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Abstract

We compare the asymptotic relative efficiency of the Exp, Mean, and Sup function-
als of the Wald, LM and LR tests for structural change analyzed by Andrews (1993)
and Andrews and Ploberger (1994). We derive the approximate Bahadur slopes of
these tests using large deviations techniques. These show that tests based on the Mean
functional are inferior to those based on the Sup and Exp when using the same base
statistic. Also, for a given functional, the Wald-based test dominates the LR-based
test, which dominates the LM-based one. We show that the Sup and Mean type tests
satisfy Wieand’s (1976) condition so that their slopes yield the limiting (as the size
tends to zero) asymptotic relative Pitman efficiency (whether this holds for the Exp
type tests still remains a conjecture). Using this measure of efficiency, the Mean type
tests are also inferior to the Sup. We also compare tests based on the Wald and LM
statistics modified with a HAC estimator. In this case, the inferiority of the LM-
based tests is especially pronounced. The relevance of our theoretical results in finite
samples is assessed via simulations. Our results are in contrast to those of Andrews
and Ploberger (1994) based on a local asymptotic framework and our analysis thereby
reveals its potential weaknesses in the context of structural change problems.
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1 Introduction

The problem of testing for structural changes has been an active area of theoretical and
applied research for over 50 years (see Perron, 2006). In the last fifteen years or so, substantial
advances have been made to cover models at a level of generality that allows a host of
interesting practical applications in the context of unknown change points. These include
models with general stationary regressors and errors that can exhibit temporal dependence
and heteroskedasticity. In this respect, Andrews (1993) considered the limit distribution
of the so-called Sup-type tests, which is based on the maximal value of some statistic over
possible break dates within a pre-specified set that excludes some proportion of the data near
the beginning or the end of the sample. Bai and Perron (1998) generalized this approach
to the case of multiple structural changes in the context of the linear model. Of specific
relevance to our analysis is the paper by Andrews and Ploberger (1994) who developed an
asymptotic analysis based on a local asymptotic framework, whereby the parameters under
the alternative hypothesis are made local to the null value, to develop tests that are optimal
in the sense that they maximize a weighted average of the local asymptotic power. Two types
of weights are involved. The first applies to the parameter that is only identified under the
alternative. It assigns a weight function Q(\) that can be given the interpretation of a prior
distribution over the possible break dates or break fractions. The other is related to how
far the alternative value is from the null hypothesis within an asymptotic framework that
treats alternative values as being local to the null hypothesis. The dependence of a given
statistic on this weight function occurs only through a single scalar parameter c¢. The higher
the value of ¢, the more distant is the alternative value from the null value, and vice versa.
The optimal test is then a weighted function of the standard Wald, LM or LR statistics
for all permissible break dates. Using either of the three basic statistics leads to tests that
are asymptotically equivalent. With J; denoting either of these three statistics, the class of
optimal statistics is of the following exponential form:

ST (VHQN),

where p is the number of parameters that are subject to change. To implement this test in
practice, one needs to specify Q(\) and c. A natural choice for Q(\) is to specify it so that
equal weights are given to all break fractions in some trimmed interval [e;,1 — e]. For the
parameter ¢, two possibilities have been considered, one version considers the limit as ¢ goes
to zero and puts greatest weight on alternatives close to the null value, i.e., on small shifts;
the other version considers the limit as ¢ approaches o , in which case greatest weight is put

1
Exp-Ji = (1+0)™" [ exp{;
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on large changes. With the proper normalization, this leads to two statistics that have found
wide appeal. When ¢ — o, the test is of an exponential form, viz.

T—[Te2]

Exp-Jp —log(T-' Y exp(%JT(Tl/T))).

T1=[T61}+1

When ¢ - 0, the test takes the form of an average and is often referred to as the Mean-
type test and is given by Mean-J; = T Z;::[[T;jh ., Jr(Ty/T). Simulations reported in
Andrews, Lee and Ploberger (1996) show that the tests perform well in practice, the Mean-
Jr having highest power for small shifts and the Exp-Jr performing better for moderate to
large shifts. The Sup-type tests were shown not to be optimal, except in a very restrictive
sense, though it is admissible (Andrews and Ploberger, 1995).

In a recent paper, Deng and Perron (2008) considered the CUSUM and CUSUM of squares
tests (Brown, Durbin and Evans, 1975) and showed that the local asymptotic theoretical
framework can give a very unreliable guide to the finite power function, especially when
dynamics is involved in the errors and a correction is applied to account for it. The basis
of this paper is to revisit the optimality of the Sup, Mean and Exp type tests when used
with either the Wald, LR or LM statistics using a different asymptotic framework based
on the approximate Bahadur slope. Our motivation stems from different features. First, as
documented in, e.g., Andrews, Lee and Ploberger (1996), none of the Mean or Exp-type tests
uniformly dominates the Sup-type tests. Second, using the Wald or LM as the base statistic
can lead to tests with very different power when dynamics is involved and a correction for
serial correlation is applied. Third, Praagman (1989) considered the problem of testing for
a change in mean in a sequence of independent and identically distributed Normal random
variables. He showed that the Sup-type test is Bahadur optimal in the sense that its exact
slope attains the bound derived by Raghavachari (1970). One may conjecture whether his
result extends to more general models, especially the linear regression with possibly serially
correlated errors. But the analysis based on the exact Bahadur slope is intractable under such
generality. We then use the approximate Bahadur slope, based on tests constructed using
critical values from the asymptotic distribution, and hope that it delivers useful guidelines
and efficiency comparisons in finite samples. It is our claim that indeed this is the case.

To keep things manageable, we consider the simple linear regression model. Two cases
are considered, one where the errors are white noise and the other where there is potential
correlation so that a non-parametric correction is applied to the Wald and LM statistics. Our
findings are in line with the finite sample evidence and imply the following relative efficiencies
of the various tests. First, with no serial correlation in the errors, tests based on the Sup
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functional have the same Bahadur efficiency as those based on the Exp functional and they
dominate the Mean-type tests. For a given functional, using the Wald statistic leads to better
tests than using the LR statistic, which in turn dominates using the LM. This last feature
is, however, not particularly useful since it pertains to non size-adjusted power; when power
is adjusted for size distortions using any of the three leads to tests with the same power, as
expected. Things are, however, very different when correcting for potential serial correlation
in the errors. In this case, we consider non-parametrically corrected versions of the Wald
and LM statistics. The Sup and Exp-type tests are still equally efficient and dominate the
Mean-type tests. The differences are, however, more important. With respect to the choice
between using the Wald or LM statistics, our results show a very clear advantage to using
the Wald statistic. Indeed, the LM statistic leads to tests with considerably lower power that
can even be zero or decrease as the magnitude of the break increases. Various simulations
support these theoretical results as useful guides for the power in finite samples.

The structure of the paper is as follows. Section 2 presents the models and the statistics
considered. Section 3 reviews the essential elements behind the concept of the approximate
Bahadur slope and the relative efficiency of tests. Section 4 presents results about the
tail probabilities of the limiting distributions. Section 5 considers the static regression with
uncorrelated errors and provides, in Section 5.2, additional evidence on the superiority of the
Sup functional relative to the Mean functional using the closely related concept of Pitman
efficiency. Section 5.3 shows via simulations that the theoretical predictions are in general
agreement with the finite sample evidence. Section 6 deals with tests based on a correction
for serial correlation. The main theoretical results are presented in Section 6.1. The causes of
low or decreasing power for LM-based tests are discussed in Section 6.2 and, in Section 6.3,
extensive simulations show the relevance of the theoretical results in finite samples. Section
7 presents brief concluding remarks and an appendix contains the technical derivations.

2 Model and Statistics

We consider a linear regression model where the coefficients of p regressors are subject to a
one time change at an unknown time. More precisely, the data generating process (DGP) is:

v =X.0,+w, B,=0+0-1(>[T)\)), Q)

with 1(-) the indicator function. The null and alternative hypotheses are: H, : § = 0 and
H; : 6 & 0. Note that this is a pure structural change model. All results remain qualitatively
the same for a partial change model at the expense of considerable additional steps and
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notations in the proofs. Let B, (r) denote a p-dimensional vector of independent Wiener
processes defined over [0,1]. Also, we use  to denote weak convergence, % to denote
convergence in probability and [-] denotes the largest integer not exceeding the argument.
We use the following high level conditions which are assumed to hold under both the null

and alternative hypotheses.

Assumption 1 Let v, = u Xy, E(vvy_;) =T and X =To+3 2 (T +17), then E(v;) = 0,
SUD;e(0,.... Ly} SUPre(o,1] || 7! Z,gl] vy — 14|l = 0p(1), Ty = 1", for Ly = o(T) and the

partial sums of v, satisfy the functional central limit theorem T /2 ZLZ] N PR 2B,(r).

Note that if the errors u; are uncorrelated, then ¥ = T'.

Assumption 2 The regressors are such that

(']
sup  sup [|770 30 XXy —rQll=0,(1), Q=@ )
j€{0,...,Lr} rel0,1] t=j+1

where Ly = o(T') and Q; is some non-singular fixed matriz bounded uniformly in j, i.e.,

supji<r, Q)| = c < oo

These assumptions are quite standard. They, however, preclude lagged dependent vari-
ables since they are assumed to hold under both the null and alternative hypotheses. It is
possible to extend the analysis to have lagged dependent variables and the qualitative results
remain the same, though the theoretical expressions are more complex, see Kim (2007).

We analyze two groups of test statistics. The first assumes (correctly) that the errors are
uncorrelated and that no correction for potential serial correlation is applied. The statistics in
the second group are modified versions which allow for serial correlation via a non-parametric
heteroskedasticity and autocorrelation robust covariance matrix (HAC). We consider tests
based on the Wald, LR and LM statistics using the three popular functionals Exp, Mean
and Sup to allow for an unknown break date.

More precisely, the test statistics in the first group are as follows. Consider the regression
equation (3). Since the true break date, T'\° is unknown, we construct our regression equation
with a generic break date 7'\, so that the regression is

p=XIB+ZN 0+ =W\, 0+ ((t=1,.,T) ©)

where Z(\), = X; - 1(t>[TA]), A A ={\=T/T|[TN+1<T, <T—[T\} with

0<A<1/2, W(\),=(X/,Z(\),),and 6 = (3,0). In matrix form,
y=XB~+ZN0+a=W(N)0+ i
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Let SSR, and SSR(\) be the restricted and unrestricted sum of squared residuals, respec-
tively. The Wald, LM and LR statistics are defined, as usual, by

SSR, _ SSR(\) SSR,

Wald (\) = T(SSR(A) —1), LM (\)=T(1 SSR, ), LR(\) = Tlog(SSR(A))‘
Note that we have the familiar inequality
Wald(\) = LR(\) = LM (). (@)

The tests in the first group are defined by the three functionals applied to the three statistics.
For J = Wald, LM or LR, the Mean, Exp and Sup-type statistics are defined by

1
Mean-J = ——— J(N),
TEE R

Bap-] = Wbr—gy & esvlyd ()

AEA
Sup-J = supJ(N).
AEA
If serial correlation and heteroskedasticity are present in the error process, it is easy/to see
that the OLS estimate of 6 in regression (3) satisfies, under the null hypothesis, 76 4

N0, (1/[(1 =) A)Qy'2Qyt). The robust Wald and LM statistics are then given by:

Wald, () = T (1= XM [(X'X) " 5 (XX) ]
LM, (N) = T7H (1= ) M[(X'X) 7 5 (X))

©®)
(6)

where 3, and 3, are consistent estimates of ¥, computed under the null and alternative
hypotheses, respectively. For J, = Wald, and LM,., the robust Mean, Exp and Sup-type
tests are then defined as above with J, instead of J. For notational simplicity, each test
statistic is denoted by three letters: the first for the functional used (M: Mean, E: Exp, S:
Sup), the second for the base statistic (W: Wald, M: LM, R: LR), and the last for the group
(S: Static, R: HAC covariance matrix estimate used).

,19
,19

3 Asymptotic Relative Bahadur Efficiency

The concept of the asymptotic relative Bahadur efficiency (ARBE) was first introduced by
Bahadur (1960) and further analyzed by various authors. We briefly review this concept
following the expositions given in Bahadur (1960) and Gleser (1964, 1966). Suppose that
there is a set of measures {F : 0 €}, defined on a sample space S of points s. The null
hypothesis is given by Hy : 0 Qg Q. Let {Z+} be a sequence of real valued test statistics
such that large values of Z are significant.



Condition 1 For each 0  Q, limy_,o Py (Zr < x) = Fy (x), for all z, where F (-) is a
continuous cumulative distribution function (c.d.f.).

Condition 2 There exists a function ¢ (), 0 < ¢ () < o, defined on 2 — £, such that
pjlim Krp/L(T)=c(0) forall§ Q—Qy, @)

where
Kp =—=2log (1= F, (Zr)) ®)

and L (x) is a continuous, strictly increasing function mapping (0, ) into (0, c ) with

The function ¢ (0) is called as the approximate Bahadur slope of Z;. When the exact finite
sample distribution function is used in (8), the resulting slope is called as the exact Bahadur
slope. Note that comparing the Z;’s is equivalent to comparing the corresponding Kr’s,
because K7 is a monotonic transformation of Z;. One advantage of dealing with K7 ’s
instead of Z;’s is that, provided the limiting distribution is a good approximation to the
exact finite sample distribution, the K;’s will be well approximated by a x? distribution
under the null hypothesis, no matter how the Z;’s are distributed. Hence, we can use a
common rejection region for different statistics without difficulty.

Consider two test statistics {Z%, i = 1,2} with corresponding functions K%, ¢ (6), and
L (T). The asymptotic relative approximate Bahadur efficiency (ARABE) of the two test
statistics is defined as

V12(0) = pTlg%O(K}/K%) ©

We are typically interested in the case where
LY (T) = L*(T), for all T. (10)

In this case, the ARABE is given as the ratio of the two slopes:

_ L ls(1=F(Z) &)
Vi) =Pl L T (22) T 2 0)

If the equality in (10) does not hold, then ¢, , & ¢! /c2, but the relative efficiency of the tests
is apparent, since we have v, , — 0 or o . There are a few ways to interpret the ARABE. In
this paper, we follow the original treatment by Bahadur (1960) as extended by Gleser (1964).
First define 3% (7|0) = Py(K% < ), i = 1,2. Under the alternative hypothesis, § Q — Qy,
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this is the Type Il error probability corresponding to the critical value v and 1 — 3% (v]6)
indicates the power. Let, 67(1,2,0) = sup. ¢ {57 (716) — B (710)}. It is said that Z2
Bahadur dominates Z}. (written Z2 A Z1) at 6  Q — Qq if limg . 67 (1,2]0) = 0. The
connection between the Bahadur dominance and the ARABE in (9) is given in the following
Lemma.

Lemma 1 (Bahadur, 1960) (i) If Z2 A Z} at 6§ Q—Qq, then vy, < 1; (ii) If1h, <1,
then ZZ A Z% at§ Q— Q.

Condition (i) and the converse of (i) imply that if ), , < 1, then ZZ A Z} and Z} does not
Bahadur dominate Z7. Hence, the distinction is sharp. On the other hand, when v, , = 1,
the comparison is somewhat inconclusive. As Bahadur (1960) states, v, , = 1 implies either
that each test dominates the other or that neither dominates. With this caveat in mind, we
shall, throughout this paper, refer to two test statistics with equal Bahadur slopes (¢, , = 1)
as being equally efficient in the Bahadur sense. We denote this relation by ‘.

In practice, the computation of the Bahadur slope is not always trivial because the exact
form of the cumulative distribution function is often not known. There are, however, cases
where it is relatively easy. Define D (a,d) to be the collection of all continuous cumulative
distribution functions F' that satisfy

—2log (1= F (z)) =az®(1+0(1)) asz - . (11)

For example, N(0,1) D(1,2) and x?(p) D(1,1). The following analysis imposes the
following condition:

Condition 3 Fz(x) D (a,d). Also, there exists a function v (#), 0 < v (f) < o, defined
on 2 — Qy, such that

pjlim Zp/b(T)=wv(0) forall 8 Q —Qy, (12)

where b (z) is a continuous, strictly increasing function mapping (0, ) into (0, )
with b(x) - © asxz — o .

It is straightforward to see, as shown in Bahadur (1960), that if Condition 3 holds we have
c(0) = alv ()¢ and L (T) = [b(T)]¢, where c¢(0) and L (T) are as defined in Condition 2.
Hence, the Bahadur slope can be computed in two steps, a strategy we shall take in this
paper. In Section 4, we discuss Condition 3 in more detail and, in subsequent sections, we
provide the Bahadur slopes of the test statistics.
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The following results follow from the setup discussed so far and will be useful to establish
the desired efficiency comparisons.

Corollary 1 Suppose that two test statistics, Z+ and Z2, have limiting distributions whose
c.d.f.’s belong to the same class D (a,d) and have the same scaling factor b(T), as stated in
Condition 3: (i) if ZZ2 A Z% at 6§  Q— Qq, then v* (0) /v?(0) < 1; (ii) if v* (0) /v (0) < 1,
then ZZ A Z% at§  Q— Q.

It is possible that the relative efficiency of two test statistics in terms of the approximate
slope can be reversed by considering the exact slope, a feature akin to the fact that the
power function and the size adjusted power function can yield a different ordering between
test statistics. However, it should be noted that this fact does not diminish the usefulness
of the approximate slope, especially when we need to choose among test procedures which
resort entirely to the limiting distributions. In most econometric models, simple simulations
can be used to check how close are the limit and finite sample distributions.

4 Asymptotic Tail Probabilities of the Limiting Distributions

We now apply the tools described above to provide a comparison of the relative efficiency of
the tests described in Section 3. We start with results about the tail probability of the limit
distribution of the statistics and later derive the required slopes for the two groups of tests.

It is well known that the tests considered in this paper converge weakly to functions of
the square of a standardized tied-down Bessel process of order p defined by:

By, (r)—rB, (1)]/ (B, (r) =B, (1)]
r(l—r) '

BSSZ (r) = [

We are interested in the distribution of the following three random variables corresponding
to the limit distribution under the null hypothesis of the Sup, Mean and Exp type tests:

T, = sup {BSS; (r)},
TE[X,I*S\]
1 1-X
T, = T 25\f;\ BSSE (r)dr,
1-X 1
T3 = log(1 — 25\f5\ exp(§BSS§ (r))dr).

It is difficult to directly compute the cumulative distribution functions of these random
variables. However, all we need are the indices a and d that define the set D (a, d) to which
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they belong, as defined by (11). These two parameters can be computed relatively easily
using large deviations techniques!.

Theorem 1 (i) The c.d.f of Ty is in D (1,1); (it) The c.d.f of Ty is in D (bs, 1), where by
is a function of X such that by >1 X (0,1/2), and by, is decreasing in \; (iii) The c.d.f of
T3 isin D (2,1).

The proof is provided in the appendix. The marginal distribution of BSS§ (r) atany fixed
r [N 1=2A] is x*(p), which belongs to D (1,1). It is interesting to note that taking the
supremum of BSS§ (r) yields a distribution with the same asymptotic tail behavior. More
precise approximations to the cumulative distribution function of 77 have been derived;
see, Miller and Siegmund (1982), Cstrgé and Horvath (1997) and Estrella (2003), among
others. Our result can be easily retrieved from theirs. However, our method of proof is much
simpler. The results pertaining to 75 and T3 are new to the best of our knowledge. The tail
probability of 7, does depend on . It is difficult to get an analytical solution for b5 and we
have tabulated below the values of by for selected values of A by numerical methods (with
details provided in the appendix).

A 001 0.05 0.10 0.15 0.20

by 197 183 1.69 157 147

The tail probability of the distribution of T3 is different from 77 but this is mainly due to
the 1/2 factor inside the exponent. Without this factor, the two random variables would
have distributions with the same asymptotic tail probability.

5 The Static Regression with Uncorrelated Errors

We first consider a comparison of the tests for the case of a static regression with uncorrelated
error, i.e., those in the first group, so that the following assumption is imposed

Assumption 3 E(u?|X) = 02 and E(uwu_;]1X) =0, |j| & 0.

u

We start in Section 5.1 with the derivations of the Bahadur slope and the relative effi-
ciency. Section 5.2 considers additional evidence on the superiority of the Sup functional
relative to the Mean functional using the closely related concept of Pitman efficiency. Section
5.3 shows via simulations that the theoretical predictions are in general agreement with the
finite sample evidence.

1See Dembo and Zeitouni (1998) for detailed discussion of large deviations techniques.
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5.1 The Approximate Bahadur Slopes and the Relative Efficiency of the Tests

In order to proceed, we first derive the limit of the restricted and unrestricted sum of squared
residuals under a fixed alternative ¢ € — €)y. We have
pjlim T 'SSR,
= pTlim T Y (I —Px)y= pTlim T (Z ()0 +u) (I—Px)(Z(\)0+u)
= p lim T0Z(\)MxZ (X)) 0+ o2
= X (1=X)0'Qob + 02 = p(X\)0'Qob + 02
and, uniformly in A A,
p:,lim T 'SSR())
= pjlim T %/ (I—Py)y= pjlim T (Z ()0 +u) (I—Py)(Z(\)0+u)
= p lim T Z (X)) MwZ (\°) 0 + o2
QENCX) 0000 + 02, if A< N
— (1-X) QO Ous f = q<>\, )\C>6/Q00 + 0_2'
(A=A 9 . U
——==0'Qo0 + oy, otherwise
Given these two probability limits, the next Lemma about the probability limits of the Wald,
LM and LR statistics follows immediately.
Lemma 2 Let the data be generated by (1) and suppose that Assumptions 1-3 hold. Let
a=0c2/0'Qul, then, at a fized alternative, 0  Q — Qq, uniformly in X [\, 1— )],

o A) = q(M\X)]0'Qof  p(A°) — q(A,X%)
lim 7 _ I : = ’
p fim T="Wald (3) dO NI Qo + o2 d0 ) +a

[P(A%) = g\ ANO'Qof _ p(X°) — q(A X)
p(A)0' Qo + o2 p(A\°) + a

pTlim T 'LM ()\) =

and

N A) = a(A X)) Qof p(X°) — (A X)
lim TR (\) — log(1 + & ’ = ).
p fim TOLREQA) =log(1+ = A=mp g+ o2 ) O ta )

The Bahadur slopes of Wald()), LM(\) and LR()) are the same as these limits because
all statistics have the same x?(p) limit distribution, which belongs to D(1,1). We can also
see that, as the magnitude of the break increases, the Bahadur slopes also increase?. This

log(1 +

2 As shown in Geweke (1981), when all tests have a chi-square limit distribution, the approximate relative
Bahadur efficiency can simply be computed as the ratio of the limits of the statistics under the alternative.
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observation indicates that the power is monotonic in the magnitude of the break. Also, note
that plim 7 'Wald(\°) and plim T-'LR(\°) are not bounded as a — 0 (0'Qyf — o ), while
plim LM (X°) - 1. It then follows from Lemma 2 that the following relations between the
tests hold with respect to the relative Bahadur efficiency.

Theorem 2 Let the data be generated by (1) and suppose that Assumptions 1-3 hold. Then,
we have, at a fived alternative 0 Q — Qq,

(i) Wald (\°) AWald (\), LM (X)) ALM(\), LR(\)ALR(\), ) 6 \;

(i) Wald(\) ALR(AN) ALM(N\), A A.

The first statement in the Theorem is fairly intuitive in the sense that the tests con-
structed with the correct break date dominate those with incorrect ones. The second state-
ment is a consequence of the inequality in (4) and the fact that the tests are constructed using
critical values from their limit distribution under the null hypothesis. If we consider using
critical values from the exact finite sample distribution, all of the three statistics Wald()),
LR(\) and LM(X) must yield the same power for a specific alternative because one is a
monotonic transformation of the other. The previous results are, nevertheless, needed to
derive results for the case of an unknown break when using one of the three functionals
Mean, Sup and Exp, which are stated in the following Theorem.

Theorem 3 Let the data be generated by (1) and suppose that Assumptions 1-3 hold. Let
a=02/0'Quf, then, at a fived alternative 0 Q2 —Qy, (i) for the Mean-type tests:

L) =g X
_ *f/_\ c )
1—2) S EY

L aap(A) —g(A X%

pTlim TIMWS =

lim T *MMS = = |5 d\
Pao 1—23* 7 p(\) +a
and 1 s (A9) = g(\, X%
lim T MRS = —— [ Mog(1 + B D220y,
P 1—2)72 og(1 + g\ X)) +a Jax
(i) for the Sup-type tests:
€(1— )\
p lim T7'SWS = p lim T~ 'Wald (\°) = M,
T—o00 T—o0 a
: _ . _ A°(1—X9)
1 _ 1 ¢y —
pjlglgoT SMS—pTIEI;OT LM()\>_>\C(1_)\C)+CL
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and
(1= A°
p lim T7'SRS = p lim T7'LR(X°) =log(1+ ¥);
(1ii) and for the Exp-type tests: plimp . T"'EWS = plimg_o.(2T)"1SWS, plimy_ oo T"'EMS =

plimr_(2T)"1SMS and plimr_ .o, T"'ERS = plimy_..(2T)"1SRS.

Remark 1 The fact that, for any given base statistic, the Sup and Exp-type tests have the
same slope as the corresponding base statistic constructed using the true break date does not
mean that the two are asymptotically equally efficient in the Bahadur sense. The testing
problems with a fixed known break date is different from that with an unknown break date. In
the latter case, the alternative is the union of alternatives corresponding to a range of break

dates. Hence, the slopes cannot be compared in any meaningful way.

Remark 2 It is of interest to consider the slope of the Sup-Wald test in the case of a shift
in mean, given by \° (1 — X\°) 62. When the errors are Normally distributed, this is the upper
bound attainable as shown by Praagman (1989) who showed the Sup-Wald test to be optimal
in the Bahadur sense. It is reasonable to conjecture that a similar optimality result holds in
the general linear model. The analysis, however, requires the use of the exact as opposed to
approximate slope, which is intractable in the general setup considered and also requires a

stand on the distribution of the errors.

From these probability limits and Theorem 1, the Bahadur slopes can be easily computed
and the next Theorem about their relative efficiency follows, where we use the notation (A)
for a result obtained using numerical methods as opposed to theoretical relations.

Theorem 4 Let the data be generated by (1) and suppose that Assumptions 1-3 hold. Then,
we have, at a fixed alternative 0 — Q,

(i) SWS EWSASRS FERSASMS EMS;

(ii) MW S A MRS A MMS;

(i) SWS  EWS (A) MWS, SRS ERS (A) MRS, and SMS EMS (A) MMS.

Consider first comparing the tests based on the Wald, LM or LR statistics using a given
functional. In all cases, the results indicate that the Bahadur slope with the Wald statistic
is higher than that with the LR, which in turn is higher than that with the LM. This again
is not surprising in view of the inequality (4). It nevertheless indicates clearly that if tests
are constructed with critical values from the asymptotic null distribution, the highest power
is obtained using the Wald test. The size-adjusted powers are, however, equal.
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Of more importance is the ordering obtained when using the different functionals based
on a given statistic. As stated in part (iii) of the Theorem, the Sup-type tests have the same
Bahadur slope as the Exp-type tests and both dominate the Mean-type tests. This result
is important because it states that the Sup-type tests are as efficient, in the Bahadur sense,
as the Exp-type tests. This stands in contrast to the analysis of Andrews and Ploberger
(1994) based on a local power asymptotic analysis whereby the Exp-type tests are found to
be optimal for distant alternatives, the Mean-type tests optimal for alternatives near to the
null value and the Sup-type test not to belong to the general class of optimal tests.

Figure 1 presents the asymptotic relative efficiency of the Mean-Wald to the Sup-Wald (or
Exp-Wald) for A = 0.15, A°  [0.15,0.85] and values of a ranging from 0.05 (large breaks) to
10 (small breaks). These were obtained by numerical evaluations. There are several features
worth commenting upon. First, in all cases, the relative efficiency is less than one, which
provides the basis of our assertion in Theorem 4 that the Sup and Exp-Wald tests dominate
the Mean-Wald test. Second the extent to which the Mean-Wald is inefficient increases
as \° deviates from 0.5 (mid-sample) and as a decreases (larger breaks). The asymptotic
relative efficiency can indeed be quite low (e.g., 20%). The maximal relative efficiency is
approximately 0.8 obtained as the limit when ¢ - o with \“ = 0.5.

Our results do not provide a complete ordering of all tests since the relative efficiencies
of SRS versus MW S, SMS versus MW S, and SMS versus MRS depend on the specific
values of X\ and a. This is of little concern, however, as the results clearly indicate that
the preferred tests are those based on the Wald statistic using the Sup or Exp functionals.
Because the Exp-type tests are as efficient in the Bahadur sense as the Sup-type tests and
more efficient from a local asymptotic power perspective, it is reasonnable to expect that the
former would perform better in finite sample. These and other issues will be investigated
using finite sample simulations.

5.2 Connection to Pitman’s Efficiency

It is useful to relate the results about the Bahadur efficiency to the concept of Pitman
efficiency. This will allow us to provide additional evidence about the superiority of the Sup
functional relative to the Mean functional (at this point the efficiency of these tests relative
to the Exp-type tests remains to be established).

Suppose that we are comparing two sequences of tests using a size o, {Z%, i = 1,2}. For
each sequence, define T%(6, a, 3) to be the first sample size after which a power not less than
[ is guaranteed at a specified alternative § Q — Qy. In general, the asymptotic relative
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efficiency (ARE)? of these two tests are defined by the ratio ARF; » = T%(0,«, 8)/T*(0, o, 3).
The asymptotic relative Pitman efficiency (ARPE) of {Z1.} with respect to {Z2} is then:

ARPE, 5(a, 8) = lim T?(0,«, B)/T*(0, , B).

96,

Since the limit does not always exist, an extended definition of the ARPE is

ARPE,(a,8) = suplimsupT?(0, e, 8)/T(0, v, B),

II 0—0¢

ARPE;y(a.8) = infliminfT*(0, 0, 8)/T"(0, 0, 8),

where II is the set of all possible sequences of {¢;} which converge to ¢,. The asymptotic
relative exact Bahadur efficiency (AREBE) of {Z1.} with respect to {72} is:

AREBE, 5(0, 8) = lim 20,0, B)/TH (0, , B).

Consequently, if limy g, and o0 7" (0, v, 3)/T?(0, a, 3) exists (see Apostol, 1974, p. 199 and
p. 231), then lim, .o ARPE; »(c, 8) = limy_9, AREBFE) 5(6, 3). It is not easy to compute*
the ARPE and AREBE of the tests considered in this paper, though the ARPE can be
simulated by deriving the weak convergence limits of the tests under local alternatives as
done in Vogelsang (1994). Also, more work is involved to show the existence of the double
limit. However, as Bahadur (1960) notes, it is known that the approximate slope is usually
a good approximation to the exact slope near the null hypothesis. Then, it is natural to see
whether the limiting ARPE can be computed from the approximate Bahadur slopes. Wieand
(1976) provides a condition under which the limiting ARABE as the alternative approaches
the null and the limiting ARPE as the size approaches zero coincide. Wieand’s condition
involves the approximate Bahadur slope originally given by Bahadur (1960). Since we are
using the approximate Bahadur slope as specified by Gleser (1964), the following is a modified
version of Wieand’s condition so that it can accommodate Gleser’s (1964) modification.

Wieand’s (1976) Condition Let (0y,0%) = (6o — 0%,00 + 6*)\dy. Suppose that {Z;}
satisfies Condition 3 with a strictly increasing c.d.f., b(T") = 7 and limy_,y, v(0) = 0.
There is an interval 1(6,,0") Q — Qg such that, for every ¢ > 0 and § (0,1),
there is a constant C' > 0 such that for all &  1(6,,60*) and T > C/[v(#)]*/* we have
Py|T*Z7r —v(0)] < ev(h)] >1—6.

3For a review of ARE, see Singh (1984) and Nikitin (1995).
“4In general, the ARPE can be computed by Theorem 3 of Rothe (1981) and the AREBE by the exact
Bahadur slopes.
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Under this condition, Wieand (1976) found upper and lower bounds for 7'(6, «, 5) in terms
of the approximate Bahadur slope. Using these bounds, it can easily be shown that the
limiting ARABE and the limiting ARPE coincide. The following Lemma, which is taken
from Wieand (1976) and modified to our purpose, states these upper and lower bounds.

Lemma 3 Suppose that {Z1} satisfies Wieand’s condition. For any given € > 0 and §
(0,1), let I(6y,0") be the interval specified in that condition. Then there is an o > 0 and
0 I(0o,0%) such that for 0 1(00,0™), 5 (0,1 —0) and o (0,a*), we have

[ —2log o 1 —2log o 1 J1/tds)

(1 + 5)d(2+s)+1 a[v(g)]d (1 —_ E)d(2+s)+1 CL[’U(Q)]d !

The proof of this Lemma is provided in the appendix. It is worth mentioning that, as
¢ gets smaller, so is o*. This bound also suggests that we need ds = 1 in order for the
two limiting measures of efficiency to coincide. Nevertheless, even if ds & 1, these bounds
provide useful information about the limiting ARPE using the limiting ARABE. From this
Lemma, the following results follow.

V@) <70, 0,8) < |

Lemma 4 (Wieand, 1976) Suppose {75, i = 1,2} satisfy Wieand’s condition with a;, d;,
v;(0) and s;, i = 1,2. Also, limg_g, a1[v1(0)]" /az[v2(0)]%2 exists and is finite and dys; =
dyse = 1. Then for 3 bounded away from 0 and 1, we have
(z')elingl 1y 5(0) = lir%ARPEfL2(a,6) = hH})ARPEb(O‘aB);
—0p a— ’ a— ’
(ii)elinel V12(0) = lin%) ARPE; 5(a, B),
—0g a—
if the ARPE (v, B) exists for all a in some interval of the form (0,a’).

The following Proposition states the results pertaining to the tests that we compare here.
Proposition 1 Let the data be generated by (1) and suppose that Assumptions 1-8 hold.
Then, we have (i) Wald(X), LR(X\), LM (\), X A, satisfy Wieand’s condition; (ii)
SWS, SRS, SMS, MWS, MRS and MMS' satisfy Wieand’s condition.

The proof is provided in the appendix. In the following Theorem, we use to denote
two statistics with the same limiting ARPE.

Theorem 5 Let the data be generated by (1) and suppose that Assumptions 1-8 hold. Then,
(i) SWS SRS SMS Wald (X°) LR (X°) LM (X°);
(11) MW S MRS MMS;
(i1i) lim, o ARPE(MW S, SWS) = 0.78 (with A\ = 0.01);
(iv) lim,_.g ARPE(MWS,SWS) ™ 0.83 (with A = 0.2).
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The existence of the limit of the ARPFE can be easily seen by Theorem 3 of Rothe (1981)
and Theorem 4 of Vogelsang (1994). In (i) and (ii), it is seen that the difference between base
statistics disappears. In (iii) and (iv), the Sup-type tests are shown to be superior to the
Mean-type tests in terms of the limiting ARPE, which is consistent with the result obtained
using the approximate Bahadur slope

5.3 Finite Sample Power

To analyze the relevance of the theoretical results, we performed Monte Carlo experiments
about the raw (non-size adjusted) and size adjusted power of the various tests. The Data
Generating Process is given by (1) with a single regressor following an AR(1) process

Xe=p+&, §=p1+e (13)

where e,  i.i.d. N(0,1). We set 4 = 1 and p = 0.7. Also, in (1), v, i.i.d. N(0,1)
independent of ¢;, 5 =0 and 6§ = 0.4. We use three values of the break fractions, \“ = 0.3,
0.5 and 0.7. We consider tests of size 1% and 5% and various sample sizes between 7" = 100
and T = 400 are used. The number of replications is 3,000.

The results are presented in Tables 1 to 3 for A = 0.3, 0.5 and 0.7, respectively. The first
panel is for non-size adjusted power, while the bottom panel presents size-adjusted power.
The results are in general agreement with the theory. With non-size adjusted power, the
tests based on the Wald statistic have highest power while those based on the LM have lowest
power. As expected, with size-adjusted power, there is no difference. Of more importance
is the comparison across the three functionals. Tests based on the Exp functional generally
have the highest power. Tests based on the Sup functional are more powerful than those
based on the Mean functional unless the sample size is small (e.g., smaller than 125) or
when X = 0.5. Their power function is also quite close to that of tests based on the Exp
functional, especially as the sample gets larger. As predicted by the theory the discrepencies
in power between the tests based on the Mean functional and those based on the Exp or Sup
are more pronounced when the break point is further away from mid-sample.

We have tried a variety of simulations with other Data Generating Processes, including
different values for the magnitude of the breaks, and the qualitative conclusions stated above
remain. The fact that our theoretical predictions are generally supported in finite samples is
important. It lends credence to the claim that the Sup-type tests are indeed as efficient as the
Exp-type tests according to some well defined and accepted criterion, namely the Bahadur
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efficiency. The results are, however, even more pronounced when the tests incorporate a
correction for serial correlation in the errors, which is discussed next.

6 Tests Based on a Correction for Serial Correlation in the Errors

We now consider a comparison of the tests for the case of a static regression with potentially
serially correlated and heteroskedastic errors, i.e., those in the second group. In this case,
the statistics available are those based on the Wald or LM statistics appropriately corrected
so that the limit distribution is the same as in the case with white noise errors without a
correction. The main theoretical results are presented in Section 6.1. The causes of low
or decreasing power for LM-based tests are discussed in Section 6.2 and, in Section 6.3,
extensive simulations document the relevance of the theoretical results in finite samples.

6.1 The Approximate Bahadur Slopes and the Relative Efficiency of the Tests

In order to proceed, we impose the following additional assumption.

Assumption 4 7! ZtT . kXtX’k2 = 0,(1), and with Ly = o(T) and S; = X;X,0 for a fived
0, supyjicqo....r) SUPrepo) 1T~ 1ZtTS]+1 Spvy_=r¢(8, )|l = 0p(1), and supjero,... 1} SUPrejo 177 1Z£§]+1
r&(0, )| = op(1) (€(0,—j) = £(0,7)), where ((0,j) and £(0,j) are some fixred matrices
bounded uniformly in j. Also, there is a fized matriz Z(0) such that h(T) *{£(0,0) +
Zle k(j/L7r)(&(0,7) + £(0,5))} - Z(0), with k() a kernel function, Ly the bandwidth
and h(T) a continuous, strictly increasing function mapping (0,0 ) into (0,0 ) such that

limp o h (T) =00 and 0 <limyr_ h(T) /T < 1.

These conditions are satisfied in most cases of interest, though, it precludes cases such
that || 77 €(0,7)]] < oo . This is simply a matter of convenience. The qualitative results
obtained carry through with similar relative efficiency measures even though the Bahadur
slopes would have a different form. To illustrate, let X, be stationary and ergodic with a
finite fourth moment. Then

1 [Tr]
[TT] —%1 Sifi
[Tr] [T7] (] ]
) [T—lr]t—;rl( . [Z}T] talst)( [T—ldt_%ilsg_j) " ([T—lﬂt—%;rl )([Y}r] t %1S£ -5

L cov(S;, Si_j) + ES; - ES, = £(6,5).
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If 3772 keov(S;, S;—j)k < e and the Bartlett kernel (x(j/Lr) = 1—j/Lr if |j| < Ly and
0, otherwise) is used with Ly = T%/3, then, h(T) = Ly and
1 T ) ) N
h(T) =1
1 L
T j=1
T

+LiT{cov(st, S) + 3 w0/ L) (cov(Si, So_y) + cou(Si, So;)}

1

J

so that Z(0) = ES, - ES.. In the case of a change in mean with X, = 1 for all ¢, £(6, j) = 6
for all j, and if a Bartlett kernel is used Z(6) = 6°.

Denote by u; the residuals from the unconstrained regression and v, = u;.X;. The sample
autocovariance of o, is given by, for 0 < j < T—1, T, = T7'3_ . &4 ;, and, for
—T+1=j<0,I'; =1I";. The class of estimates of the long-run variance X is given by
S\ =31 74 k(75T This estimate is used to construct the modified Wald statistic (5).
The estimate of ¥ used to modify the LM statistic is defined similarly with 4, replaced by
uy, the residuals obtained from estimating the regression imposing the null hypothesis of
stability. It is denoted by ... It is well known, that these estimates will be consistent under
the null hypothesis if Ly — © and L2/T - 0asT — .

It is proved in the appendix that, at a fixed alternative  Q — Q,

L & X(L=X)E(0. ) + T, (14)
uniformly in j, and

F] - ()\7)\8))\0

L XNy ) Ty, A=
2¢(0,5) + T, otherwise,

uniformly in j and A. This implies that A(7)~!3, 5 A°(1 — A°)Z(6), and, uniformly in ),

A=A (1=X) = ; c
1 i] p %:(9), |f)\S)\,

A - Axe ,
hT) A2 =(9), otherwise.

Also, for a fixed alternative § Q — Qg, uniformly in A,

j o | AN AS X
26, otherwise.
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Therefore, we obtain the following Bahadur slopes and comparison results for the Wald,.(\)
and LM, () statistics, where we use the fact that 'Q,=(6) Qo0 = 0'Qo[Q00' Qo] Qo = 1.

Lemma 5 Let the data be generated by (1) and suppose that Assumptions 1, 2 and 4 hold.
Then, at a fized alternative 8  Q — €, uniformly in X,

M) A< A

p lim A(T)T'LM, (\) ={ N0
T—o0 (A=X)A¢ th )
s Otherwise,
and
pjlgrolo T'Wald, (\°) = (1 — X)X ay, (15)

where ay = 0'QoX Q0. Also, we have the following limit pointwise in \,

MY e < )N

p lim W(T)T'Wald, (\) = { X7V° (16)
T=oo A A > )X

and, for any e > 0, uniformly in A\,

ALA) N < A — g,

p lim W(T)T"‘Wald, (\) ={ N7 (17)
e O ifA> X +e

The Wald, (\°) statistic (evaluated at the true break date) diverges at the fastest rate
and thus dominates the other statistics in the Bahadur sense. This will be a key ingredient to
show the superiority of using the corrected Wald statistic when the break date is unknown.
Note also that Wald, (\°) is the only statistic that is free of the scaling factor ~(7") and the
probability limit of T-'Wald, (\°) is essentially of the same form as that in Lemma 2. The
break parameter 0 affects Wald, (A\°) only through as, which is monotonically increasing
in ||0]|. Therefore, the use of a HAC estimator barely affects the asymptotic behavior of
Wald, (A°) under the alternative hypothesis. The picture is quite different for the other
statistics. They diverge at a slower rate due to the factor 4(7"). This will have important
implications, given that if the bandwidth is chosen using a data dependent method, it can
be an increasing function of ||0|| (see Crainiceanu and Vogelsang, 2001) so that the Bahadur
slope is decreasing in ||6]|, with the ensuing possibility of non-monotonic power.

The results stated in the previous Lemma imply the following ordering in terms of the
relative Bahadur efficiency.
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Theorem 6 Let the data be generated by (1) and suppose that Assumptions 1-2 and 4 hold.
Then, we have, at a fixed alternative 6 € — Q,

(i) Wald, (\°) A Wald, (\), A& X\ and LM, (\), X A;

(i) LM, (X°) A LM, ()\), X 6 \°;

(iii) Wald, (\) A LM, (\), A A.

The following Theorem states the probability limits of the tests in the second group.

Theorem 7 Let the data be generated by (1) and suppose that Assumptions 1, 2, and 4 hold.
Then, at a fized alternative 0 Q — Qq, (i) for the Mean-type tests, we have:
p lim A(T)T'MWR = o and p lim T'MWR=0

T—o00

and

- 1—)\))\C
— A9\

. . )
p Jim W(T)T~'MMR = - fx X: L+ [

y d\)

(ii) for the Sup-type tests:
pTh_{r()lo T 'SWR = pTlgr;o T 'Wald, (\°) = (1 = X)\ay
where as = 0'QoX"1Qu0, and
p Jim h(T)T'SMR = p lim h(T)T~'LM, (X) = 1
(i11) for the Exp-type tests:

p lim TT'EWR = p] hm (QT) 'SWR

T—o00

and

p lim W(T)T'EMR = p lim h(T)(2T)"'SMR.

T—o00

The proof is given in the appendix. As in the case with serially uncorelated errors, the
Exp and Sup-type tests have the same probability limit as the base statistic with the correct
break date. Also, the SWR and EWR are the only tests asymptotically not affected by
the choices of a kernel and a bandwidth and their Bahadur slope is always monotonically
increasing in |[|0||. For the other tests, the Bahadur slope is invariant to the magnitude of
the break. The latter can influence their power via the choice of the bandwidth L;, which
can depend positively on the magnitude of the break, hence the possibility of non-monotonic
power applies (see below). Regardless of the type, the Wald-based tests diverge faster than
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the LM-based tests. Note that for the MWR test, we do not have a limit value. This is
due to the fact that the result (16) in Lemma 5 is only valid pointwise in A, not uniformly.
However, we can use the uniform limit (17) to derive the stated results, which provide upper
and lower bounds on the rate of divergence of the MWR test. This is sufficient to obtain a
Bahadur ordering, as stated in the next Theorem, since the MWR diverges at a slower rate
than the Sup and Exp-Wald tests but at a faster rate than any of the LM-based tests.

Theorem 8 Let the data be generated by (1) and suppose that Assumptions 1-2 and 4 hold.
Then, at a fized alternative 8  Q — ),

SWR EWRAMWRASMR EMRA MMR.

Unlike in Theorem 4 for the case of uncorrelated errors, we now have a complete ordering
of the tests in the second group. The Sup-Wald and Exp-Wald tests dominate all others in
terms of Bahadur efficiency. It is important to note that when the Wald and LM statistics
are corrected for the possible serial correlation in the errors, they are no longer a monotonic
transformation of each other. Hence, though the ordering applies to raw non-size adjusted
power, the same ordering can continue to hold with size adjusted power. This will be
illustrated using simulation experiments presented below.

6.2 Causes of Low or Decreasing Power

In practice, the bandwidth is often chosen by a data dependent method. It is of interest to
see what are the implications of doing so on the power of the tests. Consider first the LM-
based tests when Andrews’ (1991) data dependent bandwidth using AR(1) approximation is
used. For simplicity, we consider the case with a single regressor. The bandwidth chosen will
be Ly = c(aT)"/?, where & = 45°/(1 — *)? and p = I'y/Ty, with T; = T-1 320 | ).
Using (14), we deduce that

p A(1—X)E0,1) + Ty

X1 =X)E0,0) + Ty

where £(6,7) = Cov(Sy, Si—;)+(ES;)?. Recall that S, = X?6. Then, we have Cov(S;, S;—;) =
Cov(X}?, X2 ;)60% and (ES,)? = (EX}?)%6%, so that

F

o M= X)[Cou(XE, X2 ) + (EXP)*]0" + T
Pl = TR A= ) [Var(X2) + (XD + Ty

There are two leading cases for which the probability limit of p will be one. The first is the
simple mean change model where X, = 1 for all ¢, Cov(X?, X? ;) = Var(X?) = 0, so that
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plimy_ p=1as §? - . As shown in Crainiceanu and Vogelsang (2001) and Deng and
Perron (2008), & = O,(]|0]|*) and Ly = O,(]|0]|*/?T"/?) so that the bandwidth is increasing
as the magnitude of the change increases.

The other case in which plimy .., p - 1, even keeping 0 fixed, is when EX? (= VarX; +
(EX;)?) - o . We then have & = O,((EX;)*) and Ly = O,((EX;)*?T"?). The relevance
of this last case occurs when the mean of the regressor is large. What the analysis reveals is
that the larger this mean the larger will be the bandwitdth selected.

The dependence of a data dependent bandwidth on the magnitude of the break in the
mean shift case or on the mean of the regressors in the general case is an important ingredient
that will affect the power of the LM-based tests since the rate at which they diverge decreases
as the bandwidth increases. Our results indeed imply that the power will eventually decrease
to zero in such cases. These features do not affect the Exp and Sup tests based on the Wald
statistic since their rate of diveregence is not affected by the bandwith and their limit value
is monotonic in the magnitude of the break.

We shall verify via simulations that these features are actually of importance in finite
samples but we first consider an alternative way to address the problem theoretically. To do
so we adopt an asymptotic framework where the bandwidth is proportional to the sample
size as in Keifer and Vogelsang (2005) and where the magnitude of the break is increasing.
These features are made precise in the following Assumption.

Assumption 5 The alternative hypotheses is specified by the sequence {07 (0) = 0-T* : 0
Q—Qo, k> 0}, and the bandwidth is such that Ly = 7T, for 0 <1 < 1.

We need the probability limits of the test statistics under {0, (¢)}. Define the partial
sums of v; and v, by §t = Z§:1 v; and S, = Z§:1 0;. Then, under a sequence of alternatives
{01 (0)}, we have, uniformly in » [0, 1], T—l—’@m L f(r,0)Qo0 and, uniformly in A and
r, T77% S B g(r, ) Qof, where f(r) = [r — A+ — (1 — \°) and
r =)A= X)) = [r = A0 =)A= A) -1 = A")}

A1=N) ’
with [-]* denoting the positive part of a function and A™ = max{\, \°}. When A\ = \°, the
regressors are correctly specified and thus
[r = X)F
1—=X°
Given these convergence results, it follows that

or.X) = [ = X" =

[r = X T

B LA
1—=X°

_1/2 4 r . o ~
T 1/2S[TT] Zl/Q[Bp(T) - p(l) - FBP(A ) + Bp(>‘ )] = 21/231)(7”)-

TS, L FQuHQo,
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T2, B GNQuh0' Qo

and, if A = X\°, 3,  X12Q,ZY%. The constant F, the function G(\) and the random
matrix @), are defined by: (i) if x(-) is twice continuously differentiable everywhere,

1 ,r—s
Fo= =JyJo5r" (=) 1) (s)drds.
GO = =i R (gt Ngls, Nidrds, i 26
1, r—s = ~
Qr = —Jy Jy 5K (—=)B,(r)B,(s) drds,

where () is the second derivative of x(-); (ii) if x(+) is continuous, x(x) = 0 for |z| = 1,
and x(x) is twice continuously differentiable everywhere except for |z| = 1,

F = —ff|T_s<T%/{”(r—:g)f(r)f(s)drds + 2’1/_7(1) folin(T + 1) f(r)dr,
G = —f flm<%n"<r—:9>g(r, A)g(s, \)drds + 2”/—7(1) ST + 7, N)g(r, N)dr,
Q. = —f f|rS<T%/€”(T—;S)§p(7’)§p(s)/drds 2e) I By(r +7)By(r)dr,

where «’ (1) is the derivative of x(z) from the left at « = 1; (iii) if (-) is the Bartlett kernel,

F o= /1) [y f) f(r)dr = 2/7) [, f(r + 1) f(r)dr,
G\ = (2/T)f01g(7’, N g(s, N)drds — (2/T)f01_Tg(7“ + 7, A)g(r, \)dr,
Q- = (2/7) [y By(r)By(r)dr — (2/7) [, B,(r +7)B,(r)dr.

Finally, note that under the sequence of alternatives {6+ (9)}, we have, uniformly in ),

. =20, if A=A
2°6, otherwise.

Using these results, the next Lemma follows immediately.

Lemma 6 Suppose the data are generated by (1) and Assumptions 1-2 and 4-5 hold. Then,

p lim LM, (\) = (13); : f ,
T—o0 %7 if)\ > )\07

and

T 2"Wald, (\°) = (1 = X)\az + 0,(1),
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where az = 0'Qo[X12Q, XY 71Qof. Also, we have the following limit pointwise in A,

AAXD i\ <)

p Jim Wald, (\) = 8:1))(?;) .
—oo s oA >N

and, for any e > 0, uniformly in A\,

QXD i\ < N\ — g,

p lim Wald, (\) = (if/)\\)c/:\(c,\ga
e UG i n > X e,

This Lemma shows that only the statistic Wald,. (\), constructed with the correct break
date, is consistent. Its rate of divergence is also faster the larger & is. On the other hand, the
Wald statistic with an incorrect break date or the LM statistic with any break date, including
the true one, are not divergent despite the fact that the alternative is getting further away
from the null value as T increases. This is an important result because it shows that a
data dependent method which yields a large value for the bandwidth can deteriorate power
substantially. These considerations lead to the ordering stated in the following Theorem.

Theorem 9 Suppose the data are generated by (1) and Assumptions 1-2 and 4-5 hold. Then,
(i) Wald, (\°) AWald, (\), LM, (\°) A LM, ()\), X6 \;
(i) Wald, (\) A LM, (\), A A.

From Lemma 6, it is easy to deduce the probability limits of the Sup, Mean and Exp
tests based on the Wald or LM statistics. These are stated in the following Theorem.

Theorem 10 Suppose the data are generated by (1) and Assumptions 1-2 and 4-5 hold.

Then,
T 2SWR, 2T " EWR, T~ **Wald, (X°) = (1 = X)A°as + 0,(1),
pjllm T 2*MWR=0 cmdp hm MWR = o,
XJ) 12 (1= M)
lim MMR = d\ - d\
and
lim SMR = p lim 2EMR = p lim LM, (x) = 20— A)
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All tests based on the LM statistics are inconsistent and their limit value is also invariant
to the magnitude of the break. This is not the case for tests based on the Wald statistic.
The Sup-Wald and Exp-Wald tests have the same limit and divergence rate as the Wald test
constructed with the correct break date. Their limit value is also monotonically increasing
in ||0]] and invariant to the choice of the kernel. Note that for the MWR test, we again do
not have a limit value, but rather upper and lower bounds on the rate of divergence of the
MWR test. This is sufficient to obtain a Bahadur ordering, since the MWR diverges at a
slower rate than the Sup and Exp-Wald tests but at a faster rate than any of the LM-based
tests. These results lead to the following complete ordering.

Theorem 11 Let the data be generated by (1) and suppose that Assumptions 1-2 and 4-5
hold. Then, SWR EWRA MWRA SMR EMRA MMR.

The ordering is the same as the fixed bandwidth case, but the superiority of tests based
on the Wald statistic over those based on the LM is more pronounced.

6.3 Simulations

We now present various simulation experiments to illustrate the relevance of our asymptotic
theoretical findings in finite samples. We start with the same DGP used in Section 5.3 using
the same specifications with no serial correlation in the errors (the number of replications is
again 3,000 for this and all experiments discussed in this section). However, we apply a non-
parametric correction for potential serial correlation using Andrews’ (1991) data dependent
method with an AR(1) approximation and using the Bartlett kernel. If the selected value of
the bandwidth is larger than 7" — 1, it is truncated at this upper bound.

The results are presented in Tables 4 and 5 for \° = 0.3 and 0.5 (the results for A\“ = 0.7
are similar to those of \° = 0.3) . What transpires from these are the following features.
First, for a given functional, the LM-based tests are noticeably inferior to the Wald-based
tests. The difference in non size-adjusted power can be substantial, as predicted by the
theory. They also remain if one corrects for size distortions. Second, again as predicted by
the theory, the Mean-type tests have lower power than the Sup or Exp-type tests, especially
when the break date is not at mid-sample (e.g., A° = 0.3, 0.7). When \° = 0.5, the differences
are smaller, though still important for small samples and when the size of the test is small.
The performance of the Sup-Wald test is close to that of the Exp-Wald test, though the latter
has slightly higher power across the various specifications. For this DGP, the size-adjusted
power of the Mean-Wald test is, however, superior to that of the Exp or Sup-Wald tests.
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This point to the fact that the concept of Bahadur efficiency is a good predictor of raw
(non size-adjusted power) but not necessarily of size-adjusted power. For a similar finding
in a different context, see Perron and Vodounou (2005). These features are due to the fact
that the DGP uses a relatively small break. Consider now a case with a larger break and a
DGP that do not imply important size distortions for any of the tests. It is a simple mean
shift model given by (1) with X; = 1 and i.i.d. errors. The magnitude of the break is 0.8.
The results are presented in Table 6 for A° = 0.3 and 7" varying between 50 and 200 (the
results for A = 0.7 are similar and when \° = 0.5, the differences are again smaller). Here,
the Mean type tests are clearly inferior in terms of raw and size-adjusted power, especially
when the sample size is small (see also Table 9 below and the accompanying discussion).

We now consider different experiments that will highlight the serious power losses that
can occur using an LM-based test. Consider first still using the same DGP as in Tables 4
and 5 but making the mean . larger, specified as a function of the sample size by p = 57"/,
and keeping the size of the shift constant again with 6 = 0.4. We only consider a break at
mid-sample (\° = 0.5) and the sample sizes are 7" = 100, 200, 300 and 400. The results
are presented in Table 7, which show that all LM-based tests have zero power (both raw
and size-adjusted) while all Wald-based tests have power 1, as predicted by our theoretical
results. Table 8 presents the power results for a slightly different configuration where now
the mean is fixed at some large value ;= 10 and the shift is made an increasing function of
the sample size # = T'/2. The results are very similar, with the LM-based tests having no
power, except for the Mean-Wald which shows some power when the size of the test is 5%,
though none when the size is 1%.

Consider now the case of a simple mean shift model specified by (1) with X, = 1 for all
tand v, d.4.d. N(0,1). We consider a fixed sample size 7" = 100 and a break at \° = 0.3
with g = 0 without loss of generality. We vary the magnitude of the break 6 between 0 and
10. The results are presented in Table 9. For small breaks, the LM-based tests have smaller
power than those based on the Wald statistic, but more importantly the power of the former
goes to zero as the magnitude of the break increases while that of the latter reaches one
quite rapidly. These results are consistent with the theoretical predictions and also hold if
one considers size-adjusted tests. To further illustrate the theoretical results of Theorem 7,
Table 10 presents the results of an experiment similar to that pertaining to Table 8. We
consider again the mean shift model but the shift is now an increasing function of the sample
size given by § = T''/2 using again 7" = 100, 200, 300 and 400. The results show unit power
for all Wald-based tests and 0 power for all LM-based tests.
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All experiments so far involved using a data dependent bandwidth and the main cause
of the power losses is the fact that in most of the cases the value of the bandwidth selected
is large. It is therefore useful to see what happens when the bandwidth is not affected by
the values of the parameters under the alternative hypothesis but is a fixed function of the
sample size. To that effect, we consider again the simple mean shift model with g = 0 and
the magnitude of the break fixed at ¢ = 0.8. The sample size varies between 7" = 50 and
T =200 and Ly = T'/3. The results are presented in Tables 11 to 13 for A = 0.3, 0.5 and
0.7. As predicted, the power of the LM-based tests is lower than that of the Wald-based
tests, though the size-adjusted power is similar. The results again show the Sup-Wald test
to have power close to the Exp-Wald and both dominate the Mean-Wald unless \° = 0.5.

We now consider a rather different experiment. An implication of Theorem 7 is that
the limit of the LM-based tests is invariant to the magnitude of the shift, a feature which
implies the possibility of no power whatever the magnitude of the change. Consider, for
example, the robust Sup-LM test (SMR). We have plimy_,o, h(T)T 1SMR = 1. Hence, if
the critical value used to construct the test is greater than Th(T)~!, the test will show no
power. This will not occur with the Sup-Wald test since its limit is an increasing function
of the magnitude of the break (and the rate of divergence does not depend on h(T')). To
illustrate this feature, we consider a DGP of the form (1) with 5 regressors generated by
independent AR(1) processes, i.e., X; = (Xis, ..., X5¢) With Xy = pu+ &4, i = p€iq1 + €t
with e;  d.i.d. N(0,1) and independent across i. We set = 1 and p = 0.7. The sample
size is set to 7' = 50. The vector of changes in the coefficients is § = (a,a,a,a,a) and we
choose values of a such the norm ||0]] = (5a%)/? takes values from 0 to 5. We evaluated
the power of the tests using the exact critical values for tests with size 5%. The results
are presented in Table 14. As can be seen, the exact critical values are indeed very large
in all cases and larger for Wald-based tests than for LM-based tests. Despite this fact, the
power of the Wald-based tests increases rapidly to 1 as ||0|| increases, while the power of the
LM-based tests rapidly becomes zero using the Exp or Sup functionals and remains close to
the size of the test with the Mean functional.

7 Conclusion

The usual methodology to analyze the power of test statistics and to suggest tests with some
optimal properties is a local asymptotic framework whereby the magnitude of the change
shrinks towards zero as the sample size increases. This is the approach used by Andrews and
Ploberger (1994) who considered optimal tests based on maximizing some weighted average
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of the local asymptotic power function. Their results suggest that the Mean-type tests are
optimal for alternatives close to the null value, the Exp-type tests are optimal for distant
alternatives, and the Sup-type tests do not belong to the general class of optimal tests. Also,
for a given functional, using the Wald, LR or LM statistic leads to asymptotically equivalent
tests, whether the statistics are adjusted for potential serial correlation in the errors or not.

Our theoretical approach based on the approximate Bahadur slope to compare structural
change tests yields different predictions. First, for a given base statistic, the Sup-type tests
are asymptotically as efficient as the Exp-type tests and they dominate the Mean-type tests.
This holds both when correcting for potential serial correlation or not, though the differences
are more important when applying such a correction. In the case of a static regression with
no correction for serial correlation, we show that, for a given functional, that using the
Wald statistic leads to tests that dominate using the LR statistic, which dominate those
based on the LM. This, however, reflects only the properties of raw or non size-adjusted
power. When considering size-adjusted power, using any of the three is equivalent. Things
are rather different when dealing with potentially serially correlated errors. Here, using the
LM statistic leads to tests with zero relative efficiency compared to using the Wald statistic,
and again using the Sup or Exp functional leads to the same asymptotic efficiency, which
dominate using the Mean functional. These theoretical predictions were shown to provide
accurate guidelines to the relative powers in finite samples. Hence, the theoretical framework
based on the approximate Bahadur slope clearly offers a better guide to the finite sample
properties than the local asymptotic framework when dealing with structural change tests.

The practical implications are the following. First, when dealing with dynamic systems
where one needs to correct for potential correlation, the LM statistic should not be used,
the Wald test is clearly preferable. Second, the Sup functional indeed is as efficient as the
Exp functional and should not be abandoned in practice. This is important especially when
dealing with multiple structural changes. Given the current state of developments, it is
at this point practically infeasible to compute the Exp-type test for typical sample sizes
when the number of breaks exceeds 2. On the other hand, the Sup-Wald test can easily
be computed using the algorithm of Bai and Perron (2003) for any number of breaks. Our
analysis has shown that using the Sup-Wald test of Andrews (1993) and its extension to
multiple breaks by Bai and Perron (1998) does not imply using inefficient tests, they are
indeed as efficient as the Exp-type tests according to a well defined comparison framework.
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Appendix

Proof of Theorem 1: Consider families of random variables {77}, {75} and {75}, as
¢ - 0, defined by

(R L AGR LA
TG[/\I )\] (1_T>
_xBB,(r) BB, (r

- e ERLYBR ),

1 1— 1 BB, (r) BB, (r)
1—25\f:\ L3 r(l—r)
where BB, (r) = B,(r) —rB,(1). Denote by {u.} the family of probability measures
induced by {77}, i« = 1,2,3. We show that {u'}, : = 1,2,3, satisfy the large deviation
principle (LDP) with a good rate function I’ (k). Given these rate functions, the result in
the Theorem follows immediately with k£ = 1. First define the measurable mappings:

A = sup {20y

TE[X,I*S\] r (1 - T)

)drl,

T; = elog|

folz(r) = i

foe(w () = logly—os i " exp(G =y

Then, we can write that 77 = f; (\/EBB,, (1), T5s = fo( BB, (r))andT5 = f3.( BB, (r)).
For simplicity, assume that p = 1. It is straightforward to see, from the Schilder’s Theorem
(Dembo and Zeitouni, 1998, pp.185) and the Contraction Principle (Dembo and Zeitouni,
1998, pp.126), that {u!} satisfies the LDP with the rate function

(k) = { inf{%fo |Z(7”)| dr:z(1)=0and SUP, ¢[51- /\]{ ?( }—k}, it 2 () H,

oo . otherwise.

{ g, if z(r) Hp

oo . otherwise.

where H; = { fg f(s)ds : f  L9[0,1]} denotes the space of absolutely continuous func-

tions with square integrable derivatives equipped with the norm ||gl|,;, = fo lg ()] dt]"/2.
Similarly, {12} satisfies the LDP with the rate function

I2(k){mf{ f0|z ?dr: (1) =0 and 1 /\IAT” dr = },ifz(r) H,

oo . otherwise.
(A1)



It is not easy to get the analytical solution of this variational calculus problem. The quantity
by in Theorem 1 is implicitly defined by this equation. The facts that b5 > 1, A (0,1/2)
and that b5 is decreasing in A can be easily showed by these two rate functions. Intuitively, we
are looking for a path with the least motion. In I* (k), it is required that z (r)* /[r (1 — r)]
achieves k at any time on [A,1—A]. On the other hand, in I?(k), it is required that it
maintains average height & over [A,1— A]. Obviously, we impose a stricter restriction in
the latter case, which results in greater motion. The details of the numerical method to
compute the values of b5 is provided below. Note that both of these two rate functions are
homogeneous of degree 1. The generalization to dimension p = 2 then follows directly.
Now, consider another family of random variables, {Tf} {T7 /2} and the corresponding
measures {fi.}. It is easy to see that {ji.} satisfies the LDP with the rate function I I (k) =
2I' (k). For {;i3}, it is sufficient to show that {7} and {3} satisfy the LDP with the same
rate function. Let .5 ={z X :d(3 /i (2), f3. (z)) > 0}. We shall show that for all § > 0,
limsup elog P (I'c 5) = — . (A.2)

e—0

Then Corollary 4.2.21 of Dembo and Zeitouni (1998) ensures the desired result. Given the
Holder continuity of order o« (0, 1/2) of the Brownian bridge process (Karatzas and Shreve,
1991, pp.56), the process defined by exp(BB (r)? /(2r (1 —r))) on the interval [\, 1— )] is
also Holder continuous of order o« (0,1/2). Let this process achieve its supremum at
r=r*and let S = BB (r*)* /[2r* (1 —1*)] = supre[xl_;\]{BB (r)? /[2r (1 —r)]}. Without
loss of generality, assume that »* & X\ and r* 6 1 — \. Fix o small enough so that =z
[0,1], [zlog(1/z)]'/? < z* and consider a curve defined by ¢, (r) = —C |r* —7|* + €. In
particular, we choose the smallest C' > 0 such that g (r) < exp(BB (r)* /(2r (1 —1))) for
r [\, 1=2A]. Let the positive part of g; (r) be defined by g (r) = g1 (r), if g1 (r) > 0
and 0, otherwise. Denote by R = [rq, ] the smallest closed interval which contains the set
{rlg (r) > 0} n [X\,1—=A]. Note that g (r;) = 0 and g (r;) = 0, which implies that

0<e®C(r*—r)*<1 and 0<e¥C(r,—r*)* < 1. (A3)
Now we can write

V_
f375 ( eBB (T))

~ clogl- 12Af1*exp<§ﬁffl)>dr1_elog[ s hen

= 510g 2)\{fr1 [—=C (r* =)+ €] dr+ [2 [=C (r—r")* + €] dr}]

- glog[lf%[(r )= O =) = = S =)
> clogl—[(ra — 1) — —— (" — 1) = —— (ry = 1]

1—2\ a—+1 a+1
= ol [(ra— 1) — —— (ra— )]

1—2\ a—+1

A-2



(T2_Tg)[ _
1—2\ (a+1)
where v = [1/(1 = 2)\)[e/ (o + 1)]. Therefore,

=S + elog| | =eS+elogv(re—r1)],

V_ V_
elogP(I'.5) = clog P(%fl ( €BB,(r)) — f3.( €BB,(r))|>9)

V. V.
_ 5logP(%f1( =BB, (1) — fse ("ZBB, (1)) > 6_
1 A5
v(rg—11) >?)

m?), (A4)

< clog P(—¢clog[v(ry —r1)] > &) = elog P(\log(
1

< ¢ log €7A6/8E<[m

) = =\ + clog B(|

where \ > 0. Let © denote the set of sample paths for which r, — 7 6 1 — 2.
E((ra=m1)") = E((r2—71) " | ©)P(©) + (1 —2))*P ().

Note that on © we have by (A.3), 2(¢5/C) Y/ = ry—ry = (e5/C)*. Hence, E((ry — 1) ") <
o, if E([C/eS]M*) < o . By Lemma 4.1 of Csérg and Horvath (1993), we know that for
a Brownian Bridge on [0, 1] there is a non-negative random variable ¢ such that £ |¢]" < o
for all » > 0, and

BB () — BB ()] < ]|t — 5| 1°g<|tT13|>W2 <clt—s,

forall 0 = t,s<1. Let S, = SUP[5,1 3] |BB (r)| and Sy = supjo,1) |BB (r)|. Note that
S, < S, < £. Furthermore,

e = exply )
_ L BBGY _ BBGY
2 rr(l=r) r(1-r)
- 165“ BB(r*)" _ BB(r) v BB(r)> _ BB(r)? i
2 (=) (L= r*(1—r*) r(l—r)
1 1 “2 _ 2 2 1 _ 1
< EQS[WBB(T ) —BB(r)"|+BB(r) lr*(l—r*) 7"(1—7")”
< Sl (11_ BB 07 = BBV |+ BB O b =
< %65[75\ (isj ) |BB (r*) — BB (r)| + S3h |r* —r|°]
1 25, T G327 [k o 2 1 * o
Ees[mﬂr r|* + 282k |r* —r|*] < €5¢ [5\(1_/_\) + Al |r* —r|*,
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where £ is some large enough constant. By definition, 0 < C' < e¢*[1/(A (1= X)) + hl.
Hence, we showed that E([C/e®)]M®) < o, X > 0. Given the finiteness of all moments,
the proof of (A.2) follows immediately from (A.4). The same arguments hold for p = 2.

Numerical Method to solve (A.1): We need to solve the calculus of variation problem

inf{%fol |2 (r)|? dr - 2(0) = z (1) = 0 and 1_25\f/—\ Ta=7)

where z(r) is absolutely continuous. If A = 0, this is the Sturm-Liouvile eigenvalue prob-
lem for which numerical methods are already developed. Unfortunately, our problem is
non-standard because of the truncation by \ at each end of the unit interval. The Euler
equation implies that the solution to this problem is a straight line over [0, ] and [1 —
A, 1]. Over [\, 1 — )], the Euler equation is given by a second order differential equation
whose solution can be written as a linear combination of hypergeometric functions. This
is the reason that an analytical solution is difficult to obtain. We rewrite this problem as
infe, o, [(1/20)(¢ + ¢3) + ((c1, c2)], where

1-X . 2 (N = —3) —
<<c1,c2)%mf{ O ) =, 2 (1-5) = o } A5

1L pl=h 2 g
and =55 5 " dr = 1

Suppose that ¢; and ¢, are given, then we can simply solve

1-X . 2-_—02—_202
linf{ Ll dr i z(N) =a, 2 (1= ) } (A6)

2 1 (1A =) g
and 1-2X JA r?lr—r) dr = 1.

The first order condition is given by Z(r) = Az (r) /(r (1 —7)), where X is the Lagrange
multiplier. We convert this second order differential equation into a system of first order
differential equations:

Z(r) _ 0 ﬁ 21(r) _ ﬁzg(r) | A7)
Zo(7) 1 0 29(7) 21(r)

For a given value of \ and the boundary conditions, this problem can be solved numerically
very accurately. We can also search for a value of A so that the solution of (A.7) satisfies the
constraint in (A.6). This procedure implicitly defines the function ((ci, c2) in (A.5). Given
((e1,¢2), we can minimize the original problem over ¢; and cs.

Proof of Theorem 2: For part (i), recall that ¢(A,\°) = (A= X)(1—X)/(1—N), if
A < A and (A— X9 A/, otherwise, and p(A°) = A°(1—X°). Note that ¢(\°, \°) =
0, q(0,X%) = q(1,X°) = p(X9), and ¢(\, X°) < p(X°) for all \. From the expressions of
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plimr .o, T"'Wald (\) and plimy_o, T~1LM (\) in Lemma 2 and the fact that the Wald())
and LM (\) statistics have a chi-square asymptotic distribution, the result follows. For part
(i), let z = (p(\°) +a)/(q(A, X)), then z > 1, and Wald(\) =z —1, LM()\) =1—1/x and
LR =logz. Using the fact that, = > 1, x—1>logxz > 1— (1/x), the result follows.

Proof of Theorem 4: For part (i), Theorems 1 and 3 show that the Exp and Sup-type
tests have the same Bahadur slope when the same base statistic is used. The argument in
the proof of Theorem 2 (ii) applies to the comparison across different base statistics. For
part (ii), the argument in the proof of Theorem 2 (ii) applies again. For part (iii), the results
were obtained using numerical evaluations as described above.

Proof of Lemma 3: The proof is similar to that of Wieand (1976). Let C' be the constant
in Wieand’s condition. In particular, choose C' large enough so that for all = > 2(C + 1)®,

(a/2)x%(1 —¢) < —log(l — Fz(x)) < (a/2)2%(1 +¢) (A.8)

and let o* = (1 — Fz(2(C + 1)%))/2. Let the c.d.f. of Z, for a sample size 7" be F(-) and
its inverse F.'(+). Choose 7" > 1/e such that for all T > T, 1 — Fr(2(C + 1)*) > o*, and
forall « (0,a*)

F'1—a)/(1+e) = F'(1—a) < F (1 —a)/(1—e). (A9)

Next, choose 6**  I(fy,0*) such that for all &  I(6y,6*), C/[v(0)]*/* > T" and v(f) < 1.
For any given 6 1(6,,6**), consider ' (C/[v(6)]"/*,C/[v(#)]*/*+1]. Then, from Wieand’s
condition,

Py(Zy >2(C+1)°) < Bp(Zr > (14+e)w(0)T°) < § < S,
which, in turn, implies that the power for a sample size T is strictly smaller than 5 when
the size is a. Hence, T'(0, o, ) > T > T'. By the definition of 7'(, «, 5) and the probability
estimate in Wieand’s condition, it is seen that

Frgas-1(1=0a) = (1 =e)u(0)(T(0,a,8) —1)" = (1 =€) u(0)T (0, a, B)°

and, similarly, Fi; . (1 —a) < (1+¢)""0(0)T(0, o, 5)°. By (A.9),
(1= u(O)T(0, 0, 8)° < F7'(1—a) < (L+)*0(0)T(0, v, B)".
By (A.8), the result in the Lemma follows.

Proof of Proposition 1: We prove only (ii). Part (i) can be proved easily from the proof
of (ii). First, consider SWS. Choose any 0 Q — Qg and restrict the analysis to the
set 1(6y,6). For simplicity, let v(\, A%, 0) = plim T~'Wald(\) and v(f) = supv(\, X, 0) =
plim T-1SWS. Without loss of generality, assume that 7(6,,6*) is small enough so that
v(f) < 1 for all &  1(6y,0"). Also note that there is a constant K such that for all
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0 1(ho,6"), kok*> Ju(f) < K. The convergence in probability of 7-1SSR()) is uniform on
1(0y,0") < A because, with Assumptions 1 and 2, we have

sup | T'SSR(N) = (A, X)0' Qo — 02|
0€I(00,0%),\eA

sup |70’ Z(X°) M Z(X°)0 — (A, X0’ Qob)|
6.\

IA

+sup |27 0 Z(\°) Myu| + sup | T~/ Myu — o3|
o py

IA

sup kok? sup HT_IZ(/\C)'MWZ(/\C) —q(\, AC)QOH
9 A

+ sup kfk sup ||2T_1Z(/\C)'MWUH + sup }T_lu'MWu - ai’
0 A A

IA

K s [T 20 My Z0) =4l )|

-1,

+Kysup |21 Z(X°)
A

where K, = sup, kok. For the restricted sum of squared residuals, 7-'SSR, also converges
in probability uniformly on (6, 0") > A by the same reasoning. Now, write the OLS estimate
of # in the regression (3) as
000 = [Z()' MxZ(N)] 7' Z(M\) My
= [ZON)'MxZ(N)] " Z(NMxZ(X)0 + [Z(A) Mx Z(N)] ™ Z(A) Mxu
= G@r\A)I+ [Z(N) MxZ(N)] ' Z(\) Mxu,

and define

~

Qr) = [00) = @22 (0,29 1Z0) M ZO)] [00N) = 4220, 1)) /o

Then, under Assumptions 1-3, A
Qr(A)  BSSA(N). (A.10)

Note that this weak convergence does not depend on 6. Let Q- (), 6) = 02Qr())/s?, where
s> =T~1SSR()), then Q7(\,0) is defined on I(6y,6*) < A and

Qr(\,0)  oZBSSE(N)/la(\ A0 Qb + o2 (A11)
Choose any ¢; > 0 and 6; (0,1). It follows that there is a constant C; > 0 such that for

all T'= 1, P(supy |Qr(A\)] < &1C1) > 1 =61, and thus we also have for any 0 1(0y,0%),
Pg(Sup)\ |QT(>\)| < 6101) >1- 51. If7T > C’l/v(é’), then

Pg(sgp |%QT(A)| < ew(f)) >1—0;. (A.12)
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Rewrite Q7 () as:

Qr(\) = Wald(\) + 0 o0 (M XY [Z(N) Mx Z(N)]gar (X, A0/ 52
=20 5.0 (A ) [Z(N) Mx Z(N]O(N) /5°
= Wald(\) — 0'Z(\) Mx Z(N)[Z(A) Mx Z(\)] ' Z(\) Mx Z(X9)0/ s>
—20' Z(\°) Mx Z(N)[Z(N) Mx Z(\)] " Z(\) Mxu/s*
= Wald(\) = ri0(A) —rer(X) = Wald(A) — rp ().

Now focus on ry () and 7, 7(\), and let

_ 1 ZX)YMxZN[ZN) Mx ZN] ' Z(A) Mx Z(X) _ [p(A°) = a(A A9)]Qo

Ar=A=7 52 dANX)Q0+ 02

First, it is seen that A, — A converges to a null matrix uniformly in 6  1(6,0") and A A.

Thus, for given ¢; and ¢y, there is 71 > 0 such that, for all 7' > T, P(sup, , kAr — Ak <
e1/K) > 1— 46y, and, consequently, for any 6  1(6y,0"),

1—6, < Py(Kuv(0)supkAr — Ak < £10(0)) < Py(kok® sup kAr — Ak < e10(6))
A A
1
< PFy(sup |?7’17T(>\) — v\ A5 0)] < e1v(0)). (A.13)
A

Let

(3, 8) = & ZOYMZONZOY My ZA 1 Z() My
T s
Then, as in (A.11), Br(\,6) weakly converges to a Gaussian process defined on (6, 0") <
A. Hence, for given ¢; and §,, there is a constant C; > 0 such that for all T" = 1,
P(supy\ kBr(X, 0)k < £1C3/K'/?) > 1=4;, and forany 6 (6, 0"), 1—0; < Py(sup, kKBr(X, 0)k <
£1Cy/KY?). For T > C2/v(0),

1=6; < Py(KY*0(0)"%sup HT_l/QBT()\, 0)| < e1v(9))
A

< Py(kbksup HT_l/zBT()\, 0)|| < e1v(8)) < Py(sup [T rar(N)] < e10(0)fA.14)
A A

Let C' = max{C}, Cy, C3,T1}, then, for T > C/v(f), we have from (A.12),

1_ 51
< Pg(sgp|T’1QT()\)| < e1v(0))

< Py(sup |T*'Wald(\) —v(A, X, 0)| —sup [T 're(N) — v(A, X 0)] < e10(0))
]\ A

< Py(sup |T'Wald(\) —v(\, X 0)| —sup [T 'rir(N) — v\ X 0)] = sup [T ror (V)| < e1v(0))
A Y A

A-7



From (A.13) and (A.14), we have
1—36, < Py(sup|T 'Wald(\) —v(\ A% 0)] < 3210(0)) (A.15)
A

< Py(IT ' sup Wald(\) — v(0)] < 3e1v()).
A
Let ¢ = 3¢; and § = 36;, then the proof for SWS is complete. The proof for SMS is
essentially the same. Simply let s = T-1SSR, and use appropriate definitions for v(#) and

v(\, A, 0). For the Mean type statistics, write [ f(\) = (1/(1—2X)) [, f(X)dA for simplicity.
Note that there is a constant K, > 0 such that, for all 6  1(6y,0"),

v(0) < Kz [v(X A, 0). (A.16)

Given any ¢; > 0 and 6; (0,1), we know from (A.12), (A.13), and (A.14) that there is a
constant C' such that for 7" > C/v(6),

1=61 < By([IT'Qr(MN)] < £10(0)/ K2),
1— 51 < Pg(f|T_1r17T()\) - U(/\, )\c, Q)l < 61@(9)/K2),
and 1 —6; < Bp([|T 'rar(N)| < e1v(0)/K>). Then, it follows that
1—90;

< Py([IT'Qr(\)| < e1v(0)/K>)
= Py([IT*Wald(X\) —v(\, X%, 0) = (T rp(N) —v(A, A5, 0))] < e10(0)/ K>)

< P([|IT'Wald(\) = v\ X, 0)| = [1T 'rir(A) — oM\ X0) = [T  rar(V)] < e10(0)/Ko)

and therefore from (A.16),

1-30, < By([IT"'Wald(\) = v(A, X%, )] < 3e1 [0(A, X%, ) (A.17)
< B(IT ' [Wald(A) = [v(A X% 0)] < 3e1 [v(A, A, 0)).

This completes the proof for MW S. The proof for M M S is essentially the same. For SRS
and MRS, note that

T Wald(\) —v(A\ A% 0)] = |log(l+ T 'Wald())) —log(1 + v(A, X%, 0))|
= |T7'LR()) — log(1 +v(A, A% 0))l,

which implies that
sup [T 'Wald(\) —v(A\, X%, 0)] = sup T LR(A\) —log(1 +v(\ A% 0))]
A B\

= |T 'sup LR(\) —log(1+ v(9))] (A.18)
A
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and

sup [T 'Wald(\) — v(A, X, 0)]
B

= [|T7'Wald(\) —v(\ A% 0)| = [|TLR(A) — log(1 + v(\, A%, 0))]
> |T7'[LR(\) — [log(1+v(\ X% 0))|. (A.19)
Also, there is a constant K3 > 0 such that for all ¢  1(6,,6),
v(0) < Kzlog(1+v(0)) (A.20)
and
v(0) < Ks [ log(1+ v(A, X%, 0)). (A.21)

From (A.15), for any given ¢ > 0 and 6  (0,1), there is a constant C' such that, if 6
1(0y,0), then for T'> C'/v(0),

1—0 < Py(sup [T 'Wald(\) — v(\, A, 0)| < ev(0)/K3) (A.22)
A

From (A.18) and (A.20), it follows that, for 7" > C'/log(1 + v(0)) > C/v(0),
Py(|IT~ ' sup LR(N) — log(1 + v())] < elog(1 +v(h)) > 1=,
A

and from (A.19) and (A.21), for T > C/ [log(1 + v(X, A%, 0)) > C/v(6),
Py(IT7' [LR(N) — [log(1+v(A\ A% 0))] < e[ log(l+v(A A, 0))) >1—0.
This completes the proofs for SRS and M RS.
Proof of (14): First, note that v, = X,u;, u; = y; — X;B, and
B=(X'X)"X"y=8+X'X)"'X(Z(\)0+u) 5 B+ (1—X)0= 5"

Now,
- 1 I 1 I ' 15 /
Ly = T > v =T" > Xi(ye — Xi0)(yi—j — Xt_jﬁ)Xt_j
t=j+1 t=j+1
T ~ ~
= T7' 3 Xy(X,8+Z(X),0+u — XiB)(X{ ;B8 + Z(X);0 +uj — X{_,B) X[,
t=j+1
T ~ ~
= TV 3 Xy(X,B+Z(X\)0 — XiB)Xi B+ Z(X);_;0 — X; ;8)X{_;
t=j+1
T ~
+T71 S X (X[B+ Z(X)0 — X{B)u—; X;_;
t=j+1
T — T
+7t Xoue( X8+ Z(X),_;0 — X{_,6)X{_; + Tty Xpupuy—; X{_
t=j+1 t=j+1

T'1—|—7“2+7'3+7’4.
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We have, _ ~
X8+ Z(AN)0 — X[B = —(1= X)X/ + Z(\)0 + X[(5* = B).

Then,
o= TS XX ZON = XFNXL, 0+ 2O 0= X PN
= 7! tél Xi(Z(X)10 — (1= X)X[0)(Z(X);_;,0 — (1 — X)X, _,0)X;_; (A.23)
e z XXUF = B2 0= (1= X)X XL,
TS X200~ (L= X)X~ B Xi XL
47 z XX = B = XX
= TS X(ZO0 = (L= XOXZOY 0= (L= NN +o,(1)

where the last equality holds since 7! Zthl KX, X/k* = 0O,(1) (Assumption 4) and

T ~
T >0 XXH(B" = B)(Z(A); ;0 — (1= X)X 0) X[l

t=j+1

- T
= 187 =817 3 IXXIZ (A0 = (1= X)X ;0)X] ]

t=j+1

~ T
< |IB"=BIT™" t > 1 XX (110 Z (Ao XE 11+ (1= A0 X5 X ]
=j+
~ T
< 218" = BIINT™" X NIX XX X7l = 0,(1).

t=j+1

The other two terms in (A.23) are also o,(1) using similar arguments. Thus, we have

T
rn o= T t Z+1 Xe(Z(X)0 — (1= X)X[0)(Z(X);_;0 — (1 = X)X,_,0)X;_; + 0p(1)
=J
T T
=T Y S5,—0=X)T" ¥ 58S,
t=[TA°]+1 t=[TA°]+1
T T
—(1=X)T1 Y S5+ A=X) T Y SS,
t=[TA°]+1 t=j+1

LA =X)E0,5) = (1= X)%E(0,5) — (L= X920, ) + (1= X)*¢(0, 4)
= A1 =X)E(0,5)
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Furthermore,

T
Ty = T_l Z lXt(Z()\c):ﬁe - (]. - /\C)thé’)ut_]Xt/_j + Op(l)
t=j+
T T »
=T Y Sy, —@A=X)T"" Y Sv_; 0
t=[TA°]+1 t=j+1

and similarly r; % 0. From Assumption 1, r, % I;. Collecting terms, we obtain T'; % \¢(1—
X0, 5)+T;. We now show the second result in (14). For simplicity, write A = max(\, \9),
W =W(\) and We = W(X°). We have,

. T T N N
Ly = T70 3 oy =T7" 3 Xy = Wo)(y—y — Wi_;0)X;_;
t=j+1 t=j+1

T . .
= T S X(X[B+Z(\)0+us — WO X{ B8+ Z(X)_;0 +upj — W[ ;0) X,

t=j+1
T N .
= T7' 3 XuX[B+Z(X)0 = W(o)(X;_;B+ Z(\)_;0 = W_;0)X;_;
t=j+1
T A
+T71 Y X(X(B 4 Z(X)10 — Wo)u—; X|_;
t=j+1
T . T
+T_1 Z Xtut(Xg_]ﬁ ‘I— Z()\C);_]H - M/t/—jé)Xt,—j ‘I’T_l Z Xtutut_ng_j
t=j+1 t=j+1

= L +h+i3+1.
From (3), we show

A

5 = (WW) "Wy =(WW)" "W (WS +u)

) 11— 1 1-x
[ 5) e [05050) o)
1—X 1-2) 1—X 1—\"
_ 1 A(1—=A) (I=X)A\™" = X% s
AM=N1 0 —a=-na=-x)+a-amy) "

{ (B, 220y, i A=

(B + 2520, 2¢"), otherwise.

Consider first the case where A < )\°, then

_ —1 I c\'pn __ 1 - )\C
h=T" > X(Z(X)0
t=j+1 I=A

1=
D)

ZNO)N(Z(A\);-;0 Z(N)i—0)Xi; + 0p(1)
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-1 L ’ 1= -1 L ’
— T Z StStfj - ﬁ T Z StStfj
t=[TA]+1 t=[TA°)+1
1—X° r 1-2\? T
- Tt SiSp .+ ( > T! SpSy_
(1_>‘> t:[Tz:AC}-H e 1=A t:[YZ;\}—H T
Pt e o T A=) (=)
A=) (1= X° .
AZN0Z XN, j).

1=
Using similar arguments, I, and I5 are o,(1). Also, r, % T, hence, collecting terms I'; %
p

(A= N1 —X)/1—=N)]€(0,7) +T';. A similar argument applies for A > \° so that IN‘]-
[(A = A)A/AE(0, 5) + T

Proof of Theorem 7: We first consider the statistic MW R. For the first result,
without loss of generality, let h(T) = T° with 0 < s < 1, and select v = T—° with
0 < § < s. Define a set of integers, Vi = {j|T'(\° —vr) < j < T(X°+ovr)}. Then we
have, for all j Vi, Wald,(j/T) = O,(T), using (15) in Lemma 5, which implies that
> jevy Wald,(§/T) = O,(T?7?). Now,

1% 1% Ji 5
—— > Wald, (\) = ———~ Wald,. (=) = O,(T°7°),
o) W= gy g, Ve ) = )
which shows that plimy ., h(T)T"*MWR = . For the second result, we can write, for
any arbitrary ¢ > 0,

T'WT)YMWR =

1
T'MWR = T 'Wald,(\)————— S Wald, (\) /Wald,(\°
V) =g 2, Wald- ) /Wald, (X)

_ op(1)ﬁ = Wald, (3) Wald, (3
1
= Oy

= 0,(1)o,(1) + 2,

where the last step follows using the fact that Wald, (\) /Wald,(A\°) Z 0 uniformly in A
(M, A—¢) (X\°4£,1—X), using (15) and (17) in Lemma 5. This proves that 7-'MWR % 0
since we can take ¢ arbitrarily small. Now for the test EWW R, we have

5 Wald, (\) /Wald,(X) + 2¢
AEAN—e)U(NC+e,1-A)

—SWR = T 'EWR =log(———— “Wald, (\ 1/T
2T (T2 & Pl ald (W)
1 1 )
= log(r—5y ~Wald, (AN)])Y" =log(=———=)"" + ——SWR.
=g Sy eplgWald (DT = loelmr =55y 57

Hence, plimr ... T"'EWR = plimy_,(27)"'SW R. The proofs for the other statistics are
either analogous or straightforward using the continuous mapping theorem and thus omitted.
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Table 10. Robust tests with a data dependent bandwidth, A\ =0.5
Mean shift case with increasing shifts
(DGP given by (1) with X; =1, u; iid N(0,1), 3 =0 and § = T"/?)

(a) Non-adjusted Power
Size| T | EWR EMR | MWR MMR [ SWR SMR
0.01 | 100 | 1.0000 0.0000 | 1.0000 0.0000 | 1.0000 0.0000
200 | 1.0000 0.0000 | 1.0000 0.0000 | 1.0000 0.0000
300 | 1.0000 0.0000 | 1.0000 0.0000 | 1.0000 0.0000
400 | 1.0000 0.0000 | 1.0000 0.0000 | 1.0000 0.0000
0.05 | 100 | 1.0000 0.0000 | 1.0000 0.0003 | 1.0000 0.0000
200 | 1.0000 0.0000 | 1.0000 0.0000 | 1.0000 0.0000
300 | 1.0000 0.0000 | 1.0000 0.0000 | 1.0000 0.0000
400 | 1.0000 0.0000 | 1.0000 0.0000 | 1.0000 0.0000

(b) Size Adjusted Power
Size| T | EWR EMR | MWR MMR [ SWR SMR
0.01 | 100 | 1.0000 0.0000 | 1.0000 0.0000 | 1.0000 0.0000
200 | 1.0000 0.0000 | 1.0000 0.0000 | 1.0000 0.0000
300 | 1.0000 0.0000 | 1.0000 0.0000 | 1.0000 0.0000
400 | 1.0000 0.0000 | 1.0000 0.0000 | 1.0000 0.0000
0.05 | 100 | 1.0000 0.0000 | 1.0000 0.0027 | 1.0000 0.0000
200 | 1.0000 0.0000 | 1.0000 0.0000 | 1.0000 0.0000
300 | 1.0000 0.0000 | 1.0000 0.0000 | 1.0000 0.0000
400 | 1.0000 0.0000 | 1.0000 0.0000 | 1.0000 0.0000
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Table 11. Robust tests with a fixed bandwidth, Ly= T/, \ = 0.3
(DGP given by (1) with X; =1, uw; 4id N(0,1), 8 =0and 6§ = 0.8)

(a) Non-adjusted Power
Size | T | EWR EMR | MWR MMR [ SWR SMR
0.01 | 50 | 0.5017 0.0747 | 0.3743 0.1097 | 0.4697 0.0113
75 | 0.6863 0.2357 | 0.5460 0.2500 | 0.6617 0.0937
100 | 0.7837 0.4547 | 0.6723 0.4223 | 0.7653 0.3220
125 | 0.8853 0.6333 | 0.7943 0.5637 | 0.8763 0.5097
150 | 0.9320 0.7847 | 0.8620 0.7037 | 0.9277 0.7023
175 | 0.9640 0.8833 | 0.9200 0.8200 | 0.9630 0.8327
200 | 0.9847 0.9413 | 0.9547 0.8887 | 0.9850 0.9173
0.05 | 50 | 0.6840 0.4387 | 0.6163 0.4447 | 0.6443 0.2550
75 | 0.8430 0.6747 | 0.7950 0.6507 | 0.8253 0.5400
100 | 0.9073 0.8103 | 0.8683 0.7830 | 0.8957 0.7293
125 | 0.9607 0.9130 | 0.9380 0.8833 | 0.9550 0.8663
150 | 0.9770 0.9507 | 0.9593 0.9297 | 0.9747 0.9333
175 | 0.9900 0.9787 | 0.9833 0.9697 | 0.9893 0.9687
200 | 0.9980 0.9933 | 0.9930 0.9897 | 0.9983 0.9887

(b) Size Adjusted Power
Size| T | EWR EMR | MWR MMR [ SWR SMR
0.01 | 50 | 0.2467 0.2430 | 0.2423 0.2040 | 0.2363 0.2057
75 | 0.4577 0.4630 | 0.4173 0.3807 | 0.4353 0.4060
100 | 0.6290 0.6360 | 0.6057 0.5733 [ 0.5950 0.5710
125 | 0.7567 0.7487 | 0.6960 0.6663 | 0.7430 0.7263
150 | 0.8693 0.8713 | 0.8130 0.7760 | 0.8637 0.8557
175 | 0.9280 0.9330 | 0.9003 0.8740 | 0.9213 0.9187
200 | 0.9603 0.9613 | 0.9277 0.9007 | 0.9607 0.9587
0.05 | 50 | 0.5297 0.5233 | 0.5030 0.4793 | 0.5087 0.4967
75 | 0.7443 0.7533 | 0.7420 0.7160 | 0.7333 0.7200
100 | 0.8493 0.8383 | 0.8147 0.8000 | 0.8363 0.8293
125 | 0.9310 0.9270 | 0.9083 0.8887 | 0.9237 0.9183
150 | 0.9610 0.9587 | 0.9413 0.9330 | 0.9547 0.9523
175 | 0.9850 0.9830 | 0.9743 0.9700 | 0.9823 0.9817
200 | 0.9970 0.9953 | 0.9930 0.9917 | 0.9943 0.9940
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Table 12. Robust tests with a fixed bandwidth, Ly= T3, \° = 0.5
(DGP given by (1) with X; =1, uw; 4id N(0,1), 8 =0and 6§ = 0.8)

(a) Non-adjusted Power
Size | T | EWR EMR | MWR MMR [ SWR SMR
0.01 | 50 | 0.6127 0.1150 | 0.5280 0.2100 | 0.5687 0.0163
75 | 0.7733 0.3400 | 0.7067 0.4213 | 0.7450 0.1347
100 | 0.8673 0.6080 | 0.8217 0.6477 | 0.8480 0.4180
125 | 0.9387 0.7753 | 0.9117 0.7900 | 0.9303 0.6233
150 | 0.9650 0.8877 | 0.9460 0.8873 | 0.9573 0.8080
175 | 0.9867 0.9517 | 0.9773 0.9493 | 0.9840 0.9110
200 | 0.9960 0.9847 | 0.9937 0.9777 | 0.9940 0.9660
0.05| 50 | 0.7770 0.5597 | 0.7500 0.6120 | 0.7383 0.3220
75 | 0.9053 0.7830 | 0.8870 0.8010 | 0.8867 0.6223
100 | 0.9573 0.8960 | 0.9463 0.9087 | 0.9447 0.8097
125 | 0.9800 0.9593 | 0.9757 0.9587 | 0.9800 0.9233
150 | 0.9903 0.9787 | 0.9863 0.9800 | 0.9880 0.9613
175 | 0.9980 0.9930 | 0.9970 0.9923 | 0.9967 0.9873
200 | 1.0000 0.9987 | 0.9993 0.9977 | 0.9997 0.9963

(b) Size Adjusted Power
Size| T | EWR EMR | MWR MMR [ SWR SMR
0.01 | 50 | 0.3263 0.3533 | 0.3853 0.3437 | 0.3050 0.2547
75 | 0.5603 0.5903 | 0.5803 0.5627 | 0.5263 0.4863
100 | 0.7363 0.7647 | 0.7780 0.7687 | 0.6957 0.6670
125 | 0.8567 0.8637 | 0.8557 0.8487 | 0.8393 0.8247
150 | 0.9307 0.9350 | 0.9273 0.9220 | 0.9233 0.9127
175 | 0.9707 0.9743 | 0.9700 0.9667 | 0.9677 0.9633
200 | 0.9877 0.9890 | 0.9863 0.9833 | 0.9850 0.9833
0.05 | 50 | 0.6377 0.6437 | 0.6460 0.6390 | 0.6147 0.5910
75 | 0.8230 0.8383 | 0.8517 0.8450 | 0.7970 0.7860
100 | 0.9187 0.9187 | 0.9197 0.9157 | 0.9023 0.8980
125 | 0.9667 0.9657 | 0.9627 0.9620 | 0.9583 0.9563
150 | 0.9800 0.9813 | 0.9820 0.9817 | 0.9743 0.9737
175 | 0.9953 0.9960 | 0.9940 0.9930 | 0.9933 0.9920
200 | 0.9993 0.9990 | 0.9983 0.9983 | 0.9987 0.9980
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Table 13. Robust tests with a fixed bandwidth, Ly= T3, \* = 0.7
(DGP given by (1) with X; =1, uw; 4id N(0,1), 8 =0and 6§ = 0.8)

(a) Non-adjusted Power
Size | T | EWR EMR | MWR MMR [ SWR SMR
0.01 | 50 | 0.5023 0.0713 | 0.3830 0.1130 | 0.4640 0.0133
75 | 0.6627 0.2223 | 0.5323 0.2403 | 0.6370 0.0980
100 | 0.7887 0.4660 | 0.6793 0.4377 | 0.7780 0.3187
125 | 0.8713 0.6303 | 0.7780 0.5607 | 0.8633 0.5093
150 | 0.9250 0.7760 | 0.8643 0.7133 | 0.9207 0.6863
175 | 0.9653 0.8843 | 0.9223 0.8253 | 0.9647 0.8290
200 | 0.9827 0.9440 | 0.9553 0.8933 | 0.9810 0.9180
0.05| 50 | 0.7003 0.4360 | 0.6360 0.4593 | 0.6553 0.2513
75 | 0.8313 0.6503 | 0.7740 0.6317 | 0.8087 0.5140
100 | 0.9087 0.8167 | 0.8730 0.7870 | 0.9017 0.7430
125 | 0.9563 0.9007 | 0.9257 0.8763 | 0.9530 0.8540
150 | 0.9727 0.9480 | 0.9560 0.9287 | 0.9713 0.9297
175 | 0.9890 0.9820 | 0.9827 0.9707 | 0.9890 0.9727
200 | 0.9963 0.9920 | 0.9930 0.9853 | 0.9957 0.9870

(b) Size Adjusted Power
Size| T | EWR EMR | MWR MMR [ SWR SMR
0.01 | 50 | 0.2460 0.2487 | 0.2503 0.2100 | 0.2330 0.1993
75 | 0.4320 0.4533 | 0.4053 0.3657 | 0.4220 0.3963
100 | 0.6463 0.6527 | 0.6090 0.5803 [ 0.6160 0.5920
125 | 0.7397 0.7370 | 0.6813 0.6527 | 0.7280 0.7153
150 | 0.8633 0.8637 | 0.8180 0.7797 | 0.8623 0.8457
175 | 0.9293 0.9287 | 0.9007 0.8807 | 0.9227 0.9173
200 | 0.9587 0.9593 | 0.9263 0.9037 | 0.9623 0.9597
0.05 | 50 | 0.5327 0.5293 | 0.5103 0.4910 | 0.5127 0.4990
75 | 0.7213 0.7310 | 0.7257 0.7000 | 0.7083 0.7027
100 | 0.8587 0.8490 | 0.8223 0.8023 | 0.8457 0.8417
125 | 0.9230 0.9180 | 0.8973 0.8833 | 0.9137 0.9050
150 | 0.9553 0.9530 | 0.9373 0.9310 | 0.9513 0.9500
175 | 0.9847 0.9840 | 0.9770 0.9723 | 0.9830 0.9823
200 | 0.9937 0.9927 | 0.9893 0.9877 | 0.9923 0.9927
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Table 14. Robust tests with a fixed bandwidth, A =0.5
Size adjusted power
Case with small sample and large exact critical values
(DGP given by (1) with X; = (X1, ..., X5:)%, Xir = 1 + &4,
& =078, + e, with e,z iid N(0, 1) independent across 4, T' = 50)

kok EWR EMR | MWR MMR | SWR SMR
0.0500 0.0500 | 0.0500 0.0500 | 0.0500 0.0500
0.1520 0.0110 | 0.7283 0.0470 | 0.1520 0.0110
0.8883 0.0027 | 0.9890 0.0577 | 0.8883 0.0027
0.9953 0.0003 | 0.9990 0.0637 | 0.9953 0.0003
0.9997 0.0000 | 1.0000 0.0650 | 0.9997 0.0000

5 1.0000 0.0000 | 1.0000 0.0673 | 1.0000 0.0000
Critical Values | 211.77 170.16 | 63.30 41.64 | 430.59 347.38

A OWODNPE O
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