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Highlights

e NURBS elements are successfully employed to model the flexoelectric effect in dielectrics.

e Topology optimization of flexoelectric micro and nanostructures can enhance their energy conversion efficiency.

e An efficient design methodology based on a combination of isogeometric analysis (IGA), level set and point wise density
mapping techniques is presented.

e The point wise density mapping is directly used in the weak form of the governing equations and its derivative is consistently
derived using adjoint sensitivity technique.

Abstract

This paper presents a design methodology based on a combination of isogeometric analysis (IGA), level set and point wise
density mapping techniques for topology optimization of piezoelectric/flexoelectric materials. The fourth order partial differential
equations (PDEs) of flexoelectricity, which require at least ¢! continuous approximations, are discretized using Non-Uniform
Rational B-spline (NURBS). The point wise density mapping technique with consistent derivatives is directly used in the weak form
of the governing equations. The boundary of the design domain is implicitly represented by a level set function. The accuracy of the
IGA model is confirmed through numerical examples including a cantilever beam under a point load and a truncated pyramid under
compression with different electrical boundary conditions. Finally, we provide numerical examples demonstrating the significant
enhancement in electromechanical coupling coefficient that can be obtained using topology optimization.
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Nomenclature

B,, By The matrices containing the gradient of the N, and Ny
C/Cijii The fourth-order elasticity tensor

Dp The whole structural domain

d/d;jx; The fourth-order converse flexoelectric tensor
D‘;. The surface gradient operator

D" The normal gradient operator

éi The usual electric displacements

D;; The higher-order electric displacements

D; The physical electric displacements

E/E; The electric field

e/eir;  The third-order tensor of piezoelectricity

Sf/fijre  The fourth-order direct flexoelectric tensor

G;/G;,j The control points in 1D/2D

The total electrical enthalpy

The electric enthalpy density considering both piezoelectric and flexoelectric effects
The electric enthalpy density considering only piezoelectric effect
H, The matrix containing the Hessian of the N,

H(®) The smooth approximation of the Heaviside function

Kg The kinetic energy for the system

kgﬁ The electromechanical coupling coefficient

[ The Lagrangian objective function

mcep The number of basis functions corresponding to M 4 (1)

M; 4 (n) The B-spline basis functions in Y direction

n/n;  The unit normal to the boundary 9 {2

T =

Ny, The basis functions corresponding to displacements

Ny The basis functions corresponding to electric potential
N/ }q /Ni p (§) The B-spline basis functions in X direction

nep The number of basis functions corresponding to N; j, (§)

P/P;  The electric polarization
p/pijx  The third order piezoelectric tensor

p The polynomial order of basis functions corresponding to N; , (§)
q The polynomial order of basis functions corresponding to M , (1)
R (¢) /Rl.{"jq (€, 1) The NURBS basis functions

Tk The prescribed higher order traction

Tk The prescribed tractions

u The mechanical displacements

u; The prescribed mechanical displacements

|4 The velocity vector

V¢/Vyo The total/arbitrary volume

Vi The normal component of the velocity vector

v; The prescribed normal derivative of displacement

Woxt The work done by the external surface mechanical and electrical forces
W(&) The weighting function

w; The ith weight

Welee  The electrical energy

Wmeech  The mechanical (or strain) energy

Y The Young’s modulus

) The variation operator

§(P)  The approximate Dirac delta function
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€/eij  The mechanical strain

n; The ith knot in Y direction
4 The electric potential
0 The prescribed electric potential

k/kij  The second-order dielectric tensor
i/ uijr The fourth-order total flexoelectric tensor

v The Poisson’s ratio

& The ith knot in X direction

p/p (x) The density function

o} The density

Gij The usual stress

Gijk The higher-order stress

ojj The physical stress

A The width of numerical approximation

@/¢i,j The corresponding nodal values of level set function
®(x)  The level set function

v The Lagrange multiplier

0 The admissible shape/domain
af? The boundary of (2

) The surface charge density

1. Introduction

The piezoelectric effect, which only exists in materials with non-centrosymmetric crystal structures, refers to a
linear dependence between the electric polarization, P and the mechanical strain, & given by

Pi = pijiejk (1)

where p is the third order piezoelectric tensor [1—4]. In contrast to piezoelectricity, flexoelectricity is possible in all
dielectrics, including those with centrosymmetric crystal structures, and is thus a more general electromechanical
coupling mechanism. When flexoelectric effects are accounted for, the polarization is written as
gk
P = pijkejk + Wijki—— 2
0x;
where the electric polarization exhibits a linear response to the gradient of mechanical strain [5]. In Eq. (2) w;jk are
the flexoelectric coefficients; the first term on the right hand side is zero for non-piezoelectric materials.

Flexoelectricity in solids was introduced by Mashkevich and Tolpygo [6] in the 1950s but received little attention,
likely because the flexoelectric effect is relatively insignificant for bulk crystalline materials. However recent
developments in nanotechnology have shed a new light on flexoelectricity as a size dependent phenomenon due to
the large strain gradients that are obtainable at small length scales, or alternatively in soft materials like biological
membranes [7]. For additional recent reviews on flexoelectricity we refer interested readers to [8,9].

While the theoretical basis for flexoelectricity in dielectrics has been developed in detail [1,10,11], there have been
a correspondingly small number of numerical studies. Recently, Abdollahi et al. presented a computational framework
to evaluate the flexoelectric effect in dielectric solids using a meshfree method in 2D [12] and 3D [13]. They showed
that available simplified analytical solutions only provide order of magnitude estimates in comparison with a more
general model which considers the multidimensional coupling effects.

Topology optimization is a powerful approach that optimizes the material distribution within the design domain.
The first computational model for topology optimization was presented by Bendsge and Kikuchi [14]. Topology
optimization has since been successfully applied to a variety of applications such as structural design [15], compliant
mechanism [16] and microelectromechanical system [17,18]. To the best of our knowledge, employing topology
optimization for dielectric solids in order to enhance their flexoelectric behavior has not been done to-date.
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Various techniques have been developed for topology optimization. Among them, the Solid Isotropic Material
with Penalization (SIMP) technique [19] is very common due to its simplicity. Although this technique has been
widely applied to different problems, researchers have encountered difficulties with its numerical stability in
some multiphysics and multiconstraint problems [20]. Furthermore, in multiphysics problems the different sets of
penalization parameters will directly and noticeably impact the final results in terms of the stability of the solution
and the distinct void-solid representation.

To overcome the above mentioned difficulties, we use the Level Set Method (LSM) [21] for topology optimization
in order to exploit its intrinsic flexibility in handling topological changes. In the LSM, the boundaries of the domain are
implicitly represented with a scalar level set function which changes in time, providing unique benefits such as smooth
boundaries and distinct interfaces, integrated shape and topology optimization. We also use IGA instead of standard
finite elements method (FEM) because the fourth order PDEs of flexoelectricity demand at least C! continuous basis
functions in a Galerkin method [12]. IGA also enables using the same data set for the analysis and the optimization as
well as an exact representation of the geometry.

The remainder of this paper is organized as follows: in Section 2 we introduce the theory of flexoelectricity; the
discretization based on IGA is presented in Section 3; Section 4 contains the topology optimization based on the LSM;
afterwards, numerical examples in Section 5 and concluding remarks in Section 6 are presented.

2. Flexoelectricity: theory and formulation

For a linear dielectric solid possessing only the piezoelectric effect, the electric enthalpy density, H, is a function of
eand E,i.e. H(e;;, E;). When flexoelectric effects are accounted for, the enthalpy density, H, also becomes a function
of the strain gradient and electric field gradient. Thus

1 1
H (sij, Ei, jk, Eij) = Ecijklgijskl —eikiEicr + (dijr Ei jer + fijki Eigjk,1) — EKijEiEj (3a)
where E; = —0; is the electric field; @ is the electric potential; € is the mechanical strain; e is the third-order tensor

of piezoelectricity; k is the second-order dielectric tensor; C is the fourth-order elasticity tensor; f is the fourth-order
direct flexoelectric tensor and d is the fourth-order converse flexoelectric tensor [12]. Let us consider the terms in the
brackets on the RHS of Eq. (3a) containing the direct and reverse flexoelectric effects. Integrating these terms over
the volume and using integration by parts and the Gauss divergence theorem on the first term yields

/:Q(dijklEi,jSkl+fijk1Ei8jk,l)d~Q = /Qdijszi,jSkldQ+/injk1Ei€jk,1dQ
=/ dijszié?kzds—/ dijklEiEkz,de—i-/ fijkEiejiid 2
a0 Q o)
=/ (fijklEiSjk,l—dijsziSkl,j)dQ+/ diji Eieds
7] a0
= —/ (ditji —fijkz)Ei8jk,1d9+/ dijki Eiepds
Q a0
= —/ MijklE,»Sjk,ldQ—l-/ dijki Eierids (3b)
Q a0

which is expressed in terms of only one material tensor, w where ;jx = djijjk — fijx- Therefore, we can rewrite
Eq. (3a) as

1 1
H (sij. Ei, ejkg) = Ecijklgijgkl —eiriEier — pijri Ei€jrg — EKijEiEj- “4)
For a pure piezoelectric material we have

577
oij = —H and D; = ——— 5)
’ asij aEi
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while in the presence of flexoelectricity, the electromechanical stresses including the usual (6;;/ ﬁ,-), higher-order
(6ijk/Djj) and physical (o;;/D;) ones are defined through the following relations:

R oH ~ aH

0ijj=7—— and D;=—— o
deij IE;

- oM ~ oK

Ojjk = and Dj;; = — o
deijk OE;

0ij=6ij— ik and D; = D; — Dy ©

thus
0ij = 6ij — Gijkk = Cijricir — exij Ex + 1iijk Evk o
D; = D; — Djj j = eiki€xs + Kij Ej + Wijki€jk,1 10

since 51‘ j has no contribution in Eq. (4) thus, the essential and natural electrical boundary conditions are the same as
electrostatics. So,

0=6 only 11)
D,’ni = —w on FD (12)
IyUIp=09 and IyNIp=40 (13)

where 0 and o are the prescribed electric potential and surface charge density; n; is the unit normal to the boundary
{2 of the domain {2. For the mechanical boundary conditions we have

u; Zﬁi on Fu (]4)
te =nj(6jkx — Gijk,i) — Dj(niGiji) — (Dypnp)nin;Gijx =t on I (15)
LuUl; =9 and I,NI[; =0 (16)

where u; and 7; are the prescribed mechanical displacements and tractions; D‘;. = 0 —n; D" is the surface gradient
operator and D" = n;d is the normal gradient operator. In addition to these, the strain gradients result in other types
of boundary conditions as follows

uijnj =v; only 17
ninjoijx =rr onl; (18)
ILZurl,=9 and I'NI, =0 (19)

where v; and 7 are the prescribed normal derivative of displacement and the higher order traction, respectively.
We can rewrite Eqs. (6) and (7) as

3H = 51./ 88,’/ (20)
8H=5,‘jk 88,'];1( (21)
dH = —D;E; (22)

and then by integrating over {2 we obtain

H = 5/;2 (6ij5ij +&ijk‘9ij,k - BiEi) ds 23)

where H is the total electrical enthalpy.
The work done by the external surface mechanical and electrical forces can be written as

Wex,=/ fiu,-dS—/ w0dS. 24)
I; I'p
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The kinetic energy for the system is also defined as

1
Kp— / ottjiid 2 25)
2 Ja

where o denotes the density and the superimposed dot indicate time derivative.
Using Hamilton principle without the damping term we have

5]
8 / (Kg — H + Wey)dt =0 (26a)
1
and

2 /1 1 ~ _
8/ <—/ ou;ju;df) — —/ (6’,‘j8ij + 5’,']'1(81']',1( — DiE,')d.Q +/ tiuidS — / w@dS) dt =0 (26b)
n \2Jo 2/ I I'p

moving the variation operation into the integral operations we obtain
2 /1 .. 1 N - ~ -
/ —/ S(ouju;)d () — —f 1) (a,-jsij + Cijk€ijk — DiE,') dfs? +/ t;du;dS
n \2Jg 2Ja

I
- / a)59dS> dt
I'p

=0 (26¢)

by changing the order of operations and using the chain rule of variation we have

21 n
/ [—/ S(Qdiﬂi)d-g} dt = —/ |:/ o (Suil:ii)dﬂ:| dt 27
f 2/ 1 0
1%) 1 . B e 1%) . B Y
f I:E /05 (Uij&‘ij + Oijk€ijk — DiEi)dQ] dt = / |:/Q((T,'j58,‘j + 0ijkd¢ijk — Di(SE,')in| dt. (28)
5] n

Eq. (26¢) now becomes

1%) -~ —
/ (—/ o (Bu;ii;)df? —/ (OA—ij‘SSij + 6,']‘](881']"]( — Di8Ei)dQ +/ tidu;dS
151 2 02

I
-/ a)69dS> dt = 0. (29)
I'p
To satisfy Eq. (29) for all possible choices of u, the integrand of the time integration has to vanish, which leads to
/ o (Bu;ii;)df? +/ (5‘,’j58,’j +6ijkbeijx — 5,'5E,')d\(2 — / tidu;dS -I—/ wdhdS = 0. (30)
N N I I'p
The inertia term is neglected for a static problem yielding
/ (5,'j58ij +6ijkbeijk — 5i3Ei)dQ — / tidu;dS —i—/ wdhdS = 0. (31a)
N I I'p

Substituting Eqs. (6)—(10) into Eq. (31a) yields
L (Cijuideijeyy — exijExdeij — wijEideijx — kij8EiEj — eindEigr — pijiidEig k1) d 12

—/ fi6u,-dS+/ wdhdS = 0. (31b)
I; I'p
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)
Oi _o
- l,]h. A, \

1 l 3
1 | 1/2 o= a 7 N
N o
-1 f 0 > f
1 1 0 1/3 2/3 1
(a) Parent (b) Parameter space. (c) Physical space.
element.

Ny, (§) Ny () Nip(©) Ni_g o (1)

(d) Typical shape functions of order p and g.

Fig. 1. IGA concept: parent element (a), parameter space (b), physical space (c) and typical basis functions (d). The red dots represent control
points.

3. Discretization

The key idea of IGA has been to unify CAD and CAE. However, our main motivation to use NURBS basis functions
is their higher continuity (up to p — 1, where p is polynomial order). It means that NURBS basis functions are up to
p — 1 times continuously differentiable across element boundaries.

There are two different spaces in IGA namely the physical space (Fig. 1(c)) and parameter space (Fig. 1(b)). Each
element in the physical space is the image of a corresponding element in the parameter space. The parameter space
is discretized by knot vectors. A knot vector in one dimension is a non-decreasing set of coordinates in the parameter
space, written § = {£1, &, ..., &4 p4+1), where & € R is the ith knot, i is the knotindex, i =1, 2,...,ncp+ p + 1,
p is the polynomial order and ncp is the number of basis functions.

Control points in IGA are used to discretize the geometry and define the degrees of freedom. As schematically
shown in Fig. 1(c), they do not necessarily lie on the surface itself, but define its envelope. For approximation of the
corresponding fields the values on control point are multiplied with their corresponding basis functions as shown in
Fig. 1(d). The parent element (Fig. 1(a)) is used for numerical integration.

NURBS basis functions and derivatives

The NURBS basis is given by

Rip () = Nz{;/(é))wz _ ncpNi,p &) w; (32)
> Nirp &) wyr
i'=1

where N; , (§) are B-spline basis functions recursively defined by using Cox—de Boor formula and starting with
piecewise constants (p = 0) [22]

1 if& < i
Nio (€)= {O 1 Eot;eiszg - (32b)
andfor p=1,2,3,...
Nip ()= iNi,p—l &)+ MMH,,H &) (32¢)
Sivp — & Eitpr1 —&it1
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w; is referred to as the ith weight while W (§) is the weighting function defined as follows:

ncp

W)=Y Nip®uw (32d)

i=1

simply applying the quotient rule to Eq. (32a) yields:

d W ()N, (&) — W' (§) Ni.p (€)
£Rf &) = w; 2 A (33a)
where,
N., (&) = ﬁm_l &) - Myﬁ]\’iﬂ,p—l ®) (33b)
and
nep
W (&)=Y Nip®uw. (33¢)

i=1
Among NURBS basis functions characteristics, the most important ones are partition of unity property, compact
support of each basis functions and non-negative values. It can be also noted that if the weights are all equal, then
Rip (&) = Ni,p (§); so, B-spline is the special case of NURBS. Details related to higher order derivatives formulations
can be found in [23].
NURBS curves and surfaces
A NURBS curve is defined as:

ncp
Crv (&) =) R (&G (34a)

i=1
where G; € R4 are control points and i = 1,2, ..., ncp, are the number of control points. Similarly, for definition of
a NURBS surface, two knot vectors § = {&1, &2, ..., &1 pr1}and 9 = {n1, 2, ..., Nmyqg+1} (one for each direction)

as well as a control net G; ; are required. A NURBS surface is then defined as:

nep mep

Srf €, m =Y R nGi; (34b)

i=1 j=1

where Rip }q (¢, n) is defined according to the following equation, while N; ,, (§) and M , () are univariate B-spline
basis functions of order p and g corresponding to knot vector & and 7, respectively.

N; M; -
R 6 = e (35)
> > Nip, (&) Mj g (mwy jr

i'=1j/=1

In this work the NURBS basis functions are employed to approximate displacement # and electric potential 0 fields
as well as their derivatives according to

ncp mep

wi(x,y) =Y Y NI E nyuf; = ) (36a)
i=1 j=1
ncp mcp

On(x,y) = le 2 NPT & ) 0f = (Ng) T (36b)
i=1 j=

djup = ;N,u’ = (B,)"u’ = ¢ (36¢)

3;6, = 9;Ng8° = (By)"0° = —E (36d)
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3 up, = 3N, u® = (H,)"u (36¢)

where the superscript e denotes nodal parameters at the control points; B, By and H}, are the matrices containing the
gradient and Hessian of the corresponding basis functions (i.e. N,, and Ny) which are defined as

- dNy 0 ON| -
ox ay
dN> 0 dNy
ax ay
: : aNy dN1
9 Nncp 9 Nucp dx ay
_| 9 dy _
BM - 0 3N1 8N1 ’ BQ - N . ’
ay ax INnep  INnep
N, IN> ox dy
ay ax
0 8Nncp 8]vncp
- ay ax -
R\ 0 PN PN 3*Ny 7
ax2 dydx dxdy 9y?2
>N, 0 PN N, 0 3*N,
x2 9ydx 0x0y 9y2
3% Nep 0 *Nuep > Nygp 3% Nep
0x2 ayox ax0 0y2
H,=| 7 ) ) Y . (37)
0 9a° N1 0°N1 0 0N 9° Ny
ayox ax2 dy? axdy
0 PNy 2N, 0 PNy N,
dydx ax2 dy? dxdy
0 P?Nuep 3> Nugp 0 *Nuep 3> Nuep
L dydx ax2 dy? 0x0y
By substituting Eqs. (36a)—(36e) into Eq. (31b) we obtain after some algebra the following discrete system of
equations
Ayu Aue | |U Su
= 38
|:A9U Ago | [ 0 Jo (38)
where
Ay =) /Q B.)C(B,)" d 12 (39a)
e e
Ao =) /Q [(B.)eBo)" + (H,) 1" (By)"1d 2 (39b)
e e
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Agy = Z /Q e[(BweT(Bu)T + Bo)p (Hy) " 1d 02, (39%)
Ago = — Z fg e (Bo)k (By)"d 2 (39d)
fu= Z /F ’ NltrdIy, (3%)
fo=— Z . N} wdI'p,. (39)

In Eqgs. (392)—(39f), the subscript, e, in {2, I}, and I'p, denotes the eth finite element where {2 = U, {2,. Moreover,
C, k, e and p can be written in matrix form as

1—v v 0

c < Y > v 1—v 0 (402)

- a

a+na-2/)| (1 _U>
2

|k O
K= |: 0 "33i| (40b)
T _ 0 0 €15
¢ = [631 €33 0} (40)

p— [Ha 2 0 0 0 pa
0 0 jwaqa wpr2 pi1 O

where v denotes Poisson’s ratio and Y is the Young’s modulus. (40d)

Interested readers can also refer to [1,10] for more details about the theory of flexoelectricity.
4. Level Set Method (LSM) and optimization problem
4.1. LSM

In this section we briefly describe the LSM fundamentals. We assume 2 C Dy C R? (d = 2 or 3), where D, is
the whole structural domain including all admissible shapes, {2. A level set function @(x) is defined as

Solid: & (x) >0 Vx e 2\aN
Boundary: @ (x) =0 Vxe€df2N Dy 4D
Void: & (x) <O Vx € D\ 02.

The design boundary I (x) is then implicitly represented by the iso-surface (in this text zero surface) of @(x) such
that

I ={xerox =0} 42)
and by letting the level set function dynamically change in time, the dynamic model is expressed as
I = {x(z) e R B (x (1), 1) = o} 43)

and by differentiating both sides of Eq. (43) with respect to time and applying the chain rule we have

0P (x(),1)

wveaw.n.Z=o (44)
ot XD =
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where V = dt is the velocity vector of the design boundary and its normal component is V,, = V.n where n = @gl
is the unit outward normal to the boundary. Eq. (44) is the so-called Hamilton—Jacobi equation and can be written in

the form of

a9
¥+Vn|V¢|=O (45)

which defines an initial value problem for the time dependent function @. In optimization process V,, is the movement
of a point on a surface driven by the objective of the optimization. The optimal structural boundary is then expressed
as a solution of Eq. (45) obtained by a so called “up-wind scheme” [20].

In this paper, the LS function at the point (x, y) is denoted by @ (x, y) and defined as

ncp mep

Ox,y) =) Y NITE e (46)

i=1 j=1

where Nf ]‘.q and ¢; ; are B-spline basis functions and corresponding nodal values of LS, respectively. ¢; ; are the only
design variables which are defined on the control points mesh being set as the signed distance to the given boundary
of the initial design.

The density-based approach is used for mapping the geometry to the mechanical model. Using this approach, the
material domain (density field 0 < ppin < p (x) < 1) flows through a fixed discretization of the design domain
in each optimization iteration. In other words, these densities are used to directly scale the stiffness of the material,
known as the “Ersatz material” approach. p = 1 represents the solid material while ppin = le~* is the lower bound
to avoid singularity of the stiffness matrix.

Using point-wise mapping to control an element-wise constant density distribution we have

pe = (1 = puin) H (® (X)) + pmin (47)

where X, is the center of a finite element e. H (@) is a smooth approximation of the Heaviside function defined
by [20]

0 for ® < —A
~ 1/d\> 3/ 1
H(®)=1-—=-(— B — for—A<d< A 48
() 4<A> +4(A>+2 or — A< d< (48)
1 for A < @.

where A is the width of numerical approximation. Having p, the volume integrals of some functional f over a material
domain can then be defined as

/ fdv =/ fﬁ(@)dv %f fp(P)dV. (49)
Q D D
Meanwhile p is embedded in the electromechanical problem as

M(x,y)=p(P) My withMo=C, e, k, p (50)

where C, e, k and p denote elastic, piezoelectricity, permittivity and flexoelectricity tensors, respectively. Subscript O
represents properties of the solid material.
The derivative of the density function with respect to the level set nodal values is obtained by

dp IP(Xe)
— = (1 = pmin)(P(Xe)) (51)
A9, j 99i, j
where § ($) = 1s the approximate Dirac delta function defined by
3 (1~ pmin) 2%
< — 1= for —A<d<A
S(9)=1" 44 ( <A>> rTe=Ts (52)

0 otherwise
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and % is calculated by
dP(X,) :
¥ j

4.2. Optimization problem

The electromechanical coupling coefficient, kfﬁ,, is defined as

Welee
2p = —lec (54)

Wmech

where Wi and wyecp are the electrical and mechanical (or strain) energies, respectively. By extending w,. and
Wpech In Eq. (54) and defining the objective function, J (u (@) , 6 (@) , ), as the inverse of kfﬁp we have

1 T
Wmech jf()e Ced(?

J (u s 0 s = —
((9) @) ¢) kgﬁf Welec %fQETICE das

(55)

where € and E are obtained according to Egs. (36¢)—(36d) and ¢ denotes the vector containing all ¢; ;. Eventually,
the optimization problem can be summarized as follows

Minimize : J (u (@), 0 (¢), @)
Subjected to : (56)

Vi= [ p@av vy
D

Ayu Auvg ||U]| _ [fu
Aoy Ago | |0 Jo
where Vy is the total volume in each optimization iteration; Vyq is an arbitrary volume which must be set at the

beginning of the optimization process. By introducing a proper Lagrangian objective function, /, and Lagrange
multiplier, v, we obtain

l=J—I//(Vf—Vf()). (57)
To find the minimum of /, we set the first derivatives of Eq. (57) with respect to ¢ as zero. So,

. dJ dVy
= _yL o 58
do —do Vo (58)

To update the design variables, sensitivity analysis is required which is presented in Section 4.3.
4.3. Sensitivity analysis

To solve Eq. (58), one should differentiate the objective and constraint functions with respect to the design
variables. Considering the coupled system of equations in residual form, we have

R (u.0)=0 (59a)
S ,0)=0 (59b)

where R} and R} are residuals that must be simultaneously satisfied, and # and 6 are solution (i.e. displacement and
electric potential) fields. By assembling Egs. (59a) and (59b) into a single global residual SR we have

R} (u,9)

R = [R§ . 0)} = R (p).9) =0 (60)
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u
(= M 61)

Thus, the objective function takes the form J (4L (¢), ¢). Recalling Eq. (58), we use the chain-rule to calculate the
sensitivity of J (Ll (@), ¢) with respect to ¢. So,

dJ 979y aJ

— =+ —. 62
do 8Ll8<p+8q) (62)

The last term of Eq. (62) is the explicit quantity and easy to calculate

aJ 1 1 oC 1 d
> <_/ el —e d()) - w”;“” (-/ E'%E dﬁ) (63)
09  Welee \2 J0 L] w 2J0 @

elec

while wejee and wyeqp are calculated according to Eq. (55); For plane strain problem

1—v v 0
%’ _ %( Y ) v 1—v 0 (64)
dp g \ (1 +v)(1—2v) 0 0 l_v
2
and

oK 00e [k11 O

i 65
L] 0@ [0 K33 (65)

where %’ is obtained according to Eq. (51). To calculate % as an implicit quantity, we differentiate Eq. (60) as

IR\ 9L IR
— ) —+——=0 (66)
a3l 1) L]
a9\ T IR &
0o oLl B
substituting Eq. (67) into the first term of Eq. (62) right hand side yields
a7 a8t aJ | (9T am 68)
Al dp s | \au d¢
assuming
aJ (99} "
A=——r | — 69
i (72) )
and knowing that % = Kiotal, We can write
aJ
Kiotalh = —— 70
total a1 (70)
Kok = ——— [ B.C@B)ud2+ 5" [ Bob™0 ag )
Welec J 2 W
eventually, Eq. (68) can be written in the form
aJ osl IR
e = W) (72)

a3l de 0@
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Table 1
The cantilever beam problem: material properties, geometry and load data.
L/h v Y €31 B2 K11 K33 x33 F
20 0.37 100 GPa —44C/m? 1 uC/m 11nC/Vm 12.48 nC/Vm 1408 100 uN
]L7 : beam aspect ratio, v : Poisson ratio, Y : Young’s modulus, e3; : piezoelectric constant.
12 flexoelectric constant, k11 and «33 : dielectric constants, x33 : electric susceptibility, F : point load.
aJ oMl ! !
ek LTI Y 73
a4l dg Ay Ao
aC
Ay = /Q u’t <Bu %35) an (74)
A, = / u’t %BT +H 8—"TBT an (75)
Al = f 0" (B %TBT +B My ag (76)
oK
Apy = — /Q 0T (B@ %Bg> dn (77)
where
ET _ O [0 0 e (78)
dp  d¢ |e31 e O
and
oM e [y w12 0 0 0 pag
Zo (79)
do | 0 0 pag pi2 un O
and finally, for the last term of Eq. (58) we have
av A% a
r_9Vy _ / 9Pe 40 (80)
0

do 0@ @
which is already obtained according to Eq. (51).

5. Numerical examples

In this section, we first verify our analysis model by comparing our results with some benchmark examples. The
verified IGA model is then employed in the optimization algorithm to demonstrate its validity and usefulness. We
assume isotropic linear elasticity under plane strain conditions in all examples. Commonly studied flexoelectric
configurations (cantilever beam and truncated pyramid) with different electrical boundary conditions are solved.
Electrodes are assumed as very thin deposited layers on the structures to impose equipotential boundary conditions,

and have no contribution to the structural stiffness.
5.1. Verification of the IGA model

5.1.1. Cantilever beam (mechanical loading)

Fig. 2(a) and (b) schematically represent the cantilever beam with mechanical and electrical boundary conditions.
The model is discretized by 50 x 10 B-spline elements of order 3. The red dots represent the control points as shown

in Fig. 2(c). Material properties of BaTiO3 and loading data as listed in Table 1 are considered based on [12].
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Fig. 2. Electromechanical boundary conditions for open circuit (a) and closed circuit (b), FE discretization with red dots representing the control
points (c).
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Fig. 3. Normalized effective piezoelectric constant e’ versus normalized beam thickness /’. Graphs are for open circuit conditions and contain both
piezoelectric and non-piezoelectric materials. The results for analytic solutions are reproduced according to Eq. (81).

Following the terminologies of our benchmark examples [12] and assuming that the only non-zero component of
the stress is o711 and of the electric field is E», for one-dimensional coupling, Eq. (54) is analytically estimated in [10]

as
X K H2
kep = —— =2 +12(= 81
T T4y Y(e+ (h)) (81)

where the normalized effective piezoelectric constant is

k
o = 4 (82)

kpieza

where ke, is obtained by neglecting flexoelectricity (u = 0) in Eq. (81).

To numerically simulate a 1-D coupling, we simplify our model by setting Poisson’s ratio as well as all piezoelectric
and flexoelectric constants to zero except e31 and 12 which take the corresponding values of Table 1. Fig. 3 compares
the results of the present and the analytical methods for both piezoelectric and non-piezoelectric materials. Here /2’ is
the normalized beam thickness and for the open circuit condition is obtained by 7' = —eh/u. The non-piezoelectric
materials are also obtained by setting e3; = 0. Fig. 3 illustrates that when the thickness of the beam decreases,
the electromechanical response of the beam increases. This enhancement in electromechanical response at small
length scales has also been observed for non-piezoelectric materials. Furthermore, as expected the flexoelectric effect
vanishes for larger beam thicknesses. Overall, we observe excellent agreement between the results of the current
method and the analytical solutions.

5.1.2. Cantilever beam (electrical loading)

For our next example we study a cantilever beam acting as an electromechanical actuator. The beam is 50 pm long,
2.5 um high, is made of non-piezoelectric material and has the closed circuit configuration as illustrated in Fig. 2. A
voltage V equal to —20 MV is applied to the bottom edge while the top edge is grounded. The mechanical point load,
F, is also set to zero.
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Fig. 4. Distribution of electric field across the beam thickness for different orders of basis functions. p and ¢ are order of basis functions in direction
of length and width of the beam, respectively.
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Fig. 5. Truncated pyramid under compression, problem setup (a), FE discretization (b).

For above settings, the only phenomenon that deforms the beam is flexoelectricity, which acts as a result of
polarization gradients. To demonstrate this, the distribution of the electric field across the beam thickness at the
mid length of the beam is graphed in Fig. 4. The results are slightly dependent on the order of the basis functions.
In particular, larger gradients near the surfaces are obtained with increasing basis functions order. Our results, which
are converged on a sufficiently fine discretization, are in good agreement with the benchmark example [12] from both
values and field distribution points of view. All graphs clearly represent the high gradients at the top and bottom
surfaces of the beam, which generate mechanical stresses and eventually deform the beam. The electric field is
represented more smoothly away from the surfaces using higher orders basis functions.

5.1.3. Truncated pyramid

For the next example we investigate the flexoelectric effect in a truncated pyramid under compression; this
geometry has been widely studied in flexoelectricity [24] because of the intrinsic generation of strain gradients due to
the different widths of the top and bottom surfaces. A uniformly distributed force of magnitude F is applied on the
top edge while the bottom edge is mechanically fixed. The problem configuration and its FE discretization are shown
in Fig. 5. The material parameters are according to Table | while the other design parameters are listed in Table 2.

Fig. 6 shows the distribution of the electric potential (left) and the resulted strain in Y direction, €27, (right). Once
again there is an acceptable agreement, in both patterns and values, between the results of the present method and [12].
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Table 2
The truncated pyramid problem: geometry and load data.
ay ap h F
N
750 um 2250 um 750 um 6 m
x107
Electrical Potential 2 Strain Y direction
- 15
2.5
1
3
3.5
05
-4
0 4.5
Fig. 6. Distribution of the electric potential (left) and strain in Y direction, &5 (right).
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Fig. 7. Initial (a) and the optimized (b) topologies considering 70% of the solid beam volume as design constraint. Normalized objective function
versus iterations is plotted in (c). The beam is made of non-piezoelectric material with open circuit boundary conditions. The length of the beam is
60 um with aspect ratio of 7.

5.2. Topology optimization of the flexoelectric beam

Since there is no benchmark topology optimization example available for flexoelectricity, we have initially verified
our methodology for an elastic (by setting all the electrical parameters to zero) cantilever beam subjected to a
mechanical load [25].

We now consider a cantilever beam of length 60 um with an aspect ratio (defined by the beam length over its height)
of 7. It is made of non-piezoelectric material (e3; = 0) with open circuit boundary conditions. The loading and other
material constants are according to Table 1. The objective function in all the following examples is minimizing the
inverse of kgﬁ, as defined by Eq. (55). Fig. 7(a)—(c) show the initial Fig. 7(a) and the optimized Fig. 7(b) topologies
constrained by 70% of the solid beam volume as the design limit.

To understand the optimum topology seen in Fig. 7(b), we emphasize that for flexoelectric materials, electric
polarization displays a linear relationship to the gradient of mechanical strain (see Eq. (2)) while for piezoelectric
materials, the electric polarization and the mechanical strain are interrelated (see Eq. (1)). Thus, for flexoelectric
structures, recognizing the zones with high strain gradients in the structure is the key to interpret the optimal topology.
In Fig. 7(b) it is observed that more material is available in the left half (including fixed edge) of the structure (where
the strain and strain gradients are higher) rather than the right half (including free edge). Within the left half, the
material is also more available on top and bottom edges rather than the central part of the beam, for the same reason.
The shape of the fixed edge is also in line with more electrical energy generation, as our detailed investigations
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Fig. 8. ké\,’f versus beam aspect ratio. ké\/]f is the ratio of the electromechanical coupling coefficients of the optimized structure to the solid structure.
For all cases, the length of the beam is 60 wm and the optimized topology has 70% of the solid beam volume.

have shown that material reduction along the fixed edge will increase the generated electrical energy. Thus overall,
the optimized geometry is in line with maximizing the electromechanical coupling coefficient which is equivalent
to minimizing the objective function. The history of the objective function, which converges towards the minimum
value, is presented in (7(c)).

We define kzjlj‘f and k:;t as parameters that define the electromechanical coupling coefficients of the solid and

opt

optimized structures, respectively. In this case kjld =4.75¢7 and k:gf = 315¢7> and their ratio, kgf = kifz, = 66.32,
eff

is the normalized electromechanical coupling coefficient. That would be a reasonable argument that such an increase
in energy conversion is partially due to 30% decrease in structural volume; we declare that the electromechanical

coupling coefficient for the initial structure (Fig. 7(a)), kﬁ;jﬁ, which has nearly the same volume as the optimized
opt
structure (i.e. 70% of the solid beam volume), is equal to 22.5¢~>. By comparison of these numbers (-Z- = 14) we

K
can determine how significant the role of topology optimization in increasing k.z is. We performed sirrglar analysis
for different beam aspect ratios, plotted in Fig. 8. It is observable that, the higher the aspect ratio, the higher kg’jp is
obtained. It means topology optimization shows profound advantages in higher aspect ratios.

We now consider the flexoelectric truncated pyramid under a 10 uN point load applied at the midpoint of the top
edge. Other design parameters and dimensions are listed in Tables 1 and 2 considering 70% of the solid truncated
pyramid volume as design constraint. Boundary conditions are according to Fig. 5. The optimized topology is shown
in (Fig. 9(a)). The region with high strain gradients is located underneath the point load where the crown shape
topology increases the strain gradients and consequently, the generated electrical energy. It is also observable that the
length of the top edge has shortened, which also causes larger strain gradients.

The graph related to the history of the normalized objective function (Fig. 9(b)) and the graph for structural
volume (Fig. 9(c)) converge relatively smoothly. The small jumps in graph of Fig. 9(b) at iterations 10, 20, 30
d
k;‘y‘
impact of topology optimization on enhancing electromechanical behavior of dielectric solids possessing flexoelectric
effect.

and 40 are related to re-initialization in optimization process. For this example

= 2.47 which shows again the

6. Concluding remarks

We have presented a computational framework for topology optimization of flexoelectric micro and nanostructures
to enhance their energy conversion efficiency. Our methodology is based on a combination of isogeometric analysis
(IGA), level set and point wise density mapping techniques. The smoothness of the IGA basis functions is used
to discretize the fourth order partial differential equations of flexoelectricity, while the level set provides clear
boundaries and gives stable convergence. The point wise density mapping is directly used in the weak form of
the governing equations and its derivative can be consistently derived. The nodal level set values on control points
and the inverse of the electromechanical coupling coefficient are defined as design variables and objective function,
respectively. The numerical results demonstrate that B-spline elements can successfully model the flexoelectric
effect in dielectrics. For a cantilever beam with constant length, it is shown that when the thickness of the beam
decreases, the electromechanical response increases. The topology optimization is also able to noticeably increase
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Fig. 9. The optimized topology (a) considering 70% of the solid truncated pyramid volume as design constraint. The normalized objective function
versus iterations is plotted in (b) and the volume history is shown in (c). The pyramid is made of non-piezoelectric material under a 10 uN point
load at mid of the top edge. The other design parameters are listed in Tables | and 2. The boundary conditions are shown in Fig. 5.

the electromechanical coupling coefficient, with substantial enhancements observed for higher aspect ratios. Overall,
the presented computational methodology should contribute towards the design of micro and nano-scale flexoelectric
devices with optimized electromechanical conversion efficiency.
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