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Abstract

This paper considers issues related to estimation, inference and computation with
multiple structural changes occurring at unknown dates in a system of equations.
Changes can occur in the regression coefficients and/or the covariance matrix of the
errors. We also allow arbitrary restrictions on these parameters, which permits the
analysis of partial structural change models, common breaks occurring in all equa-
tions, breaks occurring in a subset of equations, etc. The method of estimation is quasi
maximum likelihood based on Normal errors. The limiting distributions are obtained
under more general assumptions than previous studies. Of special interest is the fact
that substantial efficiency gains can be obtained by casting a regression affected by
changes in a system even if the other equations are not affected by breaks, provided
there is non-zero correlation between the errors. For testing, we propose likelihood
ratio type statistics to test the null hypothesis of no structural change and to select the
number of changes. Structural change tests with restrictions on the parameters can
be constructed to achieve higher power when prior information is present. We propose
an algorithm for an efficient procedure to construct the estimates and test statistics.
We also introduce a novel locally ordered breaks model, which allows the breaks in
different equations to be related yet not occurring at the same dates.

Keywords: change-point, segmented regressions, break dates, hypothesis testing,
model selection, system of regressions.

*Pierre Perron acknowledges financial support from the National Science Foundation under Grant SES-
0078492.

"Department of Economics, Boston University, 270 Bay State Rd., Boston, MA, 02215 (qu@bu.edu).

iDepartment of Economics, Boston University, 270 Bay State Rd., Boston, MA, 02215 (perron@bu.edu).



1 Introduction

Both the statistics and econometrics literature contain a vast amount of work on issues
related to structural changes with unknown break dates, most of it specifically designed for
the case of a single change. The problem of multiple structural changes has received more
attention recently mostly in the context of a single regression. Bai and Perron (1998, 2003a)
provide a comprehensive treatment of various issues in the context of multiple structural
change models: consistency of estimates of the break dates, tests for structural changes,
confidence intervals for the break dates, methods to select the number of breaks and efficient
algorithms to compute the estimates. Perron and Qu (2004) extend this analysis to the case
where arbitrary linear restrictions are imposed on the coefficients of the model. Related
contributions include Hawkins (1976) who presents a comprehensive treatment of estimation
based on a dynamic programming algorithm. Also, Liu, Wu and Zidek (1997) consider
multiple structural changes in the context of a more general threshold model and propose
an information criterion for the selection of the number of changes.

Work on structural change issues arising in the context of a system of multivariate equa-
tions is relatively scarce. Bai, Lumsdaine and Stock (1998) consider asymptotically valid
inference for the estimate of a single break date in multivariate time series allowing station-
ary or integrated regressors as well as trends. They show that the width of the confidence
interval decreases in an important way when series having a common break are treated as a
group and estimation is carried using a quasi maximum likelihood (QML) procedure. Also,
Bai (2000) considers the consistency, rate of convergence and limiting distribution of esti-
mated break dates in a segmented stationary VAR model estimated again by QML when the
break can occur in the parameters of the conditional mean, the variance of the error term or
both. Hansen (2003) considers multiple structural changes in a cointegrated system, though
his analysis is restricted to the case of known break dates.

The aim of this paper is to provide a comprehensive treatment of issues related to esti-
mation, inference and computation with multiple structural changes occurring at unknown
dates in linear multivariate regression models that include VAR, certain linear panel data
models and SUR. Changes can occur in the parameters of the conditional mean, the co-
variance matrix of the errors or both and the distribution of the regressors is allowed to
change across regimes. The assumptions regarding the distribution of the error processes
are quite mild such that both conditional heteroskedasticity and autocorrelation are allowed.

Also, our general framework allows for the incorporation of arbitrary valid restrictions on



the parameters. This permits a host of practically interesting models to be analyzed. For
example, our framework applies to partial structural change models where a subset of the
coefficients do not change across regimes, to models where only a subset of the regressions
are affected by breaks, to models with common breaks across regressions, and others. Also,
these restrictions can be non-linear in the parameters.

The method of estimation is quasi maximum likelihood based on Normal errors. We
derive the consistency, rate of convergence and limiting distribution of all parameters, which
appears to be the first asymptotic treatment in a multivariate setting with a general error
process. An important, and at first sight surprising, result is that the limiting distribution
of the estimates of the break dates is unaffected by the imposition of valid restrictions
on the other parameters of the model. In large samples, no efficiency gains emerge from
such restrictions. Hence, the limiting distribution of the estimates of the break dates is
only affected by the underlying structure of the system. Our results include that of Bai,
Lumsdaine and Stock (1998) as a special case, namely that with common breaks across
equations the precision of the estimates increases with the number of equations in the system.
Hence, their result for the single break case extends to multiple structural changes. More
importantly, our general framework allows to uncover other important features that affect
the precision of the estimates. One that is particularly interesting is that the precision of the
estimate of a particular break date in one equation can increase when the system includes
other equations even if the parameters of the latter are invariant across regimes. All that is
needed is that the correlation between the errors be non-zero. While surprising, this result is
ex-post fairly intuitive since a poorly estimated break in one regression affects the likelihood
function through the residual variance of that equation and also via the correlation with the
rest of the regressions. Hence, by including ancillary equations without breaks, additional
forces are in play to better pinpoint the break dates.

For the parameters of the conditional mean and the covariance matrix of the errors, the
limiting distributions are the same with estimated break dates as they are when the break
dates are known. Hence, standard distributions apply and these parameters are indeed
more efficiently estimated with valid restrictions imposed. Hence, for this reason, and others
related to the power of tests for structural changes, it is important to have a feasible and
efficient algorithm that permits the computation of all estimates. We discuss a procedure
that extends the work of Hawkins (1976) and Bai and Perron (2003a) based on a dynamic
programming algorithm that searches for an optimal partition by efficiently looking at various

combinations of the globally maximized likelihood function implied by a given partition.



Since we use a QMLE method, we apply an iterative Feasible Generalized Least Squares
(FGLS) procedure to obtain the estimates. We use results by Tobing and McGilchrist (1992)
to construct the recursive residuals from each FGLS iteration needed to apply the dynamic
programming algorithm to search for the optimal partition. The presence of restrictions on
the parameters imposes an additional layer of iterations. Nevertheless, the method is very
efficient as we only need least squares computations of order O(T") and matrix inversions of
only order O(n) where n is the number of equations in the system.

To determine the number of breaks in the system, Bai (2000) proposes the use of an
information criterion, following the work of Yao (1988). We instead consider, as in Bai and
Perron (1998), the use of testing procedures. We derive the likelihood ratio test of no change
versus some specific number of changes, say k, for the following cases: a) changes in the
coefficients of the conditional mean; b) changes in the coefficient of the covariance matrix
of the residuals, c¢) changes in both. Our procedure appears to be first that can test jointly
changes in the coefficients and in the covariance matrix. We also consider a sequential
procedure based on a test of, say, [ versus [ + 1 changes and discuss how to incorporate
valid restrictions into the structural change tests to achieve higher power. We show that,
for important classes of restrictions, the limiting distributions of the tests depend only on
a parameter related to the number of coefficients allowed to change and that we can rely
on critical values already available. This includes the partial structural change model and
models where breaks occur only in a subset of the equations. For other forms of restricted
models, which include globally ordered breaks model and model with switching regimes, the
distributions of the tests differ from the existing ones but can easily be simulated.

We also introduce a novel structure that we label “locally ordered breaks”. Consider a two
equations system where one equation is a policy reaction function (e.g., a monetary policy
function) and the other is some market clearing equation (e.g., an expectation augmented
Phillips curve equation; see, e.g. Alogoskoufis and Smith, 1991, and Bai and Perron, 2003a).
Suppose there is a change in the monetary policy regime which implies a break in the policy
function at some date. The policy change is expected to have an impact on the Phillips curve
equation but the change may not be simultaneous and may occur with a lag, say because of
some adjustments due to frictions or incomplete information. However, it is expected to take
place soon after the break in the policy function. Here, the breaks across the two equations
are “ordered” in the sense that we have the prior knowledge that the break in the Phillips
curve equation occurs after the break in the policy function. The breaks are also “local”

in the sense that the time span between their occurrence is expected to be short. We label



such a structure as “locally ordered breaks”, in which case the usual asymptotic framework
that requires breaks to be separated by a positive fraction of the sample does not apply.
Accordingly, we provide appropriate methods for estimation, inference and testing.

The structure of the paper is as follows. Section 2 presents the general model with
restrictions and the assumptions imposed on the regressors, errors and parameters. In Section
3, we derive the consistency, rate of convergence and limiting distribution of the estimates.
An important ingredient is a result that expresses the restricted likelihood ratio in two parts,
one that involves only the break dates and the true values of the coefficients (so that the
estimates of the break dates are not affected by the restrictions imposed on the coefficients),
the other involving the parameters of the model, the true value of the break date and
the restrictions (showing that the limiting distributions of these estimates are influenced
by the restrictions but not by the estimation of the break dates). Section 4 considers the
algorithm to construct the estimates of the model. Section 5 introduces locally ordered
breaks, methods to estimate such break dates and discusses their limiting distributions.
Section 6 considers hypothesis testing related to the presence or absence of structural changes
and the determination of the number of breaks. Section 7 offers brief conclusions and an

appendix contains the proofs of the results stated in the text.

2 The model and the assumptions

We first define the notation used throughout. We have n equations and 7' observations
excluding the initial conditions if lagged dependent variables are used as regressors. The
total number of structural changes in the system is m. The break dates are denoted by
the m vector 7 = (14,...,T,,) and we use the convention that 7o = 1 and 7,,.; = 7. A
subscript j indexes a regime (j = 1,...,m+1). A subscript ¢ indexes a temporal observation
(t =1,...,T) and a subscript ¢ indexes the equation (i = 1, ..., n) to which a scalar dependent
variable y;; is associated. The parameter ¢ is the number of regressors and z; is the set that
includes the regressors from all equations z; = (214, ..., 2¢¢)’. The model considered is of the
form

ye = (I ® 2)SP; +uy (1)

with u; having mean 0 and covariance matrix X; for 7;_1+1 <t < Tj (j = 1,...,m+1). The
matrix S is of dimension nqg by p with full column rank. Though, in principle it is allowed to
have entries that are arbitrary constants, it is usually a selection matrix involving elements

that are 0 or 1 and, hence, specifies which regressors appear in each equation. The set of



basic parameters in regime j consists of the p vector 5, and ¥;. We allow for the imposition

of a set of r restrictions of the form:

9(B,vec(¥)) =0 (2)

where 3 = (51, ..., B1)s B = (X1, ..., Bims1) and g(-) is an r dimensional vector. Note that

we allow within and cross equation restrictions and in each case within or across regimes.

Remark 1 The model considered is very general. It includes the standard SUR model when
p = q and S is a selection matrixz. The standard VAR model applies when we further have
2zt = (Y1, -, Yt—q)- A panel data model can be obtained using an appropriate selection
matriz for S. A partial structural change model obtains when the restrictions (2) imposes
that a particular subset of 3, is the same for all j (e.g., a dynamic panel data model with
a sufficient time span where the parameter on the lagged dependent variable is the same for
all units and regimes but the fixed effects are allowed to change across units and regimes).
Similarly, breaks occurring in only a subset of the equations applies when the restrictions
specify that the relevant subset of 3; is the same for all j. Of course, more complex models

are applicable using other forms of restrictions.

Remark 2 The case where breaks occur at known dates in a subset of equations can easily
be handled. Here, the regressors zy for this subset are constructed according to the known
partition, e.g. use z}, = {zit, z21(t > T1)} in the case of a single break. Then, restrictions
are imposed to constrain the coefficients of this subset not to change across regimes. This
can be useful, for instance, when one equation represents a policy function with a change
occurring at a known date and the other subset contains behavioral equations that should

exhibit a change in response to the change in policy but with an unknown delay.

Remark 3 (Common breaks) The case where the breaks are the same in all equations occurs
when at least one coefficient from each equation is not restricted to be the same across any

two adjacent segments implied by the specified number of breaks.

Remark 4 To show how versatile our framework is, consider the case of an ordered break
model. Suppose a multi-equation (three equations or more) model with a maximum of 3
breaks allowed, i.e., there are at most four segments. It is supposed that two equations (the
first and second without loss of generality) in the system have a single break which is not

common. Also, the break for the second equation occurs after that for the first. Then, three



cases have to be considered: 1) in the first equation the parameters are the same for the last
three segments and in the second they are the same for segments 1 and 2 and for segment 3
and 4; 2) the same for the first equation but in the second the parameters are the same in
the first three segments; 3) in the first equation the parameters are the same in segments 1
and 2 and 3 and 4 while in the second equation they are the same for segments 1 to 3. One
can then evaluate which of the three cases is the one supported by the data by looking at the
appropriate objective function, here the likelihood function (see below). The same principle

applies to more complex models.
To ease notation, define the n by p matrix x; by z; = (I ® 2;)S so that (1) becomes

Yr = 1,08, + wy (3)

for T; 1 +1 <t <T; (j=1,...,m+1). It is useful to express the model in matrix form.
Let Y = (y1, ..., ¥}) be the nT vector of dependent variables, U = (u}, ..., u’.)’" be the error
vector and the nT" by p matrix of regressors is X = (z1,...,x7)". For a given partition of the
sample using the breaks (77, ..., T},,), we define the block partition of the matrix X as the nT’
by p(m + 1) matrix X = diag(Xy, ..., Xpy1) where X; (j = 1,...,m + 1) is the n(Tj — T;_1)
by p subset of X that corresponds to observations in regime j. We also define the sub-vector

U; of U in a similar way. Then the regression system (3) can be expressed as
Y =XB+U

The true values of the parameters are denoted with a 0 superscript so that the Data Gener-

ating Process is assumed to be
Y =X8"+U

where X is the diagonal partition of X using the partition (77,...,7%). Our analysis is
carried under the following set of assumptions.

0 .
e Assumption Al: Foreach j =1,...,m+1land [; <T} =T} ,, (1/1;)> tTfTIOH]Jr
=9 |

as l[; — oo, with Q? a nonrandom positive definite matrix not necessarily the same for all j.

/ a.s 0
Vel = Qj

e Assumption A2: There exists an [y > 0 such that for all [ > [y, the minimum eigenvalues
04 ? ;
of (1/1) Z?:;%l zyzy, and of (1/1) E;ZTQ—I z;x, are bounded away from zero (j = 1,...,m).
J J
e Assumption A3: There exists a 0 < kg < oo such that matrix Zizk x,x; is invertible for

[ —k > k.



e Assumption A4: Define the L,-norm of a random matrix X as || X||, = (3>, Zj E \Xijr)l/?"
for r > 1 and F; = o-field {...,x4_1,T¢, ..., up—2,ur—1 }. If zyuy is weakly stationary within
each segment, then (a) {z,u;, F;} forms a strongly mixing (a-mixing) sequence with size
—4r/(r —2) for some r > 2, (b) E(zu;) = 0 and ||zyully, s < M < oo for some

TJQ_1+£+k
o > O, (C) Let S]{;’j (f) = ZT;{H—K—H

var ({e, Sk; (0))) > v (k) for some function v (k) — oo as k — oo. If zyu; is not weakly

ru, 7 = 1,....m+ 1, for each e € R" of length 1,

stationary within each segment, we assume that (a)-(c) holds, and in addition, that there

exists a positive definite matrix € = [w; 5] such that for any i, s = 1, .., p, we have, uniformly
in ¢, |l€’1E ((Sk,j (€)), (Sk,; (E))S) — wi,sl < Cyk™?, for some Cy, 1) > 0.

e Assumption A5: Assumption A4 holds with z;u, replaced by u, or wu; — X9, for T} | <
t<T)(j=1,...,m+1).

e Assumption A6: The magnitudes of the shifts satisfy B%j 41— BOTJ = vpd; and 22 T
Y01 = vr®;, where (4;,®;) # 0 and are independent of 7. Moreover, vy is either a pos-
itive number independent of T' or a sequence of positive numbers satisfying vy — 0 and
T2/ (log T)? — co.!

e Assumption A7: (8°,2%) € ©, with © = {(5,%) : [|8]| < 1, Amin (B) > €2, Amax (X) < c3}
for some ¢; < 00,0 < 3 < ¢3 < 00 (wWhere A\yin and Apax denotes the smallest and largest

eigenvalues).
e Assumption A8: 0 < A} < ... < A%, < 1 with TP = [T\Y].

Assumption 1 basically rules out unit root regressors; trending regressors in the form of
(t/T, ..., (t/T)") could be permitted at the expense of some technical complications®. The
assumption allows the regressors to have different distributions in different regimes. This is
important since a change in a dynamic model directly leads to distributional change in the
moments of the regressors. Assumption A2 imposes restrictions on the regressors in a local
neighborhood of the break points. They ensure that there is no local collinearity problem so
the break points can be identified. Assumption A3 is a standard invertibility requirement to
have well defined estimates.

Assumptions A4 and A5 determine the dependence structure of the processes x;u; and ;.

In particular, they imply that x;u; and uu; are short memory processes having bounded forth

'In order not to over-burden the notation, we will omit the subscript T on BOT’ ; and 29«, ;» and simply use
62 and Z?. This should cause no confusion.

2However, for the limiting distribution of the estimates of break dates and the test statistics, trending
regressors are not permitted, as will be made clear later.



moments. The assumptions are imposed to obtain a strong invariance principle, strongly
consistent estimates of the coefficients and to have a well behaved likelihood function. The
conditions are mild in the sense that they allow for substantial conditional heteroskedas-
ticity and autocorrelation. Also, if no autocorrelation is present, i.e, {x;u;} and {u;} are
martingale difference sequences with respect to the filtration F;, then even the weak station-
arity assumption can be dropped and u; allowed to be unconditionally heteroskedastic with
bounded forth moments. Examples of models generated under A4 and A5 are, among others,
finite order stationary Vector Autoregressive Model with bounded forth moment, dynamic
panel models with uncorrelated but heteroskedastic errors, and models with only exogenous
regressors and stationary short memory errors, such as stationary ARM A(p, q) processes.
Note that Assumptions A4 and A5 could be replaced by other sufficient conditions that can
yield a strong invariance principle or FCLT, a bounded law of the iterated logarithm, and
at the same time, guarantee that a generalized Hajek and Renyi type inequality holds, such
as the one in Bai and Perron (1998).?

Assumptions A1-Ab could equally be formulated in terms of the original regressors z;.
This would imply the same conditions for x; and x;u,, given that S is a constant matrix with
full column rank and that the strong mixing property in A4 is preserved under measurable
transformations.

Assumption A6 is standard in the structural change literature, it gives conditions under
which the structural changes are asymptotically non-negligible. Assuming a fixed vy captures
the feature of large shifts and a shrinking vy corresponds to small or intermediate shifts in
finite samples. The latter case allows the development of a limiting theory for the break date
estimates which does not depend on the exact distributions of the regressors and the errors.

Assumption A7 implies that the data is generated by innovations with a non-degenerate
covariance matrix and a finite conditional mean. Assumption A8 is also a standard as-
sumption, which implies asymptotically distinct breaks, i.e., each regime contains a positive
fraction of the sample even in the limit.

The set of assumptions used differ from those used in Bai and Perron (1998). The main
difference is that when heterogeneity and serial correlation is allowed in the errors, the
regressors x; are not assumed to be independent of the errors wu; at all leads and lags. This
permits a wider class of models, which has considerable practical advantages. The cost is the

need to introduce slightly stronger technical conditions. In particular A1l is stronger than

3Examples of such sufficient conditions are discussed by Dehling and Philipp (1982), Altissimo and Corradi
(2003) and Lavielle and Moulines (2000), among others.



the requirements in Bai and Perron (1998). We also impose that the search for the break
dates be done in a set that imposes each segment to be some non-vanishing proportion of
the sample, see Assumption A9 below (this was also imposed by Bai and Perron, 1998, but
only when lagged dependent variables are permitted as regressors). Our set of assumptions
is also considerably more general than that used in Bai, Lumsdaine and Stock (1998) and

Bai (2000), where they assume martingale difference errors.

2.1 The estimation method

The method of estimation considered is restricted quasi maximum likelihood (RQM L) as-
suming serially uncorrelated Gaussian errors.* Conditional on a given partition of the sample

7 = (11, ..., T,,), the Gaussian quasi-likelihood function is

m+1 Tj

T,3,%) = H H f yt|$t75],2)

] 1t TJ 1+1

where
1

1 _
/ (yt\ft;ﬁp Zj) = W exp {—5 [yt - 55::531/23- ! [Z/t - 3525;]} (4)
j
And the quasi-likelihood ratio is

HmH Ht T] 1+1f(yt|xt76]72)
I tTo o f @il 57, 59)

The aim is to obtain values of (77, ..., T),, £, ¥) that maximize LRy subject to the restrictions

LRy = (5)

9(B,vec(X)) =0

Let Iry(-) denote the log likelihood ratio and rir,(-) the restricted log likelihood ratio, then

our objective function is

riry (T,6,%) = lrp (T,5,%) + Ng(8,vec(X)) (6)
and the estimates are
(7—757 2) = arg (Tl,.{l,lz%fﬁ;z) rlre (7767 2) (7)

Throughout, we also impose the following assumptions on the set of permissible partitions

where € acts as a trimming and imposes a minimal length for each regime.

4For an extensive review of the applications of the likelihood principle in structural change problems, see
Csorgd and Horvéath (1997).



e Assumption A9: The maximization (7) is taken over all partitions 7 = (71,...,1,,) =
(T'Ay,...,T\;,) in the set

AEZ {()\1, ceey )\m) ) |)\j+1 — )\J| Z g, )\1 2 g, )\m S 1-— 8} . (8)
3 The limiting distributions of the estimates.

In this Section, we consider the limiting distribution of the estimates. We start with the

following Lemma.
Lemma 1 Under Assumptions A1-A9, we have: for j =1,...,m,
vi(T; = T}) = Oy(1)
and for j=1,....m+1,
VT(B; = %) = 0,(1) and VT(E; — £9) = 0,(1)

This Lemma establishes the rate of convergence of the estimates. The results are the
same as in most other cases considered in the literature, see Bai (1997, 2000) and Bai and
Perron (1998), and imply the following Corollary since the break fractions \; are estimated

at a rate fast enough not to affect the distribution of B asymptotically.

Corollary 1 Under Assumptions A1-A9, the limiting distribution of VT (5—/30) 15 the same

as in the case with known break dates.

Lemma 1 also allows us to analyze issues related to the limiting distributions by analyzing
the behavior of the restricted log likelihood function in a particular compact subset of the

parameter space in a neighborhood of the true value. This subset is defined by

Cv = {(T,8,%):0}|T; =T}| < M for j =1,...,m, 9)
VT (8; = B)] < M, VT(S; = )| < M, j=1,m+1}

where M is a fixed positive number. Using Lemma 1, restricting our analysis to values of the
parameters in the set (', is without loss of generality since we can choose M large enough
so that the estimates fall in that set with probability arbitrarily close to one. We now state
an important result that expresses the restricted likelihood in two parts: one that involves

only the break dates and the true values of the coefficients, so that the estimates of the break
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dates are not affected by the restrictions imposed on the coefficients; the other involving the
parameters of the model, the true values of the break dates and the restrictions, showing
that the limiting distributions of these estimates are influenced by the restrictions but not

the estimation of the break dates.

Theorem 1 Under Assumptions A1-A9, we have, for r =T; — TJQ :

m m—+41
max rlrp=  max Iri(r) + ma Ir? 4+ XN g(3,vec(2))] + o0, (1
(7,8,2)eCn r= TeCyy, B° Eoz; ]< ) (572)60}1@770{; J g(ﬁ ( >)] p( )
where, 1r;(0) =0,
0
1 < _ r
) = 5 S0 W)~ () — (o550 — log [52,4)
t:TJQ—H"
79 T
1 J J 3
2 Z ( ?_ 2+1)/xt< g+1) (50 g+1) Z (50 ]+1), (E?-H) faug
t:T]QJrT t= TJQ+7'
forr=-1,-2,...,
1 TJO—H‘
_ _ r
) = g D ) (50) e — 5 (log 5] — log |59, )
t=T0+1
1 TJQ—H‘ T0+r
=2 D (B = B (50 a5 — ) + S (80— B ()
t=TP+1 t=TP+1
forr=1,2,..., and
70
ZT? - 75 Z (yt_x;6j>/2jl(yt_x;6j)_%bgujjl
t=T7 41
79
1 4 ’ _ ’ TO_TOfl
ty 2 = wBY (SN e — B+~ log )
t:TJQ_1+1

This result has strong implications. It says that the optimization problem can be sep-
arated into two asymptotically independent components. The first pertains to maximizing

with respect to the break dates and does not involve the restrictions on the coefficients but
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only the true values (5°,X°). The second component pertains to maximizing a term involv-
ing the restrictions with respect to (3, %) keeping the break dates fixed at their true values
7°. Hence, the estimates of the break dates 7 and the coefficients (3, ¥) are asymptotically
independent and the restrictions on the latter do not affect the distribution of the former.
Our result provides theoretical explanation for some simulation findings reported in Bai,
Lumsdaine and Stock (1998), which show that the precision of the estimates of the break
dates does not improve much even when the sample size is greatly increased. This is clearly
an implication of the above result, which states that the estimation of the break dates is
not sensitive to the precision of the parameter estimates. The result shows what kind of
information can asymptotically improve the efficiency of the breaks estimates. Of relevance
are the true values of the parameters (60,20), in particular the changes in their values across
regimes, and the extent of the correlation across errors, as discussed in more details below.
Using this Lemma it becomes easy to derive the limiting distribution of the estimates of
the break dates under both fixed and shrinking magnitudes of shifts. For fixed shifts, we

have the following Theorem. The proof is immediate and hence omitted.

Theorem 2 Under Assumptions A1-A9, with vr a fixed constant and assuming
(5? - 5?+1)'$t$2(5? - ?+1)/ + (5? - ?+1)/$t<zg+1)flut

has a continuous distribution, we have for j =1,....m:

T, =T —% arg max Irj (r).

where the mazximization is taken over the set of integers.

The Theorem clearly shows that the restrictions on the coefficients do not enter the dis-
tribution of the breaks asymptotically. It also shows that restricting the errors to have an
homogeneous distribution across regimes, even if true, does not bring efficiency gain asymp-
totically. In light of the fact that if the error process does undergo changes in distribution,
restricting it to be stable implies a misspecified model, this suggests that a robust choice in
practice is to always allow the errors to be regime dependent. It is also important to allow
the distribution of the regressors to vary across regimes. Otherwise, the confidence interval
will not have the correct coverage even asymptotically. The simulations of Bai and Perron
(2004), done in a single equation framework, show that it is also preferable to allow it to be

regime dependent even if the actual distribution does not change.
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The result also says that the error covariance plays an important role in determining
the asymptotic distribution. More weights are given on information from the equations
with smaller variance. The formula also shows a tension between equations through the
correlations in the errors. This suggests that to estimate breaks by minimizing the total sum
of squared residuals is likely to result in potentially important efficiency losses even if the
different equations all bear the same information to noise ratio.

The drawback of the result in Theorem 2 is that the limiting distribution depends on the
exact distribution of the errors. This is a standard problem in the literature and the usual
remedy is to consider an asymptotic framework whereby the shifts are shrinking in magnitude
as the sample size increases. Stronger assumptions are, however, necessary, in particular to

rule out trending regressors. More specifically, we introduce the following assumption.

e Assumption A10: Let AT} = TP — T} ; for j = 1,...,m, as AT} — oo, uniformly in
0 sAT?
s € [0,1], (AT?) "Ly tA

t:TJ071+1
not necessarily the same for all j.

xxy =, $Q) with QY a nonrandom positive definite matrix

The result pertaining to that case is stated in the next Theorem.

Theorem 3 Let 1, = (Nyq, s M) = (E?)_lﬂut fort € [T}, + 1,T}], and assume that
EMmununm] = 0 for all k,l,h and for every t. Under Assumptions A1-A10, with vy — 0
such that T'?vr/ (log T)2 — 00 as T — oo, and with ‘=7 denoting weak convergence under

the Skorohod topology, we have, for j =1,....m :

A2 —M—i—B-u oru <0
— (T, — T%) = argma, 2 i) d - (10)
T2 \VJ J lu| As Ts
Lj —5a5 T TZB](U) foru >0
where
1 2 !
AL]' = §tT(A1,j) + 5jQ17j5j
1
Ngj = 5757”(14%) + (5}@2,3‘(5]'
Fl,j = (U€C (ALj)l Q?JU@C (Al,j> /4 —+ 6;-H1,j($j>1/2
].—‘27]' = (U€C (Agﬁj)/ Q(Q),jU@C (AQJ) /4 + 6;-H27j(5j>1/2
Ay o= BNV e E)
A2,j = (22+1)1/2(E?)_1<1>j(22+1)_1/2
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0
T3

Q1 = plim(TjO—TjOil)_1 Z xt(E?H)_ll’g

T—o0

t=T7 | +1
T
Q2; = plim(T]Q%*l_T]Q)il Z xt(E?)*lxi
Teo t=T0+1
and
TP
My = Jimvar{(T} =T} )72 ) «(S30) 7 () 0}
t:TJ‘Ll—l—l
T
Moy = lim var{(Tf,, = T7)72[ Y (=) 71550}
t=TO+1

J

with B;(s) a Wiener process defined on the real line and

Ty
Q) = lim var(vec((T} = T7)72 Y (= 1))
t=T7 | +1
TJO+1
;= lim var(vec((TY, = T7)72 Y (i — 1))
t=T9+1

J

Note that our result allows both the marginal distribution of the regressors and of the
errors to vary across regimes. Also, the error process is allowed to be autocorrelated as
well as conditionally heteroskedastic. Hence, it extends the results of Bai (2000) and Bai,
Lumsdaine and Stock (1998).

Remark 5 The specific form of Q(l),j and Q%j depends on some features of the distribution of

the errors. When these are identically Normally distributed, n,n, has a Wishart distribution
with
var(vec(n)) = (I + Ko)

where K,, is the commutation matriz, i.e., the n?> x n? matriz such that
K,vec(A) = vec(A')

for any n x n matriz A (see, e.g., Magnus, 1988, p. 85 and p. 164). In this case, if n,n, are
serially uncorrelated, then

By =2, =0 = (Lo + Ky) (11)
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Further, using the fact that K,, is an idempotent matrizx,

vec (A:[,j)/QO/UeC (A1) /4 = wec (Al,j)' (In2 + Ky )vec (A ;) /4
— [Uec (Ay) vee(Ay,) + Uec(A'Lj)’vec(A'l,j)] /4
= wvec (A1) vec(Ay) /2

and 11y ; and Il ; simplify accordingly.

Remark 6 Under shrinking magnitude of shifts, ¥} — X% and Q) — Q° as T — oo, for
j=1,...,m+1. So, in principle, the Z? and Q(J)- in the limiting formula could be replaced
with X° and Q°. However, we keep the original formula since it is expected to yield a better
approximation when the change in the variance is not small, and remains valid when the

change s small.

The analytical formula for the cumulative distribution function of (10) has been derived
by Bai (1997). Hence, the relevant quantiles could be easily calculated if we knew the
coefficients affecting the distribution. In practice, the true values of the coefficients are
unknown. However, they can be consistently estimated and it is easy to show that the
coverage rates will be asymptotically valid provided root-T' consistent estimates are used
instead of the true values. Then the distribution can be simulated and confidence intervals
can be constructed using the empirical distribution. The various quantities can be estimated

as follows

U’%&Lj = tr(”?ﬂ%g)/Q + (BjJrl - Bjy@l,j (Bj+1 - EJ)
U%’AZJ‘ = tr(”%Ag,ﬂ/Q + (Bj—}—l - Bj)lQZj(Bj-H - B])
'U%fl,j = ['UeC(UTng)/Qg,jvec(UTgl,j)/4 + (Bjﬂ - Bj)/ﬁl,j (Bjﬂ - Bj)]l/Q

VBl = [vec(vrAy;) QS vec(vrAs;) A+ (Bioy — B;) oy (B4n — B;)]2

where

vrAry = (ENYHE) TN - )8
vrds; = () 2(5) T (S0 — ) (Zje0) 72
T

~T) Y w(Si)

t:T]’,1+1

S

Qi = (

Tj+1
Qo = (T =T ) wm(S) '

t=T;+1
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and ﬁl,j, ﬁg’j, ﬁ(l) i ﬁg ;» the estimates of the long run variance of the corresponding quanti-
ties, can be constructed using a method based on a weighted sum of sample autocovariances
of the relevant quantities, as discussed in, e.g., Andrews (1991).

Our result is framed to encompass the most general cases. In many instances, however,
the limiting formulae and the estimation simplify substantially. For example, if there are
only changes in the conditional mean, then all the terms involving the difference in the
covariance matrices drop. If, in addition, the distribution of the regressors is assumed to be

stable, then

T—o0

T
lej = QQJ = phm T_l th(ZO)_lx;
t=1

for all j =1,...,m + 1. Also, if the error process is assumed to form a martingale difference

sequence, as is often the case in a dynamic model, then

Ty
IL,;, = glim(Tf—Tf_J_l( > w20 ) T EN S )
e t=T7 | +1
TP
Moy = plin(TPy = T9)7'( D w7 (550)(5) )
e =T04+1

J

and, hence, no special estimate is needed to construct the above quantities.

Though only root-T" consistent estimates of (3, ) are needed, it is likely that more precise
estimates of these parameters will lead to better finite sample coverage rates. Hence, it is
recommended to use the estimates obtained imposing the restrictions even though imposing
restrictions does not have a first-order effect on the limiting distribution of the estimates of
the break dates.

3.1 Block-partial structural break models

It is of interest to look more deeply into the case where a subset of the equations in the
system is restricted not to have any break, i.e., the restrictions imposed are such that all
parameters have equal value for all segments. We call this a block-partial structural break
model since only a particular block of equations is allowed to be influenced by breaks. A
natural question to ask is whether there is any gain, pertaining to the estimates of the break
dates, made possible by the inclusion of equations with no break. Our results show that,
indeed, important gains are possible depending on the extent of the correlation between the

errors in the two blocks of equations. The intuitive explanation is that the precision in the
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estimates of the break dates affects the likelihood function through both the variance of
that block of equations and the correlation with the other equations. Hence, by including
such correlated equations without breaks, additional forces are in play to better pinpoint the
break dates.

To make these assertions more precise, suppose we have the following block structure

p
= (I, ® 2) Y 4w

Yot 5 2

Y1t

where 3, and yo; are vectors of dimensions n; and ns, respectively (ny; + ny = n). Hence,
all equations share the same regressors but the coefficients are allowed to change only in the
first block of equations. We also assume for simplicity that the distribution of the regressors
does not vary across regimes and the covariance matrix of the errors is stable. Denote the
asymptotic variance of the estimate of the j* break obtained using the full system as ij ,
and that obtained from the subset involving only the first n; equations as Vjp . We then have

the following relative asymptotic efficiency

ABY (S @ Q)AB, 2
Hn ; . 1 12
o <A6,1’j((211 — Ty B) 7 ® Q)Aﬁl,j> = (12)

where @ = plim,_, 77! ZtT:1 22!, This inequality follows since X135 %}, is positive semi-
definite. To illustrate the potential gain from using the full system, consider the following

simple case with two equations

Y = a1l (t < T+ (ag + A 1(t>T1) + ug (13)
Yor = Q2+ Uy (14)
u 1 r
" ~iid o, .
Ut re 1

Here, there is one shift in mean in the first equation and the second equation is stable. From
(12), the relative efficiency of using both equations as the system, over using only the first,
is 1/ (1 — ri,) with 715 the correlation coefficient between uy; and ug;. When ri5 = 0.5, we
have, in large samples, a reduction in variance of 44% using both equations. When r15 = 0.8,
this reduction reaches 87%. Hence, the gains of using a multivariate system can indeed be

quite large.
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The fact that correlation in the errors of different equations induces an increase in effi-
ciency when some of the equations have no break (or more generally distinct breaks) is in
contrast to the results of Bai, Lumsdaine and Stock (1998). They show that with common
breaks the precision increases with the number of equations. But in this case positive cor-
relation in the error may increase the variance and mitigate the beneficial effect of having
more equations. The intuition is that with positive correlation in the errors, the additional
information about the common breaks becomes less independent, more of a duplicate of the
same information. For example, consider two equations with a single common break where
y1¢ is generated by (13) with A = 0% = 03, and yy is generated by the same process with
ug¢ instead of uy;. Then the the relative efficiency of using both equations as the system,
over using only the first, is 2/(1+ 712). Hence, r12 > 0 induces a loss of efficiency, though no
value can eliminate completely the benefits of including the additional equation. Note that,
in the block partial breaks model, the sign of the correlation plays no role in affecting the
efficiency. This is not surprising since the break structure of the two sets of equations are
different and the positive correlation does not lead to a duplicate of the same information.
This insight should carry through to other type of models, such as ordered breaks models,

where the breaks are not simultaneous and correlation in the errors is present.

4 An efficient algorithm for estimation

We now discuss how to construct the QMLE based on Normal serially uncorrelated errors.
The computation of the estimates in the general framework considered is not a trivial issue.
In principle, a grid search can be used but it becomes rapidly impractical since it involves the
computation of maximum likelihood estimates of order O(7™). Our approach is to extend the
work of Hawkins (1976) and Bai and Perron (2003a) who advocate a dynamic programming
algorithm. The basic idea is as follows. With any possible number of breaks, it is the case
that the overall value of the log likelihood function is the sum of the values associated with
a particular combination of m + 1 segments. Hence, if we have the information about the log
likelihood values for all possible segments, of which there are at most T'(T + 1)/2, then all
that is needed is a method to assess which particular combination of m+ 1 segments leads to
the highest value of the likelihood function. This is achieved using a dynamic programming
algorithm. The relevant steps are discussed in this section, though we omit details that are

discussed more thoroughly in Bai and Perron (2003a).
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4.1 The optimization problem without restrictions

Consider first the case with no restriction since then the value of the log likelihood function for
different segments can be obtained by estimating the model with data segment by segment.
Denote the possible segments by pairs (4, j) with i the starting date and j the ending date.
Let h = €T be the minimum length of a segment, then ¢ ranges from 1 to 7' — h + 1 and
j ranges from h to T' (some entries would be redundant but to facilitate the discussion we
consider this range, see Bai and Perron, 2003a, for details). In what follows a subscript (i, j)
denotes the value of the relevant variable over the segment (i, j); for example Yy, ;) is the
vector of dependent variables from time ¢ to time j, X;;y is the corresponding matrix of
regressors and X, ;) is the covariance matrix of U j).
Suppose first that X; ;) is known. Then the QMLE is equivalent to the GLS estimate
and .
/S(G?)S = (X(li,j)z@lj)X(iu‘O X Yeis) (15)
An estimate that is asymptotically equivalent to the QMLE can be obtained using an iterative
procedure that starts with the OLS estimates of 3; ;) to get an estimate of ¥; ;). One then
substitute in (15) to get a new estimate of f3; ;), and iterate until convergence. Denote the

resulting estimate by B(i,j)' The log likelihood value over the segment (i, j) is then

- —i+1 1 d - Y
1i,5) = ~+—5— {<1og (27) + 1) + log det (m > [ =B v~ i) ) }

t=i
An efficient way to compute the log likelihood values for the segments (i, j) with ¢ fixed and
j=1+h—1,...,T is to use a recursive residuals approach. The relevant updating formulae
for the multivariate case have been derived by Tobing and McGilchrist (1992). These are,
for a known ;1 41,

~GLS ~GLS -1
5(i,j+1) = B(i,j) +H(i,j) Ej+1,j+1) (Z(J’HJH) +X(j+1,j+1)H(i,j)XEj+1,j+1))
~GLS
X[Yi1g41) = X148, ]

-1

(16)

and

H(i7j+1) - H(ivj)+XéjJrl,jJrl)E(j+17j+1)X(j+1,j+1)

-1 -1 -1 1 -1 -1
H(z‘,j—i—l) = H(z‘,j)_H(i,j)ij+1,j+1)(Z(jHJH)+X(j+1,j+1)H(i,j) (,j+1,j+1)) X(j+1’j+1)H(i,j)

Since ¥(j11,j41) is unknown, we must iterate on the updating formula (16) starting with

. . _ ~GLS ~GLS
S+ = G — i+ 17 Yy — XapBay Wan — XapBis )
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~GL A~
Upon convergence, we obtain the approximate QMLE 5; ;1) and X j1).

To obtain B(i7j+1) for j =i+ h,...,,T — 1, we use this updating scheme starting with
~GLS
Biitn—1) and

~

Hiivn1) = X(Li-&-h—l)E(i,li+h—1)XEi,i+h71)
with Bgf-ih_l) and ZA](_llZ he) obtained from (15) iterating until convergence. Repeating this
process for ¢+ = 2,....T — h + 1, one obtains the triangular matrix of log likelihood values
l(i,j) fori =1,....,T —h+1land j =i+ h —1,...,T. Note that the computations involve
only inversions of h X h and n X n matrices.

Once the triangular matrix of likelihood values is obtained, the next step is to find which
combination of m + 1 segments has the largest sum, i.e., which partition 7 = (71, ...,T),)
is optimal. This is achieved using a dynamic programming algorithm. Denote by [ ({7}.,})
the value of the log likelihood function with the optimal partition associated with a system
having r breaks and estimated using the first n observations. Then, the optimal partition for
the system with m breaks using the full set of observations is the solution to the following

dynamic programming problem (see Bai and Perron, 2003a, for details):

{Tnr}Y) = max [l ({Tn-1;}) +10+1,T)]

mh < j < T—h

Note that the two layers of recursions allow us to solve two problems: the inversion of
large matrices and the use of non-linear algorithms to obtain the M LFE. Convergence of the
iterative GLS scheme to obtain the M LE should be fast since the initial estimate of the
covariance matrix of the errors is that obtained with one less observation. Hence, generally,

convergence only takes a few iterations.

4.2 The procedure allowing for restrictions on the coefficients

With restrictions on the coefficients, the algorithm described above is no longer sufficient
since the triangular matrix of log likelihood values cannot be constructed using estimation
segment by segment. Indeed, the restricted estimates of the parameters in one segment
depend on those in the optimal partition that includes that segment, each of which would
have an optimal partition that need not include the original one. Fortunately, there is a
simple iterative scheme using the same principles outlined above that can yield the desired
result. The idea is to first estimate the breaks and the coefficients without restrictions. Then,
conditional on the estimated breaks, use all the restrictions to estimate the coefficients.
Third, use the updated coefficients to repartition the sample. Finally, repeat the process

until convergence. More specifically, the algorithm is as follows.
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1. Use the dynamic programming algorithm described above to estimate an unrestricted

model with m breaks.

2. Obtain the restricted QMLE of the coefficients conditional on the break dates obtained
in part 1. Denote the estimates for each segment as 3; and ZN]j (j=1,...,m+1), and the
resulting value of the restricted log likelihood function for a segment (7, j) by 71" (i, j)
when estimates from the r*" regime are used, i.e,

j—i+1

5 [(log (2) + 1) + log |3, ]

rl"(i,j) =
3. Compute and store the values of the break dates and the restricted likelihood function
corresponding to optimal one break partitions, vl ({71,}), for 2h <n <T —(m —1)h.
This is done solving the following recursive problem
_ 101 - 2
rl{Tin}) =, max  [rl'(LJ) +rP(j + 1,n)]
Then, sequentially compute and store 7l ({7},}) for r = 2,...,m — 1, with n ranging

from (r 4+ 1)h to T'— (m — r)h. This is done by solving the recursive problem
_ . r+1/ :
rt({Tyn}) = " gn;agxn—h [Tl({TT—LJ}) +rl (41, n)]
Finally compute

rl ({Tpnr?}) max_ [rl({T-1;}) + 70" (G + 1,T)]

_mh<j<T7h

and store the m estimated break dates.

4. Repeat steps 2 and 3 until convergence.

The main computation involved in this procedure is in step 1. The reason is that the
estimates of the break dates obtained from the unrestricted model are not only consistent
but also asymptotically as efficient compared to estimates obtained imposing the restrictions.
This ensures that the estimates of the coefficients in Step 2 are not only /7 convergent,
but also asymptotically efficient. Hence, convergence is typically fast and simulations have

shown that only a few iterations are needed, in most cases.
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5 Locally ordered breaks model

In the class of models considered so far, the breaks across equations either happen simul-
taneously or are distant from each other in the sense that they are separated by a positive
fraction of the sample. Accordingly, the estimates of the break dates can be treated indepen-
dently. This rules out a class of models which may have wide appeal in practice, when breaks
across equations are close to each other and, hence, cannot be treated independently. As
mentioned in the introduction, we label such cases as “locally ordered breaks” for which the
methodology discussed so far does not provide an appropriate framework for estimation and
inference. Estimating the model assuming common breaks is not desirable and we should not
treat the breaks in the two equations separately since this would imply a loss of efficiency.
Our goal is to discuss an algorithm to estimate break dates in such models and construct
confidence intervals for the estimates.

To keep things manageable, yet covering most cases of potential applications, we consider
a simplified class of models containing two subsets of equations:

5
Yt = (L‘; 1 -+ Ut

Yo B
and the total number of breaks in the system is again m. Restrictions of the form (2)
can still be imposed, which in particular can allow some coefficients in each equation not
to change across regimes, and so on. But we suppose that all breaks are either common
or asymptotically distinct except for the j** one, which is locally ordered in the system.
Without loss of generality, we assume that the j** break occurs first in the first subset of
equations, at some date k%j, and after in the second set, at some date kg’j > k%j. We now

define precisely what is meant by locally ordered breaks.

Definition 1 (Locally ordered breaks) Let vr be a sequence of positive numbers satisfying
vr — 0 and TY?vr/ (log T)* — oo, breaks across equations occurring at dates kY and k3 ;
are said to be locally ordered if kY ; < k3 ; and vi.(k3 ; — kY ;) < My with My — 0 as T — oc.

Remark 7 The condition v} (kS ; — kY ;) — 0 implies that (k3 ; — k{;)/T — 0, although
(ky; — kD ;) itself is not restricted to be finite as T increases. If limp_oo(k3; — k9 ;)/T >
0, then the two breaks become asymptotically distinct and the usual asymptotic framework
discussed above applies. What is important is that asymptotically the distance between the
two breaks becomes a negligible proportion of the sample size at a fast enough rate dictated

by the condition on the rate of decrease of vr.
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We also impose the following assumption.

e Assumption LOB: a) Assumptions Al to A10 continue to hold for the all breaks except

that A4 is strengthened to require martingale difference errors and for the j** break date A7

is replaced by Definition 1; b) it is also assumed that the covariance matrix of the errors X

is not changing at the j** break.

5.1

The estimation algorithm

We first explain how to estimate the model using an extension of the algorithm discussed in

Section 4. The steps are as follows.

1.

5.

Use the dynamic programming algorithm to estimate an unrestricted model. This
means that we treat the two sets of equations separately when estimating the breaks,
hence information regarding the ordering of the breaks is not used. The estimates will

be consistent but not efficient. Store the triangular array of estimated break dates.

Estimate the coefficients conditional on the break dates obtained in part 1, imposing
restrictions if any. Note that the estimates of the coefficients are asymptotically efficient

even though we have not imposed the ordered restrictions on the breaks.

Denote the value of the likelihood function for the segment between the (j — 1) break
and ko j, say (T;_1, k2 ), which contains a break in the first system occurring at date

ki, as vl (Tj_1, ks ; (k1;)). Compute and save

Pl (Tj 1, ko) = sup rl(Tj-1, koj (k1))

Tj—1+h<ki ;<ka;

for all ko ; < T — (m — j)h, where h = [¢T] is again the minimal length of segments
defined by asymptotically distinct break dates.

Find the combination of the segments that maximizes the global likelihood function.

To do this, the dynamic programming algorithm is used.

Repeat step 2 to 4 until convergence.

Remark 8 We have only considered a class of models with two ordered breaks occurring in

two subsets of equations. The estimation algorithm can easily be extended to allow for, say,

d such locally ordered breaks occurring in d equations or subsets of equations, i.e., where
Definition 1 is extended to have k ; < k3 ; < ... < kg ; with the differences vi.(k; — kY ;) — 0
for s =2,....d. Only step 3 needs to be modified accordingly.
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5.2 The limiting distribution

We now consider the limiting distribution of the break dates. Note that we only need a
separate treatment for the j¢* break which is locally ordered in the system since all others are
asymptotically distinct and the distribution theory discussed in Section 3 applies. Denote
the estimates obtained using the algorithm described above as /%Lj and ]%2,]', we have the
following result regarding the consistency and rate of convergence of the estimates of the
break dates.

Lemma 2 Under Assumption LOB, with Eld‘ and EM the corresponding estimates, we have
foralli=1,..j—1,j+1,..m: vA(T=TP) = O,(1), v3(kr;—k),) = Op(1), vi (ks —k3,) =
Op(1).

Lemma 2 shows that the rate of convergence of the break dates are the same as stated
in Lemma 1. Hence the relevant expressions for the likelihood function correspond that of
Theorem 1 with m + 1 breaks, the j* and the (j + 1) being locally ordered ones. Then, we
need to examine Ir}(ry) + Irj,,(r2) in order to derive the joint limiting distribution for the
pair r; = l%l,j — k%j and r9 = l%zj — k%j. To illustrate how the derivation proceeds, consider
the case where 1 < 0 and 75 > 0. Under the assumption LOB, the covariance matrices Eg’

and X9, are the same with a common value, denoted ¥, and we have

lrjl-(rl) + lrjl-+1(7“2)

0 0
k1. ki

_ 1 _
= (Aﬁ/l,jvo) Z xt@?,jﬂ) lut_§(A5/1,j70) Z $t<22,j+1) 1I;(A5/1,j70)/
t=k(1)’j+1“1 t:k?,j+n
kg,j +7r2 1 kg,j +r2
_<07A5/2,j) Z $t(23‘,j+1)*lut—§(O’A5/z,j) Z xt(Z?,jH)ilx;(OaAﬁlz,j)/
t=k9 ;+1 t=kJ ;+1

Similar expressions obtain for the other possible configurations (r; < 0,79 < 0,77 — ry <

kyj — kY >0,y <07 —ry <K — kY jand g > 0,75 > 0,7 — 1 < K§; — k7 ), and

the limiting distribution, derived in details in the appendix, is given by
Theorem 4 Under the Assumption LOB, we have

U%HLJ‘ ((/2314‘ — k%j)’ (]%2,]‘ — ]{TSJ)> = arg max Z(Ul, ’Ug)

v1<v2
with Z(vi,vy) defined as follows: Z(vi,vy) =0 if v1 = vg = 0;

v v
Z(v1,v2) = Wi (v1) — |—21| + (o /Ty 5) 2 Wa () — %(Hm + 2M45) /1L 5
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if v < 0,09 <0 and vy < vy

v v
Z(v1,v2) = Wi (v1) —|—21‘ + (o g1 /T )2 W (vg) — ‘—22|(H27j+1/H1,j)

if vy < 0,09 > 0; and

Z(v1,02) = (Majpa/Tg) 2 W (vr) — |21’(H1,j+1+2H12,j+1)/H1,j + (T 541 /Th )2 W ()

|Uz|
2

if vy > 0,v9 > 0 and vy < vy. Here, Wi(+), Wa(-), Ws(-) and Wy(-) are independent Wiener

processes defined on the real line and

(HZH—I/HI ])

0
J
Qj _phm(T T0 D)7t Z wt(zgm) ty
T—)OO tZT]071+1
T}
Qj+1 :glim(j—j]()‘i’l_rjo)i Z (35 500) "
- t=T9+1

! —1 ! —1 ! !
51,j = Ur (51]+1 513 70> 523 = Ur ( 2]+1 5 ) HLj = 51,ij517j» Hllj = 51,ij527j=
My, = 0 ,Q;025, i ju1 = 01 ;Q101, iz = 51,ij+152,3' and Ty 11 = 05 ;Q;1102,5-

The cumulative distribution function of the random variable arg max,, <,, Z (v, v2) does
not have an tractable analytical formula. However, the relevant quantiles can be obtained
using simulations. To do this, first generate the a realization of Z(v;,vy) by replacing the
true value of the parameters with consistent estimates and simulating the Brownian motion
processes Wi(+), Wa(:), W3(-) and Wy(:) over an reasonable range, say, [—M, M]. Then,
apply the dynamic programming to find the global maximum of the function Z(vy,vs) over
v1, vy € [—M, M| with the restriction v; < vq. Finally, repeat the above two steps to obtain

the relevant quantiles of the distribution.

6 Testing for structural change

We now consider testing for structural changes. Our setup is quite general in that we shall
consider tests that allow for changes in the coefficients of the conditional mean or in the
variance of the error term or both. Also, we can allow only a subset of coefficients to change

across regimes, hence partial structural break and block partial structural break models are
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permitted. We first consider using a likelihood ratio test for the null hypothesis of no change
in any of the coefficients versus an alternative hypothesis with a pre-specified number of
changes, say m.

In order to derive the limiting distribution of the test under the null hypothesis of no

structural change, we impose the following additional assumptions on the data generating.

e Assumption All: T} ngl] T xy, —, sQ, uniformly in s € [0,1], for () some positive

definite matrix.

e Assumption A12: The errors {u;} form an array of martingale differences relative to
Fi = o-field {..., i1, %4, ..., us_2,u;_1}, and, additionally, F (u;u;) = ¥° for all ¢ and
7125 gy, = ®V2W (s), where @ = plimg._ T X’ (I, ® £°) X and W (s) is a vec-
tor of independent Wiener processes. Also, with 1, = (19,1, ...,7;,) = (3°)~/2u,, we have
T-1/2 ,[528_1] (nyn, — 1) = £(s) where £(s) is an n X n matrix of Brownian motion processes

with Q = var(vec(£(1)).

Assumption A11 rules out trending regressors and imposes the requirement that the limit
moment matrix of the regressors be homogeneous throughout the sample. Hence, we avoid
the case where the marginal distribution of the regressors may change while the coefficients
do not (see, e.g., Hansen, 2000). This follows from our basic premise that regimes are defined
by changes in some coefficients. Similarly, Assumption A12 rules out instability in the error
process and states that a basic functional central limit theorem holds for the weighted partial
sums of the errors and their products. Note that A12 assumes no serial correlation in the

errors u,. This will be relaxed later.

6.1 The specification of the alternative hypothesis

We start with the case where, under the alternative hypothesis, we allow only a subset of the
coefficients to change across regimes and there are otherwise no other restrictions. Hence,

for a given equation, say the i** one, and a given m-partition 7 = (T3, ..., T}, ), we have
Yit = x;atﬁia + x;btﬁibj + U for ijl +1 S t S T? (] = 17 ey MM + 1)

where x;,; and 3,, are vectors of dimensions p;, while x;; and 3,,; are vectors of dimensions

ibj
Dib, Pia+ Div = pi, the number of included (or non-zero) regressors in the it" equation. Hence,
for this equation only p;;, coefficients are allowed to change. Note that this framework is

such that any coefficient which is allowed to change does so simultaneously. The case where
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different coefficients could change at different dates will be considered later. Stacking the

system equation by equation, we have
Yo = Ty By + By +up for T +1<t<T; (j=1,...,m+1)

where z,; and zy; are p, X n and p, X n, respectively, matrices of regressors, while 3, and f3,;
are p, and p, dimensional vectors, respectively. Here, p, is the total number of coefficients
that are not subject to change, while p, is the total number of coefficients that are allowed to
change. Hence, x,; may contain zero elements corresponding to regressors that are allowed
to change in one equation but not in at least one other. Similarly, x;; may contain zero
elements corresponding to regressors that are not allowed to change in one equation but are
allowed to do so in at least one other. Note also that zero elements can occur simply because
some regressors are altogether excluded from an equation.

The specification of the covariance matrix of the errors is such that

0115, 0125 <o O1nj
09215 0922 ... O2pnj .

E(uuy) =%; = _] _] .ny for T, 1+1<t<T; (j=1,...,m+1)
Onlj On2j -« Onnj

where for, say, the i equation, we have n — ny; entries such that Oikj = Ok, 1.€., we have
ny; entries whose coefficients are allowed to change. What will be important is the total
number of coefficients that are allowed to change across regimes, which we denote by n,
(< n(n+1)/2). As a matter of notation, let H be a full row rank matrix of dimension
n; x n? such that Hvec(X) is the n} = nyg + 2np, dimensional vector of the coefficients
allowed to change (including both upper and lower triangle covariance entries). Here, n4
is the number of diagonal entries of 3 (variances) allowed to change and ny, is the number
of covariances allowed to change (number of entries in the upper triangle of ¥). The total
number of independent entries of ¥ allowed to change is ny, = nyg + npo. For example, in a

two equation system with only the covariance allowed to change

0100
0010

Under the null hypothesis of no change in structure the estimates are the values B/ = (B;, B;)
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and ¥ that jointly solve the following system of equations

5= 3w ) ()

T T
Bo= O mS )y Sy
t=1 t=1

with the resulting value of the log-likelihood function being
~ T T ~
log Ly = —5 (log2m + 1) — 3 log |X].
For a given partition 7 = (T4, ....,T,) = ([TA1], ..., [T'An]), the class of models described
above can be estimated by quasi maximum likelihood using the appropriate restrictions.
Denote the log-likelihood value by log Lt (T1,...,T). The test considered is the maximal

value of the likelihood ratio test over all admissible partitions in the set A. defined by

Assumption A9, i.e.,

sup LRr(m, pp, Nod, Mbos €) = sup 2 [log ﬁT (T3, ..., T,n) — log ZT}

= 2 [log f}T(Tl, ...,Tm) — log ZT]

where the estimates (Tl, o T m) are the QMLE obtained considering only those partitions in
A.. The parameter ¢ acts as a truncation which imposes a minimal length for each segment
and will affect the limiting distribution of the test. It is also useful to describe the exact
form of the log likelihood value and the estimates of the coefficients for some leading cases,

when constructed using a given partition 7 = (7, ..., T;,).

Example 1 (Pure structural change model in the conditional mean) When py; = 0 for all
i=1,...,n, and ny = 0, we have the case of a pure structural change in the conditional mean
for which the coefficients of every regressors in all equations are allowed to change across
regimes. Then py is the number of regressors in the system whose coefficient is allowed to

change. The log likelihood function under the alternative hypothesis is
N T T A
log Ly (T4, ..., T),) = -5 (log2m +1) — 3 log |3
and the QMLE jointly solve the equations

m+41 T;

£o= 23 S B - B

G=1 t=T;_1+1

7 7
B; = ( Z D) Z T8y,

t:Tj,1+1 t:Tj,1+1
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Example 2 (Pure structural change model in the covariance matriz of the errors) When
po = 0 and ny = n(n + 1)/2, none of the coefficients of the conditional mean equations are
allowed to change while all parameters of the covariance matrix of the errors are allowed to

do so. The log likelihood function under the alternative hypothesis is

m—+1

. T T, —T; 4 -
log Ly (T, .., Tn) = =5 (log 27 +1) — ;%bgw (17)
and the QMLE jointly solve the equations
. 1 i X .
X = T — T, Z (ye — 23.8) (ye — 13.3)'
t:Tj,1+1

m+1 T m+1 T}

N S U TRb oD S
j=1 t=T;_1+1 j=1 t=Tj—1+1

Example 3 (Complete pure structural change model) When p,; =0 for alli =1,...,n, and
ny, = n(n+1)/2, all coefficients are allowed to change. The log likelihood function under the
alternative hypothesis is still (17) with the QMLE jointly solving the equations

T.
S 1 - 17 -0}
X = T T, > (e — 2By —wiB,))
t:Tj71+1
T T,
B = ( Z A Z T35 Y
t=T) 1+1 t=T;_1+1

6.2 The limiting distribution of the test.

We now consider the limiting distribution of the sup LRy (m, ppy, Npa, o, €) test under the
null hypothesis in the context of the class of models described in the previous subsection.

The following result is proved in the appendix:

Theorem 5 Under Assumptions A7 and A11-A12, with the sup LRyp(m, pp, Npd, Mo, €) test
constructed for an alternative hypothesis in the class of models described in Section 6.1, we

have, as T — 00,

sup LRT(m7pb7 Nbd, Mo, 5) = sup Z LR](A7pb7 TLZ)
(A1yeesAm ) EAL j=1
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with
1AWy, (Vi) = A Wo, D)1
(Njr1 = Aj) A
1 (AWaz A1) = A Wag (Ag)) HOQH' (AW (A1) — AWy (V)
2 (A1 = A) AjAja

LRj()\vpbu TLZ)

where A = (A1, ..., Am), Wy, (+) and Wi (+) are py and nj = npg + 204, dimensional vectors of

independent Wiener processes, and n; = rank(H).

Note that the limiting distribution of the test statistic depends on a) p,, the number
of regressors whose coefficient is allowed to change; b) n; the number of coefficients of the
covariance matrix allowed to change; c) the matrix H that specifies which coefficients of
the covariance matrix are allowed to change, and d) the distribution of the errors via the
matrix ). In the analysis below, whenever an element of the covariance matrix of the errors
is allowed to change, we shall assume Normality of the errors and use the specification (11)
for €.

When no change in the covariance matrix of the errors is allowed, the limiting distribution
of the test is:

sup LRT<m7pb7 0,0, 6) = sup

zm: INWo, (A1) = N Wy, )12 (18)
()\17---7>\m)€A5 j_l

(Njr1 = Aj) A

which is of the same form as the expression in Proposition 6 of Bai and Perron (1998). It
depends only on (m,py,e) and tabulated critical values can be found in Bai and Perron
(1998, 2003b).

When no change in the coefficients § is allowed and only elements of the covariance

matrix are allowed to change the limiting distribution of the test is

NWag (A1) = X Wiy () HOH' (\Way (Aj1) = X Wag (4))

1= (
sup =
O Am)EAL 2 Z (Aj+1 = Aj) AjAj

and the distribution depends, in particular on the matrix H that specifies which coefficient of
the covariance matrix is allowed to change. The distribution, however, simplifies considerably
for cases of interest. To see this note that, since H is a selection matrix applied to vec(X) any
row that selects the (4, k) element of ¥ can be written as an n? vector of the form e],; ® ¢/, ,
where e,,; is an n x 1 vector with a 1 in the " position and 0 elsewhere. Hence, assuming

Normality, any element of HQH' involving the selection of the (i, k) and (I, m) element of
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¥, can be written, in view of (11), as (with the second equality following from, e.g., Magnus,
1988, exercise 3.3).

(HQH) 0y = (€@ €03) (Inz + Ky) (€ng @ €nm)
= (€n; @) (ent ® enm) + (€1 ® €)1) (Enm @ €ny)
2ifi=k=1l=m
= lifi=l#k=mor i=m#k=1

0 otherwise

This result greatly simplifies the form of the limiting distribution. In particular, the matrix
HQH' is such that inference about changes in any one element of ¥ is independent of
changes in any other independent element (i.e., not the two entries for a covariance term).
The value of an entry differs, however, when a variance or a covariance is allowed to change.
Suppose that only n;, diagonal elements of ¥ (i.e., variances) are allowed to change. Then
(HQH') = 21, and the limiting distribution of sup LRy (m, py, nap, 0, €) is also of the form
(18) with n, instead of p,. When only n, independent off-diagonal elements of 3 are allowed
to change, (HQH') = ii’ where i is a 2n;, x 1 vector of ones, i.e., (HQH') is a 2n, x 2n,
matrix of ones. Then, straightforward algebra reveals that the limiting distribution is still

given by (18). Hence we have the following result under Normal errors.

Corollary 2 With p, elements of B and ny, = npg+npo elements of ¥ allowed to change, and
under the conditions of Theorem 5 with the added assumption that the errors are Normally

distributed, the limiting distribution of sup LRr(m, py, Ny, Mo, €) 18

i ||)‘ij1)+% (/\j-l-l) - >\j+1pr+nb ()‘]>”2
(Mt Am)Ehe 5 (Ajr1 = X)) AjAji

which of the same form as the expression in Proposition 6 of Bai and Perron (1998). It

depends only on m, p, + ny and €, where Ny, = Npg + Npo, and tabulated critical values can be
found in Bai and Perron (1998, 2003b).

6.3 Test of 1 versus 141 breaks

It is often the case that we do not know the number of changes in the system, and a
statistical procedure to determine it is needed. For this purpose, information criteria such as
those proposed by Liu, Wu and Zidek (1997) and Bai (2000) are possible. But as argued by
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Perron (1997), these perform rather poorly, especially in models involving lagged dependent
variables. Hence, it is useful to have a complementary test-based procedure. Following Bai
and Perron (1998), we consider a sequential testing procedure based on the estimates of the
break dates obtained from a global maximization of the likelihood function.

Consider a model with ¢ breaks, with estimated break dates denoted by (Tl, T 7), which
are obtained by a global maximization of the likelihood function. The procedure to test the
null hypothesis of ¢ breaks versus the alternative hypothesis of ¢ + 1 breaks is to perform
a one break test for each of the (£ 4 1) segments defined by the partition (T3, ..., 7y) and to
assess whether the maximum of the tests is significant. More precisely, the test is defined by

sup SEQp (0 + 1|0) = max sup lro(Ty, .. T5_1, 7, T}, ..., Tp) — lrp(Th, ..., Ty)

IS+l rep; .

where
Aje = {T;Tj_1 + (Tj - Tj_l)s <7< TJ — (T] — Tj_l)g}

Note that this is different from a purely sequential procedure since for each value of ¢ the
estimates of the break dates are re-estimated to get those that correspond to the global max-
imizers of the likelihood function. We have the following result for the limiting distribution
of the test.

Theorem 6 Under Assumptions A1-A9, A11-A12 and m={, with the test SEQr (¢ + 1|()
constructed for an alternative hypothesis in the class of models described in Section 6.1, we

have, as T — 00,

lim P(SEQr (£+1]0) <) =G, (z) !

with G (x) the distribution function of supy,  .yen. LR1(A, py,ny) defined in Theorem 5.

The proof is a straightforward extension of the proof of Theorem 5 and is therefore
omitted. Note that the limiting distribution of the test simplifies as described above for the

special cases considered.

6.4 Double maximum tests

As in Bai and Perron (1998), we also consider a test of the null hypothesis of no break versus
the alternative hypothesis of some unknown number of breaks between 1 and some upper
bound M. These are called double maximum tests since they are based on the maximum
of the (possibly weighted) individual tests for the null of no break versus m breaks (m =

1,...,M). These are particularly useful to determine whether some structural change is
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present since a sequential testing procedure can be unreliable for particular forms of multiple
changes (see, Bai and Perron, 2004). More precisely, the test and its limiting distribution
are given by

Dmax LRr(M) = ax, ap, sup LRy (m, pp, Nod, Mbos €)

v o, S D LR )

with LR;(\, py, n;) as defined in Theorem 5. We consider an equally weighted version defined
by a, = 1, denoted UDmax LRy(M), and a second version that applies weights to the
individuals tests such that the marginal p-values are equal across values of m, denoted
WD max LRr(M). More precisely, a; = 1 and for m > 1, a,, = c(a,1)/c(a, m) where
c(a,m) is the asymptotic critical value of the test sup LRy (m, py, pa, 7o, €) at significance
level a. Again, the limiting distribution of the test simplifies as described above for the
special cases considered.

In practice, we suggest to use the following procedure to determine the number of struc-
tural breaks. First, use either UD max LRy (M) or W D max LRy(M) to test whether at least
one break is present. If the test rejects, then apply the test SEQr (¢ + 1|¢) sequentially, for
¢ =1,2, ..., until the test fails to reject the null hypothesis of no additional structural break.

6.5 Extensions to serially correlated errors

When the error process u; are serially correlated, the likelihood ratio type tests for changes
in the coefficients of the conditional mean depend on nuisance parameters and would be hard
to implement in practice. In such a case, structural changes in the regression coefficients can
still be tested using Wald type statistics taking into account the presence of serial correlation.

For example, the robust version corresponding to the test sup LRy (m,py, 0,0, ¢) is

(T—(m—i—l)pb—

sup Frp (m,py,€) = sup

(A1, Am ) EAL m

Pa % R R AR

) (R7GOR) " RE, (9
where Bb is the quasi-likelihood estimate of the coefficients that are subject to change,
under a given partition of the sample, R is the conventional matrix such that (R3,)" =
(Bh1 — Bbas > By — Bymyr) and V(B,) is an estimate of the variance covariance matrix of

B, that is robust to serial correlation and heteroskedasticity, i.e, a consistent estimate of

V(B) = plim T (X'X5) ™ g, (X77%7)

T—o00
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where X7 = (Ir @ 3°) 2 My, Xy, Up = (Ir @ )2 My, U, Xo = (Za1, ..., 2ar), Xp =
diag(Xp1, ..., Xpmt1) where Xp; (j = 1,...,m + 1) is the n(7; — T;_1) by py subset of X,
that corresponds to observations in regime j, X% = plim, 7! Zle wpuy and Qx: =
E(XFUUYX)).

Under Assumptions A1-A4, A10 and the additional assumptions under which a consistent
estimate of {2 can be obtained using kernel based method as in Andrews (1991), the limiting
distribution of sup Frr (m, py, €) is the same as in the case with martingale difference errors,

ie,

sup Fr (m,py,€) =  sup

Emz AW, (Nji1) = A Wy, ()
()\1,...,/\m)€A€ j=1

(A1 = Aj) AjAj
where p, denotes the total number of coefficients that are subject to change.

The robust version of UD max LRy(M), WD max LRr(M) and SEQr (¢ + 1|¢) can be
constructed in a similar manner. In practice, the computation of the above tests could be very
involved, especially if a data dependent method is used to construct the robust asymptotic
covariance, V(3,). Following Bai and Perron (1998), we suggest first to use the dynamic
programming algorithm to get the break points corresponding to the global maximization of
the likelihood function, then plug the estimates into (19) to construct the test. This will not
affect the consistency of the test since the break fractions are consistently estimated under

the alternative.

6.6 Tests allowing for locally ordered breaks

Suppose that, in the testing procedure, we want to allow for locally ordered breaks as defined
in Section 5. Consider the case where one of the m breaks under the alternative, the j** one,
is locally ordered across two subsets of equations. To allow for this the set of permissible
partitions is no longer A. defined by (8). Let the value of the j break be k; ; for the first
subset of equations and k, ; for the second, the permissible set is
A: = {(Tl, ...]{3173', kQJ, ;Tm) 3 |ﬂ+1 - TH > eT for 1 = 0, ,j - 1,] + 1, wey TN

|T’j:|:1 — ]{317j| Z el and U%(/{TQJ' — k'l,j) S MT,

with My — 0, vp — 0 and T%%v;/ (logT)* — oo as T' — 00}

We then have the following result.

Theorem 7 Let the sup LRr(m, ppy, Nod, Npo, €) test be constructed with estimates of the
break dates restricted to be from the set of admissible partitions defined by AX. It’s limiting

distribution remains as stated in Theorem 5.
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This result has important practical implications. If it is believed that two subsets of
equations share locally ordered breaks, one can then search over admissible partitions defined
by the set A, where a break can occur at slightly different dates across equations, and the
limiting distribution of the test is still that corresponding to m distinct globally disjoint
breaks. Hence, permitting breaks across equations to be locally ordered can lead to tests
with increased power since under the alternative hypothesis the likelihood function will be
increased.

Note that the same result holds true if more than one break are locally ordered across
equations, or if the local ordering of a break applies to more than two subsets of equations.
All that needs to be done is to change the permissible set of partitions accordingly. Also the

same applies to the other tests discussed above.

6.7 Structural change tests with restrictions on the coefficients

Greater power can be achieved by imposing relevant restrictions on the coefficients when
constructing structural change tests, as shown in Perron and Qu (2004) for the single equation
case. In the multivariate regressions setup the problem is, however, substantially more
complex. A comprehensive treatment of testing with general restrictions is beyond the scope
of this paper and will be reported elsewhere. In the following, we discuss the test for two
practically important special cases, namely globally ordered breaks and switching regimes.
Consider first the test for globally ordered breaks models in a system that includes two
subsets of equations. We suppose that in the first subset py; coefficients are subject to a
break followed by a break in py, coefficients in the second subset, but we remain agnostic
about the time lag between the breaks. More specifically, we test the null hypothesis of no

change against changes specified by the following admissible partitions of the sample,
A ={(A,A0); e< A <A <1—¢}

where \; = k1 /T stands for the first break and Ay = ky /T for the second. When only changes

in the regression coefficients are allowed, the test is

sup LR?(kl, ]CQ, DPv1, Pv2, 5) = sup [2 IOg IA/T (]{71, ]{72) -2 IOg ZT]
()\1,)\2)6/\?

where log L7 denotes the maximized log likelihood function under the hypothesis of no
break, and log Ly (k1, ko) denotes the maximized log likelihood function under the alternative

hypothesis, with restrictions of the type discussed in Section 6.1 imposed on the coefficients,
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if applicable. Since no change in the covariance matrix of the errors is allowed, the latter is
estimated using the full sample. The following Theorem, proved in the appendix, states the

limiting distribution of the test.

Theorem 8 Let W, (.) and W), (.) be pyi and pye vectors of independent Wiener processes

on [0,1]. Then under Assumptions A11-A12,

A Wa,, (1) = W QDI MWy, (1) = Wy, (M)
(1— M)A (1— 22\

The distribution is different from the common breaks case. However, it can easily be

sup LRS = Sup, a)enc

simulated for prespecified values of py1, pro and e.

Now, consider another situation, where the system switches from regime 1 to regime 2,
then switches back to regime 1. This type of phenomenon has been noticed by Sensier and
van Dijk (2004), who argue that the volatility of the time series of aggregate price indices
show an increase in the early 1970s and a decrease of roughly similar absolute magnitude in
the early 1980s. Let p, and n;, denote the number of regressors and of independent entries
of the covariance matrix of the errors, respectively, subject to change. The test is then,

sup LRS(ky, ko, py, i, €) = sup  [2log Ly (ky, ky) — 2log L]
(A1, A2) €A,
where log Lt denotes the log likelihood function estimated under the null hypothesis of no
change, and log ﬁT (k1, ko) denotes the the maximized value of the likelihood function under
the alternative hypothesis of two changes but imposing the restriction that the first and the
third regime are the same, and imposing that the maximization is taken over the following

set of admissible partitions
Ac={(A, ) > =N >, <1—¢}

The limiting distribution of the test is presented in the next Theorem, whose proof is straight-

forward and omitted.

Theorem 9 Let W, 1np (.) be a py + np vector of independent Wiener processes on [0, 1].

Then under Assumptions A11-A12 (assuming Normal errors when allowing changes in the

covariance matrixz of the errors),

||[pr+nb (>‘2) — >‘2WPb+Nb (1)] — [pr""nb (/\1) - /\1pr+nb(1)] H2
(A2 = A1) (1= A2+ )

These two examples, show how the limit distribution of the test vary on a case by case

sup LR}? = Sup(Ah,\Z)EAE

basis when imposing restrictions on the coefficients of the system.
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7 Conclusions

We have presented a comprehensive treatment of issues related to the estimation, inference
and computation in linear multivariate regressions models with multiple structural changes.
Our study provides a unified treatment of models with common breaks, partial structural
breaks models, block partial breaks models and locally ordered breaks models, among others.
The latter is novel and of particular interest given potential applicability in contexts related
to the Lucas critique. Our results being asymptotic in nature, there is certainly a need
to evaluate the quality of the approximations. An important question to answer is how
our results depend on the time span and the cross section dimension of the system. It
is also important to examine the robustness of the procedure, i.e, how sensitive are the
properties of the estimates of the break dates to certain misspecifications of the system.

Such investigations, and others, are the object of the ongoing research.
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Appendix

It is useful to first state a few key results that will be used throughout the proofs, namely
a generalized Hajek-Renyi inequality, a Strong Law of Large Numbers (SLLN), a Functional
Central Limit Theorem (FCLT), a Strong Approximation Theorem (SAT) and a Law of
Iterated Logarithm (LIL). These are stated in the following two Lemmas.

Lemma A.1 (Generalized Hajek-Renyi inequality) Let (€;);>1 be a sequence of mean zero
Ré-valued random vectors. Define F, as an increasing o-field generated by (&,)i<r. Suppose
(&,)i>1 satisfies Assumption A4 with x;u; replaced by &,, then there exists an L < oo such
that, for every ¢ >0 and m > 0, P(supyp, k| b, & > ¢) < (L/c2ko)

Proof: This Lemma is presented in Bai and Perron (1998) under a set of mixingale condi-
tions. We show that Assumption A4 implies them. By the mixingale inequality of Ibragimov
(1962), we have

I8 el F)l, <272+ D>l

for any s > 2. In particular, let s = r + 0, with  and § defined in Assumption A4, we then
have
|2 (€l 7|, < 60007

and
Q2 1s

! —A5(1/2-1/(r48) _ L2~ =t

which, combined with the fact that &, is F; measurable, imply that &, is a L? mixingale
of size —2 —49/((r — 2)(r +6)). If we let ), denote the mixing coefficient and define r =
26/((r —2)(r 4 0), then 7%, j'*"¢); < oo. Hence the mixingale conditions required in Bai
and Perron (1998) are satisfied and the Lemma holds.

Lemma A.2 Let (§,);>1 be a sequence of mean zero R%-valued random vectors satisfying A4.
Define Si(f) = gi’f &, then, (a) (SAT) the covariances of k=*/2Sy(¢), Q, converge, with
the limit denoted by 2, and there ezists a Brownian Motion (W (t));>o with covariance matrix
Q such that 31 & — W (t) = Ous(t/**) for some r > 0; (b) (FCLT) T2 MM ¢,

QW*(r) where W*(r) is a d- vector of independent Wiener processes and = denotes weak
convergence under the Skorohod topology; (¢) (SLLN) k™! Zle £ —* 0 as k — oo; (d)

(LIL) limsup,,_ . (k"2 1og"? k) 1|0, S5 €] = 0, (1).

Proof: Given assumption A4, parts (a) and (b) follow from Theorem 2 in Eberlain (1986),
once we show that || E (S, (¢)|F:)|, < C for C independent of ¢ and that uniformly in ¢,

|E(Sk (0) Sk (0) | F) = B (Sk () Sk (0)) ||, = O (k')

The proof of the above proceeds in the same way as in Corradi (1999, p. 651-652). Hence,
details are omitted. Part (c) can be proved by applying Corollary 2 of Hansen (1991), using
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the fact that ¢; is a L? mixingale with mixing size —2 and bounded fourth moment. For part

(d),

ngl/ak Q?”é&
ngmk Q,:l/?i_f:lfi — Q2w (k)H + m ||Q—1/2W(k)H
Since ) )
2105 P k ’ 921/2;& - Ql/QW(k)H = 045 (1)

by part (a), and
. 1 ~1/2

by the LIL for vector valued Brownian motion processes, we have

) 1
lim sup

S — =0,(1
koo K1/210g"? k ‘ » (1)

k
023 e
=1

which completes the proof.

We first establish the consistency and rate of convergence of the estimates of the break
fractions under A1-A9 when no restrictions are imposed and the estimates are obtained by
maximizing the unrestricted quasi-likelihood ratio.

.....

with lrr (7,5,%) defined by the log of (5) and (4), then under A1-A9: Jorall j =1,....,m,
v(Tj=T?) = O,(1), and for j = 1,...,m+1, VT(3,—B3) = Oy(1) and VT(3;—%9) = O,(1).

Proof of Lemma A3: To prove this result, we show that under A1-A9, slightly different
versions of the 10 properties of the quasi-likelihood ratio discussed in Bai, Lumsdaine and
Stock (1998), henceforth BLS (1998), and Bai (2000) are satisfied under our set of assump-
tions. Once these are established, the proof proceeds as in Bai (2000, pp. 324-9). Following
BLS (1998), but using slightly different notations, the quasi-likelihood ratio using the first
k observations, evaluated at # and X, can be written as

1} f wlve, .. 5,5)
Hf:l f (?Jt|$t7 e 50, EO)
Let B(k) and i(k) denote the values of # and ¥ that correspond to the maximum of

L(1,k;5,%). We have the following property about the magnitude of the parameter esti-
mates and the likelihood function.

L1,k 5,%) =
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Property 1 For each § € (0,1],
sup L (1 k; 3 k),Z(k> =0, (1)

Té6<k<T

sup (118 = Bl + 1S — =°I1) = O (T717%)
Ts<k<T

This corresponds to Property 1 of BLS (1998, p. 420). It states that the likelihood
function and the MLE are well behaved in large samples. The uniformity of the bound is
important since we need to search over all admissible partitions to find the break points.
BLS provides a proof for SUR model with common regressors, in which case the covariance
matrix plays no role in estimating (5. Here, our setup is more complicated since the interaction
between [ and ¥ makes the problem non-linear. The solution is to use an argument based
on the minimization of the Kullback-Leibler distance, which is due to Domowitz and White

(1982, Theorem 2.2).

Proof of Property 1: First, simple arguments leads to the result that Ey (log £ (1, k; 5, %))
achieves a maximum at 3, = 3% and X0 = Ey(k~* 321, wul) where Ey denotes the expec-
tation taken over the true density. Let ©; denote an open sphere that contains (3°, %%) and

let ©; be its closure constructed in such a way that it excludes values of 3 such that || = 0.
Then, applying a SLLN and a FCLT, we have

|10g£ (17 k: 57 E) - EO (lOgﬁ (17 kz 67 E))' —**0
uniformly over ©,. Using the continuous mapping theorem, we have
1By = Bl + 1S — 2% —** 0

where

By Zawy) = arg mmax log £ (1, k;8,%)

In the above, the maximization is taken over a compact set. We now show that the strong
consistency still holds when that restriction is dropped. Notice that for large &, with proba-
bility arbitrary close to 1, log £ (1, k; 3, ¥) is continuous and strictly concave at (3 ;, X)),
an inner point of ;. Under the assumption that the likelihood function does not have mul-
tiple maxima, we can conclude that for large k, (3 (k) Z(k)) coincides with (ﬁ(k (k)), which
is the unique solution obtained by solving the first order condition of the quasi- maximum
likelihood without directly imposing (3, %) € ©;. Hence the strong consistency of (8, X))
is proved.

Now, using the fact that 3, — B0 = (Zle 5 (k :ct) Zt L :z:tE(k)ut and applying the
generalized Hajek-Renyi inequality on Zle Ty (ZO)_ uy, together with the strong consistency
of Xy, we have suprs<i<r |[B) — 3% = O,(T~Y2). For %) — X°, we use the fact that

T
k) — 20 = % Z(Ut - x:&(ﬁ(k) - 50))(“7& - 33::(5(1{) - 50)), -x°

t=1
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and again applying the generalized Hajek-Renyi inequality, we have supps<j<r Hi(k) -39 =
O,(T~%/?). Finally, supT(;SkSTE(l,k;B(k),f](k)) = 0, (1) is a directly implication of the
above results which completes the proof.

The following property corresponds to Property 2 of BLS (1998), which provides a bound
for the sequential quasi-likelihood function in small samples. Two additional complications
appear in our context. First, we allow a general dependence structure for the errors and
the regressors. Secondly, as before, the interaction between 3 and ¥ makes the problem
non-linear. The solution is to apply the SAT and the LIL.

Property 2 For each € > 0, there exists a B > 0, such that for all large T

P<supTB£(1kﬁ >>1)

1<k<T

Proof of Property 2: The likelihood function evaluated at B () and f](k) can be written as

k
A k . 1 _
log £(1, k3 Bx), Zy) = —5 (log [By| —log =°]) + 5(2 uy(Z°) "y — kn)
t=1
Denote Ay, = B(k) — /3°, then
koo koo
Ay = (Z th(’kl)xé)’l thE(’kl)ut
t=1 t=1
and
& 1
= E Z I‘tAk — I;Ak),
=1

Note that f](k) —as 30, B(k) —as 3% and k7! thl ugu, —%* ¥0 as k — oo which can be
shown applying a SLLN. Hence, we have

. 1 _
pop B8 = 7 =000 sup i X )| = 0r 1)
1 2K1 t=1
and i
1 Sl 1 1o
sup || (2= 3o X yat) " — (3 2 a(E) ) | = 0, (1)
k>kq t=1 t=1

for some fixed ky. Since supg<g, L(1, k; B(k), fl(k)) = O, (1), without loss of generality, we may
assume k > k;. Then

sup [|[Ax| < sup k™?

k>k1 k>k1

k A
(k7! ;xtE(_kl)x;)_l

= sup
k>k1

O, (1)

LN
]C_I/Q t_zl xtE(_k%ut
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Now, let Q0 = var(3F_, ¢ (3°) " ), we have

1 “12 &E _
————su 00 2, (X0 1y
72 10g 2 T o (%) gy )
g5 () ) = W )+ e s [ (6
k/210g T k>, =1 kY2 10g T k>,

where W (k) is a vector-valued Wiener process. Hence,

1
k'/21og' /2T k>k

p [|(90) 712 35 0 (20) e - W <k>H 0, (1)

t=1

from Lemma A2, and (k¥/2log"/? T)~*sup;~,, [|[W (k)| = 0u.s. (1) using a LIL for a vector
valued Wiener process. This shows that supys, || Azl = O,(log"?T). Now we use this result
to obtain a bound for the likelihood function. Applying a Taylor series expansion, we have

log L(1,k; By, X)) = —Etr(E(k)(EO Zut (20w, — kn)

+§tr{<i<k><z°>—l — D740, (1)
where the remainder term is O, (1) uniformly in k. We shall now show that
ko« 1o
—5757“(2(1:)(20)_1 —I)+ 5(2 uy(3°) "ty — kn) = O, (log T)

and
%r{(i(m(zo)_l — 1)’} = O, (logT)

uniformly in k. First, for (A.1),

k
—2tr(2(k)(20 Zut (%) tuy — kn)

k 1 k k

= —5tr(; D () uy = (5°) 2l Ay) (uy — 2 A) — Z

t=1 =1

_ ——t (A th (Z0)1a) A} + tr{A th “lug)}

+— tr{z wy(3°) ) A}
= 0, (logT)
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where the last equality follows since

’ k —1 k -1
oup |45 2 ()" )| < s 72055 (90) )| 0,082 7) = 0, (08
k>ky t=1 k>kq t=1

k —
sup | 452 (59) " | < sup 1 sup |52 () | s 4] = 0, 10 7)
k>k1 t=1 k> k>k1 ||t=1 k>k1

Remark 9 If the process x;(3°)tu; is assumed to be strictly stationary, then Theorem 5.5
and Corollary 5.4 of Hall and Heyde (1980, p. 145) says that a LIL holds for the process if
it has uniformly bounded second moments and satisfies

Z [ B (@ (3%) " | Fie H2+Z [ 2e(Z%) "My — B2y (Z°) g Fie) ||, < 00

In this case, the LIL could be applied directly without first resorting to the strong invariance
principle.
What remains to be shown is that (A.2) is also O, (logT"). To see this, note that,
k

2 {(i(k)(Eo)*l — 1)2} = Ztr {[01 + Wy — W)} < %” {w] + 03+ u3}

where

?vlv—ﬂ
??'I»—ﬂ

k
Z ' AR ALz (20) 7

k
Zut EO

and &
1
= E Z UtA .I't ZO + ngku;(Z())_l)

For the first term, (3k/4)tr(¥%) = O, (logT') after applying the strong invariance principle
and the LIL on the Brownian motion process. For the second term

Szktr(\lﬂ) < % (tr (\Ilg)) %(tr(klﬂq)k) +0,(1))* =0, (logT)

where the inequality follows because ¥y is a symmetric positive definite matrix and P is
defined as

k
k_1/2zﬂft(20) Y[k~ Zx (20)~1a]" 1/223: )
t=1

For the third term, following the same arguments, we have (3k/4)tr(¥3) = O, (log T') which
completes the proof.

The following property states that the value of the likelihood ratio is arbitrarily small for
large T" when the parameters are evaluated away from zero, assuming a positive fraction of
the observations are used.
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Property 3 Let Sr = {(8,%);||8— 8°|| = T-?1ogT or || — X% > T-21ogT}. For
any § € (0,1),D > 0 and € > 0, the following holds when T is large

E>T6 (8,2)eST

Pr(sup sup TDL'(l,k:;B,Z)>1><6

Proof of Property 3: We first consider the behavior of the likelihood function over the
following compact set

é2 - {(672> : ||5|| S dla)\min (2) Z d2a)\max (2) S d3}

where A\, and A\, denotes the smallest and largest eigenvalues and the finite constants
dy, dy and d3 are chosen in such a way that (60, ¥:%) an inner point of ©,. We first want to
show that

Pr (sup sup  TPL(1,k;5,%) > 1> <e€

k>T4 (,2)eSTNO2

Following BLS (1998, pp. 422-4), we decompose the sequential log-likelihood as
log £(1,k; 8,%) = Ly + Lo

where

l\DIPr'
| =

k 1k
277 (I +¥r) " n %Z ]

t=1

k
£1,T = —5 lOg |I + \IJT| —

and
‘CQT_B Z:rtZ Uy — 2 */ katZ

mmﬁﬁzﬁ—wjrzz—zmmzmwrz%mﬂ@T:am*”WQm*@I%mﬂm
only Lor depends on 5*. Now, let Sy = Sy 1+ U Sz p, with

Sir= {(5, %) HZ — ZOH > T Y2ogT, B arbitrary}

and
Sor ={(8,2); ]| -8 =T ?logT and || —%°|| < T ?logT}

We then need to show that

Pr <sup sup TPL(1,k;3,%) > 1) <€ (A.3)

k>T6 (B,E)ESLTﬂéz

and

Pr <sup sup T°L(1,k;3,%) > 1) <€ (A.4)

k>T§6 (ﬁ,Z) ESQ’T ﬁéz
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The proof of (A.4) proceeds exactly as in BLS (1998) and, hence, is omitted. It remains to
show (A.3), or

Pr (| sup sup Lir+ Loyp>—DlogT | <e
k=>T6 (8,5)€S1,rNO2

First note that, on Sy 7, Lo is a quadratic function of 5* and has maximum value

k k k
k1 _ 1 _ 1 _
21115) Lor = §(E thE 1ut)/(E thZ L) 1(E thZ L)
) t=1 t=1 t=1
Applying a SLLN,
k
sup sup ||(= > 2,27 t2)) | = O, (1)
k>Ts 0, || K i=1
Also,
1 & -1 1 & —1
sup [|[= Y zX uy|| = sup |[= 2.8 ([, ® z) X wy
k>T5 || K =1 k>7s || K i=1

1k
= sup |8 (Z'®1,) z S (I @ 2z) wy

E>TS t=1
1
—S (1 "(le
= lcS;TI")é k‘tzl( n @)l |5 ET L)

Using Lemma A2, we have, for any fixed r > 0,

1 k
= > (I ® 2) uy

t=1

lim Pr (sup > 712 logl/2 T) =0

T—o0 k>TS

while || (Z'® L) = Y, (1 + XN)7'0, (1) with \; (¢ = 1,..,n) the eigenvalues of
(20)"/2 5% (20) /2. Hence,

n

k 1
sup sup Lo < — 2(r2T Yo T
kZClPé Sl,TrPéz = (Z 1+ )\i) ( eT)

1=1

which implies

ke 1
sup sup Lo < — 22 A5
kzil?a Sl,Tr%z 2T > 9 ; 1+ T ( )

where by = T-/?logT with the inequality holding with probability arbitrarily chose to 1
for large T'. For Ly7 , BLS (1998) show that

(A.6)

k|~ 1
sup sup Lip < D) [Z (log (1+X)+ (1 v 1) (14 sign (\;) abT)>

k>T§ Sl?Tﬂég =1

A-8



with probability arbitrarily close to 1 for large T', where a is a fixed positive number which
can be made arbitrarily small. Combining the above two inequalities, and using arguments
as in BLS (1998), we can show that

Pr (sup sup Lir+ Lyp > —D logT> <e€
k>T6 (B,32)€S1, 7NO2
We still need to show that the above sup-bound remains valid even if the maximization
problem is carried over an unrestricted parameter space. To this end, it is sufficient to show
that
]}LI{BO Pr <arg (G%Q}SS’TE (L,E;B,%) € @2) =1

i.e, the sequence of global maximizers of the quasi-likelihood function, (@(k), f](k)) eventu-
ally falls into the compact set ©y almost surely. Suppose this is not so, then there are
three possibilities: 1) with positive probability, there is a sequence (@(k),fi(k)) satisfying
inf()\min(i(k))) — d; > 0, with d; < dy or sup()\max(f](k))) — d, < oo, with d, > da;
2) with positive probability, there is a sequence (9(k),i(k)) with inf ()\min(i(k))) — 0 or
Sup()\max(i(k))) — 00; 3) with positive probability, there is a sequence (@(k),f](k)) with
inf()\min(i(k))) > d, and Sup()\max(i](k))) < ds but lim Sup(é(k)) > d.

The first case is ruled out by the asymptotic identifiability condition and the uniform
almost sure convergence of the likelihood function over a compact set. Indeed, in this case,
by definition, (@(k), fl(k)) = argmax,y)es, £ (1,k;8,%), and if 3 has bounded eigenvalues
for large k, then i](k) must lie on the boundary of Sy, an inner point of ©,. The second case
is also impossible because the log likelihood function would then diverge to minus infinity.
The third case is ruled out again, because values of 9(k) lying on the boundary of S will
yield a larger value of the likelihood function almost surely. This completes the proof.

Property 4 A Property corresponding to Property 4 of BLS (1998) is not needed.

The next property concerns the value of the likelihood ratio when no positive fraction of
the observations is involved. It is slightly different from that of BLS (1998), in the sense that
the maximum is taken over a restricted set. The restriction simplifies the proof and is also
what is needed for the intended application. Also, as pointed by Bai (2000), the existence of
a limit for (hpd%)/T is not necessary. It is sufficient to have limin fr_(hrd2)/T > h > 0.

Property 5 Let hy and dr be positive sequences such that hp is non-decreasing, dr — +00,
and (hpd%) /T — h < oo. Define O3 = {(3,%) : [|1B]l < p1, Anin (X) > P2, Amax (2) < p3},
where p1,pa and p3 are arbitrary constants satisfying p1 < 00,0 < ps < p3 < o0o. Define
Sr={(8,%);1|8=8°| =T ?logT or||S—X°|| >T2logT}. Then, for any e > 0,
there exists an A > 0, such that when T is large

Pr < sup sup L1,k 5,%) > e) <e€

k>Ahr (8,5)€SrNOs
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Proof of Property 5: As in the proof of Property 3, we only need to look at the behavior
of Lo over S;r M O3, the rest of the proof is the same is BLS (1998). In other words, we
need to show

Pr ( sup sup L(1,k;3,%) > 6) <€

k>Ahr (672)681,7‘063

or

Pr| sup sup Lir+ Lor >€| <€
k>Aht (B,E)ESLTH(:):;

Define by = T~/2d;. Upon showing that (A.5) and (A.6) hold, all the arguments in the
previous proof go through. The proof of (A.6) is the same as in BLS (1998) with only minor
modifications and, hence, omitted. For (A.5), we have,

(% thZ_lut)'(% Za:tZ_lx;)_l(% thZ_lut) (A7)

where

Because [! Zf&:1 22y —%° Q,, for a given € > 0 we can always find a k; > 0 such that

k
sup tht > € < €
o (s 132t ]

Define Qa = k7! Zle 22] — Q., then
1< 1
(7' T Zztzg)S]*l -5 ®Q.)S]
=1

-1

(S QS+ S5(S7 ®Qa)S] T - [S(E ®Q.)S]
= —A'B(A+B)™!

where A = S'(X7'® Q,)S and B = 5/ (37! ® Qa)S. Since X! has uniformly bounded
eigenvalues and k=1 Zle 27, is positive definite for large k, A~ and B~! have bounded
eigenvalues. Since B is uniformly small, —A~'B (A + B )71 is uniformly small for large k.
More precisely, [S" (S 1@k ' S2F 22)8] ' = [S(2 ®Q.)S] " = 0, (1) as k — oc. Given
the fact that there exists an M > 0 such that

(S5 ®Q.)S H <M

sup
(8,5)€S1,rNO3
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we have, for any € > 0, that there exists an A > 0 such that

k
Pr < sup sup (E Z Y ) 7| > 2M> <€ (A.8)
k>Ahr (B,E)ESLTﬂ@3 t=1
Now,
k
sup Z X || = sup ||- Z "I, ® z) Xty
k> ahy ||k 2 k>Ahy || B =1
< sup Z (I, ® z) (E’l ® In) ||
k>Ahy || K =1
Using Lemma A1, we have
k 4 201
P — b A.
! <£%?T R @) >a T> Ahra?by  Ad?h (4.9)

for some C > 0, where the bound can be made arbitrarily small by choosing a large A. For
the second component,

n

1

S (SR <nCy Y —— A.10
I5'(5 @ )] <06 Y- (410
for some 0 < Cy < oo, which depends on the matrix S. Now, combining (A.8)-(A.10), we
have, for any € > 0 that there exists an A > 0, such that with probability no less than 1 — ¢,

n

1 k= Ga?b2 k<~ Y22
sup sup | Lor|| < ka*b3n?C3 M( P <o = —
k>Ahr (B,2)€51,1M03 o ; L+ 2 ; L+A 231+ A

with G = 2n3C2M /p,, a finite constant depending on the dimension of the system, the limit
moment matrix of the regressors and the property of the compact space ©3. Since a? can be
made arbitrarily small by choosing a large A so can 2, this establishes (A.5). The rest of
the proof is essentially the same as that of Property 3, hence omitted.

The next Properties are the same as Lemmas 6 to 10 of Bai (2000). Since the proofs are
similar, they are omitted.

Property 6 With vy satisfying Assumption A6, for each 3 and ¥ such that ||3—5°|| < Muyp
and ||X — 3°|| < Muy, with M < oo, we have

L(1,k;5+T2NE+T7123)
sup sup

=0, (1
1<k<VTuvg!' AE L(1,k;5,%) p (1)

where the supremum with respect to A\ and Z is taken over a compact set such that ||| < M
and ||Z]| < M.
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Property 7 Under the conditions of the Property 6, we have

L(LEB+TVPAS+T12E) .
L(1,kB,%) =0 (1)

sup suplog
1<k<Mug? AR

Property 8

e £ (L k; B+ T2 + TIN50 + T-1/25* 4 T71E)
su su O

=0, (1)

where the supremum with respect to 3%, X*, \, 2 is taken over an arbitrary compact set.

Property 9 Let Ty = [Ta] for some o € (0,1], and let Ty = [\/Tvz'], where vy satisfies
Assumption A6. Consider

ye = 2B + S, t=1,..T1

=05+ 59n, t=Ti+1,..T1+T)

where ||B—B9]] < Murp and||20 ¥9|| < Mug for some M < oo. Let@—TlnLTg be the size
of the pooled sample and (5 ) be the associated estimates. Then, (3, — 31 = O,(T~1/?)
and 3, — X9 = O,(T1/2).

Property 10 Assume the same set up as in Property 9 but with 15 = [M v %], Then,
B, — B0 =0,(T1?), %, =50 = 0,(T?), 3, — B, = 0, (T"Y) and 5, — 3, = O, (T1).

Proof of Lemma 1: Consider first the consistency of the estimates of the break fractions
Aj. We first show that for any € > 0, as T' — oo

P(T; - T°| > VTur) <e, j=1,..,m, (A.11)

Define A; = {(T1, ..., Tm) € A, |T; — T]Q| < /Ty for all j = 1, ...,m}. Showing (A.11) is
equivalent to proving that

P( sup  rlrp (Th,....Tn) >¢€) <e (A.12)
as T" — oo for any € > 0. Now using the fact that the restricted likelihood is always less
than or equal to the unrestricted likelihood, to prove (A.12) it is sufficient to show that

P( sup  lrp(Th,....Tn) >¢€) <e€
which follows from the proof of Lemma A3, more specifically, using Properties 1, 2, 3, and

proceeding in the same way as in Bai (2000, pp. 324-26). Then, using (A.11), we want to
show that for any € > 0, there exists a C' > 0, such that, as T" — oo:

P(T; - TP > Cvp?) < e, j=1,..,m
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Define the set Ay (C) = {(Th, ..., Tmm) € A1, |T; — T}| > Cv7 for some j}. It is sufficient to
show that
P( sup lrp (11, ..., Tyn) > €) <€
(Ti,.,Tin) EA2(C)

which again follows from the proof of Lemma A3, in particular, by using Properties 1, 5, 6,
9 and proceeding in the same way as in Bai (2000, pp. 326-28). The result about the rate of
convergence of the estimates of the other parameters follow directly from the stated result
about the rate of convergence of \; (see Bai, 1997, and Bai and Perron, 1998).

Proof of Theorem 1: Given the result of Lemma 1, we can confine the maximization
problem to the compact set C)y, defined by (9), for M large enough. Also, without loss of
generality, we assume that the candidate estimates of the break dates occur before the true
break dates, i.e., v#(T; — T}') < M. The log likelihood ratio is defined by

m+1 j

lrp = __Z Z xtﬁ ( xtﬁ)

Ty — T4

M+

log |%;]

J=1 =T 1+1 j=1 2
m+1 j m+1 TO _ T('),l
+3 Z > e =B (SN e — B + > 5 log |=5]
J=14=T) | +1 J=1
Simple algebra applied to the first two terms reveals that
70
RN _
lrp = 2 Z (ye — x:‘,ﬁj)lzj oy — x;ﬁg) @
j=1 t=T;
L
) Z (ye — x:fﬁj—l—l)/zj_-&l (ye — 238541) (II)
j=1 t=T;
DT T
+ 3 <5 (log [y — log [Sya]) (1)
j=1
m+1
2
+ Z Ir;
j=1

with [} as defined in Theorem 1. Hence, we need to show that the sum of the terms (I),
(IT) and (IIT) is asymptotically equivalent to Y 7" Ir}(T; — T}) on the set Cys. Define the

following variables, 3} = VT |3, — 3| and 7 = \/_‘Ej — 39| (for j = 1,...,m+ 1) and
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note that both are O,(1). Term (I) is then equivalent to

T0

[
LS S a1

j:1t=j

T0

R
= 322 (=TS

jthZTj

NE
53

N —

1

<.
I

1/2 /

(S 4+ T8 = T

53]+ T8 " (g — i

w! (59 +T71285) "y + 0,(1)

The last equality follows because

T—1/2 Z xtﬁ ZO+T_1/2Z )

and

T—1/2

ZT Y2 87) (59 + TS T R (2 B7)

79

J

t=T;

Further, using the fact that

w!/ (B9 4+ 771285

we deduce that

1/2 .1
Ly

1/2,../
Ty

-1

;)

vrt (v Z(xfﬁ;)’(ilg + 771280

Tl (0 Y (28) (50 + T7255) 7 (@87) = T710720,(1) = 0,(1)

tr((L+T72E) 'S (S ua)
tr((I — TSNS + 0,(T

A-14

))(22)‘1utut’)

= T2(S0) 5D usue') + 0, (1)

;)
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For term (II), note that

1 — i

- —52 (ue + (67
j=1t=T;

X (ug + 24(67 — 57.1))
T0

1 e < 0

= IS ()
J=1t=Tj
i

For term (III),

(¢

<
Il
=

DO | =

(2

J

I
DO | =

<
I
—

I
DN | —

<
Il
—

m

TN (T - T)(500)

Jj=1

DO | =
’ﬂ

— 1) (log |B0] + T V2(0) 7'

(T — T;)(log |£9] — log |£9,]) + T WZ

?+1) -1 1/21’2 j+1) (EOJrI + 71" 1/2E;+1)7
1/21’; j+1)
— B)) (B + T )

B [(Bf0) 7 =T 2(20,) 1S (50 7Y

= T (S0 S (504) " uey)

7135;(5? - 5?+1)

B Z Z( 7= B5) 7 (55 40) " s+ 0p(1)

7 — T;)(log |25] — log |¥;41])

12*

g1 T 0p(1)
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Collecting the results in (A.13), (A.14) and (A.15), we have

(I)+ (II)+ (LI1)

A _ I
= S e - T I () )
J=1t=Tj
0
R _ .
_52275T(((E?+1) -T 1/2(22+1) 12j+1(2]0+1) ugy)
j=1 t=T;
T9 79
1 m j - m j -
_52 ( ;‘)_ ?H)'It@?m ! ) ( J+1 Z g+1)/ (E?+1) "y
j=1t=T; j=1t=T;
1 m
45 (TP~ T)(log |20 g[S, ]) + 57" 1/22 )
j=1
1, 1/ .
_§T I/ZZ(T] T)(ZE)H) 12J+1+0p<1)
j=1
T0 T0
J R ~ R
= 52 ut’((E?) ! ( ]+1 Ut 52 J+1)33t( g+1) (50 ]+1)
j=1 t=T; j=1 t:T]
T0
1 m m J B
+§ Z(TJ T;)(log |EO| — log |2 1) Z J+1) xt(zgﬂ) fug
j=1 j=1 t=T;
T0
1 WA
—2T I/ZtT(((ZO) 12* ZO Z utut/_zg))
J=1t=Tj}
70
1 § WA
57 e (((S9) 7S (59,07 D0 (s — 5,4)) + 0,(1)
7=1t=T. i

The result follows using the fact that the last two terms are o0,(1), since

0
J

T2r(((S5) 7S5 D0 D (v’ = 55)

~

J=1 t=Tj
m T]0
_ Tfl/Q,UfltT(((EO)flz*(20)71),0 Z ( I ZO
- T i) =\ T et i)
7=1 tZTj

T_I/QU;IOPG) = op(1)
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and

m T]O
T2 (((290) "S5 (Eh) ™) DD (w’ = £9,0))
7=1 tZTj
m Tjo
T2 (((290) 'S5 (Eh) ™) DD (w’ — X))
=1 t= Tj
m TJQ
+T71/2757‘((<E?+1) 1E;+1 g+1 Z g+1)) op(1)
j=1 t:TJ

The proof of Theorem 3 requires the following Lemma whose proof is direct and hence
omitted.

Lemma A.4 Letn, = (E?)_lﬂut, under Assumptions A4-Ab, with vr a sequence of positive
numbers satisfying vy — 0 and T"?vy/ (log T)* — oo, we have

i
fors < 0, vp Z (nen, = 1) = &1, (s)
t=TP+[s/v7]
T}+[s/v7)

fors > 0, vr Z (77t77t/ —1) = 5273' (s)

—70
t=T;

where the weak convergence is in the space D|0, oo)"2 and where the entries of the n X n
matrices &, ; (s) and &, ; (s) are Brownian motion processes defined on the real line. Also

g
fors < 0 vr > wm(S0) Mw = ()7 ¢y (5)
t:TJQ-{—[s/v%]
TP+[s/v3]
fors > 0, vr Z xt(Z?)_lut:(Hg,j)l/2C2,j(S)

—_70
t=T}

where the weak convergence is in the space D[0,00)P and where the entries of the p vectors
(1 (8) and (y; (s) are independent Wiener processes defined on the real line. Also, ¢, ; (s)
and Gy ; () (resp., &, ; (s) and &y (s)) are different independent copies for j = 1,...,m. Note
that (; ; (s) (resp., Co;(s)) and & ; (s) (resp., £y (s)) are not necessarily independent unless
Emunung) =0 for all k1, h and for every t.
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Proof of Theorem 3: Without loss of generality, consider the j* break date and start
with the case where the candidate estimate is before the true break date. We obtain an
expansion for Ir}([s/v}]) as defined in Theorem 1. Note that s is implicitly defined by
s = v&(T; — T?) = rvi. We deal with each term separately. For the first term, we have

79
1 d _
2 Z ut’((Z?) (Z?+1) )Ut
t:T]Q-‘r[S/’U%]
T
1 1
= 5 )T - () — 5+ 59)
t:T]Q-‘r[S/’U%]
O
r _
= 3 > (B = (2 )(utut'—Z?))—gtr(((ZE’) — (2%1)7)%))
t:T]Q-‘r[S/’U%]
1 g
= ) ((20)1/2(29+1) (22+1—E?)(2?)_1/2 Z (W?t'—f)) 2”((23+1>_ (ESH
t:TJQ—&—[s/v%]
T
1 B J r -
= (D) e Y (e — D)~ ortr(0) 7))

t:TJQJr[s/v%}

For the second term, we have:
T _
__(10g |ZO| — log |Z +1’) - 73 log |( 204-1 + 2j+1)(29+1) ’
T
= —§log|l+( Z?H)(E?H) y

= Str(S0 = S0 ) + 25 — 9 (5%) )

= QUTtT((I) (E?+1) 1) + ZU%”‘([(I) (29+1)_1]2)

Then the sum of the first two terms is

70
1 J
S W () e o0 log [55)
Tf—&-[s/v%}
L &

_ r _
= L) ) ) e S e — 1)+ Sadr([e, (2 )
TP +[s/v7)

S L) ()2 (5) + S0 )
_ %tr (Arjér, () + 5 Ztr(A2,)
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where &, ; (s) is a non-standard Brownian motion process, with var [vec (&, ; (s))] = Q7.
Then, for the third term,

0
T;

1 _ 1
) Z (59 - ?+1)I$t<22+1) 1%(52 - ?+1) —p 5553‘621,3'63’

t:TJQ—i— [s/v2]

Note that x; belongs to regime j, however it is scaled by the covariance matrix of regime
j + 1 since the estimate of the break occurs before the true break date. For the fourth term,

Ty
- Z (5? - ?H)'It@?ﬂ)*lw = 5;' (Hl,j)l/2 Cl,j (s)
TO+[s/v3]
with
Ty
. _ —1 1/2
My = lim var{(T9 = T0) 70 32 @ (20) 7 (£9) )
t:TJ071+1
Combining the above results, we have for s < 0:
s| |1 1
lr;([s/v%]) = —% §tr(Aij) + 5;@1’]63} + 51)66 (Al,j)/ vec (§1J (s)) + 5;- (Hl,j)1/2 (1 (s)

Now, vec (Ay;) vee (&, (s)) £ (vec(Ayry) 0F Jvec (A1) /2V1;(s) where V4 ;(s) is a standard

Wiener process. Similarly, &) (I ;)2 C1(s) L (0% (My;) 6;)2U15(s) where Up(s) is a
standard Wiener process. With the stated conditions, V; ;(s) and Uj j(s) are independent.
Then

(vee (Arg) OF jvec (Arg) /4)' 2 Vi (s) + (8} (ILy) 6;)2Un(s)
< (vee (A1) O jvec (Avy) /4 + 8} (T ;) 6;)/2 By 5(s) = T 3 By s(s)
where B(s) is a unit Wiener process. Hence, with Ay ; = tr(A7;)/2 4 6,;Q1,;0;, we have

5]

Iri([s/v}]) = —5 Bt 'y B1;(s)

The proof for the case s > 0 is similar in which case

5]

k(s /03]) = — 2

with Ag’j = tT(Ag’J)/Q + 52’@2,j5j and

AQJ + FQJBLJ‘ (S)

Fg,j = [U@C (Ag’j)/ Q%j’UGC (Ag,j) /4 + 5; (Hgd‘) 5j]1/2

A-19



We also have by definition I7j(0) = 0. Now since s = v#(T; — T}), the arg max yields the
scaled estimate v%(f} — TJQ). The result follows since we can take the argmax over the
compact set C'y; and with the use of Lemma this is equivalent to taking the argmaz in an
unrestricted set since with probability arbitrarily close to one the estimates will be contained
in C);. Hence,

_%Au +T'1;B;(s) fors<0

2 (T 0
vp(T; = T7) = argmaz
J J _MAQJ + Ty ;Bj(s) fors>0

where B;(s) = By ;(s) for s < 0 and Bj(s) = By j(s) for s > 0. Multiplying by A, ;/T'} ; and
applying a change of variable with u = (A} ;/T7 ;)s, we obtain Theorem 4.

Proof of Lemma 2. For simplicity, we assume the model only contains two breaks, which are
locally ordered and, accordingly, drop the subscript j. We shall need the following additional
property, whose proof is omitted.

Lemma A.5 Consider the following data generating process

0 0
Yt — 5(1),11(t<k:?) + 5(1),21(t>k?) LU,
Yor 52,11(1‘51@3) + 52,21(t>kg)

where (kY, k9) satisfies Assumption LOB and ||37, — 31 ,|| < Muvr,||85, — B85, < Mvr for
some M>0. Let 3(kiky) and S(ky,ky) denote the estimates under the partition (ki ky). If
k1 — k9| < VTt and |ky — k3| < V/Tuzt, then

Blkyka) — 8° = O, (T7?)
S(hi ko) =20 = 0, (T7'?)

where the bounds are uniform in (ky ko).

First, we derive the rate of convergence for the case where no restriction is imposed.
The result for the restricted model then follows using the same argument as in the proof of
Lemma 1. We want to prove that

Pr(|k; — k2| > VTuzt) < e (A.16)
for i = 1, 2. For this, it suffices to prove that, for large T,

Pr( sup Lr(ki,ka) >¢€) <e
(k1,k2)€Ac

where

A = {(kl,l@) 26T < ky < ky < (1= e)T; [k — kY| > Vo' or [ky — k9| > \/val}
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and L3 (k1, ko) is the value of the likelihood ratio under the ordered breaks parametrization.
Define the following subset of A.

Aey = {(kl,/@) T < ki < ks < (1= )T KO — k| > \/Tu;}

We want to show that for large T', Pr(sup, ,\cx., £7(k1, k2) > €) < e. With this result,

the behavior of the likelihood ratio on (A.\A. ) can be analyzed similarly. Note that the set
A1 consists the following four cases: Case 1: k0 — ky > vTup', 0 < k9 — ky < VTwy'/2;
Case 2: kY — k) > VTupt, kY — ky > V/Tw;'/2; Case 3: kY — Ky > VT, kY < ky < K;
and Case 4: k9 —ky > /Ty, ky > k9. We will analyze the function £ (ky, ks) case by case.
For Case 1, the likelihood ratio under a given partition, (ky, k2, k?, k9) can be written as the
product of 5 terms and, using Property 2, we have

Lh(ki, ko) = L (ki + 1,ko) £ (kY +1,T) O, (T°7)
for some B > 0. Hence, under Case 1,

sup  Li(kiks) =[ sup L(ki+ 1, k)L (k) +1,7)]0, (T%)

(kl,k2)€/~\£,1 (kl,k2)€1~\5,1
Using arguments as in Bai (2000, pp. 325-6), we have

sup  [L (k1 + 1 ko) L (k3 +1,T)] = O, (T "logT)
(K1,k2)€Ac 1

holding for every A > 0. Hence,

sup Ly (k1 k) =0, (T3B_A logT) = o, (1)
(k1,k2)€Ac 1

for A large enough. For Case 2, the proof follows immediately using the fact that £5.(k1, ko) =
L(ks+1,k) L(K+1,T)0, (T%8) and

sup  [L (ka4 1,K)) L(k)+1,T)] = O, (T *logT)
(k1,k2)€Rc 1

For Case 3, we use L (ki, ko) = L (ki + 1,kY) L (k3 +1,T) O, (T%P) and

sup  [L(ki+1,K) L(k)+1,T)] =0, (T *logT)

(K1,k2)€Nc 1
For Case 4, we use L (ki, ko) = L (ki + 1,kY) L (ks + 1,T) O, (T??) and

sup L (ki +1,k)) L (ko +1,T)] = O, (T""*1og T)
(K1,k2)€Ac 1
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Hence, (A.16) is proved. It still remains to show that for any € > 0, there exists a C' > 0,

such that bk
PI'( sup T( 1, 2)

70 10 > €) <€ (A.17)
(kl,kz)GT\g ET('I{:?’ kS)

where

NS = {(ky, ky) : (K, ko) & Ao, [ky — KO > cvz? or [y — K3 > Cup?}
Define the following subset of /N\g

Ay = {(kika) : (R ka) & A, (KD — K| > O
To prove (A.16), it is sufficient to show that

Ly (k1 ks)

PI'( sup m > E) < €

(k)l ,kz)GK;l

Noting that
Li(ky, ko) LRy, ko) L3 (Y, ko)

it is then sufficient to show that

L7 (K1, k)

Pr( sup ———F—=%>¢€) <e (A18)
(k1 k2)€AS | Lo (K7, ko)
and e e
ey ELRL (A.19)

(kl,kz)EK;l ﬁ}(k(l)7 kg)

Here, we only give the outline of the proof for (A.18). The details are omitted since they
only involve repeating the same arguments. First, using Property 11, we can show that the
estimates of the coefficients are /T consistent. Then, we can apply the arguments of Bai
(2000, pp. 327-8) to the three cases analyzed before, with VT v;l replaced by C"u;?, and get
the desired result. Similar arguments lead to (A.19).

Proof of Theorem 4: Here the relevant expressions for the likelihood function correspond
that of Theorem 2 with m + 1 breaks, the j* and the (j + 1) being the locally ordered
ones. Hence, we need to examine lrjl- (r1) + lr;f +1(72) in order to derive the joint limiting
1, and ry = 1%27]' — k3 ;. Depending on the locations
of the candidate breaks relative to the true breaks, the following four cases need to be
considered: Case 1: 11 < 0,75 < 0,71 — 1y < k9 ; — kY ;; Case 2: 71 < 0,75 > 0; Case 3:
r1 > 0,79 > 0,1 — 79 < ky; — kY5 Case 4: 7y >0, 75 < 0,7 — 7y < ky; — k7 ;. For Case
4, lrj(ry) +lrj,,(r2) = 0,(1) using the assumption LOB. For the other three cases, define
Hypj(ri,m2) = Iri(r1) + Iri, (r2), we have,

distribution for the pair r; = l%l,j — K
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Case 1: 11 < 0,73 < 0,7 — 79 < k3 ; — k7 ;. , then,

HT,j (7" 1, 7“2)
kS K

_ 1 3 ,
= (AB;,0) > (0,7 t_i(Aﬁll,ﬁO) > (3 e (A8,0)
t=k9 ;4141 t=kQ i+r1+1
kS K9 .
sJ B 1 2,7 -
FO.80,) D0 w( S w5 (0.48,) D0 w(Sh0) M (0,48,)°

t=k9 ;j4+r2+1 t=k9 ;4+r2+1

0
k27j

(A8, 0) Y w(S9,,0) 7 (0,A8,) + 0p(1)

k9 j+ra+l

where ABy ;= (8%, — B1,), ABy, = (8 gﬁl A33,) and the reminder term is 0,(1) under

the Assumption LOB. Let (Af];,0) = 4} (O AB2]) 0 jor, Q; = plimy (T} —
0

o) tTJTO L+ x(X9;,1) ) and Ilyp; = 517ij527j. Using a Functional Central Limit

Theorem,

HTJ([slv;Q} , |:82U;2:|>
/ 1/2 1 / / 1/2 1 / !

61,;Q; "W (s1) — 3 |51] 07 Q01,5 + 65,;Q " Wa (s2) — 3 |82] 05 ;@025 — | 52| 07 ;Q502,;

B

L (M)W, (s1) —
H;(Sl, S2)

1
— 1+ (Iz ;)2 Wy (59) — (51124 + Ilia5) |52

since
8,QY Wi (s1) £ (8,,Q;81,) P Wi (s1) = (ILy)Y?Wy (s1)
3y, QY W (s9) £ (85,Q502) 2 Wa (s5) = (Tloy)Y/ Wy (s2)

Case 2: r; < 0,79 > 0. We have

HT,j(Tlﬂ’Q)
kfl”j ] k?’j
= (Aﬁ/l,jvo) Z xt(zg,ﬂl)ilut_§(A5/1,j70) Z (E?M) 1I;(A5/1,j70),
t=k{ ;+r1 t=k{ j+m1
k9 ;472 1 k9 j+r2
_<07A5’2,j) Z xt(zg‘,ﬁl)il“t—§<O’Aﬁl2,j) Z (ng) lxé(O’Aﬁé,g‘)/
t=kJ ;+1 t=kJ ;+1
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and
_ _ S S
Hrj([s1977] s [s207%]) = (W)Y Wi (s1) —|—21|H1,j + (T jy0) /> Wi (52) — %Hlj—kl
= H?(Sl, 82)

79
: T 0 0\—1 N~ i+ 0 1, o5
with Q41 = phmT%oo(Tjj—l—l - TJ ) Et:TJO_H xt(zj,jﬂ) zy, and Iy ;11 = 52,ij+152,j-

Case 3: r; > 0,15 > 0,71 — 1y < k9 — k9. We have

HT,j(T1>7’2)

k(f,j +r1 1 k(l),j +r1
= —(Aﬁll,po) Z xt(zg,ﬁl)_l“t_i(A/Bll,pO) Z xt(zg,j+1>_1x;(Aﬁll,j7O),

t=k9 +1 t=k9 ;41
kg7j+7‘2 1 k87j+7‘2

_<OaA52,j) Z xt(E?,jH)_lUt_§<OaA5,2,j) Z xt@?,jﬂ)_lfvi((),ﬁﬁé,j)'
t:k87j+1 t:k87j+1
k(ij-i—?‘l

—(AB;,0) Y w(5950) 70, AB) + 0,(1)
t=k9 ;+1

and

HT,j([Slngz] ; [521’;2])
1 S
S (i) " Wi (50) (G TTaon + Tha) 1]+ (o) 2 W ) — 2201, .,
= H?(Sl, 82)

with IIy j41 = 0 ;Qj4101; and Tl j41 = 87 ;Qj4102,5.

Finally, define H;(s1,s2) = 0if 51 = 0,55 = 0; Hj(s1,52) = Hj(s1,52) if 51 < 0,5, <0
and s; < s9; Hj(s1,82) = Hj(s1,82) if 51 < 0 and s, > 0; and Hj(s1,52) = H}(s1,52) if
s1 >0, s > 0 and s; < s5. The limiting distribution of the estimated break dates is then

<U%(7Af1,j - k?,j)a U%(ifzj - k%j)) = arg max H;(s1, sg)

51<s2

or, with a change of variable technique as in Bai (1997),

U%Hl,j ((lzilﬂ' — k?,j)? (]%QJ' — ]{78,])) = arg max Z(Ul, ’Ug)

v1<v2

with Z(vq,v2) equal to 0 if v; = vy = 0;

s

v
Z(v1,v2) = Wi (v1) — |—21| + (o /Ty 5) 2 Wa () — T(HQJ + 2M45) /1L 5
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if 17 <0,v2 <0 and v; < vo;

Z(v1,v2) = Wi (v) 5 (a1 /Ty ) /2 W (vg) — -

if v1 < 0,v3 > 0; and

v
Z(vi,vg) = (Myjpa/Ty) Wy () — |21|(H1J+1+2H12]+1)/H1J + (a1 /T )W (v2)

|U2‘(

2 H2]+1/H1])

if v7 > 0,v9 > 0 and v; < v9. This completes the proof.

Proof of Theorem 5. As a matter of notation, let

T.
~ 1 < ~
Y= T E (ye — x;tﬁ xbtﬁbl ])( - atﬁ ﬂfgtﬁm,j)/ (A.20)
J =1

be the estimated covariance matrix using the full sample estimate of 3, obtained under the
null hypothesis of no change and using the estimate of 3, based on data up to the last date
of regime j, defined as

Ij
661] betzlijt Z$le( - atﬁ )
t=1

Also

T;

. 1 . . . .
Si=m—— Y W= @B — 0By (v — By — 11,5y (A.21)
Ty =T

=T, 1+1

is the estimate of the covariance matrix of the errors under the alternative hypothesis using
the full sample estimate of 5, and using the estimate of 3, based on data from regime j only,
ie.,

T; T;
By = ( o3 ) 235 (g — @ Ba)
bj — bty Lpt te Yt atPa
t=Tj71+1 t=Tj71+1
For a given partition of the sample, we have

LRy (Ty,...Ty) = 2logLy(Th,...,Ty) — 2log Ly = T'log |S| — T'log |3

m

= D (Tr10g [y 4| — Tilog [S15] = (Tj1 — Tj)log [Sj4a]) = > F

j=1
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Consider a second-order Taylor series expansion of each term:

log Sl = Tog |57 + (%) S — )

5t () Brgr = ) Ergr = 20) + 0T
log |81 = log[£°] + tr((2)7H(E, - X))

(507 Sy — 200 By — 50) + 0p(T)
log S = log |50 + () (S5 — )

() (S0 = () Br — 20) + 0T

Hence,

P = FIJ,T—i_FQJ,T

= i (T Cagia — =) — H(E") (S, - 39 (A.22)
(T2 = T)(E) " (Eja — 29)
_%tr (TJH[(EO)*I(ELJH -2 (A.23)

~T((=) 7 1y = )2 = (T = TIE) " (S — TP

Note that the first term in (A.22), denoted Fl{T, will be non-vanishing when allowance is

made for changes in °, while the second term, denoted FiT, will be non-vanishing when
allowance is made for changes in X°.

We first consider F’ f;T and write the regression in matrix form to simplify the derivation.
Under the null hypothesis, we have

Y = Xaﬁa + Xbﬁb + U
with E (UU") = I+ @ X°. If only data up to the last date of regime j is included, we have
Y1 = Xa1Ba + Xo1,jBp1; + Uy

Define Yy, = (IT ® S Wiy, Wiy = (Ir @ ) Xarg, Ziy = (Ir © 211/ X, and

Ul‘{ i= (I ® ZIJ )Ul,g- Then, omitting the subscript when the full sample is used, we have

B, = W' My;W]) W' M,y (A.24)

ﬁblj (Zijzl.]) 1Zillj(led] Wl,jﬁa) (A25)
where My = [ — Z(Z'Z)~'Z'. The regression equation using only regime (j + 1) is

Y;-H = Xa’j+1ﬁa + Xb,j+16b7j+1 + Uj+1
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Define Y, = (Ir ® ZH{ WYiit, Wis1 = (Ir ® ZJ+{ ) Xaji1, Zigr = (It ® ij_i{Z)Xb,j-H?
UJJrl =(Ir® Z;if)UJH and Z = diag (Zl, cey Zm+1). Then, omitting the subscript when
the full sample is used, we have

B, = [W'MzW] ™ WMz (A.26)
Bb,jﬂ = (Z]—HZ 1)~ 1Z;+1(Yﬂ‘rl j+1Ba) (A.27)
n (A.24)-(A.27), the choice of the estimate of the covariance matrix will have no effect

provided a consistent one is used. We now analyze the first component of Ff + (the analysis
for the second is identical).

Tjatr((S ) 12j+1)
1

- 3

t=

Y — %tﬂ + xbtﬁbl ) (We — atﬁ + xbtﬁbl ]+1) )

Tjq1

= tr(Z(yt — 2B, + x?;tﬁbl,ﬂl)/(zo)_l(yt — 20y B0 + T Br1i11))

=1
(Yl g1 — Xa1 j+1B — Xn j+1gb1,j+1),(lT ® ( ) ! (Yl g1 — Xal jHBa - Xblvﬁlgbl,jﬂ)
(Ur 41 + Xarj+1(B, — 5 )+ Xo1,i41(5, 5b1g+1))/(IT ® (297
(Urjr1 + Xarjr1(Ba — Ba) + Xo1,j41(B 5b1;+1))
(Xa1,j4+1(8, /3 )+ Xp1j41(8y — Bbl,j—i—l)) (Ir ® (%))
(Xa1,j41(8, /3 )+ Xo1,j41(8y — Bbl,j—i—l))
+2(Xa1,j+1(B, — ﬁa) + Xp1j41(8p — Bbl,j—&-l))/(IT ® () U1
ULy (Ir @ (2°) U1
= (Wi+1(B, — Ea) + Z1j41(By — Bbl,j+1)),(WLj+1(6a - Ba) + Z1j11 (B — Bbl,jﬂ))
+2(Wij41(8, — Ba) + Z1j1(Bp — Bbl,j—l—l))/Uﬁj-i-l + Uy j(Ir ® (X)) U111 + 0, (1)
= (MZ17j+1W1,j+1 (6a - Ba) - PZ1,j+1Uld,j+1>,(MZ1 ]+1W1’j+1(5a - Ba) - PZl,jJrlUld,jJrl)
+2(My, ;. W1 (Ba = Ba) = Proy iUy U + UL (I @ (Z°) ) U + 0, (1)
= (Mg, WijnAr+ PZLJ-_HUﬁj.t,_l),(MZl,]’_,_lWl,j-‘rlAT + Pz, Uﬁj-&-l)
—2(Mz, ;s Wi Ar + Pz, UL ) UL + UL (I @ (8°)7) Uy + 0, (1)
= A/TWl/,jJrlMZI,jJrIWLjJrlAT - Uld,ljJrIPZl,jHUld,jJrl
—2 (Mg, ;Wi Ar) Uiy + Ul (It @ (5°) ") Uyt + 0, (1)

where Ay = [W'M,W] ™ W'M,U®. For the third component of Flj,T7 we have, using similar
arguments,

(Tyr = T) tr(Z0) 7' 8501) = AW Mg, Wi Ar = UL, Py, U
~2(Mz, Wi Ar) Ufy + Uj o (Ir @ (2°) ) Uja + 0, (1)
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where Ap = [W'MzW]'W'M;U?. TFollowing the same arguments as in Bai and Perron
(1998, p. 75), we have plim; . T"/2Ap = plim,_, . T"/?Ar. Hence, all terms involving Ar
and Ar eventually cancel and

J _ rrds d dr B d dr d
F o =U1;Pz Ul ; + Ui Pr, Uiy — Ui Pry Uy +0p (1)

Now, T'2Z; UL = Q)*W,, (\) and T~' S0, 24, (°) ), —P i@y with W, (\,) a py
vector of independent Wiener processes defined on [0, 1] and where @), is the appropriate
submatrix of () corresponding to the elements of x;,. Hence,

Ut i Py Ul = W, (Nga) Wa, (As)l/ A
Using similar arguments
Ut Py, UL = Wy, (A) Wy, (X))
and

Ul Pa, U = (Wi, (i) = Wy (40)) (W, (hgir) = Wy, (00)) /(g = )

+17J+1

These results imply that the first component in (A.22) has the following limit

(AW, (Nj1) = i W, () (AW, (Njs1) — Aja W, (A)))
(N1 = M) A

F = (A.28)

Consider now the limit of » 77" | F2j7T when changes in X0 are allowed. We have

J
FQ,T__

N —

DT () S = D) =2 Sy = D= (T = T)((2) ' Sja = 1)?

Let ((£0)7'% 41 — )7 be the matrix whose entries are those of ((2°)™'%, 4, — I) for
the corresponding entries of 3° that are not allowed to vary across regimes, the remaining
entries being filled with 0s. We use the subscript F' since the non-zero elements are estimates
constructed using the full sample, i.e.,

i

- ik T - -
{<<Eo)71217j+1 - I)F}m = T ;(yzt - x;fﬂ)l(ykt - x?ctﬁ) - ]z',k

(2

where % is the (i, k) element of (£°)~ and I; , is the (i, k) element of I. Also let ((3°) ™% ;44
—1I)% be the matrix whose entries are those of ((3°)71%; ;,; — I) for the corresponding en-
tries of 3° that are allowed to vary across regimes, the remaining entries being filled with
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0s. We use the superscript S since the non-zero elements are estimates constructed using
the relevant segments, i.e.,
N gik Lt _ -
() S =D} = 2= (i = 2B (e — 4B — Ty

i,k j+1 1

Note that the entries for ((Z9)1%, j11—1)T are the same for all segments. Define ((2°) 1%, ;—
DE, (97158, — 1)5, ((EO)_lﬁle — ¥ and ((EO)_lin — I)® in an analogous fashion.
Then,
() 'Sy —1) = () 'S — DI+ ()81 — )°
()78, —1) = (B)7'S; =D + ()78, - D)F
(E)7"S =1 = (E)' S = DT+ (E) "0 - 1)°
and, in view of (A.23),

o 1 i - _
ZFiT = Tl (Z [EH((EO)_TLJ‘H — DP((Z°) "8y = D)°

j=1 j=1
~TH((2°) '8y = DP((E0) 'Sy - 1)°
~(Tp = T)((E) 50 = DS(E) 75 = 1)) ) +0,(1)
Now, since 3 — 3° = 0,(T~Y/?), we have
Ty ((Z°) 'S0 — f>5<<z°>*1il,j+1 ~ 1)
T 1 Tj+1 Tj+1

= (T [(Z°) gy — Z gy — 11)% + 0,(1)

= f (Aj+ ) (J+1)S//\j+1

and
T80 Sy — () Sy - 1P
= (e D ()l 1) S () = 1))+ (1)
= £ 6 O I
and
B TN 'S = D) S - P
- Err 2 (7 =G 3 [ i

= (& (M) =&, (Aj))s (Ea1) = & )%/ (g = Xy)



where £(-) is an n X n matrix whose elements are (non-standard) Brownian motions defined

on [0, 1] such that var(vec({(1))) = Q. Hence,
S Er = =gt (6 (o) 6 Q) i — £ ()6, (0
j=1

(€0 (i) = & ) (6 Qisa) = €, )/ (i = )
= [eeetn () Yuee(, (i) Ay — vecln (0)*uee(€, 1))/,
(veelg, (A1) = vee(€u(0)%) (vee(, (i) = vee(€,()%) / (i = A1)

using the fact that tr(AA) = vec(A)vec(A) for a symmetric matrix A. Now let H be the
matrix that selects the elements of vec(X°) that are allowed to change. Then

vee(€, (\j41)°) vec(, (Ajs1)”) = vee(&, (A1) H Hvee(€,, (Aj+1))
L W (M) HQH Wz (Aj41)

*
b

where Wi (+) is an nj vector of independent standard Wiener processes. Hence, we have

> Fir
j=1
1 . Iyt
= —5 [an ()\jJrl) H QHWnZ<)\j+1)/)\j+l — an ()\J) H QHan ()\])/)\]
= Wz (\j1) = W (M) H'QH (Wi (Aj1) = Was (A)/ (Ajr — )\j)]

(W ) = AW () HYQH (3 Wy (Aji1) = A Wi (4y) (A.20)
AjiAjr1 (A1 = Aj)
It remains to show that the limiting distribution of the test is given by (A.28) when only
changes in 3 are allowed, and is given by (A.29) when only changes in  are allowed. We
have

LRy (T, ..., T,) = Tlog |%| — T'log |3

where 3 and ¥ denote the covariance matrix of the errors estimated under the null and
alternative hypotheses, respectively. Taking a second order Taylor expansion,

LRy (Ty, ... T))
= (TS5 (B = )+ () (5 = 207 — Sor((2) S~ 5P) + 0T
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Consider first the third term
T

(E)TME-OP = ()T (5 — @B (e — 1B) - =)

t=1

= (=9 1Zut+w — B))(ue + (8" — B)) — £°)P2

t=1
T
= (21T Y iy = )P + 0,7
t=1
where the last equality follows since 3° — 5 = O,(T ~1/2), Similarly, we can show that

(E) 7N E-SOP = ()T Y uy — 2°) +0,(T7)

Hence, the likelihood ratio simplifies to

A

lrp (Ty, .., T) = Tt?”((EO) HE=5)) +o,(1)

NTS = (T = T5) S541) + 0p(1)

=0

.

= )Y (TS — Ti¥ay — (T — ) Sj) + 0p(1)
J=1

= Z Flj,T + 0p(1)
j=1

Now, when only changes in ¥ occurs, we have, assuming without loss of generality that all
elements of the covariance matrix are allowed to change:

Tlog |3 = Y (Tj41 — Ti)log |S44]
=0
= > (Tj1log [S1jpa| — Tilog S — (Tj1 — Tj) log [S11]) + Ta(log [S1.a| — log [£4])
=1

Z LR} 4+ Ty(log |$14] — log [54))

j=1
where

T

Sipo= T (e — B (v — 2B)
t=1
T
% = (T =Tj)™ Z (e — 218) (e — 1,8)'
t:Tj71+1
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with E and 3 the estimates under the null and alternative hypotheses, respectively. Now,
taking a second order Taylor expansion of LRY.,

LRy = tr(Tja(2°) 'Sy — T(E) 'Sy, — (T = T5) (5°) 7' 841)

AL (50) 7 (B — SO + r((50) By - 2P
_—(TjH _ Tj)tr[(ﬁo)_l(imﬂ — X +0,(T7)

2

Both E and B are regime independent and we also have B — B = op(T’l/ 2). Hence,

(T2 (Z0) Sy = TH(E) 'S0 = (Tja — 1) (£°) ')

= @)Y (- 2B — BY — (o — 2B — BY] = 0,(1)
Also,
T1(log |§31,1| — log |21|)
= Titr((Z0) (S - 5)) + %Tltr([(zo)l(il — 22— () HE - 292) =0, (1)
Hence,
LR (T To) = 30 str(Tral(5) B — 5P + TGy - 2P

<
Il

~ (L1 = T) [(Z°) 7 Ergir = E)P) + 0, (1)

I
NE

FQj,T +0p (1)
1

<.
Il

Proof of Theorem 7: Assume, without loss of generality, no disjoint break allowed under
the alternative hypothesis and all regression coefficients allowed to change. For the general
case, the proof extends straightforwardly. Hence, using the convention that 7, = T and
Ty = 1, the set of admissible partitions is

A: = {(kl,kg), el S kl S ]{72 S (]_ —€)T and U%(kg - kl) S MT
with My — 0, vy — 0 and T%%v;/ (log T)* — o0 as T — oo}

For a given partition, the likelihood ratio statistic is defined as

LRy (k1 ka;) = Tlog || — T'log 3]
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where 3 and ¥ denote the covariance matrix estimated under the null and alternative hy-
potheses, respectively. Now, consider the likelihood function under the common break al-
ternative, which imposes ky = ki, and denote the corresponding estimate of the covariance
matrix as 3*. Then,

LRr(ky, kai€) = (Tlog 5] — Tlog [S¥]) + (Tlog ] — Tlog [S)
Hence,

sup  LRp(ki,ksie) = sup {(Tlog|S| — Tlog |S*) + (T log |3 — Tlog %)}
(k)l,kg)GAg (k)l,kg)GAg

The proof is complete if we can show that

sup  (T'log|¥*| — T'log|3]) = o, (1)
(kl,kz)EA;‘

To prove this, apply a second order Taylor expansion,

Tlog|~*| — T'log |3
= (TS (5 = D)+ 5or(((20) (5 — 2)P) — Sor((20) (5~ 50P) + 0,(T)
= tr(TS5H(EF = %)) + 0, (1)

where the o, (1) term is uniform in (k;, k2) € A and where the last equality holds because

(E)HE-2P = [(E)7HT ) wuy — 2P +0(T7)
(E)7E =P = ()T ) wuy = S)P +o,(T7)

uniformly in (ki, k) € Af. Now, let 3, denote the estimate under the locally ordered break
alternative,

Al N .
(B11:B27) i 1<k
B = (3,1,273,2,1)' if k< t <k

N ~t X
(/6172,/32’2)/ lf t > kQ
and let B: denote the estimate under the common break alternative,
~ k) ~ k] ;-
B* (By1s B20)" A £ <hy

t Akl A/

(61’2,52,2)1 ].f t > kl
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Then, for a given partition (ki,ks) € Af, simple arguments lead to the result that, for
J=12,

Bl,j - B:J = Op((TUT)_l log v%); BQ,]’ - B;J = Op((TUT)_l log v;:?)

which further implies

~ ~ T ~ ~ Ak Ak
(TS = $12)) = (0= w3 = B — X — w5~ iB))
ka ~ ~ ko ~ % ~ %
= tr( 3 (e —uB) e —xB) — 32 (e — 2iB)(ye — 218,)') + 0p(1)
t=k1+1 t=k1+1
ko ~ A
= tr(t,;ﬂ(“t — a4(By — B)) (w, — 2y(8, — 5))")
ko Ak A %
—tr(t_;ﬂ(ut — 238 — ) (w — a4 (B; — B°))) + 0,(1)

Now, from Lemma A.5 3, — 8° = O,(T~/2) and 3, — 8° = O,(T~"/?) uniformly in (ki, k») €
A%. Hence, using the fact that (ka — k1) /T — 0, we have

ko
tr( Z IQ(Bt - 50)(Bt — % x;) = op (1)
t=k1+1
ko A
tr( Y w(By — 8% z) =0, (1)
t=k1+1
k2 * *
tr( Z 7, (8, — 50)(51: — B7) x) = 0, (1)
t=k1+1
and .
tr( Y (B — B°)z) = 0,(1).
t=k1+1

Hence 2171 — 21,2 = 0,(1), the bound being uniform in (k;, k2) € A’. This completes the
proof.

Proof of Theorem 8: Without loss of generality, assume all the coefficients are subjected to
change. Let 3, denote the coefficients estimates under the globally ordered breaks alternative,
then, for a given admissible partition (A, \2) € A, we have

(31,1732,1)/ if t<k
Be=13 (BraBay) if ki< t <k
(Brgs Bon) if t> ks
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with the corresponding log-likelihood function being

T T .
£g<k17k2> - =5 (10g27’(’+1)—§10g|2|,
A T A
with 3 = Z yr = 218, (e — 7,53,

Consider a related model in which only the coefficients in the second set of equations are
allowed to change. Let 3, denote the corresponding estimates, then, under the same partition
as before, we have,

=) (B1Byy) i t< ke
(Bl?EQ’Q), if t> kQ

with the corresponding likelihood function being

T
‘Cg(L k?) - _5

T -

(log2m +1) — 3 log |2,/
~ T -~

with 52 = 330 B~

Hence, the likelihood ratio under the given partition can be expressed as
LRS (K1, kz, por, pra. €) = T(log || — log |%]) + T'(log |E] — log |4])

Hence the likelihood ratio is sum of two components, each involves only one break, with
some coefficients restricted not to change. Given this, the rest of the proof follows that of
Theorem 5, i.e, the analysis of F7 ;..
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