assumption A3: The matrix Zt:k 212, is invertible for [ — k > €T for some € > 0.

for r > 1. (Note that || X]| is the usual matrix norm or the Euclidean norm of a vector.)
With {F; :i=1,2,..} a sequence of increasing o-fields, we assume that {z;u;, F;} forms a
L™-mixingale sequence with » = 2 + ¢ for some ¢ > 0. That is, there exist nonnegative con-
stants {¢; : 4 > 1} and {1, : j > 0} such that 1); | 0 as j — oo and for all 4 > 1 and j > 0,
we have: (a) ||E(zui| Fij)l|, < by, (b) [|zius — E(ziug Fiyj)ll, < citbjyq. Also assume (c)
max; ¢; < K < oo, (d) Y272, 7™ p; < oo, () [Jzilly, < M < oo and [Jul,, < N < oo for
some K, M, N > 0.

e Assumption A4: Let the L,-norm of a random matrix X be defined by [| X ||, = (3_, >, £ |Xj; ")



e Assumption A5: TP = [TA\)] , where 0 < A} < ... < A) < 1.
e Assumption A6: The minimization problem defined by (3) is taken over all possible par-
titions such that T; — T;_; > €1 for some € > 0.

Assumption A1 basically rules out unit root regressors; otherwise the particular scaling
used is not important and could be relaxed at the expense of substantial technical complica-
tions '. Assumption A2 imposes restrictions on the regressors in a local neighborhood of the
break points. They ensure that there is no local collinearity problem so the break points can
be identified. Assumption A3 is a standard invertibility requirement to have well defined
estimates. Assumption A4 imposes mild restrictions on the vector z;u;. They permit a wide
class of potential correlation and heterogeneity (including conditional heteroskedasticity) and
also allow lagged dependent variables. Finally, Assumption A5 is a standard requirement to
have asymptotically distinct break dates and A6 requires that the search for breaks precludes
candidates which are too close. This, however, is not constraining in practice since € can be
chosen arbitrarily small.

The set of assumptions used differ from those used in Bai and Perron (1998). The
main difference is that when heterogeneity and serial correlation is allowed in the errors,
the regressors z; are not assumed to be independent of the errors u; at all leads and lags.
This permits a wider class of models, which has considerable practical advantages. The
cost is the need to introduce slightly stronger technical conditions. In particular A1 and A6
are stronger than the requirements in Bai and Perron (1998), though A6 was also imposed
there when lagged dependent variables where permitted as regressors. Since we shall make
frequent references to the results in Bai and Perron (1998), in the appendix we show that

their results go through with this revised set of assumptions.

3 Consistency and rate of convergence

In this section, we discuss the consistency and rate of convergence for models with fixed
and shrinking shift magnitudes. As will become clear later considering shrinking shifts is

important in that it allows us to obtain a limit distribution that is not dependent upon the

true distribution of the errors. As matter of notation, we use “

d »

—,  to denote convergence

in probability, “ — 7 converge in distribution, and “ = ” weak convergence in the space

'For example, allowing for trending data would imply a different scaling but it would not change results
related to the consistency and rate of convergence of the estimates of the break dates or the fact that the limit
distribution of the other estimates is the same as in the known break date case. For the limit distribution of
the estimates of the break dates and the test statistics, this assumption matters and will be strenghtenned.



D[0,1] under the Skorohod topology. Also, A = (A1,...; Am) = (T1/T,....,Tyn/T) where
{ﬁ, e Tm} is the break date partition that corresponds to the minimal value of the restricted
Sum of Squared Residuals (SSR). Similarly {7}, ...., T} is the break date partition that
corresponds to the minimal value of the unrestricted SSR. The corresponding true values
are denoted \° = (A}, ..., \2) = {T?/T,...,T? /T}. We first consider the case with shifts of

fixed magnitudes.

3.1 Shifts of fixed magnitudes

Proposition 1 Under A1-A6, we have for shifts in the coefficients that are of fixed mag-
nitudes independent of T: a) —p Ay, (k= 1,..,m); b) for every e > 0, there exists a
C < o0, such that for large T, P(|IT(\ — A)| > C) < ¢ for every k =1, ...,m.

The proof is in the appendix. It is well known that in the unrestricted case, the estimated
break fractions converge to their true values at rate 7. With restrictions supposed to be
valid, we indeed have more information, hence, we should expect the convergence rate to be
no smaller than T. What is interesting is that the rate of convergence is not improved. It
suggests that the estimates of the break dates may be not sensitive to additional information.

This will be confirmed once the asymptotic distribution of the break dates is derived.

3.2 Shifts of shrinking magnitudes

For models with shifts of shrinking magnitudes, we need the following assumption:
e Assumption A7: Let Ap; = 6%2» 1 (5%2». Assume Agq; = vrd,;, for some A; independent

of T where vy > 0 is a scalar satisfying vy — 0 and T2 vy — oo for some 1 € (0,1/2).

Proposition 2 Under assumption A1-A7, we have for k = 1,...,m: a) e —p Ap; b) for
every e > 0, there exists a C' < oo, such that for all large T, P(|Tv:(M\p — X)) > C) < e.

This proposition, proved in the appendix, shows that here also the results are the same

as in the case of an unrestricted model.

3.3 The limiting distribution of the parameter estimates

The rate T convergence of the estimated break fractions is enough to establish the /T
consistency of the estimated parameters. We now consider their limiting distribution and

show, among other things, that it is the same as if the break dates were known.



Proposition 3 Let 5 be the estimated parameters under restricted OLS. Then, under Al-
A6, we have VT (5 — §°) —% N(0,V) with V the variance of the restricted OLS estimator

evaluated under the true partition:
V=0+Q 'RD'RORD'RQ™' —®R'D'RQ™' — Q'R D 'R®

where Q = plimy o T71ZYZ°, D = RQ7'R, ® = Q Yplimp_.. T71Z2YQZ%Q~! and
Q= E(u).

Remark 1 As in standard restricted OLS regressions, there is an efficiency gain over the

unrestricted OLS in the sense that (P — V') is a positive semi-definite matriz.

Remark 2 In the case with uncorrelated and homoskedastic errors, the variance-covariance
matriz simplifies to V = 0?Q 1 —o?Q 'R'D 'RQ ', which can be consistently estimated us-
ing a consistent estimate of o*. When serial correlation and/or heteroskedasticity is present,
a consistent estimate of plimp_,oo T~'ZYQZ° can be constructed using the method of Andrews
(1991), among others.

4 The limiting distribution of the estimated break dates
First we establish the following Lemma:

Lemma 1 Let SSRY(T1, ..., T,,) be the Sum of Squared Residuals obtained using the parti-
tion {T1, ..., T, } without imposing the restrictions, i.e. the unrestricted SSR. Define

T(C) = (A(C), . Tn(C))
= arg min SSRX(Ty, ..., T,,) — SH(TY, ..., T?)
| T —T2|<C|lvr|| 2, k=1,...,m
with C' a positive number. Under Assumptions A1-A6 and with either shifts of fized magni-
tudes or with shrinking shifts satisfying A7, we have
T,(C) = arg min [SSRY(Th, ..., T,n) — SSRI(TY, ..., Tp)] + 0p(1)
Ty~ TP |<C|lvr| ™2, k=1,....m

= arg min G(T))
|Ti TP |<C|lor| 2

where
Tio Tio
G(Ty) = —(8) = 6021)'( D 22))(8) — 6741) — 2087 = 8711)" Y zue + 0p(1)
t=T;+1 t=T;+1



for T; — TP < 0, and

Ti Ti
G(Ti) = — (8] = 671)'( > 2z (8 = 82,1) +2(6) = 6711) Yz + 0p(1)
t=TP+1 t=TP+1

forTZ»—TiOZO.

The importance of this result is that once the break dates are restricted in the set {7} :
T, — T0| < C ||lop|| %,k =1,...,m} the VT consistency of § is guaranteed and the effect of
the restrictions on the estimates of the break dates becomes negligible asymptotically. Hence
the restricted minimization problem reduces to the unrestricted minimization problem and
the limit distribution of the break dates are the same in both cases. These are stated in the

following results for the fixed and shrinking shifts scenarios.

4.1 Fixed magnitude of shifts

As is well known, the limiting distribution of the estimated break dates under fixed magni-
tudes of shifts depends on the exact distribution of the regressors and the errors in a local
neighborhood of the break points. Hence, the result requires the following assumption.

e Assumption A8: The process {z;, u;} is strictly stationary.

Let W*(0) =0, W*(m) = W] (m) for m < 0 and W*(m) = W5 (m) for m > 0, with

0

0
Wi(m) = - z+1 Z ze2)( z+1)_2(50 61+1) Z 21Ut

t=m+1 t=m+1
W3 (m) = - z+1 Z z2;)( 50 z+1) + 2(50 61+1)I Z 2t
t=1 t=1

Proposition 4 Under assumption A1-A6 and A8, and assuming that (67 2,)* + 6% Zju; has

a continuous distribution, T; — T? — arg max,, W*(m).

Using Lemma 1 above, the rest of the proof is the same as the proof in Bai (1997) and
is thus omitted. What is important about this proposition is that the limiting distribution

of the estimated break dates is invariant to the linear restrictions on the coeflicients.

4.2 Shrinking magnitude of shift

The main reason to consider a framework whereby the shifts are decreasing in magnitude

as the sample size increases is to obtain a limiting distribution which is independent of the
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exact distribution of the regressors and the errors in a local neighborhood of the break dates.
The ensuing distribution is designed to be a good approximation in finite samples for small
shifts but simulation results have shown that it remains adequate for moderate to large shifts
as well. To state the result, we make the following additional assumption:

e Assumption A9: Let ATY = TP — TP ;; for i = 1,...,m, as AT? — oo, uniformly in
s €[0,1]:

Ti07 + sATiO
L. (AT;.O)fl ZtTtQ_l[_A,q ] thfi —p SQi?

T, +[sAT?] W2 s 5o
t=T2 ,+1 t ~p oY

o

(AT?)~

TO 4[sATO] . T°  +[sATO
(ary e AT ST B ) —, 0

_ T2 | +|sAT?
(ATiO> 2 tTlf_l[ﬂ |

[0, 1] with mean zero and covariance F|[B;(s)B;(u)'] = min{s, u} ;.

w0

L

ziuy = Bi(s) with B;(s) a multivariate Gaussian Process on

We then have the following result:

Proposition 5 Under Assumptions A1-A7 and A9 and further assuming that (6 z)?

/ . . . . .
6? ziug has a continuous distribution, we have, fori=1,...,m:

(AjQiA)?

AT A (T, — 1) —¢ argmaxv(l)()

where V(Z)(S) le)( ) | |/2 ZfS S 07 V(Z)(S) = \/_z< 22/¢2 I)WZZ ( ) 5 | |/2 Zf
s >0, with & = NQi 1 A/ NQi A, ¢7 1 = NN /NQiA; and ¢}y = NjQi1 A/ NQia A,

Again, with Lemma 1, the rest of the proof is similar to that of Bai (1997). The proposi-
tion says that the limiting distribution of the estimated break dates is also invariant to linear
restrictions on the coefficients in the shrinking shifts framework. Hence, in large samples,
imposing restrictions only improves the efficiency of the estimated regression coefficients.
However, the limit distribution is a function of the other parameters of the model which
are more precisely estimated with restrictions even in large samples. Hence, imposing the

restrictions should allow better inference about the break dates as well.



5 A computationally efficient procedure to estimate a restricted structural
break model.

The computation associated with estimating a multiple structural breaks model is not a
trivial issue. A standard grid search imply least-squares computations of order O(T™) which
quickly becomes prohibitive. Bai and Perron (2003) describes an efficient estimation pro-
cedure based on a dynamic programming algorithm which involves at most least-squares
computations of order O(T?) for any number of breaks (an earlier comprehensive exposition
is contained in Hawkins, 1976). We will extend their procedure to provide an estimation
method for multiple structural change models with restrictions. Note that a partial struc-
tural change model is a special case of the more general structural change model with re-
strictions (since in this case the restrictions are simply that some coefficients are the same
in all regimes). Bai and Perron (2003) considered an iterative procedure to generate the

estimates. Our method is equivalent to theirs in this special case.

5.1 The dynamic programming algorithm

In is useful to review the basics of the dynamic programming algorithm discussed in Bai and
Perron (2003) given that we make extensive use of it in devising our estimation method. Let
SSR ({T},}) be the sum of square residuals associated with the optimal partition containing
r breaks using the first n observations. Let SSR(j 4 1,n) be the SSR obtained by applying
OLS to a segment that starts at j + 1 and ends at date m. Also, let h = €T be the
minimal permissible length of a segment. The optimization procedure is based on solving

the following recursive problem

SSR({T,.}) min [SSR({T,1,}) + SSR(j +1,n)

rh < j <

More specifically, the algorithm is as follows:

1. Compute and save SSR(i,7) for pairs i,; satisfying ¢ — 7 > h. Since the number of
segments which satisfy this requirement is at most O,(7%), this involves computations
at most of order O(T?). The matrix inversions involved is only of order O(T') using

recursive residuals to compute the the sum of squared residuals.

2. Compute and store SSR ({11,}) for 2h <n < T — (m — 1)h by solving the following
problem:

SSR({Ti.})= min [SSR(1,5)+ SSR(j +1.n)]
h<j<n—-h



3. Sequentially compute and store SSR ({T}.,,}) for r = 2,...,m — 1. For each r, n ranges
from (r +1)h to T — (m — r)h.

4. The estimates of the break dates are then obtained by solving

SSR({Tnr}) =  min  [SSR({Ty1})+ SSR(j +1,T)

mh < j < T—

This method cannot be applied directly to models with restrictions since the sum of
squared residuals for a segment cannot be computed independently of other segments. Our

extension to tackle this problem is discussed next.

5.2 The recursive procedure with restrictions

The estimation procedure proposed is specified by the following algorithm:

1. First use the dynamic programming algorithm described above to estimate an unre-

stricted model. Store the estimated break dates.

2. Estimate the coefficients using the restrictions conditional on the break dates obtained
in part (1). Denote the estimates as 6, (k=1,...,m+ 1).

3. Compute and store the restricted sums of squared residuals RSSR ({11,,}), for 2h <
n < T — (m — 1)h. This is done by the following recursive problem

RSSR({Ti»}) min [RSSR'(1,7) + RSSR*(j + 1,n)]

h<j<n-—

where RSSR'(1,7) = S20_ (g — 261)* and RSSR%(j + 1,n) = Do (e = 265)2.
Then, sequentially compute and store RSSR ({1,}) for r = 2,...,m — 1, with n
ranging from (r + 1)h to T — (m — r)h. This is done by solving the recursive problem

RSSR({T;.,.}) _min [RSSR({T,_1;}) + RSSR™'(j +1,n)]
J > n—

—rh

with RSSR™(j + 1,n) = 371 (y: — 20,41)*. Finally compute

RSSR({Tynr}) min  [RSSR({T}n_1;}) + RSSR™(j +1,T)]
<ji<T-—h

_mh

Store the estimated break dates.

4. Repeat steps 2 and 3 until convergence.
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The main computation involved in this procedure is in step 1. The others involve marginal
computational costs. Experiments with real and simulated data showed that convergence is
rapid, seldom requiring more than 3 iterations. So the procedure is computationally efficient.

While this algorithm quickly reaches a local minimum, it is not guaranteed to reach
the global minimum of the restricted sum of squared residuals because the iterative scheme
makes the overall optimization problem non-linear. This is a common problem for which
there is no full proof solution. Simulations have shown that this is indeed the case. The
difference is, however, important only when the estimation from step 1 is very imprecise,
the restrictions do not help much to estimate the coefficients and the trimming defining the
minimal lenght of a segment is small. In such cases, care must be exercised in trying to
start the algorithm with values different from those given by estimating the model without
restrictions. Note also that the chances of obtaining estimates that do not correspond to
the global minimizers of the restricted sum of squared residuals occur when shifts are small,
in which case hypothesis testing would likely not indicate evidence in favor of a structural
change model. Furtermore, in most cases for which the algorithm did not yield estimates
corresponding to global minimizers, these estimates were very far from the true values and
most often on the boundaries of the permissible region, e.g., at the very beginning or end of
the sample. Hence, most of the cases for which such a problem occurs could be detected by

the practitioner. The reader is referred to Qu (2005) for more details.

6 Finite sample properties of the estimates.

In this section we present simulation results to assess what are the efficiency gains from
estimating a restricted model for the regression coefficients and the break dates. All results
are based on 500 replications. The data generating process we use is a model with two
regimes and three breaks. The sample size is 120 and each regime has the same length.
More specifically,

Y =0+ e
with
0.5 for t € [1, %} U [% +1, %]
0 forte[Z+1,Z] U[EL+1,T]

6,5:

and e; ~ i.i.d. N(0,1). The unconstrained regression model is

ye = 611(t < T/4) + 8,1(T/4 < t <T/2) + 831(T/2 < t < 3T/4) + §,13T/4 <t <T) + &

11



with 1(-), the indicator function. Hence, the parameter vector is 6 = (61, 82, 03, 84). The first

set of valid restrictions considered is specified by:

10 -1 O
01 0 -1

When constructing the estimates, the minimization problems are constrained so that each
segment has at least 5 observations (see Bai and Perron, 2001 and 2003, on the importance
of the minimal length of a segment). Estimates of the break dates are constructed as global
minimizers of the unrestricted SSR obtained using the method of Bai and Perron (2003),
and as the global minimizers of the restricted SSR. The cumulative distribution function of
the estimates of the break dates {7}, T3, T3} are presented in Figure 1. The results clearly
shows that the two methods lead to similar distributions for the break dates. However, they
also show that the variability of the estimates can be reduced using the restricted model,
contrary to what is suggested by the asymptotic results. Indeed, the unrestricted estimates
show a fatter tail on the right for the first break, on both sides for the second and on the
left for the third break. Hence, in small samples with a relatively large number of breaks,
efficiency gains can be obtained for the break dates using restrictions. The probability density
functions of the unrestricted estimates of the parameters (31,32,53,54) and the restricted
estimates (51 = 53 = ga,gg = 54 = gb) are presented in Figure 2. Here, as expected from the
asymptotic results, the restricted estimates are clearly more efficient.

The second set of valid restrictions considered are stronger and specified by:

1 0 -1 0
R=|101 0 of, r=o. (5)
00 0 1

The cumulative distribution function of the restricted and unrestricted estimates of the
break dates {17,753, T3} are presented in Figure 3. In this case, since the restrictions are
more informative, the restricted estimates of the break dates are substantially more precise
(less variance) than the unrestricted estimates. Hence, important efficiency gains can be
obtained for the break dates when the restrictions are informative. Figure 4 presents the
probability density function of the estimates of the parameters . These show the restricted

estimates to be far more precise than the unrestricted ones.
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7 Testing the null hypothesis of no structural change

We now consider testing the null hypothesis of no structural change versus an alternative
hypothesis of, say, k changes imposing the restrictions on the parameters of the model.
Following Quandt (1958), Andrews (1993), Bai and Perron (1998) and others, we consider a
sup F' type test. Let (T3, ...,T}) be a partition such that T; = [T'\;] (i = 1,...,k). Let H be
the conventional k by ¢(k + 1) matrix such that (H6)" = (87 — 65, ..., 8, — 8,41). Define

Fr(M,y e Ay q) = 6 H'(HV (8)H')~ HS, (6)

where § is the estimate of § obtained using the partition {1, ..., Ay}, and V(8) is an estimate
of the variance covariance matrix of & that may be constructed to be robust to heteroskedas-
ticity and serial correlation in the errors. As usual, for a matrix A, A~ denotes the generalized
inverse of A. Such a generalized inverse is needed since in general the covariance matrix of
§ will be singular given that restrictions are imposed.

Computing the statistic sup Fr(Ay, ..., Ak; ¢) where the supremum is taken over all possible
partitions such that |A\; — A\;_1| < € can be very cumbersome. We therefore consider an
asymptotically equivalent test given by Fr (Xl, s Xk; q) where Xl, ey A\, minimize the global
restricted sum of squared residuals. This is equivalent to maximizing the F-test assuming
spherical errors. It is asymptotically equivalent to, and yet much simpler to construct than,
maximizing the F-test (6) since the estimated break dates are consistent even in the presence
of serial correlation and heteroskedasticity. Note that the statistic still depends on a trimming
parameter via the imposition of the minimal length h of a segment, namely ¢ = h/T. To
derive the limit distribution under the null hypothesis, we need the following assumption.

e Assumption A10: a) 7! ngl] 212, —p $Q, uniformly in s € [0,1], for @) some positive
definite matrix; b) E(u2) = o2 for all  and T2 " 20, = Q2 W, (s) where W,(s) is a
q vector of independent Wiener processes.

Assumption A10 rules out trending regressors. It also imposes an homogenous distribu-
tion throughout the sample. It is important to note that this assumption pertains only to
the null hypothesis of no structural change in which case only one segment occurs. Under
the alternative hypothesis of say k breaks, the distribution of the data and the errors can be
regime dependent, i.e., 0 and Q) can vary across the k + 1 segments. The following result,
proved in the appendix, summarizes the asymptotic distribution of the test under the null

hypothesis.
Proposition 6 With A1-A6 and under the null hypothesis of no structural change, in which
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case Assumption A10 applies, we have:

FT(le -~-7ch; q) = sup  F(A, ..., k509) (7)

‘Ai—)\i_l‘>€

with

F(\, s M q) = WYS[S/(A®I,)S) T S'H'[HS(S'(A®1,)S) ' H'S'|"HS[S'(A®1,) S|~ S'W*.
(8)

and where the q(k + 1) vector W* is defined by
W™ = [Wa(Ar), We(A2) = Wo(Ar), ..., Wo(1) = Wy(Ae)]

The matriz A is a (k+1) by (k+ 1) matriz defined by A = diag(A, Ao — A1, ..., 1 — X\g), and
the q(k + 1) by d matriz S is defined by the following reparameterization of the restrictions:

6 =50+ s, with 0 a d-vector of basic parameters and s a q(k + 1) vector of constants.

Note that our result generalizes that of Bai and Perron (1998). If there are no restrictions,
S = I(141)q and the model is one of pure structural change with ¢ regressors. In this case,
(8) reduces to the expression in Bai and Perron (1998, Proposition 6) scaled by kq. Also,
for a partial structural change model, with p coefficients not allowed to change, (8) reduces
similarly (with ¢ — p instead of ¢). It is also of interest to note that the limit distribution
of the test simplifies when the restrictions take the form Rd; = r for all ¢« = 1,....m + 1
(i.e., the restrictions affect the coefficients the same way across all regimes and there are no
cross regimes restrictions). In this case, simple algebra shows that (8) again reduces to the
re-scaled expression in Bai and Perron (1998) with ¢ — rank(R) instead of g.

To show that, in general, the limit distribution depends on the specific structure of the
matrix S, consider the two examples in the previous section. In this case, ¢ = 1 and k = 3.

For the first set of restrictions,

1 010
0101

S =

Straightforward algebra shows that (8) reduces to

(W (M) = MW (D)] = [W(A2) = W (D)] + [W(A3) — AW (1)])
(A1 = A2+ A3)[(A2 — A1) — (1= A3)]

For the second set of restrictions, S"=[1 0 1 0 ] and (8) reduces to

W (M) +W(As) = W) /(AL 4+ Az — Ag).
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7.1 Simulating the asymptotic critical values

The limit distribution of the test depends on ¢, k and € as in Bai and Perron (1998) but
also on the specific structure of the matrix S. This makes a tabulation of the critical values
infeasible. But the limit distribution can be simulated. The idea is to use a design involving
a finite sample of data, say 7%, such that the resulting F' test has, if T* is large enough, a
distribution close to that of the limit functional sup F(Ay, ..., Ag; ¢, S) as specified by (7). We
then replicate the experiment to get N realizations from which we can extract the relevant
quantiles. The steps involved for a particular replication are described below.

First note that the break points that maximize the test Fr(Aq, ..., Ag; g, S) are asymptot-
ically the same as those that minimize the global sum of squared residuals imposing the re-
strictions specified by the matrix S. Under the null hypothesis of no structural change, these
estimates will have the same asymptotic distribution as the maximizers of F'(\q, ..., Ag; ¢, S)
specified by (8). Hence, for a particular replication, the first thing to do is to obtain esti-
mates of the break dates minimizing the sum of squared residuals subject to restrictions.
But to do so, one needs to specify some regressors. The fact is that the limit distribution
does not depend on the nature of the regressors, all that is required is that they satisfy (A.8)
and (A.9) defined in the appendix. A choice of regressors that will lead the finite sample
distribution to be a good approximation to the limit one is to specify the dependent variable
and the k regressors as independent N(0, 1) random variables. With these data, we can then
obtain a realization for the estimates of the break dates using the dynamic programming
algorithm discussed in Section 5.2.

The next step is to simulate the functional F'(\y, ..., Ag; g, S) as specified by (8) evaluated
at the estimated break dates obtained above. Here, we first need to simulate a vector of
independent Wiener processes and the vector W*. Again, to ensure a good approximation,
we use the partial sum of a sequence of independent N (0, 1) random variables, i.e. Wy(\;) ~
T+ /25 e | where e, is a sequence of independent N(0,1,). This is done for \; =
Tr/T* (i =1,...,k) with T} the estimates of the break dates obtained in the first step. With
these and the matrices H and S, we can then construct F'(Ay, ..., Ag; q, S).

A code written in the Gauss language is available from the authors. It allows the simu-
lations of the 1%, 2.5%, 5% and 10% quantiles for user specified values of k, ¢, S, T* and
N. We have experimented with this code in cases for which asymptotic critical values are

available and found it to provide reliable estimates.
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7.2 Power simulations

To illustrate how performing hypothesis testing taking into account valid restrictions can be
advantageous, we performed simple experiments related to the models discussed in Section
6.1. We used tests with a nominal size 10% and the critical values were simulated using
the algorithm described in the previous section with 7% = 1000 and N = 1000. For both
models, the sample size is T' = 120 and we set 6 = 6, = 0 and 6; = d3 = ¢ and varied ¢
from 0 to 2 in steps of 0.1 (size and power are evaluated at 21 points). Recall that model 1
specifies segments 1 and 3 and segments 2 and 4 to be the same, respectively. Model 2 adds
the further restriction that the value of the parameters in segments 2 and 4 be 0. For each
case, we also evaluated the power function of tests for 1, 2 or 3 breaks without imposing the
restrictions (as discussed in Bai and Perron, 2003) to gauge the extent of the power gains.
The results are presented in Figure 10, Panel (a) for model 1 and Panel (b) for model 2.

They clearly show that imposing restrictions can increase power substantially.

8 Conclusions

We have presented a comprehensive treatment of estimation and inference in a single equation
with multiple structural changes subject to restrictions. Our framework offers many new
applications of interest including the following examples. Bekaert et al. (2002) argue that for
economies with emerging stock markets, net equity flows should increase when the process
of emergence starts and should decrease (presumably back to the initial level) once the
transition phase is completed. Their estimates allowing two break dates indeed point in
that direction, especially for Latin American countries. However, the testing procedure they
apply cannot conclude for the presence of two breaks. Our procedure would allow to impose
the same value for the mean of net equity flows prior to emergence and after the transition,
yielding tests with higher power and better point estimates. Another case where a similar
problem occurs is discussed by Sensier and van Dijk (2004). They argue that volatility of
price time series show an increase in the early seventies and a decrease of roughly similar
absolute magnitude in the early 1980s. An example involving additional restrictions on
coefficients (though usually applied in the context of (1) series) is discussed by Martin (2000)
and concerns the sustainability of government budget deficits. With R; real tax revenues
and G; real debt interest inclusive expenditure, a fiscal policy is considered sustainable if
R, = a+ BG; + uy with u; a stationary process. It is strongly sustainable if 5 = 1 and
weakly so if 0 < § < 1. They argue that structural changes to this basic relationship have
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occurred. Interestingly, despite temporary deviations, a strongly sustainable fiscal policy
would prevail with a coefficient 3 = 1 in the first and last segments provided they are large
enough compared to the middle segments. Estimation could be performed imposing such
a restriction, though inference would require an extension of our work to I(1) variables, a
topic of interest for further research. Also of interest are extensions related to multivariate
systems. Bai, Lumsdaine and Stock (1998) have analyzed such a system when the break date
is assumed to be the same across equations. They show important efficiency gains. This is,
however, a special type of restrictions. The analysis of multi-equations systems with general

restrictions is the object of ongoing research by the authors.
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Appendix

Throughout, we use the Euclidean norm for vectors. For matrices, we use the vector
induced norm, i.e. |[[Al = sup,,||Az||/[[z[]. Note that ||[A] is then equivalent to the
square of maximum eigenvalue of A’A and thus ||A| < [tr(A’A)]Y/2. Also, ||[PA| < ||A]],
for a projection matrix P. We shall make use of the fact that for an n by n matrix A,
|A’A| = ||A||* (e.g., Horn and Johnson (1985), p. 312).

We first need to establish that under our set of assumptions, the results of Bai and Perron
(1998) remain valid. The main difference is in the corresponding Assumption A4. In Bai and
Perron (1998), this assumption is used to establish Lemma A.4 and Lemma A.6. We now
show that an equivalent result holds with our version of Assumption A4, the strenghtenning
of Al and the addition of A6.

First note that Assumption A4 guarantees that Zle z;u; satisfies the generalized Hajek
and Renyi inequality for mixingales (c.f. Lemma A.6 of Bai and Perron (1998)), i.e., there
exists an L > 0 such that for every ¢ > 0 and m > 0,

1< L
P - iUl > < =

With this, we have the following Lemma which is actually stronger than Lemma A.4 of Bai
and Perron (1998).

Lemma A.1 Let Z denote the partitioned matriz of regressors using the m-partition (11, ..., Tr,)
and Pzu denote the projection of the error process on the space spanned by Z, then

sup (|| Pzull) = O, (log*7)
Lyeeey m
where the supremum with respect to (11, ..., T,,) is taken over all possible partitions such that

|T; — T;_1| > €T for some € > 0.

Proof: We shall prove that ||v/Pzu|| = O, (log T') uniformly in (71, ..., 7,,) . Note that u'Pzu
is the summation of the m + 1 terms
/ —1

Tiy1 Tiy1 Tita
E 2y E 242, g iUy
t=T;+1 t=T;+1 t=T;+1

for i =0,...,m. Define [ = T;,; — T, then it suffices to show that

-1

(ll i 22, =0, (1) (A.1)

t=T;+1

Tit1
lil/z ( Z Zt'U/t>

t=T;+1

and

=0, <log1/2 T) (A.2)
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uniformly in (71, ..., T,,) with |T; — T;_1| > €T.

First consider (A.1) and note that the summation may either contain data from only
one regime, say regime k, or may contain data from multiple regimes, say, from regimes k
and k + 1. In either case, it always contains at least [¢1'/2] data points from one particular

regime and, without loss of generality, we assume the first [¢T'/2] data points are from regime
k. Then

Tit1 TR +[eT/2] Tit1
1! E 2z =171 E w2y + 171 E 22,
t=T;+1 t=TP+1 t=TP+[eT'/2]+1

and
-1

Tit -1 TP+[eT/2]
(ll Z ztz£> < i Z 22,

t=T;+1 t=TP2+1

in the sense that the difference between the two matrices is positive semi-definite. (c.f.,
Magnus and Neudecker, 1999, page 239, exercise 23). Accordingly,

-1

Tit1 -1 T2 +[eT/2] 1
(l_l Z ZtZ£> S l_l Z ZtZ£ :EOp<].>

t=T;+1 t=TP+1

Now, consider the term (A.2), under A4, ZtT;Tl 1z satisfies the generalized Hajek and
Renyi inequality stated above, hence

TiJrl Ti+1
P (sup 1_1/2< Z ziui) >10g1/2T> = P (sup It ( Z Ziui) > |72 10g1/2T)
I>eT T [zeT t=T;+1
T
- 0
€l'logT

which implies

Tit1
l_1/2 ( Z ztut>

t=T;+1

| =0, <log1/2 T)

Combining these results, we have

/ —1

( Z Ztut) ( Z thé) ( Z Ztut> =0, (logT)

t=T;+1 t=T;+1 t=T;+1

Proof of Proposition 1(a): Denote the restricted SSR under the optimal partition
{T1, ..., T, } as u'u, the unrestricted SSR under the optimal partition {71, ...., T,, } as @'t and
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the restricted SSR under the true partition {77, ..., 7%} as u”@. First note that u'u < u”u°
and, assuming the restrictions hold, 2”4’ < w'u. Hence, we have

T %% < T "'u (A.3)

Now, from Bai and Perron (1998, Lemma 2), when at least one break is not consistently
estimated, we have that

T0'0 > T~ 'u + O |80 — 6%, ||” + op(1)
holds with positive probability. Using the fact that @'u < u'u, we also have that
T30 > T~ Wu+ C |80 — 6%, ||” + 0p(1) (A.4)

holds with positive probability. Comparing (A.3) and (A.4), we get a contradiction if at
least one break fraction is not consistently estimated, which completes the proof.

Proof of Proposition 1(b): The difficulty is that with restrictions across regimes, the
estimates cannot be analyzed using results obtained segment by segment. The solution is to
analyze directly the relationship between the Sum of Squared Residuals from the restricted
(SSRE) and unrestricted (SSRY) models. We have

SSRI(Ty, ..., Tw) = SSRY(Ty, ..., T) + (r — R6)[R(Z'Z) 'R~ (r — R)
Define the set
Voi(C) ={(Th, ... T) : |Ti = T7| < €T, |T; = T?| > C, for some i}

Note that we are using the fact that the break fraction is consistent. To prove the result,
all we need to show is that for every n > 0, there exists a C' < oo and £ > 0, such that for
(Th,..Tn) € V..(C), we have

P(min(SSRE(Ty, ..., Ty, ..., Tn) — SSRH(T, .., T, . T,) /(TP — T;)) < 0) <7

(2 (2

for T large enough. As a matter of notation, let the sequence {717, ..., T}, ..., T, } be a partition
with associated unrestricted Sum of Squared Residuals SSRY, partitioned regressor matrix
7, and estimated coefficients &;. Similarly let the sequence {11, ..., T, ...T,,} be a partition
with associated unrestricted Sum of Squared Residuals SSRY, partitioned regressor matrix
Zo and estimated coefficients §,. We also use a superscript 0 for the true value. We first

state a Lemma that will be useful in subsequent developments.

Lemma A.2 (Tobing and McGilchrist, 1992) Let A and B be two symmetric n by n matrices
related by
B=A+ZF'Z
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where F is symmetric of full rank p and Z is a n by p matriz. If Rank (B) = Rank (A),
then generalized inverses B~ and A~ exist satisfying

T=A"—-AZD'Z'A”

where
D=F+7'A 7

Using this Lemma, on the set V. ;(C) for C large enough, we can deduce that

T, —T?

(Z12,)7" = (ZyZo) ™" + Op( T

=) (A.5)
and - -

[R(Z121) 'R = [R(ZyZ0) "R+ Oy(Ti = T7) (A.6)
Now, define 5A = 31 — 30. We have

oa = (Z1Z)7'ZU(Z°6° + w) — (25 Z0) ' Z4(2°6° + u)
(ZoZo) ' (21 — Z4) Z2°6° + (24 20) ™ (24 — Z) u+ |T; — T?| Op(T 1)
(ZyZo) ™ Ar

with

Ar = (2P (7~ 24) 2°6° + (Zy2o) " (%~ )

H(T71/2)
using (A.5). Now, (Z; — Z}) Z° = |T; — T?| O,(1), hence
(Z320)7'1% (21 = Z) 2°6° = T = To | Op(T ™).

For the second term, (Z} — Z)) u = |T; — Ty| O,(1). Hence, Ay = |T; — T|O,(T~*/?) and
Sa = |T; — T?|O,(T~1). Then, using the fact that 6, R’ = |T} — T°|0,(T~1) and (r — 8 R)' =
T = TP|Op(T)

70

A A

SSRNT, ..., Ty, ..., T,n) — SSRE(TY, ..
= [SSRY — SSR{] +

(r — Ré,)'[R(Z,Z,) 'R ' (r — Rb1) — (r — R6)'|R(Z)Zo) 'R') *(r — Rby)
— [SSR{ — SSR{] + (r — R61)'[R(ZyZs) 'R) *(r — Rby)

—(r — Rbo)'[R(Z,Zo) 'R ™ (r — Rby) + L (T71)
= [SSRY — SSRY] + (& + 6a) R'[R(Z)Zo) "R R(8) + 64)

60 R'[R(Z,Z5)" "R~ Rb — [2#[3(232@*3’]*3(81 - 80)] +

o Tm)

(1)
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— [SSRY — SSRY] + 265 R'[R(Z Z0) " R')""R[(Z} 7)™ Zju]
+8\R'|R(Z,Z0) "R Rbéa + 28\R'[R(Z,Zo) "R [R(Z, Zs) " 2, 2°8" — 7]
+|T; = T Op(T 1)

= [SSRY — SSRy| (T1)
+28\R'[R(Z,Zy) ‘R *R[(Z,Zy) ' Zu] (T2)

Y R[R(Z:Z0) 'R Réa (T3)
128\ R'[R(Z,Zy) ‘R *R(Z,Zy) *Z(Z° — Zs)6° (T4)
+|T; = TP Op(T )

We consider the order of each term. For (T1),

SSRY — SSRY

_ (21 — Z0)'(Z1 — Z)
7‘; o TO 2 Z 2 1(6’?+1 - 620),

T = T7|

(6?4-1 - 6?) —e0,(1) — pOy(1)

where € and p can be made arbitrarily small by choosing a small ¢ and a large 7. Now
(Zy — Z0)'(Zy — Zp) has |T; — T?| terms and has minimum eigenvalue bounded away from
zero. So with large probability it is the dominating component and the term (T1) is positive
with large probability. Consider now term (T2).

|8sR1R(Z020) ' RY RUZ320) " Ziwl|

= [Py a2 | < WA 252022

Since Ay = |T; — TP|0,(T~Y?) and (Z)Zy)"Y*Zju = O, (logT) ,the term (T2) divided by
[Ty —TP] is 0,(1). Now, term (T3) divided by |T}, —T}| is proportional to | Ty — TQ|O, (T~ ') =
€0, (1), which can again be made arbitrarily small by choosing ¢ small enough. The key to
analyze term (T4) is to note that (Z° — Z;) has at most 2T non zero terms in each column.
So [|[(Z° — Zy)|| = (26)Y20,(T*?) and Z{(Z° — Zy) = 2¢0,(T). Hence, term (T4) divided
by |T; — T?| is of order 2¢0,(1) which can again be made arbitrarily small by choosing &
small enough. Summarizing, the term (T1) dominates all others and is positive with large
probability for large T'. This says that, for large 7', we have with large probability
[SSRE(Ty, ..., Ty, ..., Tyy) — SE(Ty, .., T2, ..., Ty)] /| T; — TP| > 0. (A.7)

2

Thus with large probability the estimated break date 7; cannot be in the set V..i(C) and,
hence, |T;— T?| < C when T is large. This completes the proof.

Proof of Proposition 2: The proof of consistency uses Proposition 4(i) of Bai and Perron
(1998) and proceeds in the same way as the case of breaks with fixed magnitudes. The
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details are, hence, omitted. To derive the rate of convergence, define the set
Voi(C) = {(Ty, .. T,) : [Ty — T?| < €T, |T; — T?| > C /v for some i}.

We want to show that for every n > 0, there exists a C < oo and € > 0 such that for
(Th, ..., Th) € Voi(C)

P(min(SSRE(Ty, ..., Ty, ..., T) — SSRE(T, .., T, .. T,)) /(TY — T;)) < 0) <7

(2

for large T'. Bai and Perron (1998) show that the term (T1) divided by |T; — T7| is positive
with probability arbitrarily close to one when T is large. For the term (T2) divided by
|'T; — T?|, we have, using argument similar to those used in the proof of Proposition 1(b) for
the term (T2),

26\ R'[R(Z4Z0) " R')""R[(Z)Z0)~" Zou] /|T;, — T?| = 0,(1)

which can then be omitted. The term (T3) is always non negative. For the term (T4), we
already showed that 8, = |T, — T°| O,(T~1). The key element here is that (Z° — Z;)'6 =
O,(T"?v7). Thus the term (T4) divided by |T; — 77| is of order O,(vr) = 0,(1) and can
thus be omitted. To summarize, a break date which minimizes SSR must be outside the set
V..(C). Hence, |T, — T?| > C /v, for large T, which completes the proof.

Proof of Lemma 1: Given the rate of convergence for vy fixed or satisfying assumption
A7, we restrict the search for breaks in the set {T}, : [Ty — 70| < C'llvg|| ™,k = 1,...,m}.
Note that

SSRI(Ty, ..., Tw) = SSRY(Ty, ..., T) + (r — R6)[R(Z'Z) 'R~ (r — R)
Hence,

SSRHT, ..., T;, ..., T,n) — SSRE(TY, ..., TY, ..., T2)
= [SSRY(Ty, ... Ty, ... T) — SSRU(TY, ..., T, ..., T))]
(r— ROY[R(Z'Z) 'R *(r — R®) — (r — R8"Y[R(Z“Z°) 'R ‘(r — RS").

2 m

The key is to show that the second term is 0,(1). First, note that T=1Z'Z = T='Z%Z%t0,(1).
To see this, consider the case with one break and assume Ty, — T} < 0. Then

TP 1
||T*1212 — T7120120|| = T’f1 Z ZtZ£ ® 0 H
t=T}+1 0 1
T,S 1/2

1
< V2 5 [tr( Szl = o,(1),
T oz

t=T+1
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0
The last equality follows because ZthT | ?t% involves at most O,(||vr|| ) terms. The case
with multiple breaks can be handled similarly. Second, we have

T HR(Z'Z) 'R =T 'R(Z"Z°) 'R + 0,(1)
using (A.6). Third, and most importantly, T (6—&°) = ﬁ(50—60)+0p(1), since VT (6—6°)
and \/T(50 — &°) have the same limiting distribution. Hence
(r — RSY[R(Z'Z) 'R Y(r — R&) — (r — R8'Y[R(Z"Z°) 'R *(r — RS")
= (r—RO) {[R(Z¥Z°)'R) '+ 0,(1)} (r — R8) — (r — RS Y[R(Z"Z°) 'R Y(r — R§")
= VT(8* - 8YR[R(T™'2"Z°)'R|7'RVT(8° - §)
VT8 - 8'Y RIR(T 2" Z2°) " R1™WTR( — ) + 0,(1) = 0,(1)

Thus
T(c) = arg min SSRXM(Ty, ..., T,,) — SSRXTY, ..., T)
T3, —T2|<C|lvr|| 2 k=1,...,m
= arg min [SSRY(Ty, ..., T,n) — SSRU(TY, ..., To)] + 0p(1)

T =T2|<Clor | =2 k=1,....m
Given this result, the problem reduces to one which involves searching for a global minimum

without restrictions for which results are available (e.g., Bai and Perron, 1998).

Proof of Proposition 7: For a given partition (71, ..., Ty) and Z the associated diagonal
partition of the regressor matrix Z, the restricted estimate of § allowing for breaks is:

5=S8[8'Z'ZS|'\S'Z' (y — Zs) + s
with variance B
V(6)=S[S'Z'ZS8| 'S’ Z'0ZS[S'Z' ZS) 1S
In what follows, we assume, for simplicity, spherical errors so that u; ~ i.i.d.(0,0?) and

V(8) = 02S[S'Z'Z5]715". All results remain valid in the general case. Under the null
hypothesis of no structural change, we have

Hé = HS[S'Z' 25718 Z'u.
With 5° = T-' .7, 42 and @; the residuals, we can express the F test as

W ZS[S'Z' 2SS H(HS[S'Z' ZS) 1 S'H')~HS[S' Z' S|\ S' Z'u

Fr(A, e \es ) = =)
o
From Bai and Perron (1998), we have
727 — ,A®Q (A.8)
Tﬁl/QZIu = O'([k+1 X Ql/Q)W* (Ag)

Using these results and the fact that &> —, 02, the result of Proposition 7 follows directly.

A-7
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(b) model 2

Figure 5: Power comparison of structural change tests

(a) model 1
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