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We perform classical molecular dynamics simulations to investigate the effects of mechanical strain on

single-layer black phosphorus nanoresonators at different temperatures. We find that the resonant fre-

quency is highly anisotropic in black phosphorus due to its intrinsic puckered configuration, and that the

quality factor in the armchair direction is higher than in the zigzag direction at room temperature. The

quality factors are also found to be intrinsically larger than those in graphene and MoS2 nanoresonators.

The quality factors can be increased by more than a factor of two by applying tensile strain, with uniaxial

strain in the armchair direction being the most effective. However, there is an upper bound for the quality

factor increase due to nonlinear effects at large strains, after which the quality factor decreases. The

tension induced nonlinear effect is stronger along the zigzag direction, resulting in a smaller maximum

strain for quality factor enhancement.

Black phosphorus (BP) is a new two-dimensional nanomaterial
that is composed of atomic layers of phosphorus stacked via
van der Waals forces.1 BP has a number of unique properties
unavailable in other two-dimensional crystal materials. For
example, BP has anisotropic properties due to its puckered
configuration.2–5

While most existing experiments have focused on the
potential electronic applications of BP,6–8 a recent experiment
showed that the resonant vibration response of BP resonators
(BPRs) can be achieved at a very high frequency.9 However,
there have been no theoretical studies on intrinsic dissipation
in BPRs to-date. In particular, it is interesting and important
to characterize the effects of mechanical strain on the quality
(Q)-factors of BPRs given their anisotropic crystal structure,
and furthermore considering that mechanical strain can act as
an efficient tool to manipulate various physical properties in

the BP structure.10–17 For example, a large uniaxial strain in
the direction normal to the SLBP plane can even induce a
semiconductor-metal transition.18–21 We thus investigate the
mechanical strain effect on the BPRs in armchair and zigzag
directions, at different temperatures.

In this work, we examine the effect of mechanical tension
on a single-layer BPR (SLBPR) via classical molecular dynamics
(MD) simulations. Both uniaxial and biaxial tension are found
to increase the quality factor of the SLBPR, as the resonant fre-
quency is enhanced by the applied tension. However, the
Q-factor decreases beyond a critical strain value due to the
introduction of nonlinear energy dissipation, which becomes
dominant at large tensile strains. As a result, there is a critical
strain at which the quality factor reaches a maximum value,
which is about 4% and 8% at 50 K for mechanical tension
along the zigzag and armchair directions, respectively. We find
that nonlinear dissipation is stronger if the BPR is stretched
along the zigzag direction, which results in a smaller critical
strain.

Fig. 1 shows the structure of SLBP with a dimension of 50 ×
50 Å that is used in our simulations. The atomic interactions
are described by a recently-developed Stillinger–Weber poten-
tial.22 In the development of the Stillinger–Weber potential, all
geometrical parameters in the Stillinger–Weber potential are
determined analytically according to the equilibrium con-
ditions for each individual potential term, while the energy
parameters are derived from the valence force field model. In
doing so, the accuracy of the valence force field model is trans-
ferred to the Stillinger–Weber potential. This Stillinger–Weber
potential gives accurate linear properties, which have been
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shown to be comparable to first-principles calculations. In par-
ticular, phonon dispersion computed from the Stillinger–
Weber potential agrees quite well with the first-principles cal-
culations. The resonant oscillation of the SLBP resonator
follows the lowest-frequency phonon branch (flexural mode) in
SLBP. Hence, the linear properties (such as frequency) pre-
dicted in the present work are accurate. This Stillinger–Weber
potential also yields accurate nonlinear properties. It is shown
in the original reference that the stress–strain relation for the
uniaxial tension of SLBP is accurate in the nonlinear defor-
mation regime. As a result, the nonlinear properties (like the
Q-factor) predicted in the present work should also be fairly
accurate.

The BPR simulations are performed in the following
manner. First, the entire system is thermalized to a constant
temperature within the NPT (i.e., the particle number N, the
pressure P and the temperature T of the system are constant)
ensemble by a Nosé–Hoover23,24 thermostat, which is run for
200 ps. Second, SLBP is stretched by uniaxial or biaxial strain
along the armchair or zigzag directions. Mechanical strain is
applied at a strain rate of ɛ̇ = 0.0001 ps−1, which is a typical
value in MD simulations. Third, the configuration is divided
into two parts as shown in Fig. 1, i.e., the boundary part (2 ×
5 Å) is fixed while the central part is actuated, as shown in the
bottom panel of Fig. 1. The resonant oscillation of SLBP is
actuated by adding a sine-shaped velocity distribution, v0

sin(πxj/L), to the system. In all simulations, we apply a velocity
amplitude v0 = 2.0 Å ps−1, which is small enough to maintain
resonant oscillation in the linear region. Fourth, the resonant
oscillation of SLBP is simulated within the NVE (i.e., the par-
ticle number N, the volume V and the energy E of the system
are constant) ensemble for 90 ns, and the oscillation energy is
recorded to extract the Q-factor.

We first examine the intrinsic energy dissipation of the
SLBPRs along the armchair and zigzag directions. Intrinsic
energy dissipation is induced by thermal vibrations at finite
temperatures. We find that the oscillation amplitude of the
kinetic energy decays gradually, which reflects energy dissipa-
tion during the resonant oscillation of the SLBPR. As the tem-
perature increases, energy dissipation becomes stronger,
indicating a lower Q-factor at higher temperature.

The frequency and the Q-factor of resonant oscillation can
be extracted from the kinetic energy time history by fitting to

the function EkðtÞ ¼ Ēk þ E0
k cosð2π2ftÞ 1� 2π

Q

� �ft

. The first

term Ēk represents the average kinetic energy after resonant
oscillation has completely decayed. The constant E0k is the total
kinetic energy at t = 0, i.e. at the moment when resonant oscil-
lation is actuated. The frequency of resonant oscillation is f, so
the frequency of the kinetic energy is 2f. The kinetic energy
time history is usually a very long data set, so it is almost
impossible to fit it directly to the above function. The fitting
procedure is thus done in the following two steps as shown in
Fig. 2. First, Fig. 2(a) shows that the energy time history is
fitted to the function Ek(t ) = Ēk + E0k cos(2π2 ft ) in a very small
time region t ∈ [0, 50] ps, where the approximation

of 1� 2π
Q

� �ft

� 1 has been used for the Q-factor term as energy

dissipation is negligible in a small time range. The parameters
E0k and f are obtained from this step. Second, Fig. 2(b) shows
that the oscillation amplitude of the kinetic energy can be

fitted to the function Eamp
k ðtÞ ¼ E0

k 1� 2π
Q

� �ft

in the whole

simulation range t ∈ [0, 90] ns, which determines the Q-factor
and Ēk. Following these fitting procedures, the Q-factor is
63 250 for the armchair SLBPR at 50 K.

Fig. 3 shows the temperature dependence for the Q-factor of
the SLBPR along the armchair and zigzag directions. At most
temperatures, the Q-factor is larger in the armchair direction.
This means that the energy dissipation is weaker for the arm-
chair SLBPR, considering that the frequency in the armchair
SLBPR is only half of that in the zigzag SLBPR.22 The tempera-
ture dependence for the Q-factor can be fitted to the functions
Q = 1.9 × 107 T−1.4 and Q = 3.0 × 106 T−1.0 for the armchair and
zigzag SLBPRs, respectively. We find that the Q-factor is in the
order of 1000 at room temperature in our simulations, which
is one order larger than the experimental value of 100.9 In our
numerical simulations, only the phonon–phonon scattering
effect is included in determining the Q-factor of the black
phosphorus resonator. In other words, we have investigated
the intrinsic nonlinear effect as the energy dissipation mech-

Fig. 1 Configuration of SLBP with the dimensions of 50 × 50 Å, from
the top view in the top panel, and from the side view in the bottom
panel. The total number of atoms is 660. Arrows in the bottom image
indicate the direction of actuation.
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anism for the resonator. However, there are many other energy
dissipation mechanisms that could be introduced experi-
mentally that are not accounted for in our simulations, i.e.

ohmic losses, attachment losses, and two level systems.25 Fur-
thermore, black phosphorus is not stable under ambient con-
ditions and defects could be present in the system. All of these
factors could contribute to lowering the Q-factors for the
experimental studies as compared to the pristine, defect-free
system we have considered in our simulations.

These Q-factors are higher than the Q-factors in graphene
nanoresonators (Q = 7.8 × 104 T−1.2).26,27 This is likely because
there is also a large energy bandgap in the phonon dispersion
of SLBP,28 which helps to preserve the resonant oscillation of
the SLBPR.26 In contrast, there is no such energy bandgap in
the phonon dispersion of graphene, so the SLBPR has a higher
Q-factor than the graphene nanoresonators. The Q-factors of
the SLBPRs are also higher than those of MoS2 nanoresonators
(Q = 5.7 × 105 T−1.3).26 Both SLBP and MoS2 have energy band-
gaps in their phonon dispersions. This is important as our
simulation results imply that nonlinear phonon–phonon scat-
tering is weaker in SLBP, i.e., resonant energy dissipation is
weaker in SLBP than MoS2.

It is interesting to speculate how the Q-factors of multilayer
black phosphorus would be compared to monolayer phosphor-
ene. For multilayer black phosphorus, there are weak van der
Waals interactions between individual phosphorene layers.
The van der Waals interactions can reduce the Q-factors
because they act as a frictional force between the layers, which
provides an additional channel for the energy dissipation of
the nanoresonators. Specifically, the strength of the interlayer
van der Waals forces is likely to be the dominant factor in con-
trolling the amount of energy that is dissipated, as was demon-
strated for the case of multilayer graphene resonators by Kim
and Park.29

We now report the effects of mechanical strain on both the
armchair and zigzag SLBPRs at 50 K. We consider four cases,
i.e., (I) the effect of uniaxial strain on the armchair SLBPR, (II)
the effect of uniaxial strain on the zigzag SLBPR, (III) the effect
of biaxial strain on the armchair SLBPR, and (IV) the effect of
biaxial strain on the zigzag SLBPR. Fig. 4 shows the strain

Fig. 2 Two-step fitting procedure to extract the frequency and
Q-factor from the kinetic energy time history for the armchair SLBPR at
50 K. (a) The kinetic energy is fitted to the function Ek(t ) = Ēk + E0k cos-
(2π2ft ) in a small time range, giving a frequency of f = 0.090874 THz. (b)

The kinetic energy is fitted to the function Eamp
k ðtÞ ¼ E0

k 1� 2π
Q

� �ft

in the

whole time range, yielding the Q-factor value of 63 250.

Fig. 4 Strain dependence for the Q-factor of the SLBPR in four cases at
50 K. The Q-factor depends on the strain as the function Q/Q0 = −aε2 +
bε + 1.0, which gives a maximum Q-factor value at a critical strain.

Fig. 3 Temperature dependence for the Q-factors of the armchair and
zigzag SLBPRs.
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dependence for the Q-factor (with reference to the value Q0

without strain) of the SLBPRs under uniaxial or biaxial mech-
anical tension. In case I, the mechanical strain is applied
purely in the armchair direction, while SLBP is stretched in
the zigzag direction in the other three cases.

For all four cases, the Q-factor first increases and then
decreases after a critical strain value. The Q-factor depends on
the strain as the function Q/Q0 = −aε2 + bε + 1.0, where the
fitting parameters (a, b) are (0.029, 0.42), (0.055, 0.40), (0.043,
0.36), and (0.070, 0.63) for the four studied cases. The linear
term bε represents the enhancement effect on the Q-factor by
mechanical tension, as the frequency of the resonator is
increased by the tension in a small strain range. The quadratic
term −aε2 is because the Q-factor will be reduced by the non-
linear effect resulting from the mechanical tension in a large
strain range. The interplay between these two competing
effects results in a maximum value for the Q-factor at a critical
strain εc. The critical strain value is about 8% for case I, in
which the mechanical tension is applied only in the armchair
direction. For all other three cases, the critical strain is around
4%, where the mechanical tension has a component in the
zigzag direction. It is clear that Q-factor reduction due to
increased dissipation at increased temperature dominates the
enhancements in the Q-factor that are possible through mech-
anical strain. However, Fig. 4 shows that strain engineering
can be utilized to further manipulate the Q-factor of the black
phosphorus resonators at a given temperature.

The differences in the above critical strains can be under-
stood from the different strain induced nonlinear properties in
SLBP. Fig. 5 shows the stress–strain curve for SLBP stretched in
the above four cases. The stress–strain curve is fitted to the

function σ ¼ Eεþ 1
2
Dε2, with E as the Young’s modulus and D

as the third-order elastic constant (TOEC).22 The nonlinear to

linear ratio of γ ¼
1
2D
E

gives an overall estimation of the strain

induced nonlinear effect on SLBP. The parameter γ is found to
be −1.66 for case I, −3.64 for case II and −3.65 for the other
two cases. This means that the nonlinear effect is the weakest
in case I, where SLBP is stretched purely in the armchair direc-
tion. As a result, the parameter a has the smallest value for
case I, leading to the largest critical strain. This phenomenon
(a maximum Q factor due to the strain effect) has also been
obtained in nanowire resonators. For example, Kim and Park
found that the maximum Q factor occurs at around 1.5%
tensile strain in the metal nanowire resonators.30 Very recently,
several different possible stable two dimensional crystal struc-
tures were proposed for phosphorene.31–33 We believe that
similar nonlinear mechanical properties will be found in all of
these phosphorene allotropes.

Fig. 6 shows the strain effect on the Q-factor at 170 K for all
four cases. The critical strain is also observed at this higher
temperature, and the critical strain value for the SLBR at 170 K
is about 5% for case I and around 2–3% for the other three
cases. However, the critical strain value is smaller as compared
with the critical strain at 50 K in Fig. 4. This is because the
nonlinear effect is stronger at higher temperature due to ther-
mally-induced random vibrations. The combination of the two
nonlinear effects (induced by temperature and strain) leads to
a smaller critical strain at higher temperature.

In conclusion, we have performed classical molecular
dynamics simulations to study the effects of mechanical
tension on SLBPRs at different temperatures. We find that
intrinsically, or neglecting strain, the Q-factors for an armchair
SLBPR are generally higher than for a zigzag SLBPR, and are
also larger than those found previously in graphene and MoS2
nanoresonators. When the effects of mechanical strain are
considered, our key finding is that there is a maximum point
in the strain dependence of the Q-factor due to the compe-
tition between enhancement at small strains and reduction
due to nonlinear effects at large strains.

Fig. 6 Strain dependence for the Q-factor of the SLBPR in four cases at
170 K.

Fig. 5 Stress–strain relation for SLBP under mechanical tension. The

stress (σ) is fitted to a function of the strain (ε) as σ ¼ Eεþ 1

2
Dε2, with

E as the Young’s modulus and D as the TOEC. The nonlinear effect is

estimated by the ratio γ ¼
1
2D

E
ε.
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