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a b s t r a c t

We present a theoretical model to calculate the flexural rigidity of nanowires from

three-dimensional elasticity theory that incorporates the effects of surface stress and

surface elasticity. The unique features of the model are that it incorporates, through the

second moment, the heterogeneous nature of elasticity across the nanowire cross

section, and that it accounts for transverse surface-stress-induced relaxation strains.

The model is validated by comparison to benchmark atomistic calculations, existing

one-dimensional surface elasticity theories based on the Young–Laplace equation, and

also three-dimensional surface elasticity theories that assume homogeneous elastic

properties across the nanowire cross section via three examples: surface-stress-induced

axial relaxation, resonant properties of unstrained, strained and top-down nanowires,

and buckling of nanowires. It is clearly demonstrated that the one-dimensional Young–

Laplace models lead to errors of varying degrees for all of the boundary value problems

considered because they do not account for transverse surface stress effects, and it is

also shown that the Young–Laplace model results from a specific approximation of the

proposed formulation. The three-dimensional surface elasticity model of Dingreville

et al. (2005) is found to be more accurate than the Young–Laplace model, though both

lose accuracy for ultrasmall (o5 nm diameter) nanowires where the heterogeneous

nature of the cross section elasticity becomes important. Overall, the present work

demonstrates that continuum mechanics can be utilized to study the elastic and

mechanical behavior and properties of ultrasmall nanowires if surface elastic contribu-

tions to the heterogeneous flexural rigidity are accounted for.

& 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Metal nanowires have emerged over the past decade as one of the basic building blocks for future nanotechnologies.
Due to their one-dimensional nature, nanowires have been found to exhibit unique electrical, mechanical, thermal and
optical properties that have formed the basis for future applications in flexible electronics, computer memory circuits,
chemical and biological sensing, medicine, and nanoelectromechanical systems (NEMS) (Rieth, 2003; Lieber and Wang,
2007; Park et al., 2009; Craighead, 2000; Lieber, 2003; Kovtyukhova and Mallouk, 2002; Zheng et al., 2005; Patolsky and
Lieber, 2005; Eom et al., 2011; Graff et al., 2005).
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A great deal of experimental (Petrova et al., 2006; Cuenot et al., 2004; Jing et al., 2006; Richter et al., 2009; Seo et al., 2011;
Wu et al., 2005), theoretical (Dingreville et al., 2005; Sharma et al., 2003; Cammarata, 1994; Gurtin and Murdoch, 1975; Huang
and Sun, 2007; Miller and Shenoy, 2000; Wang et al., 2011; Chhapadia et al., 2011; Ru, 2010; Zhang et al., 2010; He and Lilley,
2008a,b; Song et al., 2011; Wang and Feng, 2009) and computational atomistic (Broughton et al., 1997; Diao et al., 2004;
McDowell et al., 2008; Liang et al., 2005a; Zhou and Huang, 2004; Olsson and Park, 2011; Olsson et al., 2007; Olsson, 2010a;
Olsson et al., 2010) and multiscale modeling (Park and Klein, 2007, 2008) research within the past decade has focused on
understanding the size-dependent elastic and mechanical properties of metal nanowires (Park et al., 2009). In general, the
collection of these works suggests that nanowires are expected to exhibit non-bulk elastic properties once the cross sectional
dimension becomes smaller than about 50–100 nm, and that the origin of this size-dependent elastic stiffening or softening is
the reduced bonding environment of surface atoms, and thus their distinct elastic properties as compared to atoms that lie
within the material bulk. The emergence of such size-dependent mechanical properties around 50–100 nm can be explained by
the increasingly important effect of surface elasticity coupled with an increase in surface area to volume ratio with decreasing
nanowire size.

Our focus in the present work is on the analytical models of surface elasticity. The seminal work in surface elasticity is
that of Gurtin and Murdoch (1975), who coupled a zero-thickness surface having distinct mechanical properties to the
classical bulk continuum description. Since the original work of Gurtin and Murdoch (1975), there have been several
notable extensions of the theory. For example, Daher and Maugin (1986) obtained the governing equations for surfaces
and interfaces by using the principle of virtual power. Steigmann and Ogden (1999) extended the original Gurtin–Murdoch
theory to account for intrinsic flexural resistance due to interactions with an elastic substrate. Moreover, Dingreville et al.
(2005) extended the work of Gurtin and Murdoch and derived a general continuum formulation that includes non-linear
surface elastic contributions and also allows for treatments of surfaces that are anisotropic. And more recently, Javili and
Steinmann (2010, 2011) formulated balance equations for coupled thermomechanical problems while accounting for
surface effects.

However, the literature pertaining to analytic studies of nanowires has been dominated by those using the Young–Laplace
model (Wang and Feng, 2009; He and Lilley, 2008a,b), which has been utilized to study surface effects on various
nanomechanical properties and problems of interest, as shown in the recent review of Wang et al. (2011). In general these
models are used in a linear elastic and uniaxial (i.e. one-dimensional) setting, and do not take into account any effects of non-
linear stiffening or increased compliance of the core, nor any effects of transverse relaxations or non-zero transverse surface
stress components as illustrated in Fig. 1. However, we do note that in the recent approach of Javili and Steinmann (2010), a
balance of linear momentum that is the Young–Laplace equation without being limited to isotropy or small strains is presented.

Due to the relative simplicity of these models, they have often been applied to two-dimensional beams (nanowires)
including surface stresses on only the top and bottom surfaces, and thus within this two-dimensional approximation, the
surface stresses from the side surfaces are neglected. This comes from the fact that the Young–Laplace model was derived
to model the interface stress between two phases (Chen et al., 2006), and thus it can be expected that the Young–Laplace
model will yield accurate results only when the cross sectional width is large compared to the height and the transverse
surface stress components can be neglected. Song et al. (2011) addressed this issue and added contributions to account for
the side surfaces. However, they did not include transverse surface stress components in their formulation, which is shown
in this paper to lead to inaccuracies in terms of predicting the relaxation strains and the fundamental eigenfrequency of
top-down nanowires. While some researchers have begun to elucidate these and other concerns with the Young–Laplace-
based surface elasticity models (Ru, 2010), a systematic study of the performance of the Young-Laplace models as
compared to benchmark atomistic studies for a range of nanomechanical boundary value problems involving nanowires
has not, to our knowledge, been performed.

In this work, we present a theoretical model to calculate the flexural rigidity of nanowires from three-dimensional
elasticity theory that incorporates the effects of surface stress and surface elasticity. The model is based on the seminal
work by Dingreville et al. (2005), but is different in that it incorporates, through the second moment, the heterogeneous
nature of elasticity across the nanowire cross section due to the presence of free surfaces. The surface stress treatment of
the derived model differs from the Young–Laplace and Song et al. (2011) models because we treat the surface stress as a
two dimensional tensor rather than as a scalar quantity, and because we include the surface stress contributions from all
bounding surfaces as illustrated in Fig. 1 where we have compared the different surface stress treatments of the different
models.

Following the development of the new theoretical model, we evaluate it by comparison with results from benchmark
atomistic simulations and theoretical models based both on the Young–Laplace and Song et al. (2011) approaches and the
Dingreville et al. (2005) model, on the boundary value problems of surface-stress-induced axial relaxation, transverse
vibrations and buckling simulations of gold nanowires. The benchmark comparisons demonstrate the need for a three
dimensional continuum formulation by comparing with the various Young–Laplace-based one dimensional surface elastic
formulations, and show the predictive power of this new formulation and the errors due to the simplified models by
demonstrating that the Young–Laplace models constitute a specific one-dimensional approximation of the proposed
model. In particular, we pay special attention to the buckling strain and the compressive buckling force to explain the
deviations from bulk behavior found in Olsson and Park (2011). Overall, the results demonstrate the validity of continuum
mechanics in predicting the mechanical behavior and properties of ultrasmall nanowires if surface elastic effects on the
flexural rigidity are accounted for and a full surface stress treatment is employed.

P.A.T. Olsson, H.S. Park / J. Mech. Phys. Solids 60 (2012) 2064–2083 2065



Author's personal copy

2. Continuum formulation

In this section we show how the flexural rigidity for nanowires incorporating heterogeneous elastic properties across
the nanowire cross section is derived. We use the continuum formulation of Dingreville et al. (2005) as the starting point
for the derivation and first give a general derivation of how the flexural rigidity is derived for a general cross section and
then focus on two specific cases, those of square cross section /100S=f100g and /100S=f110g gold nanowires.

We note that the derived model is linear elastic, which is a simplification as non-linear elastic core and surface
contributions play a central part in describing the elastic properties for nanowires with cross sectional dimensions less than
5 nm (Liang et al., 2005a). This choice is intentional, and made such that a valid comparison to existing one-dimensional surface
elastic models, which are all linear elastic, can be made. Moreover, for illustration purposes, the analytical treatments are much
easier to follow if the problem is linear. We note that there are no restrictions to incorporating non-linear elastic properties in
our proposed formulation.

2.1. Preliminaries

In this section we give a brief background review of the concepts of surface energy, stress and elasticity. For a more
comprehensive background, the reader is referred to Dingreville et al. (2005).

Fig. 1. Schematic illustration of the surface stress tensor treatments for (a) Dingreville et al. (2005), (b) Song et al. (2011) and (c) Young–Laplace

formulations.
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Based on the seminal work by Dingreville et al. (2005), it is assumed that the surface energy density, G, can be
expanded in terms of the surface strains, Es

ab,

GðEs
abÞ ¼G0þ

@G
@Es

ab
Es
abþ

1

2

@2G
@Es

abEs
gZ
Es
abE

s
gZþ � � � ¼G0þG

ð1Þ
abE

s
abþ

1

2
Gð2ÞabgZE

s
abE

s
gZþ � � � ð1Þ

where G0, Gð1Þab , and Gð2ÞabgZ are the area specific surface energy density, the surface stress, and the surface elastic constants,
respectively. Greek indices are 1 and 2 and repeated indices are summed. These surfaces are assumed to be flat and of
infinitesimal thickness, which is, of course, an approximation as the influence of the surfaces have a finite range. Moreover,
it is assumed that the potential energy of the bulk can be expanded in terms of the bulk strains

FðEijÞ ¼F0þ
@F
@Eij

Eijþ
1

2

@2F
@Eij@Ekl

EijEklþ � � � ¼F0þsijEijþ
1

2
CijklEijEklþ � � � ð2Þ

where F0, sij, and Cijkl are the volume specific energy density, the bulk stress tensor, and the bulk elastic constants,
respectively. Roman indices range from 1 to 3 and repeated indices are summed. If the perfect solid with interatomic
distances corresponding to those of the ideal crystal is chosen as the reference state, then sij ¼ 0, as the bulk is stress free.
The surface and bulk contributions add up to the total strain energy

UðEijÞ ¼

Z
V0

Z Eij

0

@F
@eij
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The surfaces are assumed to be rigidly attached to the bulk, which means that the surface strains can be obtained from the
bulk strains through an appropriate projection operation.

The relaxation strains, Enij, which occur in order to balance the surface stresses, are found by minimizing the strain
energy

@U

@Eij

����
Ekl ¼ En

kl

¼ 0 ð4Þ

The tangent stiffness about the relaxed state is found by taking the second derivative about the relaxed state, i.e.

~C ijkl ¼
@2U

@Eij@Ekl

����
Emn ¼ Enmn

ð5Þ

2.2. Flexural rigidity

In general, different moments of the elastic properties give rise to different measures of the elastic properties of nanowires.
Specifically, we define the nth moment as

mðnÞ ¼
Z

A
Ebzn dAþ

I
S

Esz
n dS ð6Þ

where z is the distance measured perpendicular to the rotation axis and the wire axis. The first term on the left hand side
of Eq. (6) is the contribution from the core and the second term is the contribution from the surface elasticity. Young’s
modulus of the bulk and the surfaces are denoted Eb and Es, respectively, and A and S are the cross sectional area and
circumference of the cross section, respectively, cf. Fig. 2. It should be noted that Eb and Es do not have the same units, as Eb

has the unit of energy/volume while the unit of Es is energy/area. For a long prismatic nanowire, it can be assumed that
Eb ¼ Ebðy,zÞ and Es ¼ Esðy,zÞ, so that the nth moment is a cross sectional property that depends only on the elastic properties
of the cross section.

Then we get that mð0Þ=A¼ E is the average Young’s modulus of the cross section irrespective of how the coordinate
system is chosen. The average Young’s modulus, mð0Þ=A, was derived by Dingreville et al. (2005) and been shown to be
accurate when considering axial deformations of nanowires (Dingreville et al., 2008). However, when nanowires are
subjected to bending deformations, the validity of using the zeroth moment in describing the flexural rigidity can be
questioned as a consequence of the inhomogeneous variation of the elastic properties over the cross section. The validity of
this assumption will be tested later in the various numerical examples.

If the coordinate axes are imposed so that the first moment becomes zero, i.e. mð1Þ ¼ 0, then the second moment is the
flexural rigidity

mð2Þ ¼
Z

A
Ebz2 dAþ

I
S

Esz
2 dS ð7Þ

If Young’s modulus is constant over the cross section and the surface variation is neglected we get ðEIÞn ¼ EbI, where I is the
moment of inertia. As a first approximation, we could use the zeroth moment approximation of Eq. (6) to estimate the
flexural rigidity as mð0ÞI=A. However, in that case the variation of elastic properties over the cross section is not accounted
for. It can be seen that for the second moment, regions of large values of z gives a greater contribution to the flexural
rigidity than smaller values of z do. Thus, in light of the fact that the cross section has different elastic properties at the
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surfaces and within the bulk (core) of the cross section, in order to accurately calculate the flexural rigidity one needs to
consider the influence of the surface elastic properties, as this contribution is weighted the heaviest. This heterogeneity of
the elastic properties across the nanowire cross section is thus accounted for in the present work by using the second
moment when evaluating the flexural rigidity.

2.3. Case studies

To benchmark the continuum formulation we consider the special cases of slender /100S=f100g and /100S=f110g
metallic face centered cubic (fcc) nanowires with square cross sections, cf. Fig. 3. There are various reasons why we have
chosen these specific nanowires for this work. For instance, the bounding surfaces are of the same character for all surfaces
of the system, which simplifies the analytical treatment. Crystallographic f100g and f110g surfaces are high symmetry, low
index surfaces which do not have any non-zero surface stress shear components, which reduces the system of equations
from a six dimensional problem to three dimensional. Moreover, with square cross sections the number of different cross
sectional parameters and different types of crystallographic surfaces along bounding surface of the cross section is
reduced, which leads to a more transparent analytical derivation.

2.3.1. Case 1: /100S=f100g nanowires

We now analytically derive the flexural rigidity and surface elastic properties for the first of the two /100S nanowires
that will be considered in this work. To calculate the relaxation strains we use Eq. (4) to minimize the energy, which for a

Fig. 2. Schematic illustration of the nanowire cross section. The y-axis denotes the rotation axis.

Fig. 3. Schematic illustration of how the fcc crystals are oriented for /100S=f100g and /100S=f110g nanowires.
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/100S=f100g nanowire with square cross section, cf. Fig. 3, leads to the following equation:

ðCþGÞen ¼ rn ð8Þ

where

C¼

C11 C12 C12

C12 C11 C12

C12 C12 C11

2
64

3
75, G¼

4Gð2Þ1111=h 2Gð2Þ1122=h 2Gð2Þ1122=h

2Gð2Þ1122=h 2Gð2Þ1111=h 0

2Gð2Þ1122=h 0 2Gð2Þ1111=h

2
664

3
775 ð9Þ

en ¼

En11

En22

En33

2
64

3
75, rn ¼

�4Gð1Þ11=h

�2Gð1Þ11=h

�2Gð1Þ11=h

2
664

3
775

where h is the side dimension of the square cross section. To derive Young’s modulus and the uniaxial surface stiffness for
a given cross section, we consider a system of equations where the lateral stress components have been set to zero to
mimic a uniaxial stress state

ðCþGÞe ¼ r ð10Þ

where

E¼
E11

E22

E33

2
64

3
75, s¼

~s11

0

0

2
64

3
75 ð11Þ

and C and G are defined in Eq. (9). The axial stress, ~s11, simply denotes that the stress in the axial direction is not
necessarily zero.

Eq. (10) puts a constraint on the lateral normal strains, E22 and E33, which obey the relation

E22 ¼ E33 ¼�
C12hþ2Gð2Þ1122

ðC11þC12Þhþ2Gð2Þ1111

E11 ð12Þ

Thus we can find the bulk contribution to Young’s modulus from the relation

sb ¼ EbE11 ¼ C11E11þC12E22þC12E33 ¼ C11�2C12
C12hþ2Gð2Þ1122

ðC11þC12Þhþ2Gð2Þ1111

 !
E11 ð13Þ

which gives Young’s modulus of the bulk

Eb ¼ C11�2C12
C12hþ2Gð2Þ1122

ðC11þC12Þhþ2Gð2Þ1111

ð14Þ

In analogy, the surface contribution to the flexural rigidity can be found from

G11 ¼ EsE11 ¼Gð2Þ1111E11þG
ð2Þ
1122E22 ð15Þ

and substituting E22 from Eq. (12) in Eq. (15) gives the expression

G11 ¼ EsE11 ¼ Gð2Þ1111�G
ð2Þ
1122

C12hþ2Gð2Þ1122

ðC11þC12Þhþ2Gð2Þ1111

 !
E11 ð16Þ

which leads to the identification of the surface stiffness

Es ¼Gð2Þ1111�G
ð2Þ
1122

C12hþ2Gð2Þ1122

ðC11þC12Þhþ2Gð2Þ1111

ð17Þ

It should be noted that relation (12) ensures that the non-axial stress components of the bulk are balanced by the non-axial
surface stress contributions.

For a square cross section with identical bounding surfaces on all sides, the flexural rigidity is thus given by taking the surface
and core contributions leading to the flexural rigidity

mð2Þ ¼ Ebh4

12
þ

2Esh
3

3
ð18Þ

and the average Young’s modulus

E ¼ Ebþ
4Es

h
ð19Þ
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where Eb and Es are taken from Eqs. (14) and (17). Comparing the flexural rigidities derived from the zeroth and second moment
approximations we get the difference in flexural rigidity

mð2ÞA
mð0ÞI

¼ 1þ
4Es

Ebhþ4Es
ð20Þ

Eq. (20) explicitly gives the difference in the flexural rigidity between the present work and that of Dingreville et al. (2005)
which results from considering the heterogeneous nature of elastic properties due to surface effects across the nanowire cross
section. Furthermore, from Eq. (20) it can be seen that depending on the character of the surface stiffness and Young’s modulus
of the bulk the second moment approximation can yield both a higher or a lower flexural rigidity than what is predicted by the
zeroth moment approximation.

2.3.2. Case 2: /100S=f110g nanowires

The system of equations for /100S=f110g type of nanowires with square cross section is slightly different from the
/100S=f100g case, which is due to the different symmetries of f100g and f110g surfaces. This is due to the fact that the
surface elastic properties are different in the /100S and the /110S directions for f110g surfaces. For a ð110Þ surface the
’’1’’ direction corresponds to the ½001� direction and the ’’2’’ direction corresponds to the ½110� direction. The matrices to be
inserted in Eq. (8) for a /100S=f110g system are now given by

C¼

C11 C12 C12

C12 ðC11þC12Þ=2þC44 ðC11þC12Þ=2�C44

C12 ðC11þC12Þ=2�C44 ðC11þC12Þ=2þC44

2
64

3
75 ð21Þ

G¼

4Gð2Þ1111=h 2Gð2Þ1122=h 2Gð2Þ1122=h

2Gð2Þ1122=h 2Gð2Þ2222=h 0

2Gð2Þ1122=h 0 2Gð2Þ2222=h

2
664

3
775, rn ¼

�4Gð1Þ11=h

�2Gð1Þ22=h

�2Gð1Þ22=h

2
664

3
775

and the relaxation strains are found from (8).
Following the approach outlined for the /100S=f100g case, i.e. assuming a uniaxial stress state, we find a constraint on

the lateral normal strains

E22 ¼ E33 ¼�
C12hþ2Gð2Þ1122

ðC11þC12Þhþ2Gð2Þ2222

E11 ð22Þ

this gives Young’s modulus of the bulk

Eb ¼ C11�2C12
C12hþ2Gð2Þ1122

ðC11þC12Þhþ2Gð2Þ2222

ð23Þ

and the surface contribution to the flexural rigidity

Es ¼Gð2Þ1111�G
ð2Þ
1122

C12hþ2Gð2Þ1122

ðC11þC12Þhþ2Gð2Þ2222

ð24Þ

The flexural rigidity and the average Young’s modulus are found by the insertion of Eqs. (23) and (24) into Eqs. (18) and
(19), respectively. It should be noted that in the limit as h-1, both Eqs. (14) and (23) converge towards Young’s modulus
of a macroscopic structure in the /100S direction and in the limit h-0, Eqs. (17) and (24) converge towards the uniaxial
surface stiffness of infinitely thin sheets. These converging limits suggest that the bulk and surface expressions accurately
reproduces the transition of the elastic properties between structures of infinitesimal thickness and macroscopic structures.

Throughout the paper, based on the assumption that the surfaces are rigidly attached to the core, we have derived
transitional (size-dependent) Young’s moduli of the core and the surfaces in Eqs. (14), (17), (23) and (24), whereas for the
Song et al. (2011) and the Young–Laplace models, limiting values of these quantities are used, i.e. it is assumed that h-0
when the surface elastic properties are determined and h-1 when Young’s modulus of the bulk is attained.

3. Benchmark atomistic simulations

To evaluate the proposed formulation, as well as the previously discussed surface elastic models, i.e. those based on the
Young–Laplace model (He and Lilley, 2008a,b; Wang and Feng, 2009), the Song et al. (2011) formulation or alternatively
the model of Dingreville et al. (2005), we have obtained benchmark results for three different boundary value problems
using both classical molecular statics (MS) and molecular dynamics (MD) simulations. The interatomic interaction
between the atoms is modelled through an embedded atom method (EAM) potential fitted to properties for gold (Olsson,
2010a). The relevant surface properties are evaluated using the strain meshing technique suggested by Shenoy (2005). In
Tables 1 and 2, we have listed the relevant surface properties predicted by the potential for f100g and f110g surfaces, and in
Table 3 we have listed the bulk elastic constants of the potential.
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Three different boundary value problems have been considered: relaxation strains to balance the tensile surface
stresses, the eigenfrequencies of unstrained, strained and top-down nanowires subjected to transverse vibrations, and
finally the critical compressive strains and forces leading to buckling instability. The axial relaxation is important to study
as it shows the overall consistency and accuracy of the different formulations. In particular, because the flexural rigidity is
not important for axial deformations, this example will quantify the errors introduced if a one-dimensional surface elastic
formulation that neglects transverse surface stress effects is considered (i.e. both the Young–Laplace and Song et al., 2011
models, cf. Fig. 1).

Studying the resonant properties of top-down nanowires allows us to compare the newly formulated model with the
existing Young–Laplace (He and Lilley, 2008b) and Song et al. (2011) models in a situation where the transverse surface
stress components are expected to be of great importance. The resonant properties of nanowires subjected to different
amounts of axial strain allow us to study the predictive strength of the second moment based flexural rigidity formulation
as opposed to the zeroth moment formulation. Finally, studying the buckling of nanowires is critical for multiple reasons.
First, it has been found previously that the critical buckling strains and loads are influenced by the non-uniform elastic
variation over the cross section and it is important to see whether the proposed three dimensional continuum formulation
predicts these quantities accurately (Olsson and Park, 2011). Second, the flexural rigidity has the strongest influence on
buckling, and thus fundamental information about the errors introduced in both one dimensional continuum models and
those that assume homogeneous elastic properties across the nanowire cross section can be quantified.

4. Results and discussion

4.1. Relaxation strains

As a first test of the formulation we evaluate the axial relaxation strain that occurs in order to balance the surface stresses as
a function of the nanowire cross sectional width; we note that the nanowire widths we have considered are larger than those at
which phase transformations (Diao et al., 2003) or reorientations (Park et al., 2005; Liang et al., 2005b) have been predicted
using MD simulations to occur. In Fig. 4(a) and (b) we have evaluated the relaxation strains for /100S=f100g and /100S=f110g
nanowires, respectively, for different widths. We have compared the continuum formulation derived in this paper with results
from atomistic simulations and with predictions from the continuum formulation by Song et al. (2011) and the Young–Laplace
models (Wang and Feng, 2009; He and Lilley, 2008a,b). The major differences between our continuum formulation and that of
Song et al. (2011) is that we treat the system as three dimensional, whereas the Song model is inherently one dimensional,
which means that transverse surface stress components are neglected in the Song model. For the Young–Laplace model, both
the transverse surface stress components and the surface stress of the side surfaces are neglected.

From Fig. 4(a) and (b) it can be seen that the Song model overestimates the relaxation strains quite significantly, whereas the
newly derived continuum formulation is in very good agreement with the atomistic results. For /100S=f100g nanowires with
2:45� 2:45 nm2 cross sections the second moment approximation predicts a relaxation strain En11 ¼�3:14%, which is in good
agreement with the atomistic result of �2.92%, while the Song et al. (2011) predicts a relaxation strain of �5.72%. The main
reason behind this discrepancy is due to the neglect of lateral surface stress components in the formulation by Song et al. (2011).

Table 1
Relevant surface elastic properties (measured in mJ/m2) of a gold ð100Þ surface. The ‘‘1’’ direction

corresponds to [010] and ‘‘2’’ corresponds to [001].

Gð1Þ11 Gð2Þ1111 Gð2Þ1122

1332 �5129 �988.9

Table 2
Relevant surface elastic properties (measured in mJ/m2) of a gold (110) surface. The ‘‘1’’ direction

corresponds to [001] and ‘‘2’’ corresponds to ½110�.

Gð1Þ11 Gð1Þ22 Gð2Þ1111 Gð2Þ2222 Gð2Þ1122

859.6 1483 �4042 �9294 �1335

Table 3
Bulk elastic properties (measured in GPa) of the gold potential.

C11 C12 C44

201.6 170.0 45.4
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The zeroth order model of Dingreville et al. (2005) and second moment approximations yield the same results because the
deformations are uniaxial, and thus no bending deformations are present at this stage. It should be noted that
the Young–Laplace model is in very good agreement with the atomistic results for /100S=f100g nanowires but not for
/100S=f110g nanowires. For 2.45�2.45 nm2 /100S=f100g nanowires the predicted relaxation strain is �2.87% which is in
excellent agreement with the atomistic result. This is purely serendipitous and occurs in this case because the axial stress after
relaxation is similar to the axial stress predicted by the Young–Laplace model; there is no physical justification for arbitrarily
omitting the influence of the surface effects of the side surfaces for nanowires or treating the surface stress tensors as one
dimensional. This is demonstrated by the inaccurate relaxation strains predicted using the Young–Laplace model for the
/100S=f110g nanowires in Fig. 4(b). For 2.45�2.45 nm2/100S=f110g nanowires the relaxation strain from atomistic simula-
tions is found to be �0.75%, while the second moment approximation predicts the relaxation strain to be �0.72%. The Young–
Laplace and Song et al. (2011) models predict the relaxation strains to be �1.77% and �3.53%, respectively.

In Fig. 4(c) we have compared various limiting cases to investigate what types of approximations enable the second
moment formulation to reduce to the Song et al. (2011) and the Young–Laplace models for /100S=f110g nanowires. To
reproduce the results of the Song et al. (2011) model, the transverse surface stress components were neglected. This was
done by setting sn in Eq. (21) to sn ¼ ½�4Gð1Þ11=h 0 0�T , which is equivalent to neglecting the transverse stress components.
To reproduce the Young–Laplace curve we have sn ¼ ½�2Gð1Þ11=h 0 0�T , which is equivalent to neglecting the transverse
surface stresses and also the surface stresses on the side surfaces. Even though we do not present the results here, the
same types of reductions were made for the /100S=f100g systems and the same results were found, i.e. if sn ¼ ½�4Gð1Þ11=

h 0 0�T or sn ¼ ½�2Gð1Þ11=h 0 0�T then the second moment formulation reduces to the Song et al. (2011) and Young–Laplace
models, respectively. These examples demonstrate that the Song et al. (2011) and Young–Laplace models indeed are
simplified special cases of the second moment approximation, and also illustrate the errors that occur using simplified
one-dimensional surface elastic models even for basic uniaxial deformations.

Fig. 4. Comparison between the axial relaxation strains obtained from atomistic simulations and the continuum formulation from this paper, the Young–

Laplace model and that by Song et al. (2011) for (a) /100S=f100g and (b) /100S=f110g nanowires of different cross sectional dimensions. (c)

demonstrates the convergence of axial relaxation strain of the mð2Þ model to the Song et al. (2011) model if the transverse surface stress components are

zero and to the Young–Laplace model if the transverse surface stress components are zero and the side surface contributions are neglected. For the mð2Þn
curve, we assume sn ¼ ½�4Gð1Þ11=h 0 0�T and for the mð2Þnn curve we have assumed sn ¼ ½�2Gð1Þ11=h 0 0�T to obtain convergence towards the Song et al.

(2011) and Young–Laplace models, respectively.
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4.2. Resonant properties

Our second numerical example examines how well the fundamental eigenfrequency of nanowires that are subjected to
axial strain can be predicted by the proposed continuum model. All the considered nanowires have biclamped boundary
conditions that are actuated as described by Olsson (2010a), and have aspect ratios that are roughly 12. The reason why we
have limited ourselves only to consider the fundamental mode is due to the fact that the aspect ratio for the considered
nanowires is roughly 12, and for nanowires with such small aspect ratios, shear deformations become increasingly
important for higher modes, which would necessitate the consideration of a higher order beam theory that can account for
such shear deformations (Olsson et al., 2010). By only considering the fundamental mode, we can employ elementary
Bernoulli–Euler beam theory with satisfactory results.

The atomistic simulations are performed at liquid Helium temperature, e.g. 4.2 K, as described by Olsson (2010a) and
the reader is referred to that paper for numerical details. The main motivation behind performing MD simulations at such
low temperature is that the elastic properties are very similar to those evaluated at 0 K, as opposed to room temperature
where the elastic properties may differ substantially from those at 0 K. For all the comparisons we measure the strain from
the relaxed state, i.e. from the state where the nanowire has been allowed to relax. This means that we measure the strains
from a state where there will be stresses at the surfaces and in the core that are balancing each other. Moreover, it means
that the interplanar distance in the axial direction does not, in general, correspond to the ideal distance for the reference
state, and is in fact smaller than the ideal interplanar distance for all the considered nanowires.

The differential equation governing the free vibrations of an axially forced prismatic nanowire based on the Bernoulli–
Euler formalism is given by Géradin and Rixen (1997) and for a prescribed axial strain, E, the second moment
approximation for the considered orientations and geometries becomes

mð2Þ d
4w

dx4
�ðAsðEÞþStðEÞÞ d

2w

dx2
�o2rAw¼ 0 ð25Þ

where sðEÞ ¼ C11En11þC12En22þC12En33þEbE and tðEÞ ¼Gð1Þ11þG
ð2Þ
1111E

n

11þG
ð2Þ
1122E

n

22þEsE. For the zeroth moment approximation
the expression simplifies to

mð0ÞI
A

d4w

dx4
�mð0ÞE d2w

dx2
�o2rAw¼ 0 ð26Þ

where I¼ h4=12. The secular equations to these differential equations are of the same format as in Olsson (2010a) and the
solutions are found numerically. For the case of the top-down nanowires considered in the next section, Eqs. (25) and (26)
are solved by putting E¼�En11.

4.2.1. Top-down nanowires

We now analyze the performance of the second and zeroth moment approximations with the existing surface elastic
continuum model by Song et al. (2011) and the Young–Laplace continuum formulation by He and Lilley (2008b) for the
resonant frequencies of top-down doubly clamped nanowires. The nanowires are called top-down as they can be considered to
have been etched out from a bigger piece of matter while being rigidly constrained at both ends. Because of this, the interplanar
distance along the wire axis corresponds to that of the ideal.

In Fig. 5(a) and (b) we have compared the different continuum formulations with atomistic results for /100S=f100g
and /100S=f110g top-down nanowires, respectively. It can be seen that the second moment approximation is in excellent
agreement whereas the zeroth moment approximation is in reasonable agreement with the atomistic results. For
/100S=f100g nanowires with 2.45�2.45 nm2 cross sections, the second moment approximation predicts a fundamental
eigenfrequency that is 3% lower than obtained from MD simulations and for the zeroth moment approximation the
predicted eigenfrequency is about 7% higher. The model by Song et al. (2011) is in quite poor agreement with the atomistic
results. For /100S=f100g nanowires with 2.45�2.45 nm2 cross sections the Song et al. (2011) model predicts the fundamental
eigenfrequency to be roughly 20% higher than what was obtained from atomistic simulations. For the Young–Laplace model,
the prediction is in very good agreement with the atomistic results for /100S=f100g top-down nanowires, and is about 5%
lower than the eigenfrequency obtained from MD. However, this agreement is obtained for the same serendipitous reason as
was found previously for the relaxation strains.

For the /100S=f110g nanowires it can be seen again that the second moment approximation is in excellent agreement
with atomistic results, being only 0.5% lower than the MD eigenfrequency for nanowires with 2.45�2.45 nm2 cross
sections. The zeroth moment approximation is also in good agreement with the atomistic results, approximately 5% higher
than the MD result. The two remaining continuum models, the Song et al. (2011) and Young–Laplace models, are in quite
poor agreement with the atomistic results. They predict fundamental eigenfrequencies that are 46% and 18% higher than
the atomistic results, respectively. The reason why these two models fail to describe the eigenfrequencies of the top-down
nanowires is the simplified surface stress treatment which results in a lack of transverse relaxations in those models, thus
leaving the nanowires in an effective tensile stress state where the axial stress is too high and erroneously elevating the
resonant frequencies. If the nanowire is allowed to relax transversely, this will result in a reduction in the axial stress (and
thus the resonant frequency) as a result of mass re-distribution during the relaxation, but given the fact that the transverse
surface stress components are neglected for both the He and Lilley (2008b) and the Song et al. (2011) formulations, the
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nanowires cannot relax transversely. This again illustrates the need to employ a three-dimensional formulation, such as
the second or the zeroth moment formulations, so that the transverse relaxations are also accounted for. It is interesting to
see that, for the considered crystallographic orientations, the second moment approximation predicts lower eigenfre-
quencies than the zeroth moment approximation does. This is an implication that the surfaces are more compliant than
the bulk.

To demonstrate that the Young–Laplace and Song et al. (2011) models are simplifications of the second moment
approximation, again we let sn ¼ ½�2Gð1Þ11=h 0 0�T and sn ¼ ½�4Gð1Þ11=h 0 0�T , respectively. In doing so, the second moment
approximation converges towards the Laplace–Young and Song et al. (2011) models, as can be seen in Fig. 5(c). This over-
estimation of the axial stress explains why the fundamental eigenfrequency is also overestimated by the Song et al. (2011)
model in Fig. 4. Therefore, even though the Song et al. (2011) model is more physically justifiable than the Young–Laplace
model, it overpredicts the fundamental eigenfrequency as a result of the lack of transverse relaxation.

4.2.2. Strained /100S=f100g nanowires

In Fig. 6, we show the eigenfrequencies for /100S=f100g nanowires of different cross sectional dimensions and aspect
ratios of about 12 being excited at different amounts of axial strain. To evaluate the results, we make comparisons with
both the second and zeroth moment approximations. Making comparisons with the Young–Laplace (He and Lilley, 2008b;
Song et al., 2011) models is not useful for this case as the relaxation strains predicted by those models are very different
from that predicted by the second and zeroth moment approximations, thus we have omitted them from this comparison.

It can be seen that the second moment approximation yields better agreement with the atomistic results than what the
zeroth moment approximation does, especially when the stains are small. It is worth emphasizing that the second moment
approximation gives very good agreement with the atomistic results for all nanowire cross sections considered, in
particular when the axial strain is small. The zeroth moment approximation leads to errors of 20% and 11% when
considering the 2.45�2.45 nm2 and 3.26�3.26 nm2 nanowires at zero axial strain, while the deviations from results from
atomistic simulations are 5% and 1% for the second moment approximation, respectively. This is in line with previous
investigations where the zeroth moment approximation has been found to fail to describe the eigenfrequencies for cross

Fig. 5. The fundamental eigenfrequency for (a) /100S=f100g and (b, c) /100S=f110g top-down nanowires of different cross sectional dimensions. The

aspect ratio of all nanowires is 12. The curves in (b) follow the legend of (a). (c) demonstrates the convergence of axial relaxation strain of the mð2Þ model

to the Song et al. (2011) model if the transverse surface stress components are zero and to the Young–Laplace model if the transverse surface stress

components are zero and the side surface contributions are neglected. For the mð2Þn curve, we assume sn ¼ ½�4Gð1Þ11=h 0 0�T and for the mð2Þnn curve we have

assumed sn ¼ ½�2Gð1Þ11=h 0 0�T to obtain convergence towards the Song et al. (2011) and Young–Laplace models, respectively.
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sectional dimensions 2.45�2.45 nm2 (Olsson, 2010b). As the dimensions increase, the two different approaches converge
towards the atomistic results, indicating that the variation of the stiffness over the cross section becomes less important.

4.2.3. Strained /100S=f110g nanowires

For /100S=f110g nanowires, the trend is very similar to that of /100S=f100g nanowires, cf. Fig. 7. But it is notable that
when the axial strain is large it appears that the eigenfrequencies obtained from atomistic simulations are high in
comparison with both the second and zeroth moment approximations. This discrepancy is most likely due to non-linear
effects in the MD simulations that are not accounted for by the linear elastic approximations. Nevertheless, it is found that
atomistic results are in good agreement with both the zeroth and second moment approximations when the strains
are small.

4.3. Buckling

The most important test of the second moment formulation and the main purpose of the paper is to evaluate how well
buckling can be described by the present formulation. The reason why buckling is of greater interest than the
eigenfrequency spectra of nanowires is due to the dependence of each boundary value problem on the flexural rigidity.
Specifically, the eigenfrequencies of unstressed beams are proportional to the square root of the flexural rigidity, i.e.
oi ¼ ki

ffiffiffiffiffiffiffiffiffiffi
ðEIÞn

p
(Géradin and Rixen, 1997), while for buckling, the critical compressive load is directly proportional to the

flexural rigidity, i.e. Pcr ¼ kðEIÞn (Timoshenko and Gere, 1961). Consequently, any inaccuracies in modeling the flexural
rigidity will be more noticeable and pronounced when buckling is considered.

Fig. 6. The fundamental eigenfrequency for /100S=f100g nanowires of different cross sectional dimensions subjected to different amounts of strain.
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Following Bernoulli–Euler beam theory, the critical compressive buckling force for a doubly clamped beam can be
derived to be

Pcr ¼�
4p2ðEIÞn

L2
ð27Þ

where L is the beam length and ðEIÞn is the effective flexural rigidity. From this we can derive the critical buckling strain as

Ecr ¼�
4p2ðEIÞn

EAL2
ð28Þ

where E is Young’s modulus and A is the cross sectional area (Timoshenko and Gere, 1961). The derived expressions for the
different continuum approximations and the Wang and Feng (2009) and Song et al. (2011) models can be seen in Table 4.
The minus signs in Table 4 and in Eqs. (27) and (28) illustrate the fact that the buckling forces and strains are compressive.

It should be noted that the Wang and Feng (2009) and Song et al. (2011) models are derived for a nanowire where the
axial interplanar distance corresponds to that of the ideal, undeformed lattice. This implies that in the limit of large
lengths, the critical strain derived by the Wang and Feng (2009) and Song et al. (2011) models should correspond to the
relaxation strain that is induced by the surface stresses.

In traditional beam theory, in the limit of infinite length, beams can be considered to be strings whose flexural rigidity
can be neglected and cannot carry any compressive load. However, inspection of Table 4 reveals that in the limit L-1,
unlike the other models (bulk Bernoulli–Euler, zeroth and second moment approximations), the critical buckling force
does not go to zero, i.e. Pcra0 for the Wang and Feng (2009) and Song et al. (2011) models. For the Young–Laplace (Wang
and Feng, 2009) and the Song et al. (2011) models it can be seen that they contain additional terms consisting of

Fig. 7. The fundamental eigenfrequency for /100S=f110g nanowires of different cross sectional dimensions subjected to different amounts of strain.
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contributions from the surface stress that persist for the limit L-1, which prevents convergence towards zero buckling
force. Therefore, in addition to the original formulations of Wang and Feng (2009) and Song et al. (2011) we have also
modified those formulations by omitting the terms that lead to the critical force being non-zero in the limit of infinite
length. Those formulations are denoted by * in Table 4. The considered nanowires are doubly clamped with aspect ratios
spanning from 20 to 50. The atomistic results are taken from Olsson and Park (2011) and the reader is referred to that
paper for numerical and geometrical details.

4.3.1. /100S=f100g nanowires

In Fig. 8 we have compared the critical buckling strain of /100S=f100g nanowires with results from atomistic
simulations for different cross sectional sizes and aspect ratios. The zeroth moment approximation assumes that Young’s
modulus is constant over the cross section, which means that the predicted critical strains will be the same as that of the
bulk, cf. Table 4. As was reported by Olsson and Park (2011), it is found that the critical strains are smaller than what is
predicted by bulk continuum beam theory and the zeroth moment approximation, in particular for the smallest considered
nanowire. To quantify the difference between the zeroth and second order approximations, the deviation for the zeroth
order is 20% for the 2.45 nm sized nanowire with the aspect ratio 20, while in contrast the deviation for the second
moment approximation is 6% for the same nanowire, cf. Table 5. Overall, it is seen that the second moment approximation
captures the buckling strains quite accurately, which implies that the increased compliance of surfaces must be accounted
for when approximating the flexural rigidity for very small nanowires. It can also be seen that all the different formulations
converge towards the same curves as the cross sectional dimensions increase. Given the fact that the models by Wang and
Feng (2009) and Song et al. (2011) measure the critical strain from the ideal lattice we have not made any comparisons to
those models when we consider the critical strain.

We have also studied the critical buckling load of /100S=f100g nanowires with 2.45�2.45 cross sections in Fig. 9 and
in Table 5 where we have compared the bulk, second and zeroth moment approximations with results from the
benchmark atomistic simulations and the Wang and Feng (2009) and Song et al. (2011) models. From Fig. 9 it can be seen
that on one hand the bulk, second, and zeroth moment approximations are in quite good agreement with the atomistic
results, while on the other hand, the Wang and Feng (2009) and Song et al. (2011) models give very inaccurate predictions
for the critical buckling strain. This observation has also been reported previously both experimentally (Gavan et al., 2009)
and through atomistic simulations (Olsson and Park, 2011). The major difference in terms of the critical buckling force
between the second moment formulation and the Young–Laplace model is the contribution of surface stress term in
Table 4, which indeed is the main factor leading to the large discrepancies between the Young–Laplace and Song et al.
(2011) models and the other results. In fact, if those contributions are omitted the results are rather similar to the second
moment approximation and in much better agreement with atomistic results, cf. Table 5.

In Table 5 we have studied the critical buckling strains and loads for a 2.45 nm nanowire with the aspect ratio 20. It can be
seen that out of all the models the second moment approximation predicts the buckling properties best. However, one can clearly
see that it overestimates the critical buckling load by roughly 14%, which is believed to be a consequence of the large relaxation
strains for small /100S=f100g nanowires (Diao et al., 2003; Park et al., 2005). Large relaxation strains may trigger a non-linear
elastic influence which becomes increasingly important when the aspect ratio is small (Liang et al., 2005a), as the critical buckling
strain increases with decreasing aspect ratio and leads to an enhanced non-linear elastic influence on the structure.

The second moment prediction of the critical buckling strain is roughly 6% less than what was obtained from the
atomistic simulations. The fact that the critical strain is underestimated while the critical load is overestimated by the

Table 4
A comparison of the expressions for the critical buckling force and strain of doubly clamped nanowires obtained using the various continuum theories in

this work, i.e. second moment, zeroth moment, the Young–Laplace formulation by Wang and Feng (2009) and the model by Song et al. (2011). The starred

rows correspond to the Wang and Feng (2009) and Song et al. (2011) formulations where the asymptotic terms in the limit of L-1 have been set to zero.

Continuum model Pcr Ecr

2nd moment
�

4p2mð2Þ

L2
�

4p2mð2Þ

mð0ÞL2

0th moment
�

4p2mð0ÞI
AL2

�
4p2I

AL2

Bulk
�

4p2EbI

L2
�

4p2I

AL2

Young–Laplace
�

4p2ðEbIþEsIsÞþ2Gð1Þ11 hL2

L2
�

4p2ðEbIþEsIsÞþ2Gð1Þ11 hL2

ðEbh2
þ4EshÞL2

Song et al. (2011)
�

4p2ðEbIþðEsþGð1Þ11 ÞIsÞþ4Gð1Þ11 hL2

L2
�

4p2ðEbIþðEsþGð1Þ11 ÞIsÞþ4Gð1Þ11 hL2

ðEbh2
þ4EshÞL2

nYoung–Laplace
�

4p2ðEbIþEsIsÞ

L2
�

4p2ðEbIþEsIsÞ

ðEbh2
þ4EshÞL2

nSong et al. (2011)
�

4p2ðEbIþðEsþGð1Þ11 ÞIsÞ

L2
�

4p2ðEbIþðEsþGð1Þ11 ÞIsÞ

ðEbh2
þ4EshÞL2
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second moment approximation suggests that there is an influence of non-linear elastic properties. The zeroth moment
predictions are 18% and 46% higher than the MD results for the critical strain and load, respectively. Moreover, it can be
seen that the critical buckling load predicted from bulk calculations is roughly 80% higher than what was obtained from
the MS simulations. The Young–Laplace and Song et al. (2011) formulations predict critical buckling loads that are more
than 5 and 10 times larger than the atomistic results, respectively. Another deleterious feature of the Young–Laplace and

Fig. 8. The critical buckling strain for /100S=f100g nanowires of different cross sectional dimensions and aspect ratios.

Table 5
Comparison of the different continuum expressions for buckling of doubly clamped nanowires, i.e. the Young–Laplace

formulation of Wang and Feng (2009), the model of Song et al. (2011), the second and zeroth moment approximations and the

benchmark atomistic results. The considered nanowire is a /100S=f100g which has the height h¼2.45 nm and the aspect

ratio h=L¼ 20. The Young–Laplace and Song et al. (2011) results for the critical buckling strain have been omitted.

Model Pcr (eV/Å) Ecr (%)

Atomistic �0.785 �0.695

2nd moment �0.915 �0.654

0th moment �1.15 �0.822

Bulk �1.42 �0.822

Young–Laplace �4.99 –

Song et al. (2011) �9.20 –
nYoung–Laplace �0.921 –
nSong et al. (2011) �1.06 –
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Song et al. (2011) models is shown in Fig. 9, where in the limit of large aspect ratios, the critical buckling loads converge
towards non-zero buckling loads, while clearly the critical compressive buckling loads obtained from atomistic
simulations vanish in the limit of long nanowires. In that limit it can be observed that the buckling load predicted by
the Song et al. (2011) formulation is roughly twice that predicted by the Young–Laplace model, which is in line with the
expressions in Table 4.

To study the other approaches more closely, we omit the Young–Laplace and Song et al. (2011) models, and instead
focus on the bulk calculations and the second and zeroth moment approaches, cf. Fig. 10. The different continuum
formulations reveal certain trends that can be observed for all cross sectional sizes. It is found that the second moment
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Fig. 9. The critical compressive buckling load for /100S=f100g nanowires with 2.45�2.45 nm2 cross sectional dimensions and different aspect ratios.

Fig. 10. The critical compressive buckling load for /100S=f100g nanowires of different cross sectional dimensions and aspect ratios.
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approximation has the best agreement with the atomistic results, but there are some discrepancies, in particular when the
aspect ratios are small. This can most likely be attributed to a non-linear elastic influence that is not included in this linear
elastic formulation and occurs a result of the large relaxation and compressive strains. The continuum bulk calculation
shows a large deviation as compared to the atomistic results particularly when the cross sectional dimensions are small,
though some improvements in terms of agreement can be obtained when the zeroth moment approximation is used. This
is an indication that both the elastic size dependence and the inhomogeneous character of the elastic properties over the
cross section must both be taken into account when the nanowires are small. Both Figs. 8 and 10 reveal that the buckling
behavior converges towards that of the bulk as the dimensions increase.

4.3.2. /100S=f110g nanowires

Finally, we evaluate the buckling properties of /100S=f110g nanowires. In Fig. 11 we have compared the critical strains
obtained from atomistic simulations and those calculated from continuum mechanical formulations. In the same manner as for
the /100S=f100g nanowires, it is found that the second moment approximation describes the critical strains very accurately. The
bulk and zeroth moment approximations overestimate the critical strains and, again, this is a consequence of the increased
compliance of the surfaces leading to a heterogeneous cross section, which leads to a lowering of the flexural rigidity and hence,
also a lowering of the critical strain. As expected, all continuum formulations converge towards the atomistic results in the limit
of large cross sections. In Table 6, we have studied the critical buckling strain for /100S=f110g nanowires with the cross
sectional side 2.45 nm and the aspect ratio 20. It is found that the second moment formulation predicts a critical strain that
deviates 1% from what was obtained from atomistic results. The bulk and zeroth moment approximations predict a larger
compressive strain, which is about 18% higher than what was obtained from the atomistic simulations.

Fig. 11. The critical buckling strain for /100S=f110g nanowires of different cross sectional dimensions and aspect ratios.
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In Fig. 12 we have evaluated the critical compressive buckling forces for /100S=f110g nanowires. It is clear that the
second moment approximation gives a good agreement with the atomistic results, in fact the agreement for /100S=f110g
nanowires is found to be much better than for /100S=f100g nanowires. This is related to the fact that the axial relaxation
strain for /100S=f110g nanowires is much smaller than for /100S=f100g nanowires, cf. Fig. 4. Again we can see the same
trends that were observed for /100S=f100g nanowires; the second moment approximation is in excellent agreement with
the atomistic results, while the zeroth moment approximation has a slightly worse agreement especially for small nanowires.

Table 6
Comparison of the different continuum expressions for buckling of doubly clamped nanowires, i.e. the Young–Laplace

formulation of Wang and Feng (2009), the model of Song et al. (2011), the second and zeroth moment approximations and the

benchmark atomistic results. The considered nanowire is a /100S=f110g which has the height h¼2.45 nm and the aspect

ratio h=L¼ 20. The Young–Laplace and Song et al. (2011) results for the critical buckling strain have been omitted.

Model Pcr (eV/Å) Ecr (%)

Atomistic �1.04 �0.695

2nd moment �1.01 �0.703

0th moment �1.18 �0.822

Bulk �1.42 �0.822

Young–Laplace �3.66 –

Song et al. (2011) �6.38 –
nYoung–Laplace �1.03 –
nSong et al. (2011) �1.12 –

Fig. 12. The critical compressive buckling load for /100S=f110g nanowires of different cross sectional dimensions and aspect ratios.
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In addition to the buckling strains in Table 6, we have also assembled the critical buckling force for /100S=f110g
nanowires with the cross sectional side 2.45 nm and the aspect ratio 20 for the different continuum models. It is observed
that the second moment prediction is about 3% lower than the atomistic result, whereas the zeroth moment and bulk
predictions are 13% and 37% higher, respectively. Again we find that the original Young–Laplace and Song et al. (2011)
models severely overestimate the critical buckling load being almost 4 and 6 times larger than the atomistic result,
respectively. However, if we remove the non-zero asymptotic contributions in the limit of large lengths, we find that both
the Young–Laplace and Song et al. (2011) models are in much better agreement with the atomistic results, predicting
results being 1% lower and 8% higher than the atomistic results, respectively.

5. Conclusions

In this paper we have derived a three-dimensional linear elastic continuum formulation to calculate the flexural rigidity
of nanowires while accounting for the effects of both surface stress and surface elasticity. The formulation is based upon
the work of Dingreville et al. (2005), but accounts for the fact that the elastic properties across the cross section of the
nanowires is not constant nor homogeneous due to the variation in elastic stiffness between the bulk and the surface. The
formulation was evaluated against three different boundary value problems solved by benchmark atomistic calculations,
and was found to be in very good agreement in all cases.

We have also compared the formulation to other well-known surface elastic formulations, particularly one-dimensional
approaches those based upon the Young–Laplace model, and also the original three-dimensional model of Dingreville et al.
(2005). The Young–Laplace model exhibited errors for all problems considered, the source of which was shown to be the
one-dimensional assumption that results in the neglect of transverse surface stresses. This was also shown by achieving
equivalent, erroneous results by neglecting transverse surface stresses in proposed three-dimensional model. Furthermore,
the Young–Laplace model exhibited large errors in the buckling case, where the flexural rigidity is directly proportional to
the critical buckling force. These errors are believed to emanate from non-vanishing contributions to the critical
compressive forces in the limit of infinite wire lengths. The three-dimensional model of Dingreville et al. (2005) was
shown to be more accurate than the Young–Laplace model, though less accurate than the proposed model due to the
assumption of homogeneity of the elasticity across the nanowire cross section. Overall, we have demonstrated that
continuum mechanics can be utilized to study the mechanics of ultra-small metal nanowires, provided that the
heterogeneity of the nanowire cross section elasticity is properly accounted for.
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Géradin, M., Rixen, D., 1997. Mechanical Vibrations: Theory and Application to Structural Dynamics, 2nd edition Wiley, New York.
Graff, A., Wagner, D., Ditlbacher, H., Kreibig, U., 2005. Multiplexed electrical detection of cancer markers with nanowire sensor arrays. Eur. Phys. J. D 34,

263–269.
Gurtin, M.E., Murdoch, A., 1975. A continuum theory of elastic material surfaces. Arch. Ration. Mech. Anal. 57, 291–323.
He, J., Lilley, C.M., 2008a. Surface effect on the elastic behavior of static bending nanowires. Nano Lett. 8, 1798–1802.
He, J., Lilley, C.M., 2008b. Surface stress effect on bending resonance of nanowires with different boundary conditions. Appl. Phys. Lett. 93, 263108.

P.A.T. Olsson, H.S. Park / J. Mech. Phys. Solids 60 (2012) 2064–20832082



Author's personal copy

Huang, Z.P., Sun, L., 2007. Size-dependent effective properties of a heterogeneous material with interface energy effect: from finite deformation theory to
infinitesimal strain analysis. Acta Mech. 190, 151–163.

Javili, A., Steinmann, P., 2010. On thermomechanical solids with boundary structures. Int. J. Solids Struct. 47, 3245–3253.
Javili, A., Steinmann, P., 2011. A finite element framework for continua with boundary energies. Part III: the thermomechanical case. Comput. Methods

Appl. Mech. Eng. 200, 1963–1977.
Jing, G.Y., Duan, H.L., Sun, X.M., Zhang, Z.S., Xu, J., Li, Y.D., Wang, J.X., Yu, D.P., 2006. Surface effects on elastic properties of silver nanowires: contact

atomic-force microscopy. Phys. Rev. B 73, 235409.
Kovtyukhova, N.I., Mallouk, T.E., 2002. Nanowires as building blocks for self-assembling logic and memory circuits. MRS Bull. 8, 4354–4363.
Liang, H., Upmanyu, M., Huang, H., 2005a. Size-dependent elasticity of nanowires: nonlinear effects. Phys. Rev. B 71, 241403.
Liang, W., Zhou, M., Ke, F., 2005b. Shape memory effect in Cu nanowires. Nano Lett. 5, 2039–2043.
Lieber, C.M., 2003. Nanoscale science and technology: building a big future from small things. MRS Bull. 28, 486–491.
Lieber, C.M., Wang, Z.L., 2007. Functional nanowires. MRS Bull. 32, 99–104.
McDowell, M.T., Leach, A.M., Gall, K., 2008. Bending and tensile deformation of metallic nanowires. Modelling Simulation Mater. Sci. Eng. 16, 045003.
Miller, R.E., Shenoy, V.B., 2000. Size-dependent elastic properties of nanosized structural elements. Nanotechnology 11, 139–147.
Olsson, P.A.T., 2010a. Transverse resonant properties of strained gold nanowires. J. Appl. Phys. 108, 034318.
Olsson, P.A.T., 2010b. Vibrational properties of strained gold nanowires. In: ECCM 2010, IV European Conference on Computational Mechanics, Paris,

France, May 16–21.
Olsson, P.A.T., Melin, S., Persson, C., 2007. Atomistic simulations of tensile and bending properties of single-crystal bcc iron nanobeams. Phys. Rev. B 76,

224112.
Olsson, P.A.T., Park, H.S., 2011. Atomistic study of the buckling of gold nanowires. Acta Mater. 59, 3883–3894.
Olsson, P.A.T., Park, H.S., Lidström, P.C., 2010. The influence of shearing and rotary inertia on the resonant properties of gold nanowires. J. Appl. Phys. 108,

104312.
Park, H.S., Cai, W., Espinosa, H.D., Huang, H., 2009. Mechanics of crystalline nanowires. MRS Bull. 34, 178–183.
Park, H.S., Gall, K., Zimmerman, J.A., 2005. Shape memory and pseudoelasticity in metal nanowires. Phys. Rev. Lett. 95, 255504.
Park, H.S., Klein, P.A., 2007. Surface Cauchy–Born analysis of surface stress effects on metallic nanowires. Phys. Rev. B 75, 085408.
Park, H.S., Klein, P.A., 2008. Surface stress effects on the resonant properties of metal nanowires: the importance of finite deformation kinematics and the

impact of the residual surface stress. J. Mech. Phys. Solids 56, 3144–3166.
Patolsky, F., Lieber, C.M., 2005. Nanowire nanosensors. Mater. Today 5, 20–28.
Petrova, H., Perez-Juste, J., Zhang, Z., Zhang, J., Kosel, T., Hartland, G.V., 2006. Crystal structure dependence of the elastic constants of gold nanorods.

J. Mater. Chem. 16, 3957–3963.
Richter, G., Hillerich, K., Gianola, G.S., Monig, R., Kraft, O., Volkert, C.A., 2009. Ultrahigh strength single crystalline nanowhiskers grown by physical vapor

deposition. Nano Lett. 9, 3048–3052.
Rieth, M., 2003. Nano-Engineering in Science and Technology—An Introduction to the World of Nano-Design. World Scientific.
Ru, C.Q., 2010. Simple geometric explanation of Gurtin–Murdoch model of surface elasticity with clarifications of its related versions. Sci. China: Phys.

Mech. Astron. 53, 536–544.
Seo, J.H., Yoo, Y., Park, N.Y., Yoon, S.W., Lee, H., Han, S., Lee, S.W., Seong, T.Y., Lee, S.C., Lee, K.B., Cha, P.R., Park, H.S., Kim, B., Ahn, J.P., 2011. Superplastic

deformation of defect-free au nanowires by coherent twin propagation. Nano Lett. 11, 3499–3502.
Sharma, P., Ganti, S., Bhate, N., 2003. Effect of surfaces on the size-dependent elastic state of nano-inhomogeneities. Appl. Phys. Lett. 82, 535–537.
Shenoy, V.B., 2005. Atomistic calculations of elastic properties of metallic fcc crystal surfaces. Phys. Rev. B 71, 094104.
Song, F., Huang, G.L., Park, H.S., Liu, X.N., 2011. A continuum model for the mechanical behavior of nanowires including surface and surface-induced

initial stresses. Int. J. Solids Struct. 48, 2154–2163.
Steigmann, D.J., Ogden, R.W., 1999. Elastic surface-substrate interactions. Proc. R. Soc. London A 455, 437–474.
Timoshenko, S.P., Gere, J.M., 1961. Theory of Elastic Stability, 2nd edition McGraw-Hill, New York.
Wang, G.F., Feng, X.Q., 2009. Surface effects on buckling of nanowires under uniaxial compression. Appl. Phys. Lett. 94, 141913.
Wang, J., Huang, Z., Duan, H., Yu, S., Feng, X., Wang, G., Zhang, W., Wang, T., 2011. Surface stress effect in mechanics of nanostructured materials.

Acta Mech. Solida Sin. 24, 52–82.
Wu, B., Heidelberg, A., Boland, J.J., 2005. Mechanical properties of ultrahigh-strength gold nanowires. Nat. Mater. 4, 525–529.
Zhang, T.Y., Wang, Z.J., Chan, W.K., 2010. Eigenstress model for surface stress of solids. Phys. Rev. B 81, 195427.
Zheng, G., Patolsky, F., Cui, Y., Wang, W.U., Lieber, C.M., 2005. Multiplexed electrical detection of cancer markers with nanowire sensor arrays. Nat. Biotechnol.

23, 1294–1301.
Zhou, L.G., Huang, H., 2004. Are surfaces elastically softer or stiffer? Appl. Phys. Lett. 84, 1940–1942.

P.A.T. Olsson, H.S. Park / J. Mech. Phys. Solids 60 (2012) 2064–2083 2083


