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Abstract

Perron (1989) introduced unit root tests valid when a break at a known date in the
trend function of a time series is present, which are invariant to the magnitude of the
shift in level and/or slope and to allow them under both the null and alternative hy-
potheses. The subsequent literature devised procedures valid in the case of an unknown
break date. However, in doing so most, in particular the commonly used test of Zivot
and Andrews (1992), assumed that if a break occurs it does so only under the alterna-
tive hypothesis of stationarity. This is undesirable for several reasons. Kim and Perron
(2007) developed a methodology that allows a break at an unknown time under both
the null and alternative hypotheses. When a break is present, the limit distribution of
the test is the same as in the case of a known break date allowing increased power while
maintaining the correct size. We extend their work in several directions: 1) we allow
for an arbitrary number of changes in both the level and slope of the trend function; 2)
we adopt the quasi-GLS detrending method advocated by Elliott et al. (1996) which
permits tests that have local asymptotic power functions close to the local asymptotic
Gaussian power envelope; 3) we consider a variety of tests, in particular the class of
M-tests introduced in Stock (1999) and analyzed in Ng and Perron (2001).
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1 Introduction

Professor Paul Newbold has made important contributions in econometrics, in particular in
the area of the analysis of non-stationary time series. I (Perron) have been honoured and
privileged to have him participate in a research agenda that I put forward in Perron (1989).
This paper is, in part, a product motivated and made possible by some of his work.

It is well known that a break in the deterministic trend affects the outcome of unit root
tests. Perron (1989) showed that a standard Dickey-Fuller (1979) (DF) type unit root test
is not consistent if the alternative is that of a stationary noise component with a break in
the slope of the deterministic trend. His main point is that the existence of an exogenous
shock which has a permanent effect will lead to a non rejection of the unit root hypothesis
even though it is not true. Of interest also is the fact that Leybourne, Mills and Newbold
(1998) and Leybourne and Newbold (2000) analyzed the effect of a break on a standard
DF test under the unit root null hypothesis and showed that size distortions can occur,
especially when the break is early in the sample. Perron (1989, 1990) proposed alternative
unit root tests which allow the possibility of a break under both the null and alternative
hypotheses. These tests have less power than a standard DF type test when there is no
break. Nonetheless, they have a correct size asymptotically and are consistent whether
there is a break or not. Moreover, they are invariant to the break parameters and thus
their performance does not depend on the magnitude of the break. The most controversial
assumption, however, is that its timing is known a priori (see Christiano, 1992).

In order for Perron’s (1989, 1990) test procedures to be valid, the break date should be
chosen independently of the given data. Whenever a systematic search for a break is done,
the limiting distributions in Perron (1989, 1990) are no longer appropriate. Historical facts
can often be a good guidance in choosing a break date independently of the given data.
Even in that case, it is very likely that an imprecise break date is used. Hecq and Urbain
(1993) showed, by simulations, that the use of an incorrect break date in Perron’s (1990)
test, applicable with non-trending data, causes size distortions and power loss, though as
shown by Montanés (1997), this effect disappears asymptotically. Montanés and Olloqui
(1999) extended the analysis to Perron’s (1989) tests, applicable with trending data, and
showed that a loss of power occurs even in large samples. Kim, Leybourne and Newbold
(2000) examined the effect of using a wrong break date under the null hypothesis.

Zivot and Andrews (1992) provided methods that treat the occurrence of the break date

as unknown, and has become quite popular (see also Perron and Vogelsang, 1992a,b and parts



of Perron, 1997). However, Professor Newbold and his co-authors have clearly recognized the
potential pitfalls of their approach. In this line of work, a break is not allowed under the null
hypothesis, only under the alternative, mostly because of the theoretical apparatus adopted.
This means, for example, that under the null hypothesis a level shift must be viewed as
coming from the tail of the distribution of the data generating process, and a slope change
involves errors with a different mean in some sub-samples. This framework is convenient
since it allows establishing various unit root testing procedures; for example by minimizing
the t-statistic related to the sum of the autoregressive coefficients over each possible break
date. This approach is, however, contrary to Perron’s (1989) original motivation, which was
to devise procedures that are invariant to the magnitude of the shift in level and/or slope. In
particular, if a change is present it is allowed under both the null and alternative hypotheses.

The existence of a structural break in the trend function is a problem of long horizon
data; it can happen whether the noise component is stationary or has a unit root. As
argued in Nunes, Newbold and Kuan (1997) and Harvey, Leybourne and Newbold (2001)
(see also Vogelsang and Perron, 1998, and Lee and Strazicich, 2001), if the noise component
has a unit root and a break occurs in the trend function, the Zivot and Andrews’ (1992)
type test statistics often diverge or are not invariant to break parameters. This is a natural
consequence of not permitting a break under the null hypothesis. An added consequence is
that this type of tests have substantially less power than Perron’s (1989) tests, because they
do not fully utilize the information about the break when one is present.

Despite these shorthcomings, the method of Zivot and Andrews (1992) has remained
popular in empirical work, probably in part because of the lack of sound statistical methods
that could tackle the problem of allowing for changes in the trend function at unknown times
under both the null and alternative hypotheses. Using recent developments on structural
change problems related to non-stationary data by Perron and Zhu (2005) and Perron and
Yabu (2007), Kim and Perron (2007) developed a methodology to devise new test procedures
which allow a break in the trend function at an unknown time under both the null and
alternative hypotheses. Also, when a break is present, the limit distribution of the test
is the same as in the case of a known break date, thereby allowing increased power while
maintaining the correct size. Simulation experiments confirm that it offers an improvement
over commonly used methods in small samples.

In this paper, we extend the work of Kim and Perron (2007) in several directions: 1) we
allow for an arbitrary number of changes in both the level and slope of the trend function; 2)
we adopt the so-called quasi-GLS detrending method advocated by Elliott, Rothenberg and



Stock (1996) which permits tests that have local asymptotic power functions close to the local
asymptotic Gaussian power envelope !; 3) we consider a variety of tests, in particular the
class of M-tests introduced in Stock (1999) and analyzed in Ng and Perron (2001). On the
other hand, we restrict our analysis to the case of the so-called AO (additive outlier) models
as defined in Perron (1989). Hatanaka and Yamada (1999) is related to the approach of
Kim and Perron (2007) and deals with two breaks for the so-called IO (innovational outlier)
type model. In independent work, Harris, Harvey, Leybourne and Taylor (2007) consider a
similar problem. Their analysis is, however, restricted to a single break and they propose
using a Dickey-Fuller (1979) type test with different methods to obtain tests valid with or
without a break. Our studies are therefore complementary.

The paper is organized as follows. In Section 2, we present the model with multiple
structural breaks in the trend function. Section 3 discusses the feasible point optimal test
assuming the break dates to be known. Section 3.1 provides details on the methods to
construct the relevant non-centrality parameter arising in the quasi-differencing procedures
used. Section 4 analyzes the M-class and related unit root tests allowing for multiple breaks.
Section 5 considers the case with unknown break dates. Section 5.1 shows that if these are
estimated by minimizing the sum of squared residuals from the appropriate GLS regression,
the limit distributions of the tests are the same as in the known break date case, provided
breaks are present. Section 5.2 provides details on how to compute the estimate of the
break dates. Section 6 provides preliminary simulations showing that the tests perform well
but that they exhibit important size distortions when no break occurs. A solution to this
problem is offered in Section 7 based on a pre-test for changes in the slope of a trend function
allowing the noise component to be stationary or integrated based on the work of Perron
and Yabu (2007). We show that the resulting procedure involving the pre-test has good size
and power superior to that of alternative methods. Section 8 offers brief concluding remarks

and an appendix the proofs of various theoretical results.

2 The model

Let y; be a stochastic process generated according to

Yy = di+uy (1)
U = ausq+uv, t=0,...,T, (2)

'Perron and Rodriguez (2003) also consider GLS-detrended type procedures allowing a single break. The
approach is, however, quite different. Also, while their treatment yields “optimal” tests when a break is
present, this is not the case if a break is absent.



where {u;} is an unobserved mean-zero process. We assume that ug = 0, although the
results generally hold for the weaker requirement that F (u2) < co. The disturbance term
v, is defined by v, = Y22 M with Y 2 i]v;] < oo and {7} a martingale difference
sequence adapted to the filtration F; = o-field{n,_;;i > 0}. We define the long-run and
short-run variance as 02 = 02y (1)* and 02 = limg_.o T~} ST E(n?), respectively.

We consider three models: Model 0 (“level shift” or “crash”), Model I (“slope change”
or “changing growth”), and Model II (“mixed change”) *. Let DUy(T}) = 1 and DT} (T}) =
(t —TP) for t > T and 0 elsewhere, with T? = [T'A}] denoting the j-th break date, with
[-] the integer part, and )\2 = T]Q /T € (0,1) the break fraction parameter. As a matter
of notation, the true break fractions and break dates are denoted with a superscript 0,
while their estimates are denoted with a hat. We also use the convention that 7§ = 0 and
TO . = T. We collect the m break fraction parameters in the vector A\’ = (\7,..., A%)". For
now it is assumed that the break dates are known; this will be relaxed later.

The deterministic component in (1) is given by

dy = 2(Tg)o + 2 (TV)y + - + 2 (T = 2 (A)0, (3)

where 2 (A\°) = [2/(T3), ..., 2/(T°)] and ¥ = (¥}, ...,%" )". The deterministic components

m

and associated coefficients are defined by (7)) = 2(0) = (1,t)" with g = (g, 3,)" and

DU(T}), in Model 0,
%(T7) = DTy(T?), in Model I,
(DUL(T?), DTy (T?)), in Model 1I,

for 1 < j < m, with ¢; = p; in Model 0, ¢); = 3; in Model I, and 1; = (1, 3;)" in Model II.

For Models 0 and II, we also consider the case where the magnitude of level shifts get
large as the sample size grows, i.e., (ty,...,/,) = TY? (k... Kp), with n > 0. The
models are then labelled as Models Ob and IIb, respectively. These models are useful to
capture important properties of the tests in finite samples. In Models 0 and II, the level
shifts belong to the class of “slowly evolving trend” defined by Elliott et al. (1996) and have
no effect on the asymptotic size and power of the tests. When the magnitude of the shifts
are non-negligible, this typically implies that the derived asymptotic distribution is a bad
approximation to the finite sample distribution. In Models Ob and IIb, the level shifts do not

belong to the class of “slowly evolving trend”. As shown in Harvey, Leybourne and Newbold

2Perron and Rodriguez (2003) also considered Models I and II but only with one break.



(2001) this framework provides better approximations. A second feature of importance is
related to the estimation of the unknown break fractions. As shown by Perron and Zhu
(2005), the rate of convergence increases when the level shifts are modeled to increase as the
sample size grows. This has important implications for the properties of the unit root tests,

as will be shown in the following sections.

Remark 1 It is possible to assume that there is no trending deterministic component in
Model 0. We do not explicitly consider this case in the subsequent analysis but it should be
understood that most of our results pertaining to Models 0 and 0b can readily be applied to

the level shift model with no time trend.

The so-called GLS detrended unit root test statistics are based on the use of the quasi-
differenced variables y& and 2%(\°) defined by

yt = (p, (L —aLl)y), 2(A\°) = (21(\%), (1 — &L) z(\"))

for t =2,...,T with @ = 1+ ¢/T where ¢ is a non-centrality parameter to be defined below.
Once the data has been transformed, the parameters v, associated with the deterministic

components, can be estimated by minimizing the following objective function
* ~ 10 La 1 a(\0y)2
8" (6.6, ) = X2 (o — V')’ (@)
We denote the minimum of this function by S (@, /\O).

3 Feasible point optimal test with multiple structural breaks

The choice of the non-centrality parameter ¢ is related to the Gaussian point optimal statistic
to test the null hypothesis of &« = 1 in (2) against the alternative hypothesis that o = @,
as suggested by Elliott et al. (1996). Following their analysis and Perron and Rodriguez
(2003), the feasible point optimal statistic is given by

PELS (10) = {5 (@A) — &S (1,A9) } /s (M), (5)

where s%(\") is an estimate of the spectral density at frequency zero of v,. Following Ng and

Perron (2001) and Perron and Ng (1998), we use an autoregressive estimate defined by

SO0 = /(1= 3 by ©)

J



where 5%, = (T — k) ' S, 4164y and {b;, é11} obtained from the OLS regression
~ ~ k: ~
Ay = boyi—1 + D bjAY—j + epp, (7)
i=1

with 7 = y — {blzt()\o) where ¢) minimizes (4). The order of the autoregression k is se-
lected using the modified information criteria suggested by Ng and Perron (2001) with the
modification proposed by Perron and Qu (2007).

Let W, (r) be an Ornstein-Uhlenbeck process, i.e., the solution to the stochastic differ-
ential equation dW, (r) = ¢W. (r) dr +dW (r), with W, (0) = 0 where W (r) is the standard
Brownian motion. Denoting by “=-" weak convergence of the associated measure of proba-

bility, the limiting distribution of the test PS“%(\°) is given in the following Theorem.

Theorem 1 Let {y,},_, be generated by (1) and (2) with @ = 14 ¢/T. Let PS*()\°) be the
statistic defined by (5) and s*(\°) be a consistent estimate of 02. (i) For Models 0 and 0b:

PSES () = & [IVE (r)dr + (1 - e)VE(1) = K77 (¢0),

where V2(r) = Wo(r) — r[bWe(1) + 3(1 - b) fol sW.(s)ds| and b= (1—¢)/(1 —c+c*/3). (i)
For Models I, 1I, and IIb:

PP (08) = M (00,0) — M (06 0) — 2 [V, () ¥ 1)
+ (&% — 2¢c) foch (r)?dr—c= HY" (c,e, A7),

where M (¢, \°) =V (\°) AN~V (X°), V (A°) = (V (7)) ,-... V (\%)) with
V) = (1+ X))V (1) = W) + (¢ = &) [yoWe(r)dr] — &[ordW (r) — (c = &)e [orWe(r)dr,

and A(X°) a symmetric matriz defined by

a (A, 2) a(Ag,AD) o a (A, AY)
a()\?,)\?) a()\?,)\fn)

AN =

a (A, Ay)

with

a(A),A)) = (1/6)(1 — X)) [62(X; — 1) + {A;(3N — 1) =3\ — A? +2} + 6] .

17°7%)



The proof for Model II is given in the Appendix. Since Models 0 and I can be viewed as
a special case of Model II, no separate proof is provided. The limiting distribution in (7) is
the same as that of the linear time trend model with no break, which can be found in Elliott
et al. (1996). Because the break dates are assumed known here, the test statistic PZ%%(\°)
is exactly invariant to the value of the coefficients associated with all regressors including
those pertaining to the change in the trend. Hence, there is no distinction between Models
0 and Ob, and between Models II and IIb. The limiting distributions of the tests for Models

I, II, and IIb depend on the number of breaks and the vector of break fractions.

3.1 The choice of the non-centrality parameter ¢

Using the limiting distributions in Theorem 1, we can obtain the local Gaussian power enve-
lope for the various cases. For Models I, IT and ITb, it is defined by 7*(¢) = Pr[HPF " (¢, ¢, \) <
b7 (¢, \)], where, with v the size of the test, b7F (¢, A°) is such that Pr[HFF" (0, ¢, \%) <
bPF % (¢, A%)] = v. This power envelope allows us to obtain the “optimal” non-centrality pa-
rameter ¢ which Elliott et al. (1996) recommended to choose as the value that yields tests
with a 50% asymptotic power, i.e., ¢ is such that Pr[HT " (¢,¢) < b7 (&)] = 0.5.

For Models I, II, and IIb the parameter ¢ depends on the number of structural breaks
and their positions. Table 1 presents the relevant values for m = 1 and 2 breaks for all
possible combinations of break fraction vectors \” = (A, A))’, with A} = {0.1,0.2,---,0.9}.
These were obtained by simulations using 1,000 steps to approximate the Wiener process and
10,000 replications. This should be sufficient for most applications, but we also constructed
a response surface analysis that can provide the relevant values for up to 5 breaks and any
combinations of break fractions. The details of its construction and the results are available
on the authors’ web pages. Note that for Models 0 and Ob, a similar analysis holds, though
much simpler since the limit distribution is invariant to any break parameters. The results
are described in Elliott et al. (1996) and ¢ = —13.5 (if no trend is present ¢ = —7).

4 The M-class and related unit root tests

Following Perron and Rodriguez (2003), we use the M-class of tests analyzed in Ng and
Perron (2001) allowing for multiple structural breaks, defined by

MZGES (X0) = (T — s (O)) 212 3 32) )
MSBELS (AO) = (s ()\0)—2 T—2§@?_1)1/2’ (10)

7



MZEES (X0) = (15— s (") (4 (00 T2 72 (1)

with 7, = v —ﬁ}/zt()\o), where 1) minimizes (4) and s(\°)? is defined in (6). Another statistic,
following Ng and Perron (2001), is a modified feasible point optimal test defined by

MPGE (X)) = [T2 té 7+ 1 —aT ] /s ()\0)

This test is based on the same motivation that leads to the definition of the M tests in Stock
(1999), namely, to provide functionals of sample moments that have the same asymptotic
distributions as well known unit root tests. The M PS%%(\?) is important because its limiting
distribution coincides with that of the feasible point optimal test.

The following Theorem provides the limit null distribution of the various tests considered.

Theorem 2 Let {y;},_, be the stochastic process generated according to (1) and (2) with
o =14¢/T. Then, provided s*(\°) be a consistent estimate of o>. (i) For Models 0 and 0b:

MZGLS(/\O) = 05(v5 2 1) (f Viglr)2dr)™
MSBGLS fo cc( er 1/2

where V(1) = Wo(r) — r[bWe(1) + 3(1 — fo sW.(s)ds| and b= (1—¢)/(1 —c+c*/3). (i)
For Models I, II and IIb:

MZZE () = 05 (Viel1,A°)? = 1) (J Ve, A)?dr) ™ = HMZE (6,07
MSBOS(N) = (fyVeelr, A°dr)!/? = HYSP9 (.2, 0),

where Voo(r, A\°) = W, (r) — 22 (1) AA") TV (A?) with A(\°) and V(A\°) as defined in Theorem
1, and 2 (r) = (r, (r = XD1(r > A, ..., (r = X2)1(r > X)), where 1(-) is the indicator
function. (iii) The limiting distribution of M ZE"S(\°) in all models can be obtained in view
of the fact that M ZELS(\0) = MZCGLS(\0) . MSBELS()0), denoted by HMZ7"% (¢, ¢, \°).

Again, the limiting distribution in (i) is the same as that of the linear time trend model
with no break given in Ng and Perron (2001) due to the invariance of the tests to the break
parameters in these models. This is not the case for Models I, II, and IIb, for which the
limiting distribution depends on the number and location of the break points. The proof of
Model II is given in the Appendix, while the proof for the other models easily follows.

For Models I, IT and IIb, the limit distributions depend on the number of breaks and
their positions. Table 2 presents the 1, 2.5, 5 and 10% percentiles of the limit distributions

8



of the tests m = 1 and 2 breaks for all possible combinations of break fraction vectors
A0 = AV NY) with \Y = {0.1,0.2,---,0.9} (again, obtained via simulations using 1,000
steps to approximate the Wiener process and 10,000 replications). We also constructed a
response surface analysis that can provide the relevant values for up to 5 breaks. The details
of its construction and the results are available on the authors’ web pages.

The asymptotic power functions of the tests are defined by 7%¢.s(c, ¢, A0 =Pr[ H/ (e, \)
< 7" (e, \0)] for J = MZ,, MSB, MZ, with H'“"* (¢, ¢, \) defined in Theorem 2. The
constants 077" (&, \°) are such that Pr[H’“"(0,¢ \°) < 079" (¢, \°)] = v, the size of the
tests. To assess the efficiency in terms of local asymptotic power of the various tests, we con-
sider the case with a single break occurring at \” = 0.3, 0.5 and 0.7. The asymptotic power
functions are shown in Figure 1 where the solid line is the power envelope. As can be seen,
the local power functions are nearly identical and indeed very close to the Gaussian power
envelope. So from this local asymptotic power perspective, all tests are nearly efficient. For
the case of Models 0 and Ob, we already know from Ng and Perron (2001) that the local

power functions of the various tests considered are very close to the power envelope.

5 The case with unknown break dates

The analysis so far assumed that the timing of the structural breaks is known. We need to
establish a procedure to estimate them and deduce what is the effect on the limit distribution
of the various unit root tests. Section 5.1 presents the method of estimation, the rate
of convergence of the estimates and the properties of the tests when evaluated at these

estimates. Section 5.2 presents an efficient method to compute the estimates when m > 1.

5.1 The limit distributions of the tests when using estimates of the break dates

We propose to estimate the break dates via a global minimization of the sum of squared
residuals (SSR) of the GLS-detrended model 3, i.e., \ = arg min rene)S (@, A), so that

S(@, \) = min xep)S (@, A) (12)
where the infimum is taken over all possible break fractions defined on the set

A(g):{(Ah 7)\m) ; |)‘i+1 - )\Zl 2 € (Z - 17 ey M — 1)7/\1 Z g, )\m S 1- 6},

3Note that this approach is different from the one adopted in Perron and Rodriguez (2003), who estimated
the break date through a minimization of the SSSR under the null and alternative hypotheses.



with € some trimming parameter that dictates the minimal length of a segment. A com-
mon value in the related literature is ¢ = 0.15. The following Proposition establishes the

consistency and rate of convergence of the estimate of the vector of break fractions A\°.

Proposition 1 Let {y;}/_, be the stochastic process generated according to (1) and (2) with
a = 1. Assume that m >0 and ; #0 (j =1,...,m), so that there are structural breaks
affecting y, under the null hypothesis. Let A\ = arg min rea@)S (o, ), then, as T — oo: (i)
in Models I and IT: ||\ — \°|| = O, (T") and (ii) in Models 0b and IIb: ||A—X°|| = o, (T1).

The proof is given in the Appendix. Following Kim and Perron (2007), the next step
is to derive the limit distribution of the unit root tests when this estimate of the break
fractions is used instead of the true values. The next Proposition, proved in the Appendix,
demonstrates that the rate of convergence is fast enough to guarantee that we recover the

same limit distribution as in the known break date case.

Proposition 2 Let {y,},_, be the stochastic process generated according to (1) and (2) with
a=1. Assume thatm >0 and+; #0 (j=1,..,m) and that s(\)? is a consistent estimate
of 02. Let A = argmin rea(e)S (@, ), then the limit distributions of PﬁLS(;\), MPﬁLS(;\),
MZCLS(X), MSBELS(X) and MZEYS(N) are the same as those of PSLS(\°), MPSLS (),
MZEES(A0), MSBELS(\%) and M ZEHS(AY), respectively, for all Models.

This result is important since even if the break dates are unknown, the use of the particu-
lar estimate A considered allows us to obtain unit root tests with the same limit distribution
as in the known break date case. Since the latter have a local asymptotic power function
close to the power envelope, this implies that whether the break dates are known or not
the same optimality properties hold, and that in the case of Gaussian errors we cannot do
better in terms of local asymptotic power. Note that the result is different from that of Kim
and Perron (2007) who considered a framework using OLS based on a regression involving
the raw variables (not quasi-detrended). For Models I and II, the rate of convergence was
not fast enough to obtain such an equivalence and to solve the problem they proposed a
procedure involving data trimmed around the estimate of the break date. No such device is

needed here with the GLS-type procedure.

5.2 Computation of the estimates of the break dates

In practice, the computation of the estimates of the break dates defined in (12) is compu-

tationaly prohibitive using a regular grid search when m > 2. Following Bai and Perron
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(2003), we propose to use a dynamic programming approach. The procedure involves, how-
ever, an additional layer of difficulty since the quasi-differencing used in (12) destroys the
block-diagonality of the matrix of regressors. We can, nevertheless, recover a block diagonal
matrix provided appropriate restrictions are imposed on the coefficients. We provide details
for Model IT and summarize the relevant conditions for the others at the end of the section.

We start by noting that the matrix of regressors is given by (assuming only two breaks):

1 1 0 0 0 0
(1—a) (1—al)2 0 0 0 0
(1-a) (1—aL)Ty 0 0 0 0
(1—a) (1—aL)(T?+1) 1 1 0 0
(1

—a) (1—al)(T?+2) (1-a) (1—aL)2 0 0

(1-a) (1—alL)T? 1-a) (Q—alL)(T?-1TY) 0 0
1-a) A-al)(T?+1) (1—-a) (1—al)(T9-TP+1) 1 1
(1 1—

—a) (1—-al)(T9+2) 1-a) 1—al)(T9-T0+2) (1—a) (1—al)2

(1—a) (1—al)T (1—a) (1—alL)(T -17) 1—a) (1-aL)(T-1TY)

For t = 1, we have
Yt = o + By +u,

which can be expressed as

Yt = po+ Byt (1—a)+fy(1—al)l+wu
= po(1—a)+ By (1 —al)l+[uy+ By —pig(1 — &) — By (1 —al) 1] +u
= po(L—a)+Bg(1—al) L+ [uy+ By — o (1 — &) — By (1 —al) 1] Dy (To) + ua,

where D, (T;) = 1 for t = T; + 1 and zero otherwise, with the convention that T, = 0.

Therefore, the model for 1 <t < T can be written as
Yy = pol® + Bot™ + v Dy (T(?) + ug,

11



with vy = poa+LBy—LBo(1—al)-1 = uya, using the fact that (1—aL)t =t—(14+¢/T)(t—1) =
1—(¢/T)(t —1). When t = T? + 1 the quasi-differenced variable is given by

y%oﬂ = (1 —=a) + By (1 —aL) (T +1) + py + By + “?{)H
= po(l—a)+ By (1—aL) (1Y +1)
tpy (1= a) £ 8, (1= al) (T + 1) + py + By + ufo
= fip(L—a@)+ By (1 —aL) (T¥ + 1) +py (1 — @) + By (1 - aL) (T7 + 1)
+ [+ B8y = (1= &) = By (1 —aL) (TY + 1)] Dro 1 (T7) + ugo
= (o + s — BTY) (1= a) + (By + By) (1= GL) (TP + 1) + gty Dy (T70) + ufy .

and for TP < ¢t < TY it is given by

yi = (o + 1y — 51T10>(1 —a)+ (Bg+ By) (1 —al)t + ’YlDt(Tlo) +uy,
where v; = ay;. A similar expression can be obtained for T3y < t < T, viz.,

yi = (o + py + p = B1T7 = BoT3) (1 — @) + (By + By + Ba) (1 — L)t + 7, Dy(T3) + g,

with v, = @u,. In general, y& in the j regime (77

1 <t§TjQ),j: 1,...,m+1, can

therefore be written as

yg = p (1 —a)+p°(1—al)t+ ’Yj—lDt«Tyo—l) + ug, (13)

where the coefficients satisfy the restrictions p* = (32725 p; — S221 B.T9), B* = (32024 6;)
and 7v,;_; = a; ;. Then, the moment matrix of the regressors can be expressed via the

block diagonal matrix,

1l-a) (1-aL)l 1 0

1-a) 1—-aL)T? 0
1-a) (1—-aLl)(T?+1) 1

l1-a) (1-aL)79 0
(1-a) (1—-aL)(T9+1) 1

12



and the dynamic programming algorithm can be used provided the appropriate restrictions
on the coefficients of the system (13) are imposed. With this specification, the estimation of
the break dates can be done using an iterative procedure similar to that of Perron and Qu
(2006). The exact steps are as follows.

1) Compute initial estimates of the break dates and associated break fractions A = (Ay, ..., Ap)
and coefficients, 1) = (fb:), @YJ;, o ,ﬂ);n)’ using an OLS method applied to (1). This involves a
standard application of the algorithm described in Bai and Perron (2003).

2) For a given set of preliminary estimates of the break dates, obtain an initial value of ¢.
3) Let T*(¢,r,n) = (T5 (¢, r,n), ..., TF(¢,r,n)) be the vector of the optimal r break dates
using the first n observations for a given vector of coefficients ¢, and RSSR(T*(¢,r,n))
be the associated restricted sum of squared residuals. Then, compute the restricted sum of

squared residuals RSSR(T*(¢,1,n)) for 2h <n <T — (m — 1)h by

RSSR(T*(¢,1,n)) = min [RSSRY(1,j)+ RSSR*(j +1,n)]

h<j<n—h
and
T*(,1,n) = arg , Jnin h[RSSRl(l,j) + RSSR2(j +1,n)),
<j<n—
where

J
RSSRY(1,5) =Y _(uf — 27 (To) ¢y — 4o Di(Th))?,
t=1
with (250 = 1})0 and v, = @jiy, and

n — ~

RSSR(j+1n) = 30 (4 =2 (To) 01(J) = nDu(0))",
t=j+
with ¢,(j) = (fig + fi; — Bj, By + 1) and 4, = &ji,. Then, sequentially compute and store
RSSR(T*(’J}, r,n)) for r=2,...,m—1, with n ranging from (r +1)h to T'— (m —r)h. This
is done solving

RSSR(T*(¢,7,n)) = min [RSSR(T*(¢,r —1,n)) + RSSR™'(j +1,n)).

rh<j<n—h

The last r* element is

~

T*(¢,r,n) = arg min [RSSR(T*(@, r—1,n))+ RSSR™(j +1,n)],

rh<j<n—h

where

n ~

RSSR™(j+1,n) = 3 (y7 — & (To) 6.(j) — 4, De(4))%, (14)

t=j+1
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with ¢,(j) = (Xigft — Soict BT, r — 1,5) — B4, >y B;) and 4, = apu,. Finally
compute

RSSR(T*(¢),m —1,n)) = min h[RSSR(T*({p, m —1,n)) + RSSR™(j +1,T)),

mh<j<T—

where RSSR™1(j+1,T) is computed as in (14). Then store the estimated break dates and
update ¢ accordingly.
4) Repeat steps 2 and 3 until convergence.

Note that for Models 0 and I, the constraints to be imposed are slightly different. For
the first regime (j = 0) they are the same as for Model II, but for the other regimes,
TO, <t <T?(j=1,...,m), we have p* = "7/ 1i;, B* = B, and ~;_; = ay;_; for Model
0, and p* = pg — S2021 B,10, B = 020 B, and ;-1 = 0 for Model L

6 Preliminary simulations

Even though we have assumed the existence of a break in the trend function so far, it is
instructive to analyze the properties of the tests. We consider cases with a single break

without loss of generality. The data generating process used in the simulations is given by
Y = dt + Uy, dt = /l,bDUt(Tlo) + 5bD/I;5*<T10), U = QUp—1 + Vg,

vy ~ i.0.d. N(0,1), ugp = 0. We specified four values for the magnitude of the level shift
w, = {0,0.5,1,5}. For each value of 1, we considered values of 3, ranging from 0 to 3 in
increments of 0.2. The sample size is set at 7" = {100, 200, 300} and the results are based on
1,000 replications. The empirical size is analyzed setting o = 1, while the power is evaluated
with @« = @ = 14 ¢/T, where the parameter ¢ depends on the break fractions. Hence, in
large samples, the power is 50% in all cases. In this paper, we only report results for \° =
0.5 (the results were similar for A’ = 0.3 and 0.7) and for the tests PSZ5(\) (the properties
of the other tests are qualitatively similar).

Figure 2 presents the results of the empirical size using the asymptotic critical values
at the 5% level of significance drawn from the estimated response surfaces, while Figure 3
presents results for power. For size, the following features are worthy of note. First, the
exact size is close to the nominal size as |(3,| increases and more so the larger the sample.
This is in accordance with our theoretical results. When |3,| and |u,| are small, the tests
show liberal size distortions and more so as the sample size increases. This is due to the

fact that our theoretical results so far assumed (3, # 0 so that a break is present. The limit
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null distributions when no break occurs are indeed different since the estimate of the break
fraction has a non-degenerate limit distribution on the interval [0, 1] instead of converging to
either 0 or 1 (see, Nunes, Kuan and Newbold, 1995, Bai, 1998). What is of special interest is
the fact that when || is large, the exact sizes are close to the nominal 5% level irrespective
of the value of 3,. This suggests that a correction will be needed to account for cases with
both |5,| and |y,| small. With respect to power, the following features emerge. The power
quickly approaches the 50% limit value suggested by the local asymptotic power analysis
unless 7" is small. This is so even if |3,] is not very large. For very small value of |3,|, the

power is above 50% but only because of the presence of important size distortions.

7 Extension to the case where a break need not occur

Up to this point, we assumed that a break occurs under both the null and alternative
hypotheses. When no break occurs, the asymptotic results described in the previous sections
do not hold because, under the null hypothesis of a unit root, the estimates of the break
fractions have a non-degenerate limit distribution on the interval [0, 1] instead of converging
to either 0 or 1. If there is no break in the trend, then the proper unit root test procedure is
to simply apply a standard Dickey-Fuller (1979) type test with no break dummies. Hence,
what is needed is a pre-test to assess whether a break is present or not. This pre-test for
a break should have the correct size if the noise is integrated but should also be powerful
whether the noise is stationary or has a unit root in order to ensure a specification that
allows a unit root test procedure with good power. This testing problem has recently been
addressed by Vogeslang (2001) and Perron and Yabu (2007). Since the procedure of Perron
and Yabu (2007) has better size and power, we shall use it as the pre-test. It is based on a
quasi-GLS approach using an autoregression for the noise component, with a truncation to
1 when the sum of the autoregressive coefficients is in some neighborhood of 1, along with
a bias correction. For given break dates, one constructs the F-test for the null hypothesis
of no structural change in the deterministic components. The final statistic uses the Fxp
functional of Andrews and Ploberger (1994). The test has virtually the same asymptotic size
with a stationary or integrated noise component. We label this test as Fxp-Wrg and define
the alternative estimate of the break fraction, A, as A = A - 1(Exp-Wgg > cv) where cv is
the critical value for a test with, say, nominal size p%. When there is a break, A consistently
estimates \°, as long as A consistently estimates \°, given that Exp-Wprg is a consistent test.
When there is no break, A will yield a non zero estimate p% of times even with infinitely

many observations, if cv is fixed. Now, suppose that Exp-Wpg = O,(T), w > 0 under the
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alternative of a break. Let cv = ¢TI, 0 < ¢ < w. Such an increasing sequence of critical
values does not harm the consistency of the test, and with the size converging to zero as
T — oo, it ensures the consistency of Mfor \ € [0, 1]. Hence, the modified test procedure is

to use a DF type test when X =0 and the procedure described above when X # 0.

7.1 Simulation evidence

We now present simulation evidence about the size and power properties of our testing
procedures using the pre-test for the presencce of breaks. We start with the case of a single
break and then consider the case with an uknown number of breaks up to two. This will
allow us, among other things, to discuss issues related to the estimation of the number of

breaks.

The case with one break We performed simulations with the same data generating
process and design as used in Section 6 but this time for the version of our statistics involving
the pre-test. We only report results for A\’ = 0.5 and for the test P&™S (;\) (the properties
of the other tests are similar). The results are presented in Figures 4 (for size) and 5 (for
power). With respect to the size of the test, one can see that the size distortions for values
of |8,| near zero disappear to a large extent. The test PSLS()\) with the pre-test for break
in trend have an exact size close to the nominal level in all cases.

The power functions with the pre-test for break approaches the target 50% level quickly
as T increases when |3,| is moderate to large. When |5,| is near zero, the power is actually
higher than 50%. This is due to the fact that with 8, = 0 the test performed without
allowing for a change in trend has a local power function that is actually higher than the test
that does allow for breaks. So there is improvements in terms of power as well. The only
drawback is for values of |3, neither moderate nor small. Here, the power dips down. This
is due to the fact that the pre-test for break is not powerful enough for this range of values
of |5,] so that a standard test without breaks is applied. Yet, the break is large enough to
affect the power of the test which decreases for the reasons explained in Perron (1989).

Overall, the performance of the P&ES (5\) tests (and the others presented in the paper
whose perfomance is similar) is quite satisfactory and offers an improvement in terms of both
size and power over existing procedures. It avoids the large size distortions of the Zivot and
Andrews (1992) procedure while still allowing for much improved power by taking advantage
of the information about the presence or absence of a break whether it be under the null or

the alternative hypotheses.
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The case with an unknown number of breaks up to two We now consider the case
with a maximum of up two breaks. When dealing with the possibility of multiple breaks,
one needs a method to estimate the number of breaks present. The application of the test of
Perron and Yabu (2007) for two breaks is not appropriate since it would indicate a rejection
when a single break is present, i.e., it does not allow us to estimate the number of breaks.
Kejriwal and Perron (2008) have extended the Perron-Yabu test so that it is applicable in
a specific to general sequential manner, thereby allowing the estimation of the number of
breaks. The procedure first apply the Perron-Yabu test for a single break. If the test does
not reject, a unit root test with no break is applied. If the test does reject, the sample is
split at the estimate of the break date obtained using the method described in section 5.2.
The Perron-Yabu test is then applied to each sub-samples (with a 15% trimming applied at
each end) and the maximum value of the two tests is compared to the critical values derived
in Kejriwal and Perron (2008). If no rejection occurs, a unit root test with a single break is
used. Upon a rejection, a unit root test with two breaks is applied with the estimates again
obtained using the method laid out in Section 5.2.

To illustrate the size and power properties of the unit root tests using this method to
determine the number and location of the breaks, we consider simulations using Model I as

the data-generating process so that

yw = ByDT; (1Y) + B, DT} (T3) + w

Uy = QU1 + U,

with v, ~ i.i.d. N (0,1), up = 0 and T? = [T\!] for i = 1,2. We set \) = 0.3 and \J = 0.7.
We consider three sample sizes, T' = 200, 300 and 500. The nominal size of the pre-test and
the unit root test is again 5% and the results are based on 1,000 replications. Under the null
hypothesis a = 1, while for power « = & = 1+ ¢/T', with ¢ the value of the non-centrality
parameter corresponding to the number and location of the breaks detected. Hence, for two
non-zero breaks, the power is 50% in large samples. The magnitudes of the break coefficients
B, and [, take values {0,1,2,3}. When 3, = 8, = 0, no break occurs; if either 3, or 3,
is zero (but not both), we have a one break model; while if both /3, and /3, are non-zero,
we have a two-break model. In all cases, the method searches for up to a maximum of two
breaks.

The results for size are presented in Figure 6 again only for the test PS5 (5\), the results
for the other tests being qualitatively similar. One can see that for small values of the break

coefficients, the exact size is close to the 5% nominal level. There is, however, a tendency for
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the unit root test to be slightly conservative when at least one of the break is large, though
the size generally approaches 5% quickly unless both breaks are large.

The results for power are presented in Figure 7. When (8, = 3, = 0, the test has power
well above 50%. This indicates that the method to estimate the number of breaks correctly
selects no break, in which case power is larger than 50% in large samples. The power is also
above 50% when there is a single break of large enough magnitude as illustrated in the top
left panel. When one of the breaks is small we have, as in the single break case, power below
the target 50% level. The power, however, increases and approaches the target 50% level as
the magnitudes of the breaks or the sample size increase. Hence, we can conclude from this
limited set of simulations that the method is adequate in delivering tests with good size and

power in the multiple break case with an unknown number of breaks.

8 Conclusion

Following the work of Kim and Perron (2007), the procedures suggested in this paper solve
many of the problems raised in the introduction that plague most existing unit root tests
designed for series with a breaking trend function. First, the tests allow for a break under
both the null and the alternative hypotheses. This is desirable for several reasons. It imposes
a symmetric treatment when allowing for a break, so that the tests do not reject when the
noise is integrated but the trend is changing. Also, if a break is present, this information is
exploited to improve power. Second, when a break is present, the limit distributions of the
tests are the same as in the case of a known break date, thereby allowing increased power
while maintaining the correct size. Our paper used the quasi-GLS procedure suggested by
Elliott et al. (1996) to obtain tests that have a local asymptotic power close to the power
envelope, except perhaps in a small neighborhood where the change in slope is small but
non-zero. We have also extended the analysis to the multiple break case made possible
by a modification of the dynamic programming algorithm as described in Bai and Perron
(2003) and Perron and Qu (2006). Simulation experiments confirm that our procedures offer
improvements over commonly used methods in small samples. Our tests should therefore be

useful in empirical applications.
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Appendix
We start by presenting some results that will be used throughout. We have, by definition
0, t<T;
_ 0, t<T; _
DT*(T;) = and DU(T;) = 1, t=T,+1
l—cet-T,—-1))T, t>T,+1

—c/T, t>T,+2

Also, for T; > T,

) ) A4 edt—T— 1T, T+1<t<T,
DT*Q@)DT*Q(E){ e J

(A — N, T;+1<t
and 0 otherwise,
—1, t=T;,+1
DUT;) = DUM(T)) = ¢/T, T,+2<t<T;

1+¢/T, t=T+1
and 0 otherwise. We can then show that, with T; <Tj,
T-'DT*(T;)' DT**(T;) (A.1)
= (1/6)(1 — A;)[6e(N; — 1) + {X; (3N — 1) =3\ — A2 + 2} + 6] 4+ 0(1) = a(\;, Aj) + o(1)
DUP(T,) DUS(T}) = \(|T; - T3] = 0) + o(1). (A.2)
where 1() denotes the indicator function. Also,
DUS(TY DT*(Ty) = 1(|Ty = Ty = 0) — (1 = Ay) + &(1 = A,/2 + o(1),
DUS(T,YDT™(L) = 1 — 6y — N) — a1 = ) + (14X, — 20)(1 = X,)/2 + o(1),

(A.3)
From (A.1)-(A.3), we have, with T; < T3,
DU(T;) [DU(T;) — DUN(T})] = 1(|T; — Ty| # 0) + o(1), "
DUX(T,Y[DU(T;) — DUN(T;)] = —1(T; — T;| # 0) + o(1), '

DUS(T,) [DT*(T;) — DT*(T})] = e(A; — A) — (A, — A)(1 = A) + o(1)
DU(T,Y[DT*(T}) — DT*(T,)] (A.5)
= LT~ T3] # 0) + (A — M) — 20\ — A)?/2 = 20 = A)(L = ) + (L),
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(A.6)

T DT(Ty) [DT*(T;) — DT**(T;)] = ¢(A; — M) [(1 = Aj) — e(1 = A;)?/2] + o(1)
T-'DT**(T;)'[DT**(T;) — DT**(T;)]
= —(Aj = A) + (A = X)X =) = (N = A){3(1 = N)* = (A — Xi)?}/6 + o(1).

(A7)

From (A.4)-(A.7), we have (with T; > T;)
|DU(T;) — DUT)|* =2 L(|T; — T3] # 0) + o(1), (A.8)
T DT*(T;) — DT*(T;)||* (A.9)

= (A=) =\ = AP HEN =X BN — M)HL = A) +o(1),

(DU™(T;)—DU(Ty)) (DT**(T;) = DT*(T;) = 1(|T;— T3] # 0)+¢(A;—Ai)*/2+0(1). (A.10)
Noting that u§ = v; and u® = v, + T c— &) u_y (t=2,...,T), we deduce that

_ , T
DU(T)u® = vy +T H(c—Q)up, +eTt Y (v +T He—0)up 1) = v i1 +0,(1) (A11)

t=T;+2
T
T2DT*(T)u® =T Y2 3 (0 +T He—)u1)(1—elt =Ty —1)/T) = oV (\), (A.12)
T:+1

where

1

V(A) = (1+eX)[W(L) = W) + (c = &) [y Welr)dr] — & fy rdW (r) = (c — &) [ rWe(r)dr.

(A.13)
Proof of Theorem 1: Define the quadratic form Mr (c, ¢ \°) = (u®2%) (2% 27 (2%u®),
where 2% is the vector of the quasi-differences of z,(\°) defined in (3). From Elliott et al.
(1996) and Perron and Rodriguez (2003), we have

T
SSAVPES (e,6,\%) = Mp(c,0,\°) — Mp(c,e, \°) — 26771 " wyqvy (A.14)

t=2

T
+(@E —2e)T 2> u? , — el uu! +0,(1).
=2

From the invariance principle and the Continuous Mapping Theorem (CMT), T~* Zthg Up— 1V =
02[f01 W, (r)dW (r) +4] and T2 u? | = o2 fol W, (r)? dr where v = (0% — 02)/(20?)
and 02 = FEv2. By the law of large numbers, plim T~'u"u! = o2. Note that the expression
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in (A.14) is similar to that in Elliott et al. (1996) and Perron and Rodriguez (2003), the only
difference coming from the definition of the quadratic forms Mr(c,0,\°) and My(c, ¢, \°).
Let z; = (2;,, 2 5) be a rearranged version of z(A\%) so that 2, collects the m + 1 regressors
that correspond to the constant and the impulse dummy variables, and z; 2 the m + 1 trend-
ing regressors. Also, let 2 = (271, 2{%) be the quasi-differenced z;. Then, the scaled matrix
Mrp(c, ¢, A°) can be expressed as

Mrp(c, e \) = (u™2%Dy) (Drz™2%Dy) " (Dpz™u®)
where Dy = diag{ Dy, Doy} = diag (1,--- ,1, 72, --.  T-%2). From (A.11) and (A.12),
Drz®u® = 0(v1/0, ..., 01,41/, s 01,41/ 0, V(AQ), , VA, . VIAL)) + 0p(1). (AL15)

Using (A.1)-(A.3), the limit of D7z%2*Dr is given by the following block diagonal matrix:

o I, 0
DrzY2*Dp — i , (A.16)
0 AW

where I,,,11 is the identity matrix of order m + 1 and A()\") is a symmetric matrix defined
by (8) with a (A}, \?) as given in (A.1). Therefore, we have

i 7Y

My (c,e,A°) = v} + i Vg, 1+ 02 M (¢,6 %) + 0,(1),
j=1

where M(c,&,\°) = V(X°YA\") 'V (X%), with V(X°) = (V(AD),..., V(X)) and V((A) as
defined in (A.13). This weak convergence result also holds when ¢ = 0 and, thus,

Myp(c,0,A%) =02 + 3 v%ﬁl +0*M(c,0,\°) + 0,(1).
j=1

It follows that the limiting distribution is as stated in Theorem 1.
Proof of Theorem 2: Note that the scaled detrended variable y; is given by
T2, = T=Y2u, — T~V Dy (Dp2™2%Dy) " Dpz™u®.
Using (A.15), (A.16) and the asymptotic block diagonality of (Drz2*Dy)~", we obtain
T_1/2é7t — T_1/2Ut _ T_1/2Z£71 (Z?/Za)_l Ztliluéz
_T71/2Z£72D27T (DgyTZg‘,ZgDZT)il Dgyng”u& + 0p<1).
Note that Tfl/szTT]vl (20207 200 20, provided that T v, /o 20,¥j=0,...,m.

Also, T~Y2Dy 121112 — 22 (r) uniformly in r € [0, 1], where 25 (r) = (r, (r — A))1(r > X)),
o (= 22)1(r > A2)). Therefore,

T 25 = o[We (r) = 22 (r) AQX’) V()] = o Vee(r, X°),
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with A(\°) and V(A\") as defined above. Using this weak convergence result, the CMT annd
the fact that s ()\0)2 2, 62, the results stated in the Theorem for Models I, IT and IIb follow.

Proof of Proposition 1: Let A\’ denotes the true break fraction and A a generic one.
Except when indicated, & is computed using A. Note that

S(@,0) = (00 +u Y MFEEO) + ) = (@ () ¥+ Y MEd () g +7) (A7)
= A () MEE® () — 267 MEA™ (N) § + ™ Mu® = QF(N) — 2G () + u™ M

where d® (\) = 2 (A\)—2%(\°), M{ = [—Pg, and P¢ = 2% (\) Dy (Drz® (A) 2 (A) D)~ Dpz® (N).
When the break fraction is correctly specified, A = \” and S(ag, \°) = u®'M f‘(?ua‘o. Note

that the above expression are functions of u® and 2% (\°), which are quasi-differenced with

@, i.e. the parameter @ computed using the true break fraction \°. The difference between

these two sum of squared residuals is given by

S(@,A) = S(ao, \%) = Q% (N) —2G™ (\) + u® M{u® — u®' M.
Consider first ) ) ) ) o
Q% (A) = ¢'d™ (A)d™ (A\)p = 4'd™ (A) PYd™ (A) ¢
For simplicity, assume that there is only one break. In Models II and IIb,
YdY (N d* (N = @3||DUN(T) — DUNTY)II? + B3| DT (Ty) — DT (1Y)
+2u, 8, [DU(Th) — DUN(TY)|'[DT™*(Th) — DT™(T7)).-
From (A.8)-(A.10), we have, in Model II, (if A > \?)
T='d™ (N) d* (\) ¢
BN =A%) —e(A = X2+ (A = X0 /3+ (A = A")?(1 = M)] + o(1)
and, in Model IIb,
T2 d™ (M) d™ (\) ¢ = 267 - 1(|Ty = T7| # 0) + o(1).
Also,
d® (N) P (\) = d™ (X\) 2% (A) Dp (Dpz™ (\) 2% (N) DT)_1 Dpz™ (X)d* (N).

We have shown that (Dpz® (\) 2® () D) ™" = O(1) with the limit a block-diagonal matrix.
It also follows from (A.2)-(A.7) that

Dpz¥ (\)d* (\) ¢ = [i*, DU (Ty) , T~ Y272, T-Y2DT** (Ty)]' (A.18)
>ﬂwﬂﬂ%lwﬂﬂ%DTWM—DTW@Wmﬁﬁ

o(1) o(r—11 - 17))

1+o(l) LW <T)+O(T Ty — TP 11

o(1) O(T'2|T = T7|) By

o(1) O(T~? |1 - 1Y)
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Hence, we have in Model II

0,A) — a(0, \°
0N a0y ol
a(\, \) — a(\,\%) a(AA) —a(\ A0

= |1 —T1PPo(r2).

T () PRd* (V)Y =

with a(\;, ;) as defined in (A.1) and, in Model IIb, T71721'd® (\) P#d® (A\) ¢ = o(1). An
entirely analogous argument applies to Models Ob and I. Therefore, collecting terms,

- O(T*21) . I, in Models Ob and IIb,
Q*(A) = (A.19)
Ty — TP O(1), in Models I and II,

where I = 1(|Ty — T?| # 0). Consider now
GO (\) = u¥d® (A) ¥ — u™ PAd® (\) 9.

As before, we first analyze the order of magnitude of u®'d® (). Note first that

_ _ _ _ AT _ _
u” (DU (T1) — DU (TY)) = —uSop, +T0 > uf + (L+T My,
t=X\0T+2
AT
= _(v)\OT+1 —+ Til (C — E) U)\OT) + ETil Z (Ut + Til (C — E) Utfl)
t=X0T+2

—|—(1 + ETil)(U)\TJrl + Til (C — 6) U)\T) = _U)\OT—H + UNT+1 + Op (1) = Op(l) . I,
and

u (DT** (Ty) — DT** (17))
- AT+1 - ~
—Uop, — > (=Tt + 1+ X+ eT ) uf + uSp
t=X\0T+2
T

+ > (eI t+1+xe+el ) — (—eT e+ 14+ X+ el ) uf

t=\T42

~ - AT+1 ~ T c—¢
= UWpg —UWop, — > (=TTt +14+ X0 ul+(A=X0)E X (o +

t=X0T+2 t=AT+2 T

ut,l) + 0p<1)

= |1 = TY|O,(T?).

O, (TY/*) . T, in Models Ob and IIb,

(N =
Ty — TP| O,(T~Y/?),  in Models I and 1L
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Now,

u P (N Y = u™z®(\) Dy (DTz (A) 2% (A) Dr) ™" Dpz® (A) d® (A\) ¢
= 0,(1)Drz™ (\)d™ (\) ¢
0, (TH2) . T, in Models Ob and IIb,
Ty — TP| O,(T~Y%),  in Models T and 1L

Therefore, we have

_ O, (TV/2) . T, in Models Ob and IIb,
G (\) = (A.20)
Ty — TP| O,(T~Y/%),  in Models I and II.

For the last term, it follows from previous results that

u® Mu® — u® Migu®™ < Oy(1) - 1
Therefore, collecting terms,
Tt (S(a, A) — S(ayp, )\0)) =T7'Q*(\) +0,(1).

Furthermore, note that for a given estimate of the break fraction vector, 5\, the inequality
T-1S(a, \) < T-18(ag, A°) is always satisfied. Now suppose that A -, A\’. Then, according
to this inequality, we will need that, for large T, T’lQa(X) < 0, but we have shown that
Q*(\) > 0 when A # \°. Hence a contradiction, and the only way that the inequality is
satisfied is when \ —p A’. Thus, the minimization of S(@, \) over all possible values of the
break fraction vector X results in a consistent estimate of the break fractions. Although our
derivations have considered only one structural break, the arguments are also valid for the
multiple break case.

To establish the rate of convergence for Models I and II, we first define the sets V., =
{Ty, : | Ty — T?| < €T’} for € € (0,1) and V( ) = {1} : |Tk —T0| < €T, |Ty, — T?| > C} for
C > 0, so that V, (C) C V.. Note that S(a, \) < S(ap, \°) with probability 1 and Pr(T; €
Vi) — 1, as T — oo. Given the previous results, there is a constant C' > 0 such that

_ (s 10
Pr( min 5@\ 5;(040,)\ ) < 0) <(
ATEV,(C) A= \°|T

for some small ¢ > 0, because when C' is properly chosen,

N\ Q(A. )0
Pr{ min 5(@, ) 5(')(040,/\ ) <0
XT€V,(C) A= \T
o] )\ _2Gd )\ + &/Md a aOIMOéo )
N (- ()UOAU <0 <¢
ATEV,(C) A= X|T
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since

Q% (A) — 2G™ (A) + u® Mu® — u' M0u e O T
T = O(1) = 20,(T7"/%) + =

with the O(1) and O,(1) terms positive. Hence, [S(a, \) — S(ag, \°)]/(|]A — A°|T) > 0 on
Ve (C) with large probability. This implies that the minimum cannot be achieved on V. (C)
and, thus, Pr(T|\ — \°| > C) < ¢, so that (A — A°) = O, (T'). For Models Ob and IIb, a
similar argument can be applied to show that (A — \°) = o, (T 1).

~

Proof of Proposition 2: Consider first the statistic PS19(c, ¢, A) in Models T and 1L

) = S(a, A) —a@S(1,\)
+u M2u® — (1+¢/T)[Q'(N) — 2G*(\) + uV’ Mlu']

A )
= [QE‘(A)—Ql(X)] cTQM(A) - 2[GH(N) — (1+¢/T)G' (V)]
+[ua1M§yua <1+ /T) 1/M1 1]
= [@*(N) — Q"N + ¥ M{u® — (1+¢/T)u" Mju'] + 0,(1).

The last equality follows from (A 19), (A.20) and Proposition 1. From this expression,
we can see that if [Q*(A) — Q'(\)] is asymptotically negligible, the limit distribution of
s(\)2P&15 (¢, ¢, \) will be the same as that of s(A\”)2P&%(c, ¢, A°). Now,

QN = Q') = Yd¥Nd* (N — ¢/d¥ (N PFd* (M
—'d" (N)d" (A + ¢'d" (A) PLd" (A)¢.
From (A.8)-(A.10), A R ) R
P'd¥ (N)d*(A)p — ' d"(N)d (N = 0,(1),
and we recall that

A" (N PIA%(A) = d¥(N)2%(N) Dp(Drz®(N)2%(A)Dy) Dz (X)d® (N).

Then, from (A.18) and Proposition 1, we have (assuming for simplicity a single break)

Dpz(N)d*(A\)p = 1, DU (Ty), T2, T2DT (T )]
x[DU*(Ty) — DU® (1Y), DT**(T1) — DT** (T) (111, B1)’
op(1) op(1)
| THo(1) U <TY) +0,(1) 1y
0p(1) 0p(1) ( By ) ’
op(1) op(1)



and, similarly,

0p(1) 0p(1)

D le<5\)d1(;\>¢) _ 1+ OP(l) 1(T1 < Tlo) + Op(l) H
op(1) op(1) 5
op(1) op(1)

Given the asymptotic block diagonality of D72 (A)z%(\) Dy and Dyz"(X)z!(A) Dy, we have
WdY NP (V)Y — 'd" ()P (A)y = o,(1)

We focus on M SB%E5()) defined by (10). Note that 3’ ;7 is of the same order of magnitude
as y'y, so we concentrate on 3'y. First, note that, in Models I and II,

b= RN 0N = ) O 00+ () ()
= U (O ) ()2 () RO — 2 (W)

and

") =2 (V] + [2(A%) = (V]

We need to show that the last two terms are asymptotically negligible compared to the first
two. Note that the first two terms are such that

[l = 2(A%) (2% (V) 2%(N) 2 (A u?|| = O,(T).
For the third term,

12X (= (V)2 (A) T2 (V) [ (A°) = 2 (V)]

= W) = OV D=0 =) Dy D (Y () = ()
= (W[F(N) — 2 (A)]2"(W) DrSrDrz(\) 2 () Dy Sy Dz (A [2(X) — 2°(A)]u) 2
— 0,1

where Sy = (D7z*(A)2%(\)Dy) L. The last equality follows from the fact that Sy = 0,(1),
Drz(\°Y2(\°)Dy = O,(T?) and, from the previous proof, Drz®(\)[2%(\°) — 22(\)]y) =
O,(T~*/2). For the last term,

112(X%) = =V = (W12(\") - 2NN = 2(V]9)2
= |A- Aolop(T?)/z) - Op(Tl/g)-
The CMT with the consistency of s2(\) completes the proof for M.SB%L%()\). An analogous
argument applies to 7 and the proofs for M ZSE5()\) and M ZEL9()\) directly follow.
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