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Abstract. We consider a multi-server non-preemptive queue with high and low priority customers, and a
decision maker who decides when waiting customers may enter service. The goal is to minimize the mean
waiting time for high-priority customers while keeping the queue stable. We use a linear programming ap-
proach to find and evaluate the performance of an asymptotically optimal policy in the setting of exponential
service and inter-arrival times.

1. Introduction

In this article we consider a decision-maker who controls a k-server non-preemptive
queue with Poisson rate A arrivals and independent exponential rate p service times,
A < kp. Each arriving customer independently is high priority with probability p,
and otherwise is low-priority. The decision-maker must decide when waiting customers
should enter service with the goal of minimizing the mean waiting time for high-priority
customers, while keeping the queue stable. No service can be interrupted, and the
decision-maker may start any waiting customer in service whenever she chooses if a
server is available. Here we consider only the class of policies, which we refer to as ad-
missible policies, where all decisions are non-anticipating and the resulting queue length
process is stationary, ergodic, and stable in the sense that the rate of arrivals equals the
long-run rate of departures. We do not restrict our policies to be work-conserving, where
the server is never idle while customers are waiting. Work-conserving policies are op-
timal in the single-server setting, but as we show below they may not be optimal in the
multi-server setting.

This model has applications in ambulance dispatching, hospital bed management,
and internet traffic routing. In the ambulance dispatching setting, there are emergencies
calls and non-emergency requests for transfers between hospitals. A reasonable policy
in practice is to dispatch for non-emergency calls only when there are sufficient idle
ambulances available to cover potential emergencies. In the internet traffic setting, there
are high-priority transmission such as voice or video, and lower priority transmissions
such as email.
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This model was previously considered in [9,11], where the following “cutoff” pol-
icy was proposed:

Policy 1.1. Serve high-priority customers as soon as possible, and start serving low-
priority customers only when less than # servers are busy.

This policy represents the sensible idea of keeping some “strategic reserve” of idle
servers even while low-priority customers are waiting in order to help avoid delays for
high priority customers who might arrive later. In this article we show that policy 1.1 is
not optimal in general, but the following type of policy can perform arbitrarily close to
optimal using an appropriate n and f:

Policy 1.2. Place a “mark” on each arriving low-priority customer independently with
probability f. Then serve high-priority customers as soon as possible, serve marked
low-priority customers when exactly n servers are busy, and serve unmarked low-priority
customers when exactly » — 1 servers are busy.

In other words, the fraction f of low-priority customers are served while n servers
are busy, and the remaining are served while n — 1 servers are busy. Note that policy 1.2
makes sense only if 0 < n < kand 0 < f < 1. Here we allown = O and f = 1,
with the interpretation in this case that low-priority customers start service only when
the system is empty.

We show that using appropriate » and f, policy 1.2 is admissible and can give
mean high-priority waiting times arbitrarily close to the infimum over all admissible
policies. We also give a formula for the appropriate #, and for a sequence of values for f
which gives performance converging to the infimum. Our approach is interesting in that
the policy we give is quite straightforward to implement, though we must use a linear
programming formulation to justify it. This sharp bound we obtain on performance is
useful as a benchmark by which to evaluate more practical policies.

It is also interesting to note, as we will show below, that in the single-server case
policy 1.2 with n = 0 and f = 1 is optimal. This corresponds to the work-conserving
policy of starting low-priority customers whenever the server is free. It is clear that
policy 1.2 is not work-conserving for n > 0.

This paper makes a contribution to the literature in several ways. Though there
is quite a large literature on optimal policies for preemptive single-server queues, there
seems to be little corresponding study of multi-server non-preemptive queues. In previ-
ous approaches to this problem [2,7,9,11,12] reasonable policies are studied and perfor-
mance is evaluated. Our approach is different in that we find policies which are, in some
sense, optimal. This fundamental issue of optimality is natural to study, though it does
not seem to have been addressed in the literature for this setting.

The recent Glazebrook and Nino-Mora [4] study this problem with linear holding
costs in the setting of a preemptive work-conserving service discipline, and Federgruen
and Groenevelt [1] study a non-preemptive work-conserving service discipline with gen-
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eral service times. Our approach, though restricted to the case of exponential service
times, expands the scope of study beyond work-conserving policies.

Finally, our linear programming approach to a solution for a priority queue may
be of interest itself. The usual dynamic-programming approach to solving such control
problems seems difficult here, as the state space is very large. The decision to start a
customer in service may depend on things such as the number of customers waiting, the
past history of the process, and exogenous randomization. In the method we employ, a
linear program used in the proof is analytically solved but, interestingly, does not actually
appear in the policy itself. In theory using a larger state space, different service rates and
more than two classes could be handled, though the details would be more complicated.
See [5] for a survey of the use of linear programming methods in other more general
Markov decision problems.

The paper is organized as follows. In section 2 we give the main result, and in
section 3 we give the proof.

2.  Main result

We consider a k-server non-preemptive queue with Poisson rate A arrivals and indepen-
dent exponential rate p service times, A < ku. Each arriving customer independently
is high-priority with probability p, and otherwise is low-priority. Our goal is to de-
cide when waiting customers may enter service in order to minimize the mean waiting
time for high-priority customers, while keeping the queue stable. We allow only poli-
cies, which we call admissible, where all decisions are non-anticipating and the resulting
queue length process is stationary, ergodic, and stable in the sense that the rate of arrivals
equals the rate of departures. The policy may use the past history of the system and any
exogenous randomization in deciding when to start service on any number of high or
low priority customers who are waiting.

We now present our main theorem, which states that policy 1.2 with an appropriate
n and f is admissible and can give performance arbitrarily close to the infimum over all
admissible policies. It also gives a formula for evaluating this infimum. We state our
result in terms of the stationary number of customers X in a standard M/M/k queue
with rate Ap arrivals, service rate p. We write its tail probability (see [3, p. 43]), for
0<n<k, as

H,=P(X > n)
o/ G /) / Op/wE/kl SN Op/ )
_(1—)»p/(ku)+§ i 1—lp/(ku)+; i)

Theorem 2.1. Let h; = pH; — H;,, and let

m = minf{i: h; > 0}.
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(a) For the above problem, the infimum of mean stationary high-priority waiting times
over all admissible policies equals

Hk A—m
K : (1)
kp —ip ApHy — mpHy, g

(b) If m > 0, then policy 1.2 using

n =min{i: h; > 0}

and

_ n;uhn.—l
f B )‘phn + n:u“hn.—l te
is admissible and achieves mean stationary high-priority waiting times arbitrarily
close to (1) for sufficiently small ¢ > 0. If m = O then policy 1.2 using » = 0 and

f = 11is admissible and achieves (1).

In other words, no admissible policy can perform better than (1), and the perfor-
mance of policy 1.2 can be made arbitrarily close to this bound by using appropriate
values for n, f. We thus say policy 1.2 is “asymptotically optimal.”

Note. The quantity (1) has a simple interpretation in the special case where p =
H, .1/H,, for some m > 0. Consider a stationary M /M /k queue with arrival rate Ap
and service rate u, and let X, Y respectively be the number of customers in the system
and the waiting time (until the start of service) for a randomly arriving customer. In this
case the performance (1) reduces to

H

(kp —ap)~!
Hm—H

=E[Y | X >m].

In other words, to high-priority customers the queue looks like a standard M /M / k (with-
out the low-priority customers) given more than m servers are busy.

3.  The proof

Our approach to the proof is the following. The performance of any policy turns out
to depend (linearly) only on the long run rate of transitions between states in a suitably
defined state space. For stability these rates must satisfy certain linear constraints, and
these together define a linear program. We solve the linear program analytically to get a
sharp bound on possible performance, and we use the solution to characterize a sequence
of policies which asymptotically achieves this bound.

To carry out this proof we first present some preliminary propositions. The first
one states that when looking for optimal policies, it suffices to consider only ones which
serve high-priority customers as soon as possible.
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Proposition 3.1. Given any policy there exists another with mean high-priority waiting
times no greater, where high-priority customers are served as soon as possible.

Proof.  First we claim that given any policy there exists another with high-priority mean
waiting times no greater, where low priority customers are never served while high-
priority customers are waiting. We use a simple interchange argument for this. Consider
two coupled systems having the same arrival process and service times. Start with any
policy running in the first system. Use the same policy in the second system except
whenever a low priority customer is to be served ahead of some waiting high priority
customer, interchange the service times and start service on the high-priority customer.
The number of high-priority customers in the second system will never be greater than
in the first system. This establishes the claim.

Now suppose we are given a policy where low-priority customers are never served
while high-priority customers are waiting. Since the order of service within a priority
class does not affect the mean waiting time for the class, we can assume there is a FIFO
service discipline within the high-priority class of customers. Then we can imagine
high-priority customers are assigned an idle server as soon as possible and block the
server from use by any other customer until the decision-maker allows that high-priority
customer to begin service. Since we assume low-priority customers are never served
ahead of high-priority customers and there is FIFO among high-priority customers, this
blocking will not affect the dynamics of the queue length process. We then create a
coupled second system as follows. Suppose at some time in the first system there is a
high-priority customer waiting who will require a service time of x time units after keep-
ing some server blocked for y time units. In the second system start service immediately
with service time of duration x followed by a blocking period of duration y, but continue
to make all decisions based on the state of the first system. At any point in time the num-
ber of high-priority customers in the second system is never greater than the number in
the first system. The results of these two paragraphs together give the proposition. [

The next proposition shows that the mean high-priority waiting time depends es-
sentially only on the fraction of time all servers are busy. Thus it suffices to look for
policies which minimize this fraction which, due to the Poisson arrival stream, also
equals the probability an arriving high-priority customer finds all servers busy.

Proposition 3.2, Let W and N respectively denote the waiting time and the number
of busy servers seen by a randomly arriving high-priority customer. Any policy which
serves high-priority customers as soon as possible must have

P(N =k

E[W] = .
kp —ip

Note that in particular this mean waiting time is linear in P(N = k) and depends
on any decisions involving low-priority customers only through this value. This property
is the key to the linear programming formulation we use below.
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Proof of proposition 3.2. Note that W > 0 if and only if N = &, and while N = k the
number high-priority customers waiting in queue evolves like an M/M /1 queue with
service rate ku and arrival rate Ap. Thus at a random arrival epoch when N = k, the
queue looks like a stationary M/M/1 queue and so E[W|N = k] = 1/(kp — Ap).
Unconditioning gives the proposition. O

For a given policy which serves high-priority customers as soon as possible, let
S(t) be the number of high-priority customers in the system plus the number of low-
priority customers in service at time . We refer to S(¢) as the “state” of the system
at time ¢. Note that we do not count low-priority customers unless they are actually in
service.

Next we focus on low-priority customers and let N;(¢) denote the number of low-
priority customers who enter service by time ¢ and by doing so bring the state of the
system from i to i+ 1. By ergodicity we can define the “state i low-priority unconditional
service start rate”

. Ni(@®)
m ——,

ri = li
t—00 t

i=0,...,k—1

If the policy prescribes that at some time more than one waiting customer is to start ser-
vice simultaneously, these events are assumed to occur sequentially so only transitions
between adjacent states are possible. For example, if a policy requires that two customers
simultaneously enter service at time ¢ while the system is in state i, the customers are
counted in both N;(¢) and N; 1 (¢).

By ergodicity the limiting rate of transitions from state i to state i 4+ 1 must equal
the rate of transitions from state i 4 1 to state i. Since customers depart at rate (i + 1)
while i + 1 servers are busy, and high-priority customers arrive at rate Ap while in state i,
the rate balance equations

ri+ApPi=(G+DpPy, i=0,...,k—-1, 2)
and
ApP, = kpPiy, 12k, 3)
must hold, where
P = tl_i)rgo P(S@t) =i)

denotes the fraction of time the system is in state i. It can be easily verified by substitu-
tion that the solution to the rate balance equations (2) and (3) is

nAk—1

i=0
where we make the change of variables
ri

=——, 20, and x =P, (%)
Apfi

Xi
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and we use the notation

(p)’
fi=————,
1

where

. in 1<i<k,
FI= Nk i >k

An admissible policy implies the overall rate at which low priority arrivals en-
ter service must equal the overall arrival rate of low-priority customers, or Zf:é ro=
(1 — p)A. This using (5) is equivalent to

k-1 1—p
> fori=—. ©)
- p
The limiting probabilities must also satisfy > ;- P = 1, which using (4) is equivalent
to
k-1
Gox + ZGi+1xi =1, (N
i=0

where

G, =) fi

Finally, the chance that all servers are busy equals

k—1
D P= (x +in>Gk. ®)
i=0

ik

By proposition 3.2 the search for an optimal policy can thus be reduced to find-
ing non-negative values x, xg, X1, ..., X;,—1 Which minimize (8) subject to (6) and (7).
Clearly this is a linear program with k + 1 variables, £ 4+ 1 non-negativity constraints,
and two equality constraints (6) and (7). It follows that at the solution at least £ + 1
constraints will be binding and, since (6) and (7) must be binding, no more than two of
the variables x, xg, x1, ..., xx—; Will be nonzero.

The next proposition gives the solution to this linear program.

Proposition 3.3. Letn = min{i > 0: p > G,;11/G;}. The solution to the linear pro-
gram
minimize (8) subject to (6), (7), and x, xg, x1,...,x—1 = 0

falls into two cases:
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Case 1: If n = O then the solutionis0 =x; =x; = --- =x;,_1,x0 = (1 — p)/p and
x = (1 — G1x9)/ Go.
Case 2: If n > Othen the solutionisO=x=xy=x1 = - =x,0 = Xpqy; = -+ - =
Xe—1,

. Gn/p — Gpa

" fuGn = fa1 G
and
1 — Gpi1x,
Xp—1 = G,
In either case the minimal value of the objective function equals
Gi(A —np)

ApGyp —npGup ‘

Comments. We can interpret the solution in each case as follows:

Case 1. Since only x, xy can be nonzero, only r out of rg, ..., r,_; can be nonzero.
This corresponds to starting low-priority customers in service only when all servers
are free. It is clear that policy 1.2 with » = 0 and f = 1 achieves this and, if it is
admissible, the policy will be optimal. We argue admissibility below.

Case 2. Here only r,, and r,_; can be nonzero, and this corresponds to starting low-
priority customers in service only while # or n — 1 servers are busy. Since x = 0 we
also have Py = 0, and this may not necessarily be possible to achieve in an admissible
policy. We therefore seek a sequence of admissible policies (each having Py > 0)
with performance converging to this infimum performance given above. We argue
below that the sequence of values f given in the theorem accomplishes this.

Proof of proposition 3.3.  We start with case 2. Our argument is in three steps:

Step 1. First we will suppose that for some « all except x,, x,—; and x, are zero, and
we will show that the objective function is a nondecreasing function of x,,.

Step 2. Then we will show that x,,, x,,_; > 0.

Step 3. Finally we will suppose all variables except x,,, x,_; and x are zero, and we
will show that the objective function is a nondecreasing function of x, and this will
complete the proof for case 2.

Step 1. First suppose that for some « all variables except x,,, x,—; and x, are zero. The
objective function in (8) becomes

Y= (xa + x, + xn—l)Gk (9)

and the constraints (6) and (7) become

Ga-l—lxa + Gn.+1-xn. + Gn.xn.—l =1 (10)
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and
1 —
faxa + fn.xn. + fn.—lxn.—l = —p (11)
p

Solving for x,,, x,,_; in terms of x, in (10) and (11), inserting into (9) and taking
the derivative gives

8(Y/Gk) —1— )‘pGa - ﬂnGa+1
d0x, ApG, — 1y Gra ’

(12)

where we do some simplification using the facts G, = G,+1 + f,, and f,, = fu—1Ap/in.
The numerator and denominator in (12) are both positive since, for j < k,

o0 o0 o0
Gy =Y apfi= mipifirn > Y pjfirn =G (13)
i=j i=j i=j
Next we claim
)"pGa - /*Ln.Ga-i-l < )‘-pGn - /*Ln.Gn.+la (14)

which together with (13) implies (12) is non-negative. To establish (14) we consider the
cases ¢ < n — 1 and a > n separately. When a < n — 1 we have

pn(Gapt = Gup) = D pufi 2 ) wifi= Y Apfioi = p(Gu — Gy,
i=a+1 i=a+1 i=a+1

and then (14) holds. Similarly when ¢ > n we have

FLn(Gn+l - Ga+1) = Z ani < Z ,uifi = Z )‘pfi—l = )»p(Gn - Ga)’
i=n+1 i=n+1 i=n+1

and again (14) holds. This completes step 1.
Step 2. Next we will show that x,,, x,_y > Owhenrn =min{i > 0: p > G;4,/G;}and
x, = 0. Some algebra with (10) and (11) shows that

— Gn - Gn+1/p
fnGn - fn.—lGn.-H

(15)

Xn—1

and
. = Gn/p - Gn.—l
? fnGn _fn.—lGn.-i-l.

The denominator in both cases is non-negative, since

(16)

Fo1Gogr = {—p > mnfi < %Zmﬁ =Y firr = f,Ga.

i>n i>n i>n
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Finally, by the definition of # the numerator in both cases is also positive. This completes
step 2. Essentially the same argument holds for step 3, and case 1 holds in a similar
manner.

Combining (15) and (16) and simplifying gives

A— Mon
Xn + Xp—1 = ’
" " ApGp, — iy Gn.-‘rl
and thus the minimal objective function given is obtained. O

We are finally ready to assemble the pieces to give a proof for theorem 2.1.

Proof of theorem 2.1. First note that after some simplification, H; = G;/Gy. Thus
using proposition 3.2 along with the two cases of proposition 3.3 establishes that (1) is a
lower bound on the infimum mean stationary waiting time over all admissible policies.
We next show that policy 1.2 is admissible and can perform arbitrarily close to this
bound.

We claim that any policy of the form of policy 1.2 where Py > 0 is admissible. We
first consider the single server case. Here Py > 0 implies the system becomes empty
infinitely often and, due to the Poisson arrival stream and the independent marks placed,
the system regenerates at these epochs. This implies the resulting queue length process
will be stationary and ergodic, the rate of departures will equal the rate of arrivals, and
the policy will be admissible. With n > 0 servers, Py > 0 implies P,_; > 0 by (4),
and this implies that infinitely often there are no low-priority customers at all in the
system. These times form regeneration epochs, and again this implies the policy will be
admissible.

We next claim that Py > 0 whenever ¢ > 0 in the policy given in the theorem. For
a given ¢ the policy in the theorem satisfies

rI’I

ot

L o
and
Fpn+tp1 = )‘-(1 - P)
A straightforward calculation using these shows that
G =Gun/p _8<1-p)
fnGn - fn.—lGn.-H pfn.—l '
Gu/p — G <1—p)
X, = +el —=1),
fnGn - fn.—lGn.-H an

and by (7) we must have

Xn—1

1 - Gn n—1 — Gn n
Po =X = n—l 1 .
Go

17
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The definition of » implies we have x,, x,—1 > 0 for sufficiently small &, and by using
(13) the quantity (17) can be easily shown to be strictly positive.

It is clear that as ¢ — 0 we obtain the limiting values (15) and (16), and hence the
optimal objective function (1). Thus the policy given in the theorem is admissible and
asymptotically optimal. O

4. Summary

We have given a sharp lower bound on achievable mean high-priority waiting times for a
stable multi-server non-preemptive priority queue, and have given a sequence of policies
which asymptotically achieves this bound. The bound itself is also useful as a benchmark
by which to judge policies which are more practically implemented in applications. The
problem here does not appear amenable to the usual dynamic programming approach;
our solution employs an analytically solved linear program which, interestingly, does
not actually appear in the final sequence of policies.
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