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Abstract

This paper considers issues related to testing for multiple structural changes in
cointegrated systems. We derive the limiting distribution of the Sup-Wald test under
mild conditions on the errors and regressors for a variety of testing problems. We
show that even if the coefficients of the integrated regressors are held fixed but the
intercept is allowed to change, the limit distributions are not the same as would prevail
in a stationary framework. Including stationary regressors whose coefficients are not
allowed to change does not affect the limiting distribution of the tests under the null
hypothesis. We also propose a procedure that allows one to test the null hypothesis
of, say, k changes, versus the alternative hypothesis of k + 1 changes. This sequential
procedure is useful in that it permits consistent estimation of the number of breaks
present. We show via simulations that our tests maintain the correct size in finite
samples and are much more powerful than the commonly used LM tests, which suffer
from important problems of non-monotonic power in the presence of serial correlation
in the errors.
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1 Introduction

Issues related to structural change have received a considerable amount of attention in the
statistics and econometrics literature. Andrews (1993) and Andrews and Ploberger (1994)
provide a comprehensive treatment of the problem of testing for structural change assuming
that the change point is unknown. Bai (1997) studies the least squares estimation of a single
change point in regressions involving stationary and/or trending regressors. He derives the
consistency, rate of convergence and the limiting distribution of the change point estimator
under general conditions on the regressors and the errors. Perron and Zhu (2005) analyze
the properties of parameter estimates in models where the trend function exhibits a slope
change at an unknown date and the errors can be either stationary, 7(0), or have a unit
root, /(1), where here, and throughout the text, we refer to an 7(0) process as one whose
partial sums satisfies a Functional Central Limit Theorem with a Brownian motion as the
limit random variable, and an (1) as the partial sums of an 7(0) series.

With integrated variables, the case of interest is when the variables are cointegrated.
Accounting for parameter shifts is crucial in cointegration analysis since it normally involves
long spans of data which are more likely to be affected by structural breaks. Bai, Lumsdaine
and Stock (1998) consider a single break in a multi-equations system. They show consis-
tency of the maximum likelihood estimates and obtain a limit distribution of the break date
estimate under a shrinking shifts scenario. Kejriwal and Perron (2008b) study the proper-
ties of the estimates of the break dates and parameters in a linear regression with multiple
structural changes involving 1(1), 1(0) and trending regressors.

With respect to testing, Hansen (1992b) develops tests of the null hypothesis of no change
in cointegrated models where all coefficients are allowed to change. An extension to partial
changes has been analyzed by Kuo (1998). The tests considered are the Sup and Mean LM
tests directed against an alternative of a one time change in parameters. Hao (1996) also
suggests the use of the exponential LM test. Seo (1998) considers the Sup, Mean and Exp
versions of the LM test within a cointegrated VAR setup. However, these test procedures
are based on the fully modified estimation method (Phillips and Hansen, 1990) which has
been shown to lead to tests with very poor finite sample properties (Carrion-i-Silvestre and
Sans6-i-Rosselld, 2006). The results in Quintos and Phillips (1993) also suggest that the
LM tests are likely to suffer from the problem of low power in finite samples. Moreover,
simulation experiments in Hansen (2000) show that the LM test is quite poorly behaved in
the presence of structural changes in the marginal distribution of the regressors. On the



other hand, the Sup-Wald test is shown to be reasonably robust to such shifts. Hansen
(2003) considers multiple structural changes in a cointegrated system, though his analysis
is restricted to the case of known break dates. Finally, Qu (2007) proposes a procedure
to detect whether cointegration is present when the cointegrating vector changes at some
unknown possibly multiple dates.

The literature on testing for multiple structural changes is relatively sparse. It is, however,
practically important since single break tests can suffer from non-monotonic power when the
alternative involves more than one break. As stressed by Perron (2006), most tests may
exhibit non-monotonic power functions if the number of breaks present is greater than the
number explicitly accounted for in the construction of the tests. The aim of this paper is to
provide a comprehensive treatment of issues related to testing for multiple structural changes
occurring at unknown dates in cointegrated regression models. Our work builds on Bai and
Perron (1998) who undertake a similar treatment in a stationary context. Our framework is
general enough to allow both 1(0) and 1(1) variables in the regression. The assumptions about
the distribution of the error processes are mild enough to allow for general forms of serial
correlation. Moreover, we analyze both pure and partial structural change models. A partial
change model is useful in allowing potential savings in the number of degrees of freedom, an
issue particularly relevant for multiple changes. It is also important in empirical work since it
helps to isolate the variables which are responsible for the failure of the null hypothesis. We
derive the limiting distribution of the sup-Wald test under the null hypothesis of no structural
change against the alternative hypothesis of a given number of cointegrating regimes. We
also consider the double maximum tests proposed in Bai and Perron (1998). We provide
critical values for a wide variety of models that are relevant in practice. Our asymptotic
results have important implications for inference. We show that in models with both 1(1)
and 1(0) variables, inference is possible as long as the intercept is allowed to change across
regimes. Otherwise, the limiting distributions of the tests depend on nuisance parameters.
Finally, our simulation experiments show that with serially correlated errors, the commonly
used Sup, Mean and Exp-LM tests suffer from non-monotonic power problems. This is true
for cases with a single break as well as with multiple breaks. We propose a modified sup
Wald test that exhibits a power function which is monotonic with respect to the magnitude
of the break(s) while maintaining reasonable size properties.

The paper is organized as follows. Section 2 presents the model and assumptions. In
Section 3, we describe the testing problems and the test statistics used. Section 4 contains
the theoretical results of this paper about the limit distributions of the tests for a wide variety



of cases. This is first done for models involving non-trending regressors, no serial correlation
in the errors and exogenous regressors. These restrictions are relaxed in Section 4.2, 5.1
and 5.2, respectively. Asymptotic critical values are presented in Section 4.3. Section 6
presents simulation experiments that address issues related to the size and power of the tests
including a comparison with the often used LM tests. Section 7 offers concluding remarks
and all technical derivations are included in a mathematical appendix.

2 The model and assumptions

Consider the following linear regression model with m breaks (m + 1 regimes):
Y = ¢+ 25 0p + 2005 + By + 2By (8 =T +1,..,T)) D

forj=1,...,m+ 1, where T, =0, T},,.1 = T and T is the sample size. In this model, y; is
a scalar dependent (1) variable, z (ps > 1) and xy (p, % 1) are vectors of 7(0) variables
while zp, (qr % 1) and 2, (g, * 1) are vectors of I(1) variables defined by: z; = 27,1 + uft,
2 = 21 + U, Ty = piy + uit and zy; = p, + ub,, where Zso and z, are assumed, for
simplicity, to be either O,(1) random variables or fixed finite constants. For ease of reference,
the subscript b on the error term stands for “break” and the subscript f stands for “fixed”
(across regimes). The break points (73, ...,7,,) are treated as unknown. This is a partial
structural change model in which the coefficients of only a subset of the regressors are subject
to change. When py = ¢y = 0, we have a pure structural change model with all coefficients
allowed to change across regimes. It will be useful to express (1) in matrix form as:

Y=Ga+Wy+U

where Y = (y1,...,yr), G = (Z;, Xy), Zy = (zp1,.,2p1)s X5 = (21, ..050p7), U =
(ur, oy ur), W= (wy,..,wr), we = (Lzg,2y,), v = (61, Bs s Opmgts Bpmsr)s @ =
( }, ﬁ’f)’ and W is the matrix which diagonally partitions 1V at the m—partition (77, ..., T},,),
that is, W = diag(W, ..., Wyy1) wWith W, = (wr_, 41, ..., wp) fori = 1,...,m + 1. Kejriwal
and Perron (2008b) analyze the properties of the estimates of the break dates and the other
parameters of the model under general conditions on the regressors and the errors. In this
paper, the interest is in testing the null hypothesis of no structural change versus the alter-
native hypothesis of m changes as specified by the model (1). Hence, the data generating
process is assumed to be given by (1) with p, = ¢, = 0.

As a matter of notation, “Z” denotes convergence in probability, wdw convergence in

distribution and “ * weak convergence in the space D|0, 1] under the Skorohod metric.
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Also, xy = (2, 2)'s Uar = (g, ubly)'s 2 = (Zfe> 2e)s 1 = (M’fa/i;)), and A = {A, .., Ap} is
the vector of break fractions defined by A\, = T;/T for i = 1,...,m. We make the following
assumptions on &, = (u, ul;, u?, ul}, u?)’, a vector of dimension n = q; + ps + g5 + py + 1.
Assumption Al: The vector &, satisfies the following multivariate Functional Central Limit
Theorem (FCLT): T2, Tle B(r), with B(r) = (By(r), BL(r), Bb(r), BL(rY, Bb(r)) is

a n vector Brownian motion Wlth symmetric covariance matrix
Qf, off ot oft il | g
Q=1 o of o o | ¢
of, off ot off ot | p,
o o o | o
= lim T'E(SrSy) =X+ A+ N

T—o00

where Sy =371 &, 8 = limg oo T3 E(6,€) and A = limy_o T~V S5 ST T E(EELL ).
We also assume o2 > 0 and plimy o T 31 w2 = limp oo T S0, E[u?] = 02,

Assumption A2: The vector {z;u;} satisfies Assumption A4 in Qu and Perron (2007) so
that 772 50wl ub u, 0 Q2 Wi(r), where Wi(r) = (Wi (r), Wi(r)) is a (py +

pp) Vector of independent Wiener processes and

Q* Qi‘f* Qi‘b*
Qbf* be*
T T

Assumption A3: Forall t and s: a) E(ugiuizs) = 0; b) E(uzruius) = 0; €) E(ugustys) = 0.
Off Qb

zZz zZz

Assumption A4: The matrix IS positive definite.

Assumption A5 T S 0t B s and, T2 " wg!, 2 sQ*, uniformly in s
0, 1], for some positive definite matrices ¢ and Q*.

Assumption Al requires that the errors satisfy a multivariate FCLT. The conditions for
this to hold are very general (see, e.g., Davidson, 1994). It can be shown to apply to a large
class of linear processes including those generated by all stationary and invertible ARMA
models. A2 guarantees that a F'C'LT also holds for the sequence {u,;u;}. Assumption A3
restricts somewhat the class of models applicable but is quite mild. Sufficient conditions for
it to hold are: for (a) that the 7(0) regressors are uncorrelated with the errors contempo-
raneously even conditional on the /(1) variables; for (b) that the autocovariance structure
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of the 7(0) regressors be independent of the errors and, similarly, for (c) that the autoco-
variance structure of the errors be independent of the 7(0) regressors. This assumption is
needed to guarantee that W (-) and B(-) are uncorrelated and, being Gaussian, are therefore
independent. Without this condition, the analysis would be much more complex. A4 rules
out cointegration among the 7(1) regressors. A5 is standard for 7(0) regressors but rules out
trending regressors, which we shall relax in Section 4.2.

Under the alternative hypothesis, the estimates of the parameters are obtained by min-
imizing the global sum of squared residuals. For each m-partition (71, ...,7,,), denoted
{T’;}, the associated least squares estimates of o and - are obtained by minimizing

m+1 Ti
SSRr(Ty, .., Tn) = > > [w—a— Z}téf - x/ftﬁf — 244 00i — xétﬁbi]Z @3]
i=1 t=Tj_1+1

Let &({7;}) and 4({7;}) be the resulting estimates. Substituting these into the objective
function and denoting the resulting sum of squared residuals as Sr (71, ..., T,,), the estimate
taken over all partitions (71, ..., T,,) such that T;—T;_; = €T for some ¢ > 0. The estimates of
the regression coefficients are then & = &({f}}) and 4 = &({Tj}). Such estimates can be ob-
tained using the algorithm of Bai and Perron (2003). Finally, consistent estimates of the ma-
trices ¥ and A (and, hence, Q) are X = 7137 £& and A = 71 St w(i /) Y
where &, = (i, A2}y, Az, (w50 — Tf)', (03 — 73)")" With @, the OLS residuals from regression
1), z; =T Zle xy (1= f,b) and w(j/l) is a kernel function that is continuous and even
with w(0) = 1 and [*° w?(z)dz < o . Also, | — 0 asT — e and [ = o(T"/?). Consistency
of these covariance matrix estimates has been shown in Hansen (1992c).

3 The testing problem and the test statistics

The data generating process (1) is the most general and in practice restricted versions may
be used. This gives rise to a variety of possible cases for the testing problems considered.
We classify them in two categories: a) models with only I(1) regressors; b) models with
both I(1) and 1(0) regressors. This classification in two categories is useful since oftentimes
researchers are faced with only 7(1) variables. For this category (a), the testing problems
considered are the following (for ease of reference, we list the relevant regression under the
alternative hypothesis):

Testing problems, Category (a), Models with I(1) variables only (p; = p, = 0, for
all cases): Let H{ denotes the restrictions {c; = ¢, §,; =&, forall j =1,..,m + 1}.
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. Hy(1) ={Hg, qr = O} versus Hi(1) = {qr = 0} (y = ¢; + 2,00 + w);
. H(2) = {H§, q» = 0} versus H{(2) = {q = 0} (y: = c; + 2,07 + ur);

. H§(3) = {H§, qf = 0} versus H{(3) = {¢;j = cforall j =1,..,m+1, ¢f = 0}

(ye = ¢+ 24,005 + us);

. Hg(4) = {Hg} versus Hi(4) = {no restriction} (y; = c; + 27,05 + 23,005 + us);

. Hg(5) = {Hg} versus H{(5) = {c; = cforall j = 1,..,m+1} (y; = c+27,0 p+2;, 00+

Testing problems, Category (b), Models with both I(1) and I(0) variables: Let
H} denotes the restrictions {c; = ¢, dy; = 0y, By =By forall j=1,..,m+1}.

1.

10.

11.

HY(1) ={H}, pr=q, =0} versus Ho(1) ={c; =cforall j=1,..m+1, py = ¢ =0}
(yr = ¢+ 25,05 + 25,5 + wr);

. HY(2) = {HE, pp = q = 0} versus HY(2) ={c;=cforall j =1,..m+1, p, = q; = 0}

(g = ¢+ 24005 + T By + w);

. HY(3) = {HE, pr = qp =0} versus HY(3) ={c; =cforall j =1,..m+1, p; = q; = 0}

(Yt = ¢+ 23,005 + T4 By; + we);

. H{(4) = {Hy, pr = qp = 0} versus Hy(4) = {py = qr = 0} (y = ¢+ 23,05+ T3, By + )
. Hy(5) = {H{, pp = q» = 0} versus H{(5) = {py = ¢ = 0} (yr = ¢; + 24,05 + 2,8 +w);
. H§(6) = {Hg, py = g7 = 0} versus H7(6) = {py, = ¢y = O} (yr = ¢+ 23,005+, B +us);
. H{(7) = {H{, py = q» = 0} versus H}(7) = {py = g = 0} (y: = ¢; + 2,05 + 24, Bp; +w);
. Hy(8) = {H}, qr = 0} versus HY(8) = {qr = 0} (yr = ¢; + 23,005 + 2,81 + 24y By + wr);

. H{(9) = {Hg, qo = 0} versus H{(9) = {q = O} (y¢ = ¢; + 2,05 + 2, B + 3By + we);

H5(10) = {H} versus HY(10) = {no restriction} (y; = c; + 2,64 + 2,00 + 2,8 +
0 0 1 J fiad) btVbj P f

Ty By + )

Hy(11) = {H} versus HY(10) = {¢; = cforall j = 1,..m + 1} (5 = ¢+ 2,07 +

2 0p5 + xlftﬁf + xgtﬁbj + ).



We now give a brief description of each of the models in the two categories. First consider
Category (a). Case 1 is a pure structural change model which allows for a change in the
intercept as well. Case 2 is a partial change model in which only the intercept is allowed to
change. Case 3 is again a partial change model where the intercept is not allowed to change.
Cases 4 and 5 are block partial models in which a subset of the 7(1) coefficients is allowed
to change. In Category (b), Cases 1 to 3 are partial change models where the intercept is
not allowed to change across regimes. Case 4 is a pure change model where all 7(1) and
1(0) coefficients as well as the intercept are allowed to change. Case 5 is a partial change
model, which involves only an intercept shift. Case 6 is a partial change model where the
1(0) coefficients are not allowed to change. Similarly, Case 7 is a partial change model where
the /(1) coefficients are not allowed to change. Cases 8-11 are block partial models in which
a subset of coefficients of at least one type of regressor is not allowed to change.

We consider three types of tests. The first applies when the alternative hypothesis involves
a fixed value m = k of changes. We consider the Wald test, scaled by the number of regressors
whose coefficient are allowed to change, defined by
T — (k+ 1) (g +ps) — (ps + Qf>)ﬁ/R’<R(W’McW)‘1R’)‘1R’?

k SSRy,

where R is the conventional matrix such that (Rvy)" = (v} — 75, ...,V — Viy1) @and Mg =
I—G(G'G)~*G". Here SSR, is the sum of squared residuals under the alternative hypothesis.
As in Bai and Perron (1998), we define the following set for some arbitrary small positive
number e, A¥ = {\ : |\ — M| =€, A1 =€, A\, < 1—¢}. The sup-Wald test is then defined
as sup-Fr(k) = supyeaxFr(), k). Since, in the current cases, the estimates A = {1, ..., \x}
with \; = 7;/T (for i = 1, ..., k) obtained by minimizing the global sum of squared residuals
correspond to those that maximize the test Fi(\, k), we have sup-Fr(k) = Fr(\, k).

The second procedure applies when the alternative hypothesis involves an unknown num-
ber of changes between 1 and some upper bound A/. As in Bai and Perron (1998), we consider
a double maximum test based on the maximum of the individual tests for the null of no break
versus m breaks (m =1, ..., M), defined by UD max Fr(M) = maxj<m<nr Supaxeam Fr(A, m).
This test is arguably the most useful to apply when trying to determine if structural changes
are present. Simulations presented in Bai and Perron (2006) show that with multiple changes,
the power of tests for a single break can be quite low in finite samples, especially for cer-
tain types of multiple changes; e.g., two breaks with identical first and third regimes. Also
tests for a particular number of changes may have non-monotonic power when the number
of changes is greater than specified. Finally, in their simulations they found the power of

Fr(A k) = ( )
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U D max to be nearly as high as that of the sup-Fr test based on the true number of changes.

The third testing procedure is a sequential one based on the estimates of the break dates
obtained from a global minimization of sum of squared residuals, as in Bai and Perron (1998).
Consider a model with £ breaks, with estimates denoted by (Tl, ...,Tk), which are obtained
by a global minimization of the sum of squared residuals. The procedure to test the null
hypothesis of £ breaks versus the alternative hypothesis of £ + 1 breaks is to perform a one
break test for each of the (k + 1) segments defined by the partition (73, ..., 7},) and to assess
whether the maximum of the tests is significant. More precisely, the test is defined by
SEQr (k+ 1|k) = Jax Tselzlxpg T{SSRy(Ty,...,T,)—SSRy(T1, ...Tj_l, T, Tj, s Te)}/SS Ryt
where A;. = {r;T;_1 + (T; = Tj_1)e < 7 < T; — (T; — T;_1)c}. Note that this is different
from a purely sequential procedure since for each value of k& the break dates are re-estimated
to get those that correspond to the global minimizers of the sum of squared residuals.

4 The asymptotic distributions of the tests

With integrated regressors, an important issue that arises is the correlation between the
regressors and the errors. We first consider the case where all 7(1) regressors are strictly
exogenous. Later, we deal with the case of endogenous regressors and show that if the
regression is augmented with leads and lags of the the first differences of the /(1) regressors,
the limiting distribution of the tests is the same as that obtained when all 7(1) regressors
are strictly exogenous. Hence, for now, we assume Q. = Q% = 0, which will be relaxed in
Section 5.2. We also start with the following assumption that imposes serially uncorrelated
errors in the cointegrating regression to be relaxed in Section 5.1:

Assumption A6: Let & = (u!], u?,, ul},u?Y, the errors {u,} form an array of martingale
differences relative to {F,} = o-field{¢; ,,u;—1_s; s > 0}.

4.1 The main theoretical results

As a matter of notation, we define the following functionals, where W, = o~ 1B;:
WG, a,b) = ([LGAW,) ([PGG)Y([GdWy),
k+1 . , :
F6) = (5 ReLGI)(E 2,66 i, Gaws)



9(G,a,b) = (aG(b) — bG(a)) (aG(b) — bG(a))/ba(b — a) and G(“’b)(r) = G(r) — (N —
Aao1) 7t ;:_l G. Also, by convention \y = 0 and \;,; = 1. The limit distributions of

the tests when only (1) variables are involved are stated in the following Theorem.

Theorem 1 Assume Al-A6 and Q{Z = 0 = 0. For the testing problems in Category (a),
the limit distribution of supy cak Fr(A, k) IS supy cak F'(A, k) /k with F'(\, k) defined as follows
for the various cases. For Case (1),

F(\ k) = Z[ (W, ,0, Ai) — h(WZb(l’lH)ﬁ, )\i+1)+h(Wzb(l+l’l+l)>)\ia)\i+1)+g(Wla)\i>>\i+l)]

For Case (2), F(\ k) = fFWL O =W/ 0, 1)+ 528 (W, Ai, Aiga), where W/ (r) =
(QI)~12BS(r). For Case (3),

k+1

F(\ k) = f(P) = h(W2HH,0,1) = Wi (1)* + 2 hVZ, A, M)

where P4 (r) = 1= ([t W) ([o, WEWY)'W2(r), for r  [A_1, A For Case (4),

)\i—l /\l
.. k+1 k
F(A\ k) = fWMED) = n(WIP A 0, 1) + > RWEED N, ) + 32 g(Wi Ay At )
=1 =1

with W/b(r) = (W/(r), Wt(r)), and where
WM(@,Z) (T) _ Wf(z,z) (7“) _ f)\ll_lsz(z,l)Wf(z,z)/(j‘)\ll_lWzb(z,z)Wzb(l,z)l)—lwzb(l,z) (T)

For Case (5), F(\ k) = f(P.) — h(WS"M 0,1) — Wi (1)2 + K R(WE, Mi_y, Ay), where
P.i(r) = (P4(r), P (r)) with PL(r) = W/ (r) = (fu WIWP)( [t WEWZ"') W2(r).

? z1

Theorem 1 shows that it is possible to make inference in models involving (1) variables
using the sup-Wald test. Also, the limiting distributions are different depending on whether
the intercept and/or the (1) coefficients are allowed to change. Note that for Cases 2, 4
and 5 the limit distributions depend on the number of /(1) coefficients that are not allowed
to change. This is different from a stationary framework where the limit distribution is
independent of the number of regressors whose coefficients are not allowed to change. We
now consider the limit distributions of the test for the various cases in Category (b) where
both 1(1) and 1(0) regressors are present.

Theorem 2 Assume A1-A6 and Qf, = Q. = 0 and let Whay = (W, Wh)'. For cases
in Category (b), the limiting distributions of supyca«Fr(A, k) under the null hypothesis

9



are given by sup,cax F'(A k)/k with F()\ k) defined as follows. For case (1), F(\ k) =
Zleg(me,)\ Air1). For Case (2), the limit distribution is the same as for Case (3) in
Category (a). For Case (3),

k+1 k
F(A\ k) = f(Py) = h(WEEFD 10, 1) — Wi (1) + 3= h(W2 Nz, M) + 32 9(Wiy Ay Aia).
i=1 i=1

For Cases (4) and (8),

k .
FAK) =S [hWEED 0, 0)=h(WEEHD 0, X ) +h(WEHEHD N X ) +9(Wiay, Ais Air)]

=1
For Cases (5) and (6), the limit distributions are the same as for Cases (2) and (1), respec-
tively, in Category (a). For Case (7) and (9),

.. k
E(\ k) = fWED) = (WIEHD,0,1) + 37 g(Wiyay, Mis Aia)-

‘ =1
For Case (10),
.. k+1 k
ﬂmm:ﬂW%W%JMWW“l0D+thﬂ“AHAo+zm 1) Ay Ai).

=1 =1

And, for Case (11),
F(\ k) = f(Pu) — h(W/" 1 0,1) — ()+Zh( s Aim1, Ag) + i(W@AAHJ

The practical implications of Theorem 2 are as follows. As shown in Case (1), if the
intercept and the /(1) variables are held fixed and only the coefficients on the /(0) variables
are allowed to change, the same limit distribution as in Bai and Perron (1998) applies.
However, this equivalence with the case of stationary regressors only holds if the constant
is not allowed to change. As shown in Case (7), the limit distribution is different when the
intercept is allowed to change and depends on the number of 7(1) variables present. The
effect of allowing the intercept to change or not can also be seen by comparing Cases (3)
and (4). The limit distributions are different and, as expected, both depend on the number
of I(1) and /(0) variables whose coefficients are allowed to change. A similar feature also
applies when the regression involves 7(1) and I(0) variables whose coefficients are not allowed
to change, as shown in Cases (10) and (11). Comparing these with Cases (3) and (4) again
shows that having (1) variables whose coefficients are not allowed to change alters the limit
distributions. Finally, comparing Cases (a-1) and (b-6), (a-2) and (b-5), (a-3) and (b-2),
(b-4) and (b-8), and (b-7) and (b-9), shows that including 7(0) regressors whose coefficients
are not allowed to change does not alter the limit distribution.
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Remark 1 For Case (4) in Category (b), the limit distribution of supycax Fr(A, k) is:

k
sup {Z(S*()‘iv)‘i-&-l)lv()‘ia/\i-i-l)_lS*()‘i?>\i+1>>

A1 Ag) AK i=1

L zk: (AW (Air1) = A W (M) (AW, (Nig) = Aipd W (A))
=1 )\i+1)\z‘()\i+1 - )\z)

with S*( X, Aiv1) = S(A) =M (X)) M (Niv1) ES(Nit1)s VO, A1) = M(N) =M (X)) M (A1) T M (),

S(\i) = [gF Z*dWh, M(N\;) = fOA‘ Z*7Z* and Z* = (1,W). The first summation corre-

sponds to the distribution in Case 1 of Category (a), while the second corresponds to the

p» 1(0) regressors whose coefficients are allowed to change.

}

With these theoretical results for the sup-Fr(\, k), we can obtain the limit distribution
of the UD max and SEQr (k + 1]|k) tests. These are stated in the following Corollary.

Corollary 1 Under A1-A6 and Q{z = 0% =0, for a particular testing problem denote the
limit distribution of the test supycak Frr(A, k) by supyeax F'(N, k) /k, then: @) UD max Fr(M) =
Maxi <m<nr SUPream Fr(A, m) maxi<m<nr Supream F (A, m)/m, b) limr_., P(SEQr(k +
1|k) < x) = G.(x)**", with G.(z) the distribution function of supyca1 FI(A, 1).

4.2 Trends in regressors

Suppose now that the 7(1) regressors have a trending non-stochastic component, i.e., are
generated by 23, = pst + zp and z;, = pyt + 2 With ¢, > 1 and p, 6 0. The limiting
distributions of the tests are then different from the non-trending case. The derivation of the
required modifications follow the treatment of Hansen (1992a). Consider a g,> (g,—1) matrix
p; which spans the null space of p, and let Cy = [Ch2, Coa] = (p,(ph0s) ™" P5 (05 Q% 05)~1/2).
Note that C}z;, = (Clyzu +t, Chyze)’. With War = diag (T, 1,,—1T"/?), we have

T 'Clyzprn + T T r

Wor C 2y =
T2 Chy 21y W2 yy(r)

= J2(r) (4)

where Wf(_l)(r) is a (g, — 1) dimensional vector of independent Wiener processes (a linear
combination of W?(r)). Note that when ¢, = 1, W}_,,(r) = r. It then follows that

Tr]

o ] )
T™Wor Gy ¥ i CeWor' [y T2 )
t=
RS LA r b
T~ *Wor Cs Z:l ARTH o [, J;dWh (6)
t=
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Note that (4) through (6) also hold for 2}, with Wj(fl) (r) replaced by W)f(fl)(r), a (qr —
1) dimensional vector of independent Wiener processes (a linear combination of W/ (r)).
Here also, when ¢; = 1, sz(_l)(r) = r. Therefore, with trending regressors, the limiting
distributions of the tests are not the same as that without trends. However, we can obtain
them by simply replacing W/ and W? by J/ and J?, respectively.

4.3 Asymptotic critical values

Since the asymptotic distributions are non-standard, critical values are obtained through
simulations. These are provided for models with and without trends in regressors. We
approximate the Wiener processes by partial sums of i.i.d. Normal random variables with
N = 500 steps. The number of replications is 2000. For each replication, the supremum of
F(\, k) with respect to (A1, ..., \x) over the set A is obtained via a dynamic programming
algorithm (see Bai and Perron, 2003, for details). The 7(0) regressors are simulated as inde-
pendent sequences of i.i.d. N (0, 1) random variables, and the /(1) regressors as independent
random walks with i.i.d. N (0, 1) errors (also independent of the 7(0) regressors). The values
of the trimming used are ¢ = .05,.10, .15, .20 and .25. Critical values are presented for up
to 9 breaks and 4 regressors. The maximum number of breaks allowed is 8 when ¢ = 0.10, 5
when € = 0.15, 3 when ¢ = 0.20 and 2 when ¢ = 0.25. For the UDmax test, M is set to 5 or
the maximum number of breaks possible. For models involving both 7(1) and 7(0) variables,
critical values are provided for all possible permutations up to 2 regressors of each type. For
the limit distributions of the tests when the regressors contain trends and for the sequential
tests, the critical values are tabulated for ¢ = .15, .20 and .25. Given the large number of
results, we present critical values only for e = 0.15 in Tables 1 through 4. For other trimming
values, tables of critical values are available on the authors’ website.

5 Extensions

We now extend the analysis of the previous Section to the cases where we can have either a)
serially correlated errors in the cointegrating regression; b) endogenous regressors. WWe show
that simple modifications yield tests with the same limit distributions as stated above.

5.1 Serially correlated errors: a modified sup-Wald test

With serially correlated errors, we use the following robust version of the scaled F' test

(T — (k+ 1) (g + ) — (a7 + py))

Fi(0 k) = -

4R(RTV(4)R) ' RY ©)
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where V(%) is an estimate of the covariance matrix of 4 that is robust to serial correlation
and heteroskedasticity; see Bai and Perron (1998) for details. Note that when testing for the
stability of coefficients associated with (1) variables, whether 7(0) variables are included
or not, we can simply apply the following transformation to the test in (3): Fj(\;k) =
(62/67) Fr(\ k), where 62 = T-'3>"[ 42 and 4 is a consistent estimate of o2. Since
the break fractions are consistent even with serially correlated errors, we can first take the
supremum of the original ' test to obtain the break points. The robust version of the test is
then obtained by evaluating F:(\; k) at these estimated break dates, i.e., the test considered
is supycax FE(\ k) = F(\ k) where A = (\y, ..., \,) are the estimates of the break fractions
obtained by minimizing the global sum of squared residuals (2).

A problem with the Sup-Wald test is that with persistent errors, the size distortions
can be substantial. The reason for this is the estimation of the long run variance using
residuals under the alternative hypothesis. On the other hand, Vogelsang (1999) shows
through simulation experiments that the estimation of the long run variance under the null
hypothesis leads to the problem of non-monotonic power in finite samples. In a related paper,
Crainiceanu and Vogelsang (2007) show that commonly used data dependent bandwidths
for the estimation of the long run variance (based on the misspecified null model) are too
large under the alternative hypothesis. This in turn leads to a decrease in power as the
magnitude of the change increases. As a solution to this size-power trade-off, we use a new
estimator of the long run variance constructed using a hybrid method that involves residuals
computed under both the null and alternative hypotheses. In particular, the data dependent
bandwidth is selected based on the residuals obtained under the alternative hypothesis. With
this particular value of the bandwidth, the estimate is computed using residuals obtained
under the null hypothesis of no structural change. Specifically, the proposed estimator is

T T-1 .o
ot =T Yy +2T7 3 w(j/h) 3 Wi, )
t=1 j=1 t=j+1

where w, are the residuals obtained imposing the null hypothesis. The kernel function w(-)
is the Quadratic Spectral and the estimate of the bandwidth is, following Andrews (1991),
given by h = 1.3221(a(2)T)"® where a(2) = [4p°/(1 — p)*] and p = S0, tytyy 1/ 3 1, 12 1,
with u, the residuals from the model estimated under the alternative hypotheses. As we
later demonstrate, the sup-Wald test based on this estimator is able to bypass the problem
of non-monotonic power while maintaining an exact size close to the nominal size. For more
details on the merits of this approach, see Kejriwal (2008).
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5.2 Endogenous /(1) regressors

Generally, the assumption of strict exogeneity is too restrictive and the test statistics devel-
oped in the previous section are not robust to the problem of endogenous regressors. In this
section, we use the linear leads and lags estimator (dynamic OLS) as proposed by Saikkonen
(1991) and Stock and Watson (1993) and prove that the limiting distributions of the tests
based on this estimator are the same as those obtained with the static regression under strict
exogeneity. The modified regression is given by

Y =Ci + th5f + xftﬁf + th5bz + %tﬁbz + Zg Az JH + 0y ©
J=—tr

where z; = (2}, z;,)’. Note that the number of leads and lags of Az; need not be the same. We
specify the same value for simplicity. Alternatively, one can interpret /; as the maximum
of the number of leads and lags. In order to prove our results, we need a few additional
assumptions, which are the same that are required to show the consistency of the estimate
of the cointegrating vector in the case of a model with no structural change.
Assumption A7: Let ¢, = (u,ul],u?) and ¢,, = (u!],u?). The spectral density matrix
fee(w) is bounded away from zero so that fe.(w) = al, (n = g5 + g, + 1) for w [0, 7]
where «« > 0. Also, the covariance function of ¢, is absolutely summable, i.e., denoting
E(¢,Cx) = T'(k), we require that Y72 ||T'(k)|| < e where [|-|| is the standard Euclidean
norm. Denoting the fourth order cumulants of ¢, by &,z (m1, ma, ms), it is assumed that
D oy Dy Dms [Kigr (M1, M2, m3)| < oo (where the summations run from —co to +o0 ).

Assumption A7 states the same conditions used by Saikkonen (1991) and allows to
represent the error u; as follows: u;, = Z;‘;foo Co AL 4 v, with 3500 [T < oo
and where v, is a stationary process such that E(¢,v.x) = 0, for all k, and f,,(w) =
fuu(W) = fuc, (W) fe,c, (W)™ fe,o(w). The DGP under the null hypothesis is then

Yo =+ 23,05 + 2 By + Z Az T 4 vf
Jj=—Lr

where v = v+ 320 (.o ;I1; = v, + e, The last requirements pertain to the possible rate
of increase of /1 as 1" increases. Following Kejriwal and Perron (2008a), these are given by:
Assumption A8: AsT — o, lp - o, (2/T - 0and {p wa [IIL;]] - O.

Note that A8 allows the use of information criteria such as the AIC or BIC. Since there
can be serial correlation in the errors v;, we need to apply a correction for its presence.
Hence, we consider the statistic supy cac F2(\ k) = FP(\ k) where A = (A, ..., \;,) are the
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estimates of the break fractions obtained by minimizing the global sum of squared residuals
(2), and FP(\ k) = T-Y(SSRy/62)Fr(\ k) with Fr(\ k) as defined in (3). We consider
an estimate 52 based on a weighted sum of the sample autocovariances of o, the residuals
obtained imposing the null, as defined by (8) with v} instead of u; (and using the unrestricted
residuals to obtain the bandwidth as discussed in the previous section). The relevant result
is stated in the following Proposition.

Theorem 3 Under A1-A5 and A7-A8, for all testing problems the limit distributions of the
test sup, .k P2 (A, k), based on regression (9), are the same as those that apply to the test
sup, ek Fr(A, k) under the added assumption of A6 and strict exogeneity with QL =t =o.

6 Simulation experiments

We now present the results of simulation experiments that pertain to the size and power of
the tests, including a comparison with the often used LM tests. Hansen’s (2000) method
based on a “fixed regressors bootstrap” is also a possible avenue to provide valid large sample
inference in some of the models considered. In theory, an advantage of his method is that
it remains valid in the presence of changes in the marginal distributions of the regressors.
We conducted extensive simulations and found that the Wald tests considered here are very
robust to changes in the drift of the I(1) regressors and changes in the variance of the
innovations driving them (as in the stationary case as reported by Hansen, 2000). Our
asymptotic results provide tests with exact sizes close to nominal size, as we shall show.

6.1 The size of the tests

We start with the case where the DGP exhibits no structural change and hence analyze the
size of the tests. The sample sizes considered are 7" = 120 and 7" = 240. The value of the
trimming e is set to .20. The maximum number of breaks (1) considered is 3. Depending
on whether we correct for serial correlation and/or endogeneity, we have the following four
specifications: (i) S_Corr=0, C_ Corr=0: no correction for serial correlation or endogeneity;
(i) S_Corr=1, C_Corr=0: correction for serial correlation but not for endogeneity; (iii)
S_Corr=0, C__Corr=1: correction for endogeneity but not for serial correlation; and (iv)
S_Corr=1, C_Corr=1: correction for both endogeneity and serial correlation. To correct
for serial correlation, we use the method discussed in Section 5.1. To correct for endogeneity,
we use the dynamic OLS estimator, discussed in Section 5.2, with ¢ = 2. The various DGPs
considered include the following basic components: y; = 2z, + u; with z; = 2z,_; + n,, where
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n, t.4.d. N(0,1). The DGPs considered are, where e¢;  i.i.d. N(0,1) and Cov(n,, ;) =
0: DGP-1 (i.i.d. errors, exogenous regressor): u; = e;; DGP-2 (AR(1) errors, exogenous
regressor): u; = puy_1+e¢;; DGP-3 (MA(L) errors, exogenous regressor): u; = e;—0e;_1; DGP-
4 (i.1i.d. errors, endogenous regressor): u; = 0.8n, + ¢;; DGP-5 (MA(1) errors, endogenous
regressor): u; = 0.5v; +n,, vy = e; — 0.5e;_1.

For each DGP, we consider the case where the regressors are {1, z; } and both the intercept
and the cointegrating coefficient are allowed to change across regimes. In all experiments,
1000 replications are used. All rejection frequencies are calculated at the nominal 5% level.
Table 5 reports the empirical size, with 7" = 120 and 240 and p = 6 = 0.5. Consider first
the base case represented by DGP-1 where the regressor is strictly exogenous and the errors
are i.i.d.. With S_Corr=0, C__Corr=0, the size is adequate for all the tests irrespective of
the specification used. For DGP-2 with AR(1) errors, all tests show substantial distortions
when we do not correct for serial correlation. However, using our proposed long run variance
estimator, the size distortions are no longer present and the tests become somewhat conser-
vative. With MA(1) errors (DGP-3), the tests have zero size when no correction for serial
correlation is made. Again, the size is accurate once we use S__Corr=1. With endogeneity
but no serial correlation (DGP-4), we see that all the tests have good size for S_Corr=0,
C__Corr=1. Otherwise, size distortions up to 20% may occur. This shows that the correction
for endogeneity based on the dynamic OLS estimator is quite effective. When both serial
correlation and endogeneity are present (DGP-5), the tests have adequate size when we use
S _Corr=1, C_Corr=1, although some mild distortions persist when testing for multiple
breaks. When T" = 240, for the DGP-5 and S__ Corr=1, C__Corr=1, the rejection frequencies
are reduced and even the multiple break tests become conservative.

We also considered the case where the regressors are {1, z;, z;}, with =,  i...d. N(1,1),
Cov(z,ur) = Cov(zy,m,) = 0, and the model allows the intercept and the cointegrating
coefficient to change across regimes but the coefficient of x; is held fixed. The results were
similar to those in Table 5. Hence, including an irrelevant 7(0) regressor does not lead to
any size inaccuracies over and above the case when they are not included.

6.2 A power comparison with the LM type tests

In this section, we analyze the power of the sup-Wald test and compare it with the sup,
mean and exp-LM tests proposed in Hansen (1992b) and Hao (1996). Vogelsang (1999) and
Crainiceanu and Vogelsang (2007) show that the power function of a wide variety of tests for
a shift in the mean of a dynamic time series is non-monotonic with respect to the magnitude
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of the break. One cause is the behavior of the estimate of the error variance in the presence
of a shift in mean. In particular, they find that if the error variance is estimated under the
null hypothesis, non-monotonic power can result. We show that the LM type tests suffer
from the same problem in the cointegration setup and in certain cases, the power can go to
zero as the magnitude of the break increases. Since the main issue pertains to the presence of
serial correlation in the errors, we consider the case where the regressor is strictly exogenous
and the trimming is set at ¢ = 0.15 (we also performed simulation of the power of our tests
with a DGP involving endogenous regressors and, actually, the power is enhanced relative
to the exogenous regressor case). For the case with one break, the DGP is y; = z + wy,
ift<[T/2]and y; = (1 4 0)z¢ +us, if ¢ > [T/2], wheren, i.i.d. N(0,1), Cov(us,n,) = 0.
The sample size is 7" = 240. We consider DGP 2 (AR(2) errors) and 3 (MA(1) errors). The
specification S_Corr=1, C_ Corr=0 is used. We analyze the pure structural change model
in which both the intercept and the cointegrating coefficient are allowed to change. The
power functions are plotted in Figure 1. Consider first the case with AR(1) errors. The non-
monotonicity of the power function of the LM tests is evident even at moderate values of .
For very small values of ¢, the power of the mean LM test is slightly higher than the modified
Wald test. This is due to the fact that the mean LM test is particularly suited to detect
small changes (see Andrews and Ploberger, 1994). Surprisingly, however, the mean LM test
performs better than the exp-LM test even for large changes. The sup-LM test is dominated
by all tests irrespective of the sample size and the degree of persistence. With MA(1) errors,
the picture is quite different. All tests have higher power compared to the autoregressive
case although non-monotonicity is still evident for the LM tests. The performance of the
LM tests is quite similar and no clear ranking emerges between them.

Next, we consider the case where the DGP involves 2 breaks and 3 regimes, specified by
=z +u, Tt < [T/3], yp = (1+0)z +u, if [T/3] <t < [2T/3] and y, = 2 +u if [27/3] <
t<T,wherez =z _1+n, 2 =2-1+n,n iid N(0,1)and Cov(u;,n,) = 0. The power
functions are plotted in Figure 2. Consider first the case with AR(1) errors. Given that
single break tests have difficulty in detecting such parameter changes, it is not surprising
that all tests exhibit non-monotonic power. The modified sup-Wald test dominates all the
LM tests regardless of the sample size and the extent of persistence. With MA(2) errors,
again all tests display non-monotonicity although the power function of the modified Wald
test is much higher than that of the LM tests. What is quite remarkable is the fact that the
UD max test has, in all cases, a monotonic power function that is much higher than any of
the other tests. This provides clear evidence to its usefulness.
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Finally, it is useful to comment on what happens when the regression is spurious, i.e.,
there is no cointegration. Hansen (1992b) showed that the LM test designed to detect a
martingale specification in the intercept, in the spirit of Nyblom’s (1989) test, can be viewed
as a test for the null of cointegration against the alternative of no cointegration. Although
the sup-Wald test is not specifically targeted for the alternative of random variation in the
intercept, it still has power against spurious regressions (i.e., no cointegration). This means
that it will also reject when no structural change is present and there is no cointegration
(the errors are I(1)). However, we can use the following approach to determine if the data
suggest structural changes in a cointegrating relationship or a spurious regression. Suppose
that one is willing to put an upper bound M (say 5) on the number of breaks. Then if
the system is cointegrated with less than M breaks, the sequential testing procedure can be
used to consistently estimate the number of breaks. On the other hand, if the regression
is spurious, the number of breaks selected will always (in large samples) be the maximum
number of breaks allowed. Thus, selecting the maximum allowable number of breaks can be
indicative of the presence of 7(1) errors. The same is true when information criteria are used
to select the number of breaks. We verified via simulations that this is indeed the case.

7 Conclusion

We presented a comprehensive treatment of issues related to testing in cointegrated regression
models with multiple structural changes. We analyzed models with 7(1) variables only as well
as models which incorporate both 7(0) and (1) regressors. The breaks are allowed to occur
either in the intercept, the cointegrating coefficients, the parameters of the 7(0) regressors
or any combination of these. Our simulation experiments show that the commonly used LM
tests are plagued with the problem of non-monotonic power in finite samples. The sup-Wald
test however is able to avoid such non-monotonicity while maintaining adequate size. Our
asymptotic results allow us to devise a sequential procedure to select the number of breaks.
Finally, we provide the asymptotic critical values of our tests for a wide range of models that
are expected to be useful in practice. The simulation experiments demonstrate the favorable
properties of our test and the proposed long run variance estimator. It is important to note
that the idea of constructing the estimate of the long run variance using information under
both the null and alternative hypothesis is quite general and is applicable even in regression
models which do not involve structural change.

18



References

Andrews, D.W.K. (1991), “Heteroskedasticity and Autocorrelation Consistent Covariance
Matrix Estimation,” Econometrica, 59, 817-858.

Andrews, D.W.K. (1993), “Tests for Parameter Instability and Structural Change with Un-
known Change Point,” Econometrica, 61, 821-856.

Andrews, D.W.K., and Ploberger, W. (1994), “Optimal Tests when a Nuisance Parameter
is present only under the Alternative,” Econometrica, 62, 1383-1414.

Bai, J. (1997), “Estimation of a Change Point in Multiple Regression Models,” Review of
Economics and Statistics, 79, 551-63.

Bai, J., Lumsdaine, R.L., and Stock, J.H. (1998), “Testing for and Dating Breaks in Multi-
variate Time Series,” Review of Economic Studies, 65, 395-432.

Bai, J., and Perron, P. (1998), “Estimating and Testing Linear Models with Multiple Struc-
tural Changes,” Econometrica, 66, 47-78.

Bai, J., and Perron, P. (2003), “Computation and Analysis of Multiple Structural Change
Models,” Journal of Applied Econometrics, 18, 1-22.

Bai, J., and Perron, P. (2006), “Multiple Structural Change Models: A Simulation Analysis,”
in Econometric Theory and Practice: Frontiers of Analysis and Applied Research, D. Corbea,
S. Durlauf and B. E. Hansen (eds.), Cambridge University Press, 212-237.

Carrion-i-Silvestre, J.L., and Sanso-i-Rosselld, A.S. (2006), “Testing the Null Hypothesis
of Cointegration with Structural Breaks,” Oxford Bulletin of Economics and Statistics, 68,
623-646.

Crainiceanu, C.M., and Vogelsang, T.J. (2007), “Nonmonotonic Power for Tests of a Mean
Shift in a Time Series,” forthcoming in Journal of Statistical Computation and Simulation.

Davidson, J. (1994), Stochastic Limit Theory. Oxford University Press: Oxford.

Hansen, B.E. (1992a), “Efficient Estimation and Testing of Cointegrating Vectors in the
presence of Deterministic Trends,” Journal Econometrics, 53, 87-121.

Hansen, B.E. (1992b), “Tests for Parameter Instability in Regressions with I(1) Processes,”
Journal of Business and Economic Statistics, 10, 321-335.

Hansen, B.E. (1992c), “Consistent Covariance Matrix Estimation for Dependent Heteroge-
neous Processes,” Econometrica, 60, 967-972.

Hansen, B.E. (2000), “Testing for Structural Change in Conditional Models,” Journal of
Econometrics, 97, 93-115.

Hansen, P.R. (2003), “Structural Changes in the Cointegrated Vector Autoregressive Model,”
Journal of Econometrics, 114, 261-295.

19



Hao, K. (1996), “Testing for Structural Change in Cointegrated Regression Models: Some
Comparisons and Generalizations,” Econometric Reviews, 15, 401-429.

Kejriwal, M. (2008): “Tests for a Mean Shift with Good Size and Monotonic Power,” forth-
coming in Economics Letters.

Kejriwal, M., and Perron, P. (2008a): “Data Dependent Rules for the Selection of the Number
of Leads and Lags in the Dynamic OLS Cointegrating Regression,” Econometric Theory, 24,
1425-1441.

Kejriwal, M., and Perron, P. (2008b): “The Limit Distribution of the Estimates in Cointe-
grated Regression Models with Multiple Structural Changes,” Journal of Econometrics, 146,
59-73..

Kuo, B-S. (1998), “Test for Partial Parameter Instability in Regressions with 1(1) Processes,”
Journal of Econometrics, 86, 337-368.

Ng, S., and Perron, P. (1997), “Estimation and Inference in Nearly Unbalanced and Nearly
Cointegrated Systems,” Journal of Econometrics, 79, 53-81.

Nyblom, J. (1989), “Testing the Constancy of Parameters Over Time,” Journal of the Amer-
ican Statistical Association, 84, 223-230.

Phillips, P.C.B., and Hansen, B.E. (1990), “Statistical Inference in Instrumental Variables
Regression with 1(1) Processes,” Review of Economic Studies, 57, 99-125.

Perron, P. (2006), “Dealing with Structural Breaks,” in Palgrave Handbook of Econometrics,
K. Patterson and T.C. Mills (eds.), Palgrave Macmillan, 278-352.

Perron, P., and Zhu, X. (2005), “Structural Breaks with Deterministic and Stochastic
Trends,” Journal of Econometrics, 129, 65-119.

Qu, Z. (2007), “Searching for Cointegration in a Dynamic System,” Econometrics Journal,
10, 580-604.

Qu, Z., and Perron, P. (2007), “Estimating and Testing Structural Changes in Multivariate
Regressions,” Econometrica, 75, 459-502.

Quintos, C.E., and Phillips, P.C.B. (1993), “Parameter Constancy in Cointegrated Regres-
sions,” Empirical Economics, 18, 675-706.

Saikkonen, P. (1991), “Asymptotically Efficient Estimation of Cointegration Regressions,”
Econometric Theory, 7, 1-21.

Seo, B. (1998), “Tests for Structural Change in Cointegrated Systems,” Econometric Theory,
14, 222-2509.

Stock, J.H., and Watson, M.W. (1993), “A Simple Estimator of Cointegrated Vectors in
Higher Order Integrated Systems,” Econometrica, 61, 783-820.

Vogelsang, T.J. (1999), “Sources of Nonmonotonic Power when Testing for a Shift in Mean
of a Dynamic Time Series,” Journal of Econometrics, 88, 283-299.

20



Appendix
We use k.k to denote the Euclidean norm, i.e., kek = (37, 22)/2 for zeRP. For a

zlz

matrix A, we use the vector-induced norm, i.e., KAk = sup, ., kArk / krk. We have kAk <

[tr(A’A)]"2. Also, for a projection matrix P, kPAk < kAk. We use the notation A; ; —
Awg) — Augy, where Ag ;) is the matrix of observations from regime 7 to regime j (both
inclusive), i.e., Auj) = (an_,41,...,ar;)" while Ag ;) is the matrix (conformable to A; ;) of

means, i.e., A”) = (a”,...,* )’ where a;; = (T; — T,-1) " tT’T, 41 0¢- Also, we use
A(% »= Ay — — AG3) where A% is the matrix (conformable to A ;) of sample averages,
i.e., AW = (z, .., 7), where z =T 1Zt1xt Letlm be a (T; — El)X1vectorofones

To ease notation, we will write A (i,i) @S AZ, A ) as A, fl (i,i) as A;, AGD as A" and 1) as

L, (W, WS WPl W7 W?) are independent Wlener processes with dimensions corresponding
to those of (Bl, Bg : Bf;, B/J, B%). We also use the notation W, = (W', WW¥)". We start with
a Lemma about the weak convergence of various sample moments whose proof is standard
given the results in Qu and Perron (2007).

Lemma A.1 Under A1-A5, the following weak convergence results hold (for : =1,....m +

1): a) T‘3/2 [i’\‘]zﬁ fA. B!, T- 3/2 Z[T)\] 2 f>\i B, T—1/2 [{/\i]ui‘t BI(\),

r- 1/221: 1 u, BY(N), T 1/221: 1 u Bi(\i); b) T™ 221: 1 thzft foAi BIB/,
2275:1 Zbt 2y fo BSBIZ”, c) T~ 1215 1 thut fo deBl+)‘ (Efl"H\ ), T T th/}- thut

Jo BB+ N (S A+AL); ) TS D zpady [ BIABI 4N (S AL, T Zt 7 t“

o BIABY+X(SI0+ALY), T ZET?]ztu o BYABL (S +A), TSSO 2t

[N BRABY + X(Z2 4 AR).

The next Lemma will also be useful in subsequent developments.

Lemma A.2 Let Xir_1i_1)xp) = (i oo Zi)'s T = (T=Tim1) " Sy @ and B i) =
(ft,...,;1)’. Then under A1-A4, we have for i = 1,...m + 1. (i) ' — X; > 0, (i)
TV2(X; = Xo)Us = T7V2(X; — i)' Us + 0,(1); (i) T7H(X; — X3)(X; — Xi) = TH(X, —
P (X5 = ut) + 0,(1); (iv) T32ZU(X; — Xi) = T2 ZU(X; — 1) + 0,(1).

Proof of Lemma A.2: Part (i) follows trivially. To prove (ii), note that 7—/2(X;— X,)'U; =
T2 X=p ) UAT V2 (n'=X;)'U;. We have T2 (11— X,)'Us = (pu=2) T2 3L we =
0p(1), using part (i). For (iii), note that
THX = X) (X = X)) = T7HX— ) (X = p)) + T7HXG — ) (1 — X))
+T 7' = X)) (X — ) + T (0 = X3) (0 = X))

Now T-1(X; — ) (' = Xi) = TP 20ty (o — ) (e — ) = —(\ — A )(u—i")(u
z;) = o,(1). Similarly, T-1(p* — X;)(X; — p') = o0,(1). Finally, T7*(' — X ) (p} -
X)) = ()\i — X)) (= 7)) (p = 7;)" = o,(1). To prove (iv), note that 7- 3/22’( X;

T2 1 2) (= Z:) = 0,(1) and the result follows immediately.
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Proof of Theorem 1: We only consider Cases (1) and (4). The details for the other cases
can be found in the working paper version. e have

SSRy— SSRy,
k(T — (k+1)(q+pp) —qr —ps) LSS Ry

where SSRy, and SSRy are the sum of squared residuals under the null and alternative
hypotheses, respectively. In all cases, we have k(T — (k+1)(qg+p5) —qs—ps) 'SSRy 5 ko>
Case 1: The regression under H; is y; = ¢; + 2,,0p + u and for SSR, we have

SSRy = (Y(ikﬂ) - sz(1,k+1)5b),(y(§,k+1) - Z;(Lk—&-l)éb)
= (Zl;k(l,k+1)<5b - 5b) + U:l,k+l))/(Zg(1,k+l)<5b - 5b) + U(*l,kJrl))
= U(*l/,kJrl)U(*l,k+1) - (ZZ(/I,kJrl)UFl,k+1))/<Zg(/1,k+1)Z;(l,k+1))71(Z;(/l,k+1)U(*1,k+1)OA'1)

FT<)\7 k’) -

k+1 _ ~ ~ A k+1

SSR, = (Y= Zybw) (Y = Zuiow) = S (Zui(86 — 005) + Us) (Zyi (6 — 0i) + Uy)
=1 =1
k+1 ~

= Z{ (sz i)’ (Z;sz)_l(gézﬁz) + (7{(71}
Therefore,
SSRO — SSRy —0—2(flwf(hkﬂ)dwl)/(folWzb(l,k+1)WZb(1,k+1)/)_1(j«OlWZb(LkH)dWl)

—|—O’ Z{( Ai Wb(zz dW)( ;\. 1Wb(“)W zz)/ f)\ll szz dW, )}

Z (A Wl()\i+1) — A Wi (N))?

)\i+1)\i()\i+1 - )\z)
and the result stated follows. Case 4: The regression under the alternative hypothesis is
Yo = i+ 287+ 0+ ue Let Z0 = (Z5an) Zien) @nd 8 = (37,5,). We have

SSRy = (Y1) — 4, k+1)5)'(3/(§,k+1) — Z{\ j11)9)
x/

= (Z(l UG, k+1)),(Z(1,k+1)Z(*1,k+1)) (Z(l k:+1)U(*1,k+1)) U(l k) U1 k1)

k1l O
SSR, = > (Yi— Zfz(sf Zyidwi) (Yi = Zpi0 p — ZpiO:)
=1
Kl . _ N _ . _

= S (Zyi(d5 = b5) + Zui(0y = 0wi) + U) (Z4i(05 = 07) + Za(8y — 1) + U3)

=1

After considerable algebra, we can show that

k+1 - k+1 k+1 _
SSRk = _(Z Z sz z) (Z leszZh) (ZZ sz z)
k‘+1 ~ k+1 ~ o~

—Z(sz U (ZyZw) (23U )+Z(UU)
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where M, = I; — Z,i(Z’ﬂZ,i)—lzgi and [; the (7, —T;_1) * (T; — T;_,) identity matrix. Thus,

SSRy =SSRy = —(Z{ks)Ul ) (20 jiny 2l ps1)) (Z(1 kUl 1))
k1 k1 k1
(Z ZszbZ ’L) (Z ZszblZfZ) (Z ZszbZU’L>
pans 71 TINI (771 77 \N—1(771 * k] e
+ Z:(sz’Uz‘) (Zy; Zi) M (Z4Us) + Ul kUl gsn) — Z:l(UzUZ)
and, with BI*(r) = (B (r),B%(r)"),
SSRy— SSRy, (fObe1k+1 )(f be1k+1)be1k+1 ) (f belk+1 dB)

k+
+(Z f)\):u lBMzz)dB Zf)\l BM(%Z)BMH, Zf)\ll BM“ dB)

Ai i,0) Ai i i,8)0\ — Ai i
+ Z( L BBy (f) BX BT ([ BAYdB)
+ Z O‘z’Bl()\z’H) - )\i+1B1()‘i)),()‘iBl()‘i+1> — )\¢+1B1()\¢))
i=1 )\i+1)\i<)‘i+1 - )\')

where BYCO(r) = BIOO(r) — 3 pICOBIEY (A Y gHEN 1B () Note that
each element of B 2)( ) is the residual from the projection of the corresponding element
of B0 Z)( ) onto the space spanned by {B’ ”)}qb 1 for a given realization of these stochastic
processes. We also have B0 (r) = (fo)l/QW (), so that

kEFr(\ k) — fo Wfb (1,k+1) dW fo Wfb (1,k+1) Wfb (1,k+1) fo Wfb (1 k:+1)dW )

foh WMZ’L dW Z‘/‘AI WMH)wM@@ Z‘/‘;:llezz dW)

+ Z( Ai Wb(z i dW, ) (f)\):l Wb(z Z)Wb i z)/ f)\ll Wb (X dW )
n Z (Az‘Wl(/\m) — At Wi () AW (Nigr) = Aipa Wi ()
= A1 Ai(Aigr — Ai)

Proof of Theorem 2. We give the details only for cases 4 to 6. Case 4. The regression
under Hy 1S y¢ = ¢; + 2,00 + 21,0y + ue. We have,

SSRy = D/(ik—kl) - Zg(l k+1) op — Xl;k(l k+1)6b]/[y(ik+1) - Zg(1,k+1)5b - Xl;k(l,k+1)6b]

By Lemmas Al and A2, T~*2Z, | X5, ) = 0p(1). Thus,

[ Zo1,141) (0 — Sb) + Xo ey (By — ﬁb) + Ul gy %

[Zp,p41) (0 — gb) + Xps1)(Bp — Bb) + Ul 1))
= (0 — 5 b) szll Kt 1) Zo(1 k1) (O — gb) +2(0p _gb),ZIj(ll,k—i—l)U(*l,k—H) + U(*ll,k—&-l)U(*l,k—H)
+(By — 51;) Xo(rny X prny By — Bb) +2(8, — Bb)/Xg(/l,kH)U(*l,kﬂ) + 0p(1)

SSRy =
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= _(TilU*llk:+1)Z*(1,k+1))(T72Zl;k(ll,k+1)zl;k(1,k+1)) (T 1Zb(1k:+1)U(*1,k+l))

—(T VU ki X)) T Xk X wen) T2 X5 ey Uliesn)
U 5y Ul ey + 0p(1)

We have SSR;, = Z’““[Y szﬁ,n szébz] [Y sz[ib, szébz] Using Lemmas A.1-A.2,
T-3/27! X,; = 0,(1) and under Hy, Y; = Xy, + Zy0, + U;, 50 that

k+1

SSRy, = S [Xui(By = By) + Zoi(0s = 8s) + Us) [ X4i(By — Bui) + Zui(0y — 0i) + U]
=1
k+1 o ~ o~ ~ o~
= M [—(T7'U; Zy)(T* Zy Zoi) (T Z3,U5)
=1

—(T7Y2U Xy ) (T X4, Xa) (T2 X50;) + ULUY + 0,(1)

Therefore,
]CFT<)\, l{?) _<f01W§(17k+1)dW )l(flWb(l,k—i—l)wb(Lk-‘rl)/)—l(folwf(l,k-l-l)dwl)
—Wa (D)W1) — “+ Z {O = 2im) 7 (A (N) = Wa(Aiea))*
k41

+Z(>\z‘_>\z’—1)_l( () = W (Aim1)) (W (i) = Wi (Aia)
+2[< o WA ([ WG L[ D gy,

which reduces to the expression stated in the Theorem. Case 5: The model under H, is
Ut :Ci—i‘Z}t(Sf—i—Ilftﬁf—l—ut. We have SSRk :Z’H—l[y szﬁf Zfi(Sf],[Y;_Xfiﬁf—Zﬁ(Sf].
Under Hy, Y; = X8, + Z3i05 + U;, so that

k+1

SSR, = Y[ X1i(Br = By) + Zsi(0p = 05) + UV [Xi(By = By) + Zyi(05 — 0f) + U]

=1

Furthermore, T'(d; — 0;) = (T2 21 24, Z5) "N (T~ S04 Z4,U04) + 0,(1) and

k+1 ~

T3y = By) = (T ZXfoz) (T 1/2ZXfZ i)+ 0p(1).

Hence, after some algebra,

. k+1 ~ ~ Ly k+1 S N k+1 =~
SSR, = —(T Z U/ Zp) (T .Z ZiZs) (T Z Z5:U;)
—-1/2 / k+1 v —1/2 i~ /
—(T ZUsz)(T Zszsz) 14 ZXﬁ )+ZUU +0p(1)
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