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Abstract

Saikkonen (1991) developed an asymptotic optimality theory for the estimation of
cointegrated regressions. He proposed the dynamic OLS estimator obtained by aug-
menting the static cointegrating regression with leads and lags of the first differences of
the I(1) regressors. However, the assumptions imposed preclude the use of information
criteria such as the AIC' and BIC' to select the number of leads and lags. We show
that his results remain valid under weaker conditions which permit the use of such
data dependent rules. Simulations show that, relative to sequential general to specific
testing procedures, the use of such information criteria can indeed produce estimates
with smaller mean squared errors and confidence intervals with better coverage rates.

1 Introduction

The estimation of cointegrated systems has received a great deal of attention in the econo-
metrics literature. Several methods to estimate the cointegrating vectors have been proposed,
which are asymptotically equivalent and yield estimates with some optimality properties as
defined, for example, by Saikkonen (1991). A popular method is based on estimating the
full system by maximum likelihood assuming Normal errors (Johansen, 1991). On the other
hand, several single equation methods have been developed which yield estimates that are

also optimal and lead to Wald tests with the usual Chi-square limiting distribution. Phillips
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and Hansen (1990) developed a fully modified estimator based on a semi-parametric two step
procedure. An alternative very simple method is the so-called “leads and lags” or dynamic
OLS estimator proposed by Saikkonen (1991) and Stock and Watson (1993). This estimator
is obtained by augmenting the static cointegrating regression with leads and lags of the first
differences of the (1) regressors. The idea is to remove the asymptotic inefficiency of the
least squares estimate in the static regression by using the relevant information in the sys-
tem to account for the correlation between the regressors and the dependent variable. Monte
Carlo simulation studies (e.g., Carrion-i-Silvestre and Sansé-i-Rosselld, 2004) show that the
dynamic OLS estimator performs better in finite samples compared to the fully modified
estimation procedure !.

An issue that arises when using the dynamic OLS regression is how to choose the number
of leads and lags. A possibility is to use an a priori fixed rule. Ng and Perron (1995) show,
however, that the Dickey-Fuller (1979) and Said and Dickey (1984) ADF' unit root test
constructed with such an a priori rule for the truncation lag exhibits size distortions and/or
power loss unless the value happens to be chosen appropriately. Similar conclusions are
obtained for the ADF based cointegration test in Haug (1996). These results point to the
need for data dependent rules to select the number of leads and lags. A popular method is to
use an information criterion such as that of Akaike (1973), AIC, or the BIC of Schwarz (1978).
This was also suggested by Saikkonen (1992, p. 10) for the dynamic OLS regression. The
problem is that, for common processes, such as a finite order ARMA process, the conditions
imposed by Saikkonen (1991) preclude the use of such information criteria. This is because,
in such cases, the information criteria select a lag order that increases with the sample size
at a logarithmic rate. However, to derive the limit distribution of the estimates and test
statistics, a lower bound that precludes this logarithmic rate is imposed.

We build on the work of Ng and Perron (1995) who analyzed the choice of the truncation
lag in the context of the ADF unit root test in a general ARMA model. They show that
the lower bound condition imposed by Said and Dickey (1984), a rate of increase at some
polynomial rate, is not needed to obtain the usual limit distribution applicable in the fixed
lag case (for a relaxation of the upper bound condition, see Chang and Park, 2002). A
related paper is that by Liitkepohl and Saikkonen (1999) who study data dependent rules

for choosing the truncation lag in the context of testing for cointegration.

LA related procedure is that of Phillips and Loretan (1991) which introduces lags of the disequilibrium
error as regressors to make the residuals approximately uncorrelated. This has the advantage of not having to
correct the standard errors for correlation in the residuals at the cost of dealing with a nonlinear regression.



We show that the lower bound condition in Saikkonen (1991) is not necessary in order to
obtain asymptotically efficient estimates and perform hypothesis testing using standard Wald
tests with a Chi-square null limit distribution. In particular, we impose a weaker condition
which does not preclude a logarithmic rate of increase (in the case of an ARMA process or a
linear process with geometrically decaying weights) so that data dependent rules such as the
AIC and the BIC can be used. This is an important practical result as empirical researchers
often use such data dependent rules to select the order of the model. We further show that
the upper bound condition can also be relaxed, with the implication that our results are valid
even if the estimates of the nuisance parameters (the coefficients on the leads and lags of the
first-differenced regressors) are inconsistent. Section 2 presents the model and assumptions
and Section 3 states the main results. Section 4 presents simulations showing that, relative
to sequential general to specific testing procedures, the use of such information criteria can
indeed produce estimates with smaller mean squared errors and confidence intervals with
better coverage rates. Section 5 offers some concluding remarks and all technical derivations

are included in an Appendix.

2 Model and Assumptions

We consider a scalar random variable y; (t = 1, ....,T') generated by the cointegrating relation
v = 2,0 + uy (1)
Az = uy

with z; a (¢ X 1) vector of variables and u; = [u},, ub,]' >. We impose the same conditions as
in Saikkonen (1991) which are stated in the following Assumption.

e Assumption DGP: a) The errors u; is a stationary process with zero mean and continuous
spectral density matrix f,,(\); b) The spectral density matrix f,,()) is bounded away from
zero so that fi,(\) > al,, n =g+ 1,\ € [0,7] and o > 0; ¢) The covariance function of
u; is absolutely summable; i.e., > 7 [|T'(k)|| < co where E(wu;,,) =I'(k) and || || is the

standard Eucledian norm; d) The fourth order cumulants of w;, cum(my, mg, ms), satisfy

o0 o0 o0
Z Z Z |cum(my, mg, m3)| < 00.

mi]=—00 My=—00 M3=—00

2Deterministic components could be included at the expense of additional complexities in the proofs. All
results stated below remain valid with minor changes related to the exact nature of the distributions stated.



First note that part (a) implies that w,; satisfy a multivariate invariance principle (see Hall
and Heyde, 1980, p. 146) such that 7-1/2 g’? u; = B(r), 0 <r <1, where “=" denotes
weak convergence in distribution under the Skorohod topology and B(r) is a vector Brownian
motion with a positive definite covariance matrix Q = 27 f,,,(0), which we partition as
Q= o1 Qo C fa(V) = furun(N) fugua(A)
Qa1 Qoo Juzuy (A) fuzus (A)

When parts (b) and (c) of Assumption DGP hold,

u = Y u, AL+ v
j=—00
where > 72 [[I;]| < oo and v; is a stationary process such that E(ugvs4x) = 0 for all k and
FooN) = Furus (V)= Furus (N fuzus (A) 7 fuzun (A). Also, T Zf:l v} 5 limy oo T Zthl E(vy) =
o2, say. We thus have 27 f,,(0) = 02, = 02, — Q215055 Qo1 (see, e.g., Brillinger, 1975, p. 296).

Hence, the cointegrating relation specified by (1) can be represented by *

kr
Yye=20+ >, Dzl +of, t=kr+1,..,T —kr, (2)

j=—kr
where v} = v, + e, with ¢, = E‘ i[>kr Azg_jl_[j. We now state the conditions on the rate of
increase of k1 as the sample size increases.
e Assumption K: As T' — oo, kr — o0 in such a way that a) (Upper Bound Condition)
k% /T — 0, and b) (Lower Bound Condition) kr > ik L[ — 0.

Saikkonen (1991) assumed k3./T — 0 which is stronger than our upper bound. More
importantly, he specified T2 ., [ITI;|| — 0, which is much more restrictive than our
lower bound. For instance, when the data are generated by a finite order ARM A process,
it precludes using popular information criteria such as the AIC or BIC since these data
dependent methods to select k7 imply a logarithmic rate of increase that his lower bound
condition does not permit. In contrast, Assumption K merely requires that k7 — oo at any
rate in the case of ARMA processes, thereby allowing the use of information criteria.

In this framework, the estimate of the cointegrating vector is simply the OLS estimate of
d from regression (2) and inference can be carried using the standard Normal or Chi-square
distribution provided the standard errors are adjusted for potential serial correlation in vy.
We show in the next section that all results derived by Saikkonen (1991) remain valid under

our less restrictive assumptions on k7.

3Note that the number of leads and lags of Az, need not be the same. We specify the same value for
simplicity. Alternatively, one can interpret kr as the maximum of the number of leads and lags.
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3 Main Results

As a matter of notation, we let By = T~%/2 ZETTI w;, where wy; = (v, u,)’. Note that

B}, converges weakly to B* asT" — 0o, where B* is a vector Brownian motion with block di-
agonal covariance matrix Q* = diag(o? ,, Q22). We partition B* as B* = (B 5, Bj)' conformably
with (v, u,)', where By, = By — Q1985 Bs. Note that B, is independent of Bs.

We first state a Proposition about the limiting distribution of the OLS estimate of ¢,
denoted & , obtained from regression (2), as well as the limit of the sample variance of the

errors 62 = T-1 32 42, where 0} are the OLS residuals from (2).

Proposition 1 Under Assumptions DGP and K, a) T(6 —0) = (fol BQBQ)_l(fol BydB ),

and b) 57 L o2

Hence, 5 has the usual mixed Normal distribution and, since By and B 5 are independent,
inference can be carried using the standard Normal or Chi-square distributions when the
errors v; are martingale differences. In the general case where the errors v; are serially
correlated, we need to replace 67 by an estimate of (27 times) the spectral density function
at frequency zero of v;, namely o2, (the so-called long-run variance). We consider a class of

estimates based on a weighted sum of the sample autocovariances of 0} defined by

FBa=ot 2T w(i/m)T Y i )
J=1 t=j+1
We impose the following conditions on the kernel function w(-) and the bandwidth ms, which
are satisfied for well known kernels such as the Bartlett and the Quadratic Spectral and data
dependent methods to select the bandwidth (e.g., Andrews, 1991, Newey and West, 1994).
e Assumption W: The kernel function w(-) is a continuous and even function with |w(-)| <
1, w(0) =1 and [*_w?(x)dz < co; and the bandwidth is such that ms — oo and my =
o(T"?) as T — oo.
We then have the following result.

Proposition 2 Under Assumptions DGP-K-W, 62, % o2 ,.

Having shown the consistency of the long run variance estimator, Wald tests of hypotheses
on the cointegrating vectors can be constructed straightforwardly and have the usual Chi-

square asymptotic distribution (see, e.g., Phillips and Hansen, 1990).



We have thus shown that standard asymptotic inference on the (1) regression coefficients
is still valid even if we relax both the lower and upper bound conditions . It is important to
stress that our condition k7 = o(T"/?) is not sufficient for the consistency of the estimates of
the nuisance parameters II;. To guarantee the consistency of such estimates, we would need
to strengthen Assumption K to kr = o(T"/?) as in Berk (1974). Also, to obtain estimates
that are /T consistent (more precisely that ijlij,;T IT; — IL]|? = O,(ky/T)) the lower
bound used by Saikkonen (1991) is needed. But as shown above these are not needed insofar

as inference on the cointegrating vector is concerned.

Remark 1 For models with a constant and/or time trend included in the regression, we
simply replace the Brounian Motion by its demeaned or detrended counterpart. With only a
constant we have By = Boy — fol Bagds, while including a constant and a time trend we have
Boy = Boy + (6t — 4) [ Bayds — (12t — 6) [ sW,ds.

4 Simulations

In this section, we assess the adequacy of different information criteria to select the number
of leads and lags in finite samples via a small scale simulation experiment. Our goal is not
to provide a comprehensive treatment nor to come up with definite conclusions about the
best method to select the number of leads and lags. Our aim is more modest in that we
wish to show that, using a class of data generating processes that have been used in other
studies, the use of selected information criteria can indeed lead to estimates with smaller
mean-squared errors and confidence intervals with better coverage rates relative to sequential
general to specific testing procedures.

We consider three information criteria: the AIC, the BIC and the PIC (Posterior
Information Criterion) suggested by Phillips and Ploberger (1994). We compare their per-
formance to a general to specific sequential testing procedure as described in Ng and Perron
(1995) for the selection of the autoregressive order in the context of testing for a unit root.
The latter starts by imposing some maximal value k., to the number of leads and lags of
the first-differences of the regressors in regression (2). Usually, kyay is some function of the
sample size that increases at some polynomial rate, e.g., 7%/, Then for each of the leads

and lags, it assesses whether the last lag is significant using a two sided test on the last

4Chang, Park and Song (2006) claim that the lower bound condition is not needed. The data generating
process they consider is, however, different and more restrictive than that considered by Saikkonen (1991).
Hence, their conclusion are of less practical interest. They also do not consider the conditions under which
0%, can be consistently estimated and their results are thereby also not applicable to the problem of inference.



coefficient. We start with the lags. If a rejection occurs, the number of lags selected is kyax
and we assess the number of leads sequentially. Otherwise, the model is re-estimated with
kmax lags and the test is applied to the last coefficient on the leads. Upon a non-rejection, we
then return to assess if the (kpax — 1) coefficient on the leads is significant in a regression
estimated with ky.. — 1 leads and lags. And so on, until a rejection occurs for the leads
and lags. We consider two variations of this procedure: one based on 10% two-sided tests,
labeled tsig10, and one base on 5% two-sided tests, labeled tsig05.
The simulation design closely follows Haug (1996). The DGP considered is

Y = T+

Yy — A2l = wt

where v, = pv_1 + wy, Yy = by + py and p, = @, + Op, 4, with

Pl AN Lo

Pt Pt no o’
We set v = 0 and 1, = 0. The parameters that are held fixed throughout are a; = 1,
as = —1 and 0 = 4. We also consider a single sample size T' = 200 and 1,000 replications are
used. We use three values for the correlation coefficient of the disequilibrium errors, namely
p = (0,0.5,0.85) and three values for the correlation between w; and ¢,, n = (—0.5,0,0.5).
The base case sets § = 0 but we also consider § = 0.8 when p = 0.85. The estimate of the
long run variance 47 , as defined by (3) is calculated based on a quadratic spectral kernel and
an AR(1) approximation to select the bandwidth (see Andrews, 1991). We also use AR(1)
prewhitening as suggested by Andrews and Monahan (1992). Finally, for all methods we
consider two maximal values for the number of leads and lags, k.. = 5, 10.

Table 1 reports the mean-squared error (MSE) of the estimate of the cointegrating co-
efficient obtained using the different procedures as well as the coverage rates of the 95%
confidence intervals constructed using the estimate 67 ,.

Consider first the case with p = 6 = 0. Here, all methods leads to confidence intervals
with a coverage rate close to the 95% nominal level. Using an information criterion leads
to estimates with smaller MSE than using the sequential tsig method. However, none of
the three considered dominates in all cases. When 1 = 0 or 0.5, using the BIC is best and
when 1 = —0.5, using the PIC is as good as using the BIC. Consider now keeping 6 = 0
but setting p = 0.5. The coverage rates become somewhat liberal when n > 0. However,

it is the same across methods to select the number of leads and lags, and it is accordingly
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due to the fact that 67, is a less precise estimate of 02,. Things are similar when p = 0.85,
except that using the AIC or BIC leads to slightly better coverage rates. For the MSE, with
p = 0.5 or 0.85, using the AIC is clearly best when n = 0.5. When n = 0, the AIC and BIC
are comparable with k.. = 5 but using the BIC is better when k., = 10. When n = —0.5,
the PIC and the two tsig methods yield lower MSE than the AIC or BIC. Consider now the
case with p = 0.85 and # = 0.8. Using the AIC is clearly preferable when n = 0.5. When
1 < 0, using the tsig05 leads to smallest MSE though the gains over what can be achieved
using the BIC or the PIC is marginal. The coverage rates are a bit off the 95% nominal level
but are closer using the AIC.

In summary, when the errors do not contain an MA component, at least one of the
information criteria performs at least as well as tsigl0/tsig05 for all values of 1 and both
choices for the maximum number of leads and lags. With an MA component in p,, the
information criteria outperform the sequential procedures for n > 0 but not otherwise.
However, while the sequential procedures are only slightly better than the information criteria
when 77 < 0, the gain from using the information criteria can be quite substantial when n > 0.
With respect to the coverage rates of the 95% asymptotic confidence intervals, at least one of
the information criteria performs at least as well as tsig90/tsig95 for all values of  and both
choices for the maximum number of leads and lags. They offer a substantial improvement
when 1 > 0. Hence, overall our limited simulations show that using an information criterion
can lead to estimates with smaller MSE and confidence intervals with better coverage rates
compared to sequential testing procedures. Finally, a word on the ranking among the three
information criteria in terms of their performance in finite samples. The PIC performs best
when 1 < 0 but its performance deteriorates when 1 > 0 in which case AIC/BIC perform

relatively better. This is true whether the errors contain an MA component or not.

5 Conclusion

We have shown that it is possible to relax both the upper and lower bound conditions on
the number of leads and lags in the dynamic cointegrating regression estimated by OLS. The
assumptions on the errors and regressors are fairly general thus making our result valid for a
wide range of empirical applications. The result on the lower bound condition is especially
important since it allows the use of data dependent rules such as information criteria, which
are widely used in applied work. Simulations showed that, relative to sequential general to
specific testing procedures, the use of such information criteria can indeed produce estimates

with smaller mean squared errors and confidence intervals with better coverage rates.
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Appendix

As a matter of notation, throughout, we use the matrix norm || Bl|; = sup,j<; [|Bz||, with
||| the standard Euclidean norm. Note that || B||, equals the square root of the largest eigen-
value of B'B and that || Bx| < || B, ||z||. Also, we use the usual norm || B||* = tr(B'B), such
that || B||7 < || B||*. Finally, for any conformable matrices By and By, || By Ba|| < ||Bi]| || Bal|;-

Proof of Proposition 1: Let n, = (Az_, ..., Az, ), I = (I S1,.). We can

_kT7 ..
write (2) as

ye =20+l +vy, t =kr+1,..,T — kr,
or in matrix form as

Y=Z6+nll+V"

where Z = (z1,...,27), 1= 01, -,np), V¥ = (v],..,v5) =V + & with V = (vy,...,v7)
and € = (ey,...er)’. Also let M, = I —n(n'n)~'n'. We have

0—0=(Z'MZ) ' ZM\V* = (Z'M,Z) " Z'M,(V + €)

so that

A

T(0 = 8) = (Awr) " (Aor + Asr) (A1)

where

Avp = T2Z'Z=T*Z'n(n'n) "' Z
App = T2V =T Z'('n) "'V
A3T — TfIZ/g - T71Z/T]<77/77)7177/g

We first prove the following Lemma:

Lemma A.1 Under Assumption DGP and K: (a) || (n'n)"" |, = O,(T7Y), (b) || 21| =
Op(Tk?), (&) VI = Op(T?ks®), (@) In'€]| = Op(T_/fl%l/Z); (e) [|Z°€]] = 0,(Tkz"), (f)
IEENl = 0p(T), (9) [IEVII = 0p(T), (1) [[n'V*[| = 0p(Thy ).

Proof of Lemma A.1: (a) Let I'y = (Fli—j)g:fkw where I'y;, = E(ugiug—p). From Berk

(1974, Lemma 3), it follows that E|| (T~ n/n)"" — T3 Y||2 < C,T~'k2 for some constant C;.
Hence’ || (T_ln’n)_l — F51||1 = Op(T‘l/QkT)_ Since ||F51|{1 = O(l) ul’lifOI'l’Ilely in kg for
sequences such that T-2k; — 0, we have

(0

and the result follows. (b) The result follows since each element 7712y is O,(1) and the
number of elements is of order O(kr). (c) Since the elements of 7 and V' are uncorrelated,

1 1
— F2

e < (@)

= 0p(1)

11



the elements of T~V are each O,(1), and the result follows since the number of elements
is of order O(kr). (d) We have

T—kp
E|Tell < 7% Elem) < {E(mlP)E(E)}? = Coky{E( D" Az jT1)2H?

= 1 X
t=kr+ j|>kr

< GRS S T [T L2 < Coki 3 ) = o(k?)

il >k |j|>kr lj|>kz

using the fact that ||I'2;_;|| is uniformly bounded by Assumption DGP. (e) The result follows
from Lemma A.2(a) of Liitkepohl and Saikkonen (1999). (f) We have

T
E|T'E| = T E)=T">_ > Y IEAz Az ),

t=1 t=1 |i‘>k‘T |a|>kT

< 7% S ST s - o) L

‘Z‘|>kT \a|>kT t=1

o(kz?) = o(1)

since || T5(7)]| is bounded uniformly in j. (g) We have T-* 3 ve, = T D lisky S Az,
so that

IN

T T
177> vl < TSI Azl = 0, (k' T72) = 0,(1)
t=1 1

fi|>kr =

where we used the fact that 7-1/2 ZtT=1 Az = O,(1). (h) Since V* =V + &, [|nV*|| <
[ VI + 7€l = Of(T2ky) + 0,(Thz?) = 0,(Tk7 )M

Using Lemma A.1, we have
T2 Z ()" 0 Z|| < T2 120" ()|, = OplkrT™) = 0,(1)

[T 2 )" VI < TH1Z ) [ 'm) =] 'V IE= Op(kr TH2) = 0,(1)

[T Zn @) €| < T7HZ) || ('m) |, I €l = 0,(1)
which implies that

Ay = T72Z'Z+0,(1) :
Agp = T7'Z'V +0,(1) (A.3)
Asp = o0,(1) (A.4)

12



Since T722'7 = fol ByB) and T7'Z'V = fol BydBj 5, Part (a) follows upon substitution in
(A.1). For part (b), we have

TV = THM,Y — M,Z6) (M,Y — M,Zd)
= T7NM,Z(5 — 8) + MyE + M,V) (MyZ(5 — 8) + M€ + M,V)
= THT(6 —0))(T2Z'M,Z)T(5 — &) + 2T HT(5 — 0)) T~ Z'M,E
F2T T8 — 8))T ' Z' M,V + T~ E M,E + 2T &' M,V + T~ V' M,V
= T14+T2+T3+T4+T5+T6

We consider the limit of each term. Since T(§ — §) = O,(1), T2Z'M,Z = O,(1) from
(A.2), T1 = O,(T™"). From (A.4), T7'Z'M,E = o0,(1) so that T2 = o,(T"'). From
(A3), T-1Z'M,V = O,(1) which gives T3 = O,(T"'). For T4, T-1E'M,E < T &€,
since M, is an orthogonal projection matrix and 74 = 0,(1) follows from Lemma AL(f).
For T'5,

T MV < TYEV +THEI0m) 17V
0p (k' ?) + T 0, (Thy/*) O, (T™HO,(TY?ky/?) = 0,(1)

using Lemma A.1 (a,c,d,g). For T6,
TV'MV =T W'V =T V') ('n) 'V =T""V'V + O,(krT™") = T'V'V + 0,(1).

Thus, we have T-'V*V* = T-'V'V + 0,(1) £ 02, which proves the Proposition.

Proof of Proposition 2: As a matter of notation, we let O7*(1) denote a variable indexed
by j that is O,(1) with bounded second moments uniformely in 0 < j < 7. We can write

bf =218 = 8) — 0, (') Z(8 — 8) + v — i (n'n) MgV

so that

T—1 T

> w(i/m)T™ Y wop

=1 t=j+1

T—1 N
= > w(ji/mr)T~ {5 o) Zztztj (6 =) sztjnn) ' Z(5 - 9)

j=1 t=j+1 t=j+1

) T ) T
+E =0 Y mvr = (=0 >z (') 'V
t=j+1 t=j+1
+(6 — 8)' Z'n( Z et ('n) " Z(6 = ) — (6 — 0) Z'n( Z s
t=j+1 t=j+1
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T
+(6 —0) Z'n( Z ety ()" VI > v () TV

t=j+1 t=j+1
10
+V*'n( Z nety; (n'n) 'V Z vjvy j} = ZS@', say.
t=7+1 t=j+1 i=1

We consider each of term in turn and in the derivations we shall repeatedly use the facts
that m ' Z;‘tll \w(i/mr)| — [;° lw(s)|ds and T(§ — §) = O,(1). For S1,

1||z:w]/mT )(6 =0 Zztztjé d)]

t=j+1

< T_lzl w(j/mr)|[|T(6 = &)|1*|T~2 Zztzt] = Op(mrT™") = 0,(1)

t=j5+1

since each element of the matrix 7723/ i1 22ty 1s OFF(1). For S2,

1IIZwJ/mT )(6 =) sz”nn ' Z(6 =9

t=j+1
T-1
< T2Y Jw(i/mo)l|T(E = 8)P|1T™ Z 2|1 ('m) =1l In' 2]
j=1 t=j5+1

= Op(mrkrT™?) = 0,(1)

since each element of the matrix T-13].
of order k7. For S3,

1HZ (j/mr)(8 — 8 ZZWHH

_i4124M;—; is OJ*(1) and the number of elements is

t=j+1
-1 ) T
< T Jw(i/mao)ITE = DT D z0i ]l = Op(meT™) = 0,(1)
j=1 t=j+1
since each element of the vector T Zt_j 1 4vf; is OJF(1). For 54,

1Hz:w (j/mr)(8 — 3)’ Z 2y (') " V|

t=j+1
T-1 R T
< T G /ma)NTE = HINT Yz 16w~ il V7|
j=1 t=j+1

= 0,(meT ™) = 0,(1)
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For S5,

T—-1
TS w(i/mr)(6 = 0) Z'n(n'n) Z ety (1)~ Z(6 = 9)]|
7=1 t=5+1
T—1
< T2 " |w(i/ma) 1T = OIPNZ 1P 'n) T Z sl
Jj=1 t=j+1

= Oy(mrkrT™?) = 0,(1)

Since ||T! ZtT:jH nM;_; — Dol = 0p(1) (e.g., Berk, 1973) and ||Ty;|[y = O}*(1). For S6,

T-1
1\\2 (j/mr)(8 = 6) Z'n(n'n) vat il

t=j+1
T—
Z (G /ma)IT(S = )2l (') I Z il = op(mzT ") = 0,(1)
=1 t=7+1
since ||T1 ZtT:j vl = op(k;l/ *) uniformely in j since the result of Lemma A.1(h)

continue to hold uniformly in j with v} replaced by v;_;. For S7,

T—1
T w(i/mr)(8 = 0) Z'n(n'n) Z Nty (') V|
J=1 t=j+1
T—-1
< T fw(i/ma) [T = O Z I (n'n) FIT Z N1l V]|
7=1 t=5+1

= Op(mrT™") = 0y(1)

For S8,
T-1 T
w(g/mp)T™ 35 o ('n) " n'V*
= t=j+1
T-1
= Y w(j/mr)(T Z vy + T Z en—;)(n'n) "t V*
j=1 t=j+1 t=j+1
T-—1 T
= w(i/m)T™ S em,_;(n'n) " 'n'V* + Op(mgT™?)
g t=j+1
Note that

S w(i/mn TS ey = SIS w(mod(T S A, — Ti() + TH0)}

j=1 t=j+1 li|>kr =1 t=j+1

15



where 1’*12(]) = (FQ(kT —|—j - Z), ,Fg(j - ]CT — Z)) so that

||Zw (/mr)T Z eyl (A.5)

t=j+1
< 1) {le (/ma)[[|(T Z Aze-imy_j — T5(j Hl+\|zw (5 /mr)To(j )H}
|>kT t=j5+1
T-1
< op(meky PT72) + o(kz )1 Y w(j/mae) ()|
7j=1
Finally,

||Z_:w(j/frw’)Fé(j)|l2 ||ij/mT Dy(j—i=D)|* < Z {Z||F2J—Z—l)||}2 O(kr)

,_le

Hence, from (A.5), ||Z] 1 w(j/mT)T_1 Zf:jﬂ ein;_jlli = op(1). For S9, where I';(j) =
E(nm,—;),

T—1 T
1> w(i/me)T™ " neny I
7=1

t= j+1
T-1 T-1

< D lw@/mp)llIT™ Z ;= Do+ 11 w(i/me)Ty ()]
j=1 t=j+1 j=1

S Op<mT]€TT71/2) + O(kT) = Op<kT)

using similar arguments as in S8, which implies that

T-1
IV"n(n'n)™ > w(i/mr)T Z ety (n'm) "' V|
j=1 t=j+1
< [Vl ('n) M ||Zw (g/mr)T™! Z Neh—sll1 = 0p(1)
t=j+1
For S10,
T-1
w(j/mp)T™? Z ViU;
Jj=1 _J-‘rl
T-1
= w(j/m){T™* thvtj—l—T thetj—{—T th jet—{—T Zetet it
j=1 t=j+1 t=j+1 t=j+1 t=j+1
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First, note that

T-1 T—-1
Zw(j/mT)E(etet—j) = Zw (j/m) Z Z IGE(Az Az, ),
Jj=1 J=1 ||>k:T la|>kp
< > le(j/mTMHH;H IT2(j + a— i) ||
ji|>kr |a\>kT =1
< Z IT2(5)] = o(ks?)

j=—00

Finally, we have 7! ZtT:jH Vtet—j = D jijsky 1L ZtT:jH Az_;_jvg, so that

T T-1 T
1774 >0 el < 30 T D0 Azeiguill = op (k' T77) = 0,(1)

t=j+1 li|>kr t=j+1

where we used the fact that supy,< ||7"/? Az_;—ju|| = Op(1). Similar arguments

t—j+l

hold for 7! Z t—j11 Vt—jer. Hence, combining the results for terms S1 through 510, we have

T-1 T T-1

Zw(j/mT)Til Z Uy y_; = Z (j/mz)T Z Vv + 0p(1)

j=1 t=j+1 j=1 t=j+1

which proves the Proposition.
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Table 1: Mean-Squared Errors of the Estimates and Coverage Rates of the Confidence Intervals

p=0,0=0 p=050=0 p=0.8560=0 p=0.8560=0..8
kmax: 5 kmax: 10 kmax: 5 kmax: 10 kmax: 5 kmax: 10 kmax: 5 kmax: 10
n n n n n n n n
-0.5 0 0.5 -0.5 0 0.5 -0.5 0 0.5 -0.5 0 0.5 -0.5 0 0.5 -0.5 0 0.5 -0.5 0 0.5 -0.5 0 0.5
a) MSE of the Estimates (x 10%)
AIC 6.39 827 6.35 | 7.57 9.91 740 | 25.3 33.2 259 | 30.1 39.9 304 | 252 313 357 330 382 372 | 84.5  94.7 97.3 106.6  123.1 109.0
BIC 594 7.76 6.40 | 6.54 8.63 7.16 | 23.3 33.5 28.6 [ 259 37.1 322 | 248 303 405 287 338 448 | 83.0 86.8 105.0 96.9 97.0 115.2
PIC 593 787 6.68 [ 6.55 869 7.39 | 226 345 333 | 25.1 385 36.7 | 229 299 510 260 331 557 | 79.6 829 1244 | 89.8 92.7 136.7
tsiglO | 6.88 9.46 6.63 | 9.38 12.20 891 | 22.6 35.0 30.4 | 28.8 42.2 338 | 230 299 526 261 332 576 | 74.0 82,5 1243 83.2 91.7 137.1
tsig0d | 6.62 8.52 6.57 | 9.23 11.77 860 | 22.2 35.2 343 | 27.2 394 389 | 230 299 530 259 331 580 | 73.3 823 124.6 82.6 91.5 137.0
b) Coverage Rates of 95% Confidence Intervals
AIC 094 094 094 ] 094 0.94 094 | 093 093 093|093 092 092 | 092 0.89 0.86 | 090 0.88 0.86 | 0.92 0.93 0.91 0.91 0.92 0.91
BIC 095 095 0.94 ] 0.95 0.95 093 094 092 091 [ 094 092 092 | 092 090 0.84 | 091 0.89 0.84 | 091 0.92 0.90 0.90 0.92 0.89
PIC 0.95 095 093 [ 095 095 093 1094 092 090 [ 095 092 091 [ 092 090 081 | 092 0.89 0.81 | 090 0.92 0.88 0.89 0.92 0.86
tsiglO | 0.93 0.94 0.93 | 0.94 0.94 094 | 094 092 091 [ 094 091 090 | 092 090 081 | 092 0.89 0.80 | 0.89 0.92 0.88 0.88 0.92 0.86
tsig0b | 0.94 0.93 0.93 | 0.94 0.95 094 | 094 092 091 | 094 092 090 | 092 090 081 (091 0.89 0.80 | 0.89 091 0.88 0.88 0.92 0.87




