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1 Introduction

There has been a long interest in long memory models, especially with applications to fi-
nancial times series. For reviews of the literature, see Robinson (1994), Beran (1994) and
Baillie (1996). Of particular interest in econometrics is the fractionally integrated model
(Granger, 1981, Granger and Joyeux, 1980, and Hosking, 1981) whose difference of order d
is a short-memory process often modelled as an ARM A process for which the autocorrela-
tions decays exponentially. The parameter d can be non-integer valued and when 0 < d < 1,
the autocorrelations decays very slowly, a characteristic of long memory processes. Various
methods have been proposed to estimate the long memory parameter d. One that is often
used in practice is a semiparametric estimation in the frequency domain which does not
require a specific distributional assumption on the process generating the difference of order
d of the series. A popular method is the log periodogram regression proposed by Geweke
and Porter-Hudak (1983), whose large sample distribution was analyzed by, among others,
Robinson (1995) and Hurvich, Deo and Brodsky (1998) as well as Phillips (1999) who covers
the unit root case d = 1. Applications to macroeconomics, international trade and finance
are numerous. For example, Ding et al. (1993) argue that stock returns volatility is well
described by a long memory process.

Recently, there has been an upsurge of interest on the possibility of confusing long memory
and structural changes in level. The idea extends that exposed in Perron (1989, 1990) who
showed that structural changes and unit roots (d = 1) are easily confused in the sense that,
with a stationary process contaminated by structural changes, the estimate of the sum of
the autoregressive coefficients is biased towards 1 and that tests of the null hypothesis of a
unit root are biased towards a non-rejection. This phenomenon has been shown to apply in
the long memory context as well. When a stationary short memory process is contaminated
by structural changes in level the estimate of d is biased away from 0 and the autocovariance
function exhibits a slow rate of decay. Relevant references on this issue include Diebold and
Inoue (2001), Engle and Smith (1999), Gourieroux and Jasiak (2001), Granger and Ding
(1996), Granger and Hyung (2004), Lobato and Savin (1998), Mikosh and Starica (2004),
Parke (1999) and Teverosovky and Taqqu (1997). While some papers contain theoretical
results related to the fact that the variance and autocorrelations have similar properties under
structural change and long memory, most of the evidence was obtained through simulations
and no theoretical results are available pertaining to the distribution of the estimate of the

long memory parameter d in the presence of a short memory process with level shifts.



The specification adopted is one for which the series of interest is the sum of a short
memory process and a jump or level shift component. For the latter, we specify the commonly
used simple mixture model such that the component is the cumulative sum of a process which
is 0 with some probability (1 — p/T") and is some random variable with probability p/T.
Level shifts then occur with some probability p/T" that we make dependent on the sample
size to obtain non-degenerate limiting results. The underlying idea is to have infrequent
changes that are more akin to structural changes rather than a large number of changes
which would make the level shift component basically an integrated process (d = 1). By
scaling the probability of a level shift by 7', this aim is achieved in large sample (of course,
this specification has no effect in finite samples). This allows us to use a Functional Central
Limit Theorem recently obtained by Georgiev (2002) and Leipus and Viano (2003).

Our theoretical results about the log periodogram estimate of d allow us to explain many
of the findings reported in the literature mentioned above. Moreover, it also allows us to
uncover new features and gain better insight about the properties of the various estimates.
In particular, we show that the reliance on using the familiar rule of thumb T%/2 for the
number of frequencies used to estimate the regression, e.g. Diebold and Inoue (2001), allows
only a very narrow picture of the problem. We shall explain how the distribution of the log
periodogram estimate is highly dependent on the number of frequencies used, a feature that
is different from the case where the true underlying process is a pure fractionally integrated
model. Hence, this can be helpful to distinguish structural change from long memory.

For the level shift model, our results indicate that when m is near T%/3, the log peri-
odogram estimate d will be near 1 and its limiting distribution is only affected by the level
shift component. When m is between 7V/3 and TV2, d drops to a new level when the sta-
tionary component starts to affect the limiting distribution. The magnitude of the drop
depends on the relative variance of the stationary and level shift components and the value
of p, the frequency of the jumps. As m increases beyond T%/2, there is a further gradual
decrease in the estimate d as the short-memory component becomes increasingly more im-
portant, relative to the level shift component, in determining the limiting distribution. We
show the usefulness of our results to distinguish between long memory and level shifts via
an application to the volatility of daily returns for wheat commodity futures. A number of
other applications related to the volatility of stock market indices and currency futures are
presented in a companion paper, Perron and Qu (2007).

The structure of the paper is as follows. Section 2 describes the data generating process

used throughout and the Functional Central Limit Theorem for the level shift process. Sec-



tion 3 considers the limiting distribution of the log periodogram estimate and the theoretical
results are used to explain simulation findings previously reported as well as to provide new
ones. Section 4 presents numerical features of the distributions, in particular, how they are
affected by the various parameters involved and how well the asymptotic results provide rea-
sonable approximations to the finite sample distributions. Section 5 presents the empirical
illustration. Section 6 offers brief conclusions and a mathematical appendix some technical

derivations.

2 The data generating process with mean shifts

The data generating process adopted in this paper is quite simple, yet rich enough to provide
theoretical explanations for many of the simulation results about the effect of structural
changes on long memory parameter estimates. It is a mixture of a short memory process

and a component determined by shifts occurring according to a binomial process. More
specifically, DGP-1 is

Ty = c+vtury (1)
t
Ury = E 5T,j, 5T,t =TT,
j=1

Here ¢ is a constant and v; is a short memory process defined in the following Assumption

e Assumption 1 (short-memory): Let v, = C'(L)e; with e; ~ i.i.d. (0,02) and E|e;|” < oo
for some r > 2. The polynomial C'(L) satisfies C(L) = ooy ¢; L%, 322 i|¢;| < oo and
C(1) #0.

2
n

takes value 1 with probability p/T, i.e. 7y ~ i.i.d. B(p/T,1). We also assume that the

components w7, 7,, and v; are mutually independent.

For the level shift component, 1, ~ i.i.d. (0,0;) and 77 is a binomial variable that

Remark 1 Note that the parameter p is independent of the sample size T'. Hence, as T
increases, the shifts in level become relatively rare. This is an important ingredient that
will allow us to derive interesting results. Intuitively, we need this specification to model
structural changes in mean, i.e., relatively infrequent events that affect the properties of the
series in a permanent fashion. If p/T converges to some value in (0,1), the model is best

construed as depicting a standard unit root process.



It is also important to remark that the model described above is such that a realization
can have no level shift, even in large samples. This can be problematic for the analysis
of statistics discussed in this paper. To circumvent this problem, we also consider a slight
modification of the stated DGP which specifies that at least one level shift occurs in a

particular realization. More specifically, it is stated as
Ty =+ v+ up, (2)

where the distribution of {u7,} is that of {ur,} conditional on at least one level shift
occurring. This DGP, labelled DGP-2, will be useful to examine the distribution of various
estimates under the condition that level shifts do indeed occur, while still allowing the
intensity of shifts to vary.

A crucial ingredient that will be used throughout the paper is a Functional Central Limit
Theorem for the cumulative level shifts process uy,;. This has been considered by Georgiev
(2002) and Leipus and Viano (2003). The results relevant to our analysis are stated in the

following Lemma where “ = 7 denotes weak convergence under the Skorohod topology.

Lemma 1 (Georgiev, 2002; Leipus and Viano, 2003) Consider DGP-1 with 0 < p < oo,
and define up(s) = ,[isl} drt, then ur(s) = J(s) where J(s) is compound Poisson process
defined by J(s) = Z;V:((S)) n; with N(s) a Poisson process with jump intensity p which is
independent of n; for all j. Consider now DGP-2, and let Ep(Ny > 1) denote the event that

the number of shifts Ny occurring in a sample of size T' is at least one, and let E(N(1) > 1)
denote the event that N(1) > 0, then ur(s)|Er(Nr > 1) = J(s)|E(N(1) > 1) = J(s)*.

Remark 2 The limiting distribution J(s) depends on the exact distribution of the random
variables n,. Below, to obtain quantitative results to assess important features of the dis-
tributions and their adequacy as approximations to the finite sample distributions, we shall

specify a Normal distribution.

Since we shall make frequent comparisons with long memory processes, it is useful to
make precise the properties we shall refer to. In the literature, a long memory process is
defined in various ways that are closely related yet not quite the same. In the foregoing
analysis, we will use the following two properties of a long memory process. Let {xt}thl be
a stationary time series with spectral density function f,(w) at frequency w. The process z;

is said to have long memory if
fo(w) = glw)w™* as w — 0 (3)
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with g(w) a slowly varying function as w — 0 (i.e., for any real ¢, g(tw)/g(w) — 1 as w — 0).
When d > 0, this implies that the spectral density function increases for frequencies that
get close to zero. The rate of divergence to infinity depends on the parameter d. Under
some general conditions, this low-frequency definition is equivalent to the following long-lag

autocorrelation definition (Beran, 1994). Let v, (7) be the autocorrelation function of x;. If
Y,(1) = ()T as T — o0 (4)

with ¢(7) a slowly varying function as 7 — oo, the process is said to have long memory. For
0 < d < 1/2, this implies that the autocorrelations decreases to zero at a slow hyperbolic
rate which depends on the parameter d, in contrast to the fast geometric rate of decay that

applies to a short-memory process.

3 The limit distribution of the log-periodogram estimate of d

The log periodogram regression estimator of the memory parameter d was proposed by
Geweke and Porter-Hudak (1983). It is a semi-parametric estimator which uses only fre-
quencies near zero to avoid possible misspecification caused by high frequency movements.
Let I, r(w;) be the sample periodogram at the jth Fourier frequency w; = 27j/T (j =

., [T'/2]). The estimate is then obtained from the following regression estimated by least-
squares

log(I, r(w;)) = ¢ — 2dlog(2sin(w;/2)) + ¢,

using observations pertaining to frequencies ranging from j = 1 to m. Here m acts as an
upper bound on the number of frequencies used. A popular rule of thumb is m = TV/2. As

a matter of notation, let

a; = —log(2sin(w,;/2)) Zlog (2sin(wy/2))

= —log|l — exp(iw;)| + — Zlog |1 — exp(iwy)|

M=
and Sp = )", a?. The estimate of d is then
d_izm: Jog(I,(w;))
~ 29, < @; 108{ 1z (W

Note that the weights a; are demeaned values of the regressors and, hence, sum to zero.

Also, m™ 'Sy — 1 as T — 0.



3.1 Preliminary simulations

As a way to motivate the analytical results presented below, we start with a simple simulation
of the finite sample distribution of the estimate d under DGP-1. The specifications used are
as follows. The short memory component is a simple white noise process with e; ~ 7.7.d.
N(0,1) and the jump component is generated with p = 5 and in = 1. The sample size is
T = 500 and we consider four values for the number of frequencies used to estimate the
regression, m = 27" with a = 1/5, 1/3, 1/2 and 3/5. The results are presented in Figure 1.
They show quite interesting features. When m is small, the distribution is clearly centered
at 1 but is skewed with a long left tail. When m increases, the distribution shifts to the left
and becomes more like a Normal distribution. When m reaches the value m = 27%/°, the
mean is close to 0.2. Hence, the value of m has a clear effect on the finite sample distribution
of d. Tt affects both its shape and its location. Given that the true long-memory parameter
is 0, estimates with large m are far less biased.

Our theoretical results will provide explanations for this feature and others. Of particular
interest is the fact that the limiting distribution obtained will change depending on the
value m selected as a proportion of the sample size 1. Our aim is to obtain the asymptotic

distribution of d upon some assumptions on the rate of increase of m relative to T'.

3.2 Approximations of the Fourier transforms

We start by exploring the structure of the periodogram
2
Lo (wy) = Aoz (w5) + Aur (w5)]

with | - |2 denoting the complex conjugate product and where

T
Ay (wy) = (20T) ™2 "y exp(—itwy)
t=1
is the discrete Fourier transform of (some generically defined variable) y;. We need approxi-
mations for the discrete Fourier transforms of vy, and v,. Consider first the discrete Fourier
transforms of v;. Note that,

Ts)
T2 Z vy = 0.C(1)W(s)
=1



where W(r) is a Wiener process defined on [0, 1]. We shall make use of the following strong

approximation result

t
1
—-1/2 L *| =
17 R =LY = ()

]:

for r > 2, where W (t/T)* is a Wiener process that has the same distribution as W (s), though
possibly defined on a different probability space. Such a result for the case of independent
and identically distributed random variables can be found in, e.g., Csoérgé and Horvath
(1993). The extension to the case of a linear process is given in Phillips (1999). In this latter
paper (see eq. (15)), it is also proved that,

)\U,T (wj) =@;+ Op <%) + 0p (%) (5)

2 7

where

@; = 050(1)(27r)_1/2/0 exp(2mijs)dW (s)*

for some r > 2, with the stated orders of magnitudes holding uniformly over j = 1,...,m.

Consider now the discrete Fourier transform of w,r = 22:1 mirn;. A uniform strong
approximation result is not possible in this case. Intuitively, this is because the J; are zero
except at the times of the level shifts. Hence, a uniform bound would require the shifts to
occur at exactly the same time for both the original process and its approximation. One can,
however, obtain a sharper non-uniform bound which will be sufficient for our purpose. The
first ingredient is a rate of decrease of the total variation distance between the cumulative
distribution function of ur(s), F,.(s), and that of J(s), F;(s). Such a result is originally
due to LeCam (1965), see also Barbour and Utev (1999). It is proved in the appendix that

sup [[Fu,(s) — Fi(s)|| < (2p/T) (6)
s€[0,1]
where the total variation norm is || F,,.(s) — Fy(s) ||= 2sup |Fu,(s){A} — F;(s){A}| with
the supremum taken over all Borel sets A. This result holds under general conditions for the
nature of the distribution of ;.

The next step is that, if the total variation distance between a random variable and its
limit value converges to zero, it is possible to construct a coupling with useful properties (see
Lindval, 1992). The result relevant to our application is that (6) implies that there exists
a sequence of random variables J(t/T), having the same distribution as J(¢/T"), though
possibly defined on a different probability space, such that

Pllugr = J(t/T).| # 0] < p/T (7)
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Note that the same type of results apply when we condition on at least one level shift
occurring, in which case up,, J(s) and J(t/T). are replaced by uj,, J(s)* and J(t/T);,
defined accordingly. The result (7) is very strong and implies that up; = J(t/T). + O,(T~%)
and ug, = J(t/T)F + Op(T~*) for any a > 0. It will be sufficient for us to consider the case
a = 1. This follows since

% > Pllury — J(t/T).| # 0]
/

= Pllur, — J@t/T).| < &/T% + Pllury — J(t/T).| > &/T°]

so that !
Pllur, — J@t/T).| > /T < p/T

which yields the stated result. This strong result can be better understood by noting that
up(s) = 2[4 S gl = ZBT(S) 1,, Where = % denotes equality in distribution and Br(s) is a
Binomial process with probability p/T (see Leipus and Viano, 2003). Hence, in distribution,
ur(s) and J(s) involves the sum of the same random variables, except that for uz(s) the
sum truncates at Br(s), while for J(s) it truncates at N(s). Given the fact that Br(s)
approaches N (s) very quickly, one can expect the two random variables to have basically
the same distribution (see Leipus and Viano, 2003, who present results to that effect).

Consider the discrete Fourier transform \s 7 (w;) given by

T
\/T)\&T (w;) = Z 7.t exp(—iw;t)

up—1 exp(—i(t — 1)w;) (exp(—iw;) — 1)

urrT — \/—_

5~ ﬁ\
”Mﬂ

Then

1 N 1 1 t—1,, 1 , |
= I+ 07 — = t_l(J(T)* + Op(5)) exp(—i(t — Duwy) (exp(—iwy) — 1))
- =

2SS (5 o) ) el - v | a0 (T )+ o)

'Aue et al. (2006) obtained a similar result applying Theorem 2 of Major (1990).
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using the fact that exp(—iw;) — 1 = (27ji/T) 4+ O(j?/T?) and j < m. Hence, in view of (7),
and | exp(—i(t — L)w;)| =1,

VA () = —=J(1)F — = S () exp(ilt — 1) + 0y(31)

1

_ L / exp(—i2min)dI () + 0y
21 Jo T
or,
Vs (w;) = G + 0p() ®)
where

1
¢ = \/LQ_W /0 exp(—i2mjr)dJ(r)*

The approximation results (8) and (5) will be used to derive an expansion for the log-

periodogram estimate.

3.3 An expansion of the log periodogram estimate

. . . . . t
Since ur; is the partial sum of random variables, i.e., up; = > i1 dr,j, we can make use of

the following representation (see Phillips, 1999):

B 1 | exp (—iw;)
A (w5) = 37— oxp (=) {/\51 (w;) S T

Hence, the discrete Fourier transform of ur; at frequency w; is a function of the discrete
Fourier transform of d7; at frequency w; and the discrete Fourier transform of 47, at fre-
quency zero, i.e., (20T)" V231 67, = (20T)~?up. We then have

: 2
_ exp (—iw,
Ao, (w;) + (1 — exp (—iw;)) Ay 7 (w;) — %UT,T

1

1 — exp (—iwy)|”

Lr(w;) =

Given that the zero frequency term is common to all frequencies, our strategy will be to first
condition on it. Throughout, we also condition on the fact that at least one shift happens
so that A\s 7 (w;) is non-degenerate. Hence,

1
(1 — exp (—iw;))[>

2mij m 1
2 (o @) (7))

TII,T(U)J')

G+ Op(5) = explin) (J(D)F +0,(T7)) + 0,(1)




where the order of magnitude is uniform over j = 1,...,m. The estimate d is such that

Zajlog (W) = 2S ZajlogT[xT(w]))

since )" a; = 0. Hence, using the fact that (257)' 377 a;log(|(1 — exp (—iw;))[?) = 1,
and exp(iw;) = 14+ O(m/T) we have, in view of the fact that j < m,

R 1 &
(d—l) = E;ajlog

27sz 1

T mJ(l)i

m m? m \|?
+Op(f) + Oy (T3/2) + 0y (F)

1 & 27sz 1
— E;ajlogg

VT8 o
+0, (%) + 0, <£/2>+op (%)

2
using Sy = O(m) and Y 7", |a;| = O(m).

J(1)7

3.4 The Case with m3/T — 0

The second term in bracket of equation (9) is of order O,(m/v/T), and if m = o(T"?), we

have )
0 m m
o) T\
2 m3/? m3/?
~o (V7)o (7)

2

+0,(1) (10)

_ +
1) 25 Zaj log |¢ \/2_J(1)*

and

V= 1) = Y 3 agtos ¢, - =)
=1

1
a V2T
Hence, if m*/T — 0 and r > 2, we have

Vim(d—1) = Zajlogc S T

V2T

Note that (; are i.i.d. random variables with mean 0 and variance pa% and also independent
of J(1)f. Then, conditional on J(1) = u, log ’Cj — (1/+/ 27r)u}2 are uncorrelated random

variables with mean v(u), say, and variance o2(u). We can then write, since the sum of the

a; is zero,

Vm(d—1) = ;m Sy m ZCL] <log \/12—

10
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Applying a central limit theorem (using m~'S7 — 1),

Vin(d = 1)]ayr—, = N (0, Vi(u)) (11)

Vi(u) = jlggo—za (10g \/2— -~ V(U)>

Then, unconditionally on J(1);, the limit distribution of \/m(d — 1) is mixed Normal, more

with

precisely the result is stated in the following Theorem, which follows since the 0,(1) term in
(10) holds without conditioning on J(1)} = w.

Theorem 1 Under DGP-2 and r > 2, and assuming the number of frequencies used to

construct the log-periodogram estimate is such that m3/T — 0,
J(d — 1) -1 / N(0, Vi(u))dF 1y (u)

where Fjqy+(u) is the cumulative distribution function of the variable J(1)* (which is equiv-
alent to that of J(1)}).

This result has several interesting implications. First, in the presence of level shifts and
when relatively few frequencies are used to construct the log-periodogram regression, the
limit of the estimate is 1. Second, the limit distribution is unaffected by the presence of the
short-memory component and the only nuisance parameter affecting the distribution is p.

Details on how the limit distribution is affected by p will be discussed in Section 4.

3.5 The case with ;T2 < m < ¢, T3/*

A popular rule of thumb to select the number of frequencies to estimate the log-periodogram
regression is to set m = T%/2 (as originally proposed by Geweke and Porter-Hudak, 1983).
This is not covered by the results above which requires a slower rate of increase. Nevertheless,
it is possible to use our framework to obtain an alternative asymptotic approximation that
applies to this case and to orders of magnitudes for m up to 7°/4.

We start by noting that the expression (9) is valid for any rate of increase for m. With
m > ¢;T"?, however, the term (275 /v/T ); related to the short-memory component will

remain in the limit. Let
27er 1
—=, J()F (12)
T Vs
11

AT7 j log



Note that the components (; and ¢; are i.1.d. and mutually independent as well as indepen-
dent of J(1)}, hence the A; are uncorrelated. Now, denote the conditional expectation of
Arj, conditional on J(1)] = u, by Erjj,. Then, we can write (9) as

(J—D:Ah()+%;Hﬂ)+%)< )+0, Qg;>+%(5§?) (13)
where

1 m
Mr(u) = E ZajETyj‘u (14)
j=1

and
1 m
=—=> a;(A; — Erjp)
2v/m ‘=

Conditional on u, Mr(u) is non-stochastic. Denote its limit by limy ... Mr(u) = M(u).
From (13), we can deduce the following result concerning the asymptotic distribution of OZ,

which follows since the remainder terms in (13) hold without conditioning on J(1)} = w.

Theorem 2 Under DGP-2 and r > 4, and assuming the number of frequencies used to

construct the log-periodogram estimate is such that c;TY? < 'm < coT%*, then
d—41+ M(J(1)") (15)

From unreported numerical results, the limit distribution stated above provides a good
approximation for rather large sample sizes only. It is, however, possible to have an asymp-
totic refinement that keeps terms of order O,(m~'/2). Our numerical results will show a
much improved approximation.

We start again from (13). Now, since the A; are uncorrelated, we can apply a Central
Limit Theorem such that

Hr(u) =% N(0, Va(u)) = H(u)

with
Vo(u) = p lim —Za (Aj — BErjj)? (16)

T—o00 m

Finally, noting that m~'Sy — 1, simple manlpulatlons reveal that (13) reduces to

(d=1) = M(u) + ﬁﬂ(u) o, (Tlﬁ)

provided ¢;TY? < m < ¢3T%° and r > 10. This suggests the following approximation to

obtain the unconditional distribution which is stated in the following Theorem.
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Theorem 3 Under DGP-2 and r > 10, and assuming the number of frequencies used to

construct the log-periodogram estimate is such that c;TY? < m < ¢3T?%/°, then

1~ / N(M(u), Vo)) dFyay (1) (17)

where Fjqy+(u) is the cumulative distribution function of the variable J(1)* (which is equiv-
alent to that of J(1)}).

Remark 3 The conditions for the above Theorem to hold require the innovations to the
short-memory component to have finite moments of higher orders. This should not be sur-
prising in view of the fact that we consider a higher order asymptotic expansion of the
distribution. For similar reasons, the highest rate of increase possible for m is smaller than

for the first-order asymptotic result.

Remark 4 Since the result given by the expansion (17) is a generalization of the first-order

asymptotic result (15), our discussion below will mostly pertain to the latter.

The representations (15) and (17) offer important insights about the properties of the
log-periodogram estimate d as a function of the following parameters that affect the limit
distribution: 27 f,(0) = 02C(1)?, the spectral density function at frequency zero of the short-
memory component; a%, the variance of the jumps; and p the frequency of the jumps. Note
that the limit distribution depends on the short-memory component only via f,(0).

2

Consider first the case with f,(0) decreasing (or o; increasing) so that the effect of the

short-memory component becomes negligible. We then have
1 2
- —=J();

Mr(u) 25 Za] Vo

as T'— oo using (10). Also Va(u) — Vi(u), and the limit distribution of Theorem 2 indeed

collapses to the limit distribution of Theorem 1. Second, as 0727
21j .

1 « 2 211
E;CLJE ﬁwj ] 25, Za] <2log( T )+E[log‘gojﬂ)

1 & 2 2
_E —2a? -E[l ,D:_l — -E[l .]_>_
257 ( aj +a;E |log g, +3 ST ;:1 a;E |log ;]

as T — oo, and d is, in the limit, centered around the true value 0. Hence, changes in the

log ¢

(1) :u] —0

or p approaches zero, we have

MT(U)

Q

log

Q

values of the nuisance parameters affect the location of the distribution via changes in M (u)
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which takes values between —1 and 0, implying that the location of d varies between 0 and
1, in the limit. As we shall see in Section 4, corresponding changes in the variance term
Vo(u) are quite small and do not have a substantial effect on the shape of the distribution.

Finally, what is an especially important result that emerges is obtained by comparing
Theorems 1 and 2. It shows how the choice of the number of frequencies to include has a
serious effect on the distribution. Different rates of increase of m relative to T" imply impor-
tant qualitative differences to both the shape and, especially, the location of the distribution.
Indeed, comparing the results, the presence of the component M (u) in the limit distribution
of Theorem 2, that apply to large rates of increase for m, imply a substantial difference in
the location of the distribution. Since M (u) varies between —1 and 0, its presence induces a
negative adjustment away from 1 for the location of the distribution of d. The adjustment
is more important as p or o7 are small (or as f,(0) is large).

Changes in the rate of increase of m beyond the rate m = ¢;7"/? also have a further
impact on M (u) and the location of the distribution. To see this, note that from (12),
the stationary component is scaled by j/ VT for j = 1,...,m. Hence, as m increases the
stationary component becomes more important (relative to the jump component) since the
scaling factor is trending as m increases. This translates into a progressive negative shift in
M (u) and a leftward shift in the distribution of d.

These theoretical results go a long way towards explaining the simulations reported in
Section 3.1 about the distribution of d for various values of m. This, we believe, is a novel
results that can potentially be useful to distinguish between long memory and stationary

processes with level shifts.

3.6 Evaluation of the limit distributions

In principle, it is possible to evaluate the limiting distribution analytically using numerical
integration. This requires a theoretical closed form expression for the conditional mean and
variance of the relevant quantities, e.g., Er |, and Va(u). This appears to be a quite involved
task in our context. Furthermore, any theoretical results about these quantities would still
require numerical integration to obtain quantitative results. For these reasons, we resort to
simulation methods.

Consider evaluating the limiting distribution in Theorem 3 corresponding to the case
ciTY? < m < ¢3T%/° (evaluating the limiting distributions in Theorems 1 and 2 is similar

and indeed simpler). The basis of the algorithm is the fact that conditional on J(1)] = u,
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we have

(d=1) = M) + L Hr () + 0, (1)

with My (u) defined by (14), Hr(u) ~ N(0, Va(u)) with Va(u) = plimr oo (1/4m) 37, a3(Ar,;—
Erjiu)? as defined by (16) and with Ar; defined by (12). The following steps are taken to
simulate the limiting distribution. Throughout T' = 4,096 (= 2'2, see below) is the number of

steps used to evaluate the various functionals and N = 10, 000 is the number of replications.

1. First, simulate a draw for uy, which will serve as an estimate of the conditioning
variable J(1);, keeping only draws with at least one shift. This is done by generating
T draws for 7, ~i.i.d. N(0,07) and independent 7wy, ~ i.i.d. B(p/T,1). Then upp =

Zle dr+ where o1y = mr47,.
2. We next need to simulate Er |, the expectation of Az conditional on J(1)} = w,
which involves simulating ¢; and ¢;. Consider first ;. We use the fact that

o = aecx1)(2w)ﬂ2jé exp(2ijr)dIV (r)

L 5,C(1)[by; + ibyy]

where by; and by; are independent N (0,1/2) random variables. To simulate ¢ j» We use
draws of 7, generated as described in part (1) to construct ¢; = ZL exp(iw;t)d;.
This is done using the Fast Fourier Transform algorithm, which explains why we set
T = 2'2. We then evaluate Ar; as defined by (12). This is repeated 1,000 times to get
Er jju as the sample average of the different Ay ;. We then construct My (u) as defined

in (14) and V,(u) is approximated by

1 m
Var(u) = i ZCL?KATJ‘ — Erju) — (Ary — Erjiu))”
=1

where (Ar; — Erj.,) denotes the sample mean of (Ar; — Erj,), which is substracted

since, while the theoretical mean is 0, this is not guaranteed in finite samples.

3. The next step is to obtain a simulated value of Hr(u) as a draw from a N (0, Vo r(u)

).
Then a simulated value of the limiting distribution of (d — 1) is, say, Z(u) = Mp(u) +

(vm/Sr)Hr(u).

4. We then go back to step 1 and repeat the procedures to get another value of Z(u)
based on another draw ur for J(1)}. This is repeated N times to get an empirical cdf

of the limiting distribution.
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4 Numerical features of the distributions

In this section, we use simulations to address the following issues. First, what is the quantita-
tive impact of changes in the nuisance parameters (037 /27 £,(0), p and m) on the components
Vi(u), M(u) and Va(u) that are present in the limiting distributions? Secondly, we present
evidence about how adequate the asymptotic distributions are as approximations to the fi-
nite sample distributions. In all cases, the limiting distributions are evaluated as described

in the previous section.

4.1 The effect of changes in the nuisance parameters on V;(u), M(u) and Va(u)

Consider first the component V; (u) which affects the limiting distribution when m = o(T/3).
Here the relevant nuisance parameter is p and the effect of changes in its values are depicted in
Figure 2. What transpires from these results is that changes in p have very little effect on the
distribution of V4(.J(1)*) and, hence, on the limiting distribution of v/m(d — 1). Noticeable
differences occur only for very small values of p. The distribution remains basically the same
once p reaches a value of 5.

Consider now the components M (u) and Vi(u) which play a role when m > ¢, T2
These are influenced by the parameters p, m and o7 /(27 f,(0)) = ¢. The base case that we
consider is p = 5, ¢ = 1, m = T"/? and we assess the effect of changing one parameter by
holding the others fixed at those values. The results are presented in Figures 3 and 4 for the
distribution of M (J(1)") and V5(J(1)"), respectively. Consider first M (J(1)"). The results
clearly show that its distribution is, in all cases bounded by the interval [—1,0]. Also, they
are in accordance with the theoretical explanations given in Section 3, the distribution of
M(J(1)") shifts to the left as m increases and as p or ¢ decrease. What is more revealing
from the numerical results is that relatively small changes in these parameters have important
effects, especially on the location of the distribution of M (J(1)"). For example, changing m
from 7% to T°%, the mean of M(J(1)") goes from —0.269 to —0.489; and a doubling of ¢
from 0.5 to 1, implies a change from —0.477 to —0.265. On the other hand, the results in
Figure 4 show that the distribution of V3(J(1)") changes very little unless the changes in p

or m are very large.

4.2 The adequacy of the asymptotic approximation

To assess how the asymptotic distributions approximate the finite sample distributions, we

use simulations with 10,000 replications of d. Consider first the case with m = T93, for which
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the limiting distribution in Theorem 1 applies. The sample sizes considered are T = 200,
500, 1,000 and 5,000. For the nuisance parameters, we use ¢ = 037/(27%(0)) =1 or 2 and
p = 5 or 10. The results are presented in Figure 5. They show that the approximation is,
in general, adequate though in some cases a large sample size is needed. The right tail is
better approximated than the left tail which is ticker. The approximation improves as p or ¢
increase. This is expected since the stationary component, which does not affect the limiting
distribution, is then less important relative to the jump component.

Consider now the case with m = T"/2 and the approximation provided by the first-order
asymptotic distribution stated in Theorem 2. Unreported results show that as the sample size
increases the finite sample distribution indeed approaches the limiting distribution. However,
even for the large sample sizes considered, the approximation is not quite adequate. The
location of the distribution is well approximated but the variance and, especially, the left
tail are not. The basic reason is that even if the sample size is very large m = T/? remains
a relatively small number, for example when T = 2'5 (32,768), m is still only 181. On the
other hand, the expansion presented in Theorem 3 provides a good approximation. The
results are presented in Figure 6 for the cases m = T2, ¢ = o2/(2nf,(0)) = 1 or 2 and
p =5 or 10 for T'= 200 and 500. Overall, the expansion provides a reasonable guide to the

finite sample distribution and captures well its main features.

5 Application

For the level shift model, our results indicate that when m is near T'/3, d will be in a neigh-
borhood of 1 with a standard deviation of about .79/y/m (provided p > 5). When m is
roughly between T3 and T'/2, d drops to a new level when the stationary component starts
to affect the limiting distribution. The magnitude of the drop depends on the relative vari-
ance of the stationary and level shift components as well as on the value of p, the frequency
of the jumps. As m increases beyond approximately T%/? there is a further gradual decrease
in the estimate d as the short-memory component becomes increasingly more important,
relative to the level shift component, in determining the limiting distribution.

The picture is very different if the underlying model is that of a pure long-memory
process, e.g., a fractionally integrated model. Here, the limiting distribution of the log
periodogram estimate d is the same regardless of the rate of increase of m relative to the
sample size T. Indeed, from Hurvich, Deo and Brodsky (1998), we have, for Gaussian
processes, \/m(d — d) —% N(0,72/24) if m = o(T*%) and log®(T) = o(m). The same result

holds for non-Gaussian processes under more stringent conditions on the rate of increase of
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m (see Deo and Hurvich, 2001). Hence, we can use the path of the estimates d obtained for
a wide range of values of m to discriminate between the two models.

As discussed in Perron and Qu (2007), this also suggests a test of the null hypothesis of a
long memory process which will have power against an alternative involving a short-memory
process with level shifts. Let d, denote the log periodogram estimate of the memory para-
meter when m, = [T] frequencies are included in the regression. Under the null hypothesis
of a stationary fractionally integrated process, given some conditions on d and m, we have
\/W(CZQ —dp) —¢ N ((0,7%/24). Now, let 0 < a < b < 1 with a < 4/5, the test statistic

proposed was simply

talab) = ) 22T (d.—d) (18)

2
which has a limiting N (0, 1) distribution under the null hypothesis.

To illustrate the usefulness of these results, we consider the volatility of the Wheat
commodity futures daily series proxied by the logarithm of the absolute values of the daily
returns. For returns, we used the log differences of the prices at the close of successive trading
days (though the results are the same taking the log differences of the closing and opening
prices on a given trading day). The series, obtained from Price-Data.com, spans the period
04/01/1969 to 03/14/2007. Since these are futures contracts, we used a pasting margin of
10 days so that 9557 observations are available. From these, we eliminated obserations with
returns less than 0.000001 in absolute value, which leave us with 9,325 observations .

Figure 7 plots the series, the log periodogram estimates of d as a function of m and
the values of the test statistics (18) for b = 4/5 and a ranging from 1/3 to 1/2. Using the
standard rule of thumb to set m = T%/? yields an estimate of d that is around 0.45, a typical
value in the volatility literature. However, as shown it panel (b), the estimate is highly
sensitive to the number of frequency ordinates used. Indeed, the pattern clearly follows
what is predicted by our theoretical results if the process is indeed one of short-memory
affected by level shifts. When m is near 7/3, it reaches a high value of about 0.86, then
exhibits a sharp drop to 0.45 when m = T2, When m increases further, there is a gradual
decrease in d to a value of 0.2 with m = 1,000. Panel (c) presents the outcome of the test.
The results show a very strong rejection for any value of a.

We believe that these results favor a view that the volatility of this series, at least when
using the log absolute values of returns as proxies, is not characterized by a long-memory

process but rather by a short-memory process affected by level shifts.
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6 Conclusions

Our paper provided a theoretical analysis of the log periodogram estimate of the long memory
parameter when the underlying model is a short-memory process contaminated by level
shifts. The limiting distributions obtained were shown to provide good approximations
in finite samples. They also allow us to explain many of the findings obtained earlier by
simulations that attempted to document how the basic model can be confused with a long-
memory process. Indeed, the log-periodogram estimate of the long memory parameter is
clearly positive, again suggesting evidence in favor of long memory. However, our analysis
revealed that this effect is highly dependent on the number of frequencies. Our theoretical
results provide clear practical implications that can be confronted with the data. Results
presented in this paper and in Perron and Qu (2007) indicate that short-memory processes
with level shifts should be viewed as a serious candidate to model the volatility of asset
returns. Qu and Perron (2007) consider a stochastic volatility model with both a level shift
and a short-memory component and present a Bayesian inference procedure. They show that
the model provides a good fit to the data and forecasts as well, and better in some cases, as
other leading volatility models when applied to S&P 500 and NASDAQ daily returns.
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Appendix
Proof of (6): The following proof is due to Vydas Cekanavicus and Remigijus Leipus to
whom we are grateful. Recall that ur(s) = 21[21] mrm, and J(s) = SN (f )n,, where N(s) is
a Poisson process with jump intensity p. Let the f(-) be the characteristic function of 7,.
The characteristic functions of the variables ur(s) and J(s) are

fulz) = <(1 _ %) i %f@))[ﬁ]
fr(x) = exp(ps(f(z) —1)

Let Z be a random variable with characteristic function fz(x) = exp(([T's]/T)p(f(x) — 1).
Also let F,,, F; and F; be the corresponding distribution functions. Then

| Fu = Fy || < |[Fu = Fzl|| + [[Fy = Fgl||

Let ﬁu be a binomial distribution with the characteristic function

R = ((1-2) + Lowo(i) ™

and let F » and F '; be the Poisson distributions with characteristic functions
Jolw) = exp(Ts) 5 (explin) - 1)
fs(x) = exp(ps(exp(iz) — 1))

Then, see Le Cam (1965),

IF. = Foll < |lFu— Fyll
|Fy = Fyl| < |[F) — Fyl|
We have
~ o~ 2
1B - Foll < 3£
~ ~ Ts
1B - Bl < 2220 py <2

(see, e.g., Barbour et al., 1992). Hence, ||F, — Fy|| < (2p/T) and the stated result follows
using the fact that the bound does not depend upon s.
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