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a b s t r a c t

The J-integral is recognized as a fundamental parameter in fracture mechanics that characterizes the
inherent resistance of materials to crack growth. However, the conventional methods to calculate the J-
integral, which require knowledge of the exact position of a crack tip and the continuum fields around it,
are unable to precisely measure the J-integral of polymer composites at the nanoscale. This work aims to
propose an effective calculation method based on coarse-grained (CG) simulations for predicting the J-
integral of carbon nanotube (CNT)/polymer composites. In the proposed approach, the J-integral is
determined from the load displacement curve of a single specimen. The distinguishing feature of the
method is the calculation of J-integral without need of information about the crack tip, which makes it
applicable to complex polymer systems. The effects of the CNT weight fraction and covalent cross-links
between the polymer matrix and nanotubes, and polymer chains on the fracture behavior of the com-
posites are studied in detail. The dependence of the J-integral on the crack length and the size of
representative volume element (RVE) is also explored.

© 2015 Elsevier Ltd. All rights reserved.
1. Introduction

As a developing class of composite materials, short-fiber-
reinforced polymers (SFRPs) have attracted much attention
because of their remarkable mechanical, thermal and electrical
properties [1e3]. The compromise between relatively low cost and
high performance have made the composites excellent alternatives
in various science and engineering applications such as electronic,
automotive, oilfield and chemical industries [4]. In order to develop
SFRPs, studies on failure mechanisms in the materials are of great
significance [5,6]. In classical fracture mechanics, the J-integral [7]
is used to quantify the energy release rate in an elasticeplastic
body that contains a crack. The J-integral has beenwidely used as a
fracture characterizing parameter in macroscale mechanics to
measure materials inherent resistance to crack growth [8].
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In nanoscience and nanoengineering, where sizes are scaled
down to nanometers, materials can no longer be considered as
continua, but discrete molecular structures. It is, therefore,
interesting to examine that if the fracture parameter developed
based on the continuum theory is applicable to the atomistic
structures. In order to address this issue, a number of studies have
been conducted to extend the concept of J-integral to the nano-
scale for the analysis of nano-sized cracks and their influence on
the performance of materials [9e13]. Jin and Yuan [14] calculated
the energy release rate of edge-cracked and center-cracked gra-
phene sheets (GSs) in mode I and II fracture using molecular dy-
namics (MD) simulations and continuum mechanics. They
proposed two methods for calculating the energy release rate. The
first one is based on the variation of total potential energy of the
same GSs with different crack lengths during the crack growth.
This technique is computationally expensive, which makes it
infeasible for large atomic systems. In the second approach, the
energy release rate is calculated using the local forces at the crack
tip. Although the latter method is less time consuming, the exact
position of the crack tip is required for calculating the energy
release rate. This limitation restricts the scheme to study the
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fracture behavior of crystal materials in which the crack propa-
gation is uniform and the crack tip can be clearly identified.
Another restriction of the methods is that they are restricted to
linear elastic fracture mechanics (LEFM). Khare et al. [15] devel-
oped a coupled quantum mechanical/molecular mechanical
model to study the effects of large defects and cracks on the
elasticeplastic fracture behavior of carbon nanotubes (CNTs) and
GSs. They used a domain integral approach for calculating the J-
integral. The application of the method involves calculating the
strain energy density, the traction vector and displacement vector
components on a contour around the tip of a crack. The integral
method is, however, complicated to be used for amorphous
polymer materials, since crack paths in polymers and their com-
posites can be irregular at the nanoscale. This causes difficulties in
exactly identifying the crack tip position, and so the calculation of
the continuum fields around the crack tip is computationally
challenging in polymer systems. Xu et al. [16] presented a J-inte-
gral calculation method using the energy release rate during crack
growth by which they explored the ductile fracture behavior of
nickel crystals. This approach is limited to cracks that stably
propagate because of the need for a finite difference approxima-
tion of the variation of potential energy with respect to the crack
length. Recently, a methodology for calculating the J-integral us-
ing the continuum fields of stress, energy density and displace-
ment gradient obtained from MD simulations, and then
integrating the resulting Eshelby stress over a contour sur-
rounding a crack tip was developed by Jones and Zimmerman [17].
The method was applied to quasi-static calculations to determine
the J-integral of face-centered cubic and body-centered cubic
crystals at zero and finite temperatures [18,19]. Results attained by
this method were shown to be in agreement with those predicted
by LEFM. Despite the successful use of the proposed method in
predicting the J-integral of crystal materials, the need for con-
tinuum fields around a crack tip and the exact position of the crack
tip hinders its application to amorphous polymer materials. As
formerly mentioned, crack propagation in polymer materials is
unstable, and crack branches and kinks may occur in the crack
path. Hence, obtaining the continuum fields from MD simulations
and mapping them to a continuum framework are not feasible for
polymer materials in practice.

In view of the above mentioned problems, there is still no ac-
curate elasticeplastic J-integral calculation method for cracks in
amorphous polymers and their composites. Furthermore, the ef-
fects of nanotube reinforcements on the J-integral of short CNT/
polymer composites have not been quantified. Hence, a simulation
method for predicting the J-integral of reinforced polymer com-
posites and a quantitative study on the fracture behavior of the
composites are essential to achieve a successful design, synthesis,
and characterization of the nanocomposites.

In this article, a simulation method for calculating the J-integral
of reinforced polymer composites is proposed. The present method
is based on the determination of the J-integral from the load
displacement curve of a single specimen without need of infor-
mation about the position of a crack tip and local continuum fields
around the tip. The characteristic feature makes the approach
feasible to complex polymer composites. A coarse-grained (CG)
model [20,21] for investigating the elasticeplastic fracture behavior
of CNT/poly (methyl methacrylate) (PMMA) polymer composites is
developed. The principle of CG models is to map a set of atoms to a
CG bead, which enables to extend the accessible time and length-
scales while maintaining the molecular details of an atomistic
system. The effects of the nanotube weight fraction, covalent cross-
links in the composites and the size of representative volume
element (RVE) on the fracture characteristics of CNT/PMMA com-
posites are studied in detail.
2. Coarse-grained model

Up to now, many CG models have been developed for CNTs and
polymer materials in the literature [22e24]. In this study, a CG
model that was successfully examined in predicting the elastice-
plastic properties of CNT/PMMA composites [25,26] is used. In the
CG model, each monomer of methyl methacrylate (C5O2H8) is
mapped into a CG bead hereafter named P bead with an atomic
mass of 100.12 amu as illustrated in Fig. 1a. The center of the bead is
chosen to be the center of mass of the monomer. Each five atomic
rings of (5, 5) CNTs is treated as a CG bead with an atomic mass of
600.55 amu defined by C bead as shown in Fig. 1b. The center of C
beads is assumed to be the center of the five atomic rings. The
degree of freedom reduction is 15 and 50 folds for P and C beads,
respectively, as compared to full atomistic systems.

The total potential energy, Etotal, of a system can be written as
the sum of energy terms associated with the variation of the bond
length, Eb, the bond angle, Ea, the dihedral angle, Ed, the vdW in-
teractions, EvdW, as Etotal ¼
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functional forms of the contributing terms for a single interaction
are as follows [25]:
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where kd and d0 are the spring constant of the bond length and the
equilibrium bond distance, respectively; kq and q0 are respectively
the spring constant of the bond angle and the equilibrium bond
angle; kf and f are the spring constant of the dihedral angle and the
dihedral angle, respectively. D0 and r0 are the LennardeJones pa-
rameters associated with the equilibrium well depth and the
equilibrium distance, respectively. A potential cutoff of 1.25 nm is
used in calculation of vdW interactions. The parameters of the force
field are listed in Table 1.

An effective way to enhance the elastic properties of carbon
nanotube reinforced polymer composites is the formation of co-
valent cross-links. Herein, we respectively choose 2CH2 and
EGDMA cross-links between polymer matrix and CNTs [27,28], and
polymer chains [29]. The atomistic and CG models of a 2CH2 be-
tween a polymer chain and a CNT are respectively shown in Fig. 2a
and b. The atomistic model of an EGDMA cross-link between two
PMMA polymer chains and its corresponding CG counterpart are
also illustrated in Fig. 2c and d. The cross-links are randomly added
between nanotubes and polymer matrix, and between PMMA
chains according to the following rules: (1) cross-links only connect
beads that are placed within the equilibrium distance, (2) no cross-
link connects a chain to itself, and (3) there are at least two beads
between two sequential cross-links. The parameter of CG stretching
potentials for 2CH2 and EGDMA cross-links taken from Ref. [30] are
listed in Table 2. In this study, Accelrys Material Studio 7.0 is
employed for conducting the simulations.

3. Simulation method for calculating the J-integral

In this section, we extract the J-integral of reinforced amorphous



Fig. 1. (a) Twomonomers of a PMMA polymer chain and its CG model made of two P beads, and (b) a (5, 5) CNT with 10 rings of carbon atoms and its CG model made of two C beads
(A colour version of this figure can be viewed online.).

Table 1
Parameters of the CG force field for C and P beads [25].

Type of interaction Parameters C Bead P Bead CeP beads

Bond K0(kcal/mol/Å2) 1610.24 194.61 e

d0(Å) 6.03 4.02 e

dcut (Å) 6.77 4.3 e

Angle Kq(kcal/mol/Å2) 66148.01 794.89 e

q0(�) 180 89.6 e

Dihedral Kf(kcal/mol) 14858.80 42.05 e

vdW D0(kcal/mol) 10.68 1.34 2.8
r0 (Å) 9.45 6.53 7.71

Table 2
Parameters of CG stretching potentials for 2CH2 and EGDMA cross-links [30].

Type of cross-link K0(kcal/mol/Å2) d0(Å) dcut (Å)

2CH2 142.71 9.487 10.11
EGDMA 150.206 6.21 7.47
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polymer materials from CG simulations. Therefore, consider a
double-edge-notched panel of thickness B under tension shown in
Fig. 3. Cracks of length a on opposite sides of the panel are sepa-
rated by a ligament of length 2b. The J-integral is then given by
Ref. [31].
Fig. 2. (a) Atomistic and CG models of a 2CH2 cross-link between a PMMA polymer chain w
models of an EGDMA cross-link between two PMMA polymer chains (A colour version of t
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Fig. 3. Double-edge-notched tension panel.

Fig. 4. An RVE of a CNT (5 wt%)/PMMA composite with a size of 60 � 60 � 5 nm3 and
15-nm long initial notches at two sides in the y-direction. The length and diameter of
CNTs are 10 and 0.68 nm, respectively: (a) perspective view, and (b) top view. The CG
model of the composite system contains 121116 beads that is equivalent to a full
atomistic system with 2065020 atoms (A colour version of this figure can be viewed
online.).
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where E'¼E for plane stress and E'¼E/(1�n2) for plane strain. KI is
the mode I stress intensity factor for elastic region given by
Ref. [31].
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P

B
ffiffiffiffiffiffi
W

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pa
4W

sec
� pa
2W

�r �
1� 0:025

� a
W

�2
þ 0:06

� a
W

�4�

(4)

in which W ¼ a þ b.
In order to measure J from Eq. (3), it is necessary to determine

the relationship between load and displacement. Herein, we
demonstrate the utility of the above-mentioned approach in
conjunctionwith the CGmodel for determining themagnitude of J-
integral. First, a simulation unit cell with a size of 60 � 60 � 5 nm3

and periodic boundary conditions that contains amorphous PMMA
polymer and in-plane randomly distributed 10-nm long (5, 5) CNTs
is constructed. Each polymer chain is composed of 100 repeated
monomer units. The CNT weight fraction and the mass density of
the CNT/PMMA composite are set to be 5 wt% and 1.1 g/cc,
respectively. To obtain quasi-isotropic mechanical properties, a
uniform probability distribution function is used to place the CNTs
inside the polymer matrix. The CG model of the composite system
contains 121116 beads that is equivalent to a full atomistic system
with 2065020 atoms. To find a global minimum energy configu-
ration of the system, a geometry optimization is initially performed
using the conjugate-gradient method [32]. The iso-
thermaleisobaric ensemble (NPT) ensemble at atmospheric pres-
sure of 101 kPa is then used to gradually heat the systemwith a rate
of 10 K/ps to room temperature of 298 K. The Andersen feedback
thermostat [33] and the Berendsen barostat algorithm [34] are
respectively used for the system temperature and pressure con-
versions. In the NPT simulations, the time step is set to be 0.1 fs and
a geometry optimization is performed each 5 ps. The system is
further allowed to equilibrate over an NPTensemble at temperature
of 298 K and pressure of 101 kPa for 5 ns with a time step of 10 fs.
The NPT simulation is followed by an energy minimization. The
process removes internal stresses in the composite system illus-
trated in Fig. 4a. Next, two center cracks, each of length 15 nm (i.e.,
a/W ¼ 0.5) and width 0.5 nm, at opposite sides of the composite
panel are created as shown in Fig. 4b. For the crack configuration,
beads and bonds in the crack regions are deleted. An energy
minimization is conducted again, and the system is relaxed over an
NPT ensemble for 3 ns.

After the preparation of the system, the constant-strain mini-
mization method is applied to the equilibrated system to measure
the material properties of the composite [3,35]. A small tensile
strain of 0.02% is applied to the periodic structure shown in Fig. 4b
in the perpendicular direction to the direction of cracks (i.e., the x-
direction). The application of the static strain is accomplished by
uniformly expanding the dimensions of the simulation cell in the
loading direction and re-scaling the new coordinates of the atoms
to fit within the new dimensions. After each increment of the
applied strain, the potential energy of the structure is re-minimized
keeping the lattice parameters (i.e., simulation box sizes and an-
gles) fixed. During the static deformation, the pressure in y- and z-
directions is kept at atmospheric pressure by controlling the lateral
dimensions. This process is repeated for a series of strains from
which the variation of potential energy of the system versus
displacement can be obtained as presented in Fig. 5.

The loadedisplacement curve is then obtained from the first
derivative of potential energy with respect to displacement as

P ¼ vU
vD

				
D

. Fig. 6 presents the loadedisplacement curve of the

double-edge-notched composite panel in Fig. 4b. The initiation and
propagation of the cracks in the reinforced polymer system at
different load levels (see Fig. 7 aed) reveal that, as physically ex-
pected, the crack growth occurs along the ligament between two
initial notches. Hence, mode I fracture is dominant and the J-inte-
gral can be extracted from the loadedisplacement curve presented
in Fig. 6. Using Eq. (3), then J-integral of the CNT (5 wt%)/PMMA
composite specimen with a size of 60 � 60 � 5 nm3 and a 15-nm
long initial notches (a/W ¼ 0.5) is calculated to be J ¼ 0.0068 J/m2.

4. Results and discussion

4.1. Influence of CNT weight fraction

We first study the influence of the CNT weight fraction on the
loadedisplacement response. In the following simulations, the RVE
size, the size of nanotubes, the mass density of polymer composite
and the length of initial notches are the same as described in Fig. 4.



Fig. 5. Variation of potential energy versus displacement of the CNT/PMMA composite.
The length and weight fraction of nanotubes are 10 nm and 5 wt%, respectively (A
colour version of this figure can be viewed online.).
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CNT fibers are in-plane randomly distributed and their weight
fraction varies from 0 to 10 wt%. Fig. 8 presents the
loadedisplacement behavior of PMMA polymer and its CNT rein-
forced composites under the static tensile loading predicted by the
CG model. The simulation results reveal that the polymer matrix
exhibits a more ductile behavior in the presence of nanotube re-
inforcements. Following the method described in section 3, the J-
integral of the composite is calculated from the loadedisplacement
curves as listed in Table 3. From Table 3, the magnitude of J-integral
of a pure PMMA polymer RVE with a size of 60 � 60 � 5 nm3 and
15-nm long initial notches (i.e., a/W ¼ 0.5) is calculated to be
0.0032 J/m2. From Table 3, the J-integral of CNT/PMMA composite
increases from 0.0032 J/m2 to 0.0068 J/m2 with an increase in the
weight fraction of nanotubes from 0 to 5wt%, showing a percentage
increase of around 112.5%. The J-integral further increases to
0.0093 J/m2 by increasing theweight fraction of CNTs to 10wt%. The
simulation results indicate that short CNT fibers with the length-to-
diameter (L/D) aspect ratio of 14.7 and weight fractions of 10 wt%
significantly raise the J-integral of a PMMA polymer matrix by as
much as a factor of three. This trend can be interpreted in the sense
that nanotube reinforcements enhance the resistance of the poly-
mer matrix to opening a crack, which is consistent with experi-
mental observations reported in the literature [36].
Fig. 6. Loadedisplacement curve of the CNT(5 wt%)/PMMA composite.
4.2. Influence of cross-links

In order to further study the fracture behavior of CNT/PMMA
composites, the effect of cross-links between the polymer matrix
and nanotubes, and polymer chains on the amount of J-integral is
investigated in the following simulations. The RVE size and the
weight fraction of 10-nm long (5, 5) CNTs are 60 � 60 � 5 nm3 and
10 wt%, respectively. The length of initial notches is the same as
previous simulations (i.e, a ¼ 15 nm). After the preparation of the
composite systems as described in section 3, 2CH2 and EGDMA
cross-links are respectively formed between PMMA polymer and
nanotubes, and polymer chains as illustrated in Fig. 9. In order to
equilibrate the system, a NPT simulation is performed at room
temperature of 298 K and atmospheric pressure of 101 kPa for
50 ns pswith a time step of 1 fs. The total energy of the system is re-
minimized and another NPT simulation is carried out at the same
pressure and temperature conditions for 3 ns with a time step of 10
fs. The NPT simulation is followed by a further energy minimization
to remove internal stresses in the system. The constant-strain
minimization method is then applied to the system to obtain the
loadedisplacement curve from which the J-integral fracture
toughness is measured.

First, the effect of 2CH2 cross-links between nanotubes and
polymer matrix on the fracture toughness of the CNT(10 wt
%)/PMMA composites is investigated. The J-integral of the CNT
(10 wt%)/PMMA composite versus the mole fraction of 2CH2 cross-
links is presented in Fig. 10. The cross-link mole fraction is defined
as the ratio of the amount of mole of cross-links to the total amount
of moles of the composite system. From Fig. 10, the J-integral in-
creases from 0.0093 to 0.0110 J/m2 with an increase in the mole
fraction of the cross-links from 0 to 2%, indicating a percentage in-
crease of 18%. By further increasing the cross-link mole fraction to 6
and 8%, the J-integral of the composite is calculated to be 0.0142 and
0.0168 J/m2, respectively. The simulation results indicate that 2CH2
cross-links with mole fractions of 6 and 8% respectively enhance the
fracture resistance of the CNT/PMMA composite as much as 53 and
81% compared to the composite without cross-links. The simula-
tions also reveal that the J-integral of the polymer composites with
functionalized CNTs with a weight fraction of 10 wt% and cross-link
mole fraction of 8% is more than 5 time greater than that of the pure
PMMA polymer. The significant increase in the J-integral fracture
toughness occurs because the covalent cross-links between nano-
tube fibers and polymer chains strengthen the interfacial region
between nanofillers and polymer matrix, which in turn improves
the resistance of the composites to crack growth.

The influence of EGDMA cross-links between polymer chains on
the J-integral of the composites is presented in Fig. 11. In the simu-
lations, the mole fraction of 2CH2 cross-links between nanotubes
and polymer chains is set to be 8%, while the mole fraction of
EGDMA cross-links varies from 0 to 8%.With an increase in the mole
fraction of EGDMA cross-links from 0 to 2%, the J-integral of the CNT/
PMMA composite is raised from 0.0168 to 0.0395 J/m2, showing a
percentage increase of 135%. The J-integral of the composite with
both cross links of 2CH2 and EGDMA reaches 0.096 J/m2 at the mole
fractions of 8%. The simulation results demonstrate that the J-inte-
gral of the CNT(10 wt%)/PMMA with 8% mole fraction of 2CH2 and
EGDMA cross-links is respectively 10 and 30 times greater than
those of CNT/PMMA composite without the covalent cross-links and
pure polymer. It implies that the formation of covalent cross links in
the polymer composite remarkably improves the fracture toughness
of randomly distributed CNT/PMMA composites.

4.3. Influence of notch length

After determining the influence of covalent cross-links on the



Fig. 7. Fracture propagation in the CNT (5 wt%)/PMMA composites: (a) snapshot at D¼10 Å, (b) snapshot at D¼12 Å, (c) snapshot at D¼15 Å, and (d) snapshot at D¼30 Å (A colour
version of this figure can be viewed online.).
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fracture behavior of CNT/PMMA composites, the effect of the length
of initial notches on the fracture toughness of the nanocomposites
is investigated. The following simulations enable to further eval-
uate the reliability of the proposed method in predicting the J-in-
tegral of the polymer composites. Fig. 12 presents the effect of a/W
ratio on the loadedisplacement response of CNT(10 wt%)/PMMA
composites with 2CH2 cross-links between nanotube fibers and
polymer matrix under the static tensile test. In the simulations, the
RVE size is 60� 60� 5 nm3, the mole fraction of 2CH2 cross-links is
4%, and the a/W ratio varies from 0.3 to 0.6. To adjust the value of
the a/W ratio, the length of initial notches illustrated in Fig. 4b
differs from Ref. a ¼ 9 to 18 nm, while the width of the RVE is fixed
at 60 nm (i.e., 2W ¼ 60 nm). Based on the method proposed in
section 3, the J-integral of the composites can be calculated from
the loadedisplacement curves as listed in Table 4. The value of J-
integral is obtained to be 0.0392 J/m2 at a/w¼ 0.2. Themagnitude of
J-integral reported in the literature for a gold crystal [19] with a
sample size of ~65 � 65 � 2.3 nm3 (similar to the RVE size of the
Fig. 8. Effect of the CNT weight fraction on the loadedisplacement curve of CNT/
PMMA composites (A colour version of this figure can be viewed online.).
polymer composite) and the same a/w ratio of 0.2 is 0.076 J/m2. It
demonstrate that the value of J-integral predicted by the present
method for the reinforced polymer composite is rationally smaller
than that of measured for gold. The magnitude of J-integral of the
CNT/PMMA composite decreases from 0.0288 to 0.0183 J/m2 with
an increase in the a/w ratio from 0.3 to 0.4. The J-integral drops to
0.0128 and 0.0111 J/m2 by increasing the a/w ratio to 0.5 and 0.6.
The simulation results reveal that the fracture toughness of the
composite sample significantly reduces as much as 72% with
increasing the a/w ratio from 0.2 to 0.6. Physically, it implies that
the energy required for the propagation of the initial cracks
through the entire specimen width decreases with increasing the
length of initial notches, which is consistent with experimental and
numerical data [19,37].

4.4. Influence of RVE size

Finally, we explore the effect of the RVE size on themagnitude of
J-integral of CNT/PMMA composites with 2CH2 cross-links between
nanotubes and polymer matrix in Table 5. In the simulations, the a/
w ratio is fixed to be 0.5, and the RVE side lengths vary from 60 to
100 nm. The RVEs contain between 121116 and 336433 beads,
which are equivalent to 2065020 to 5046500 atoms. The CNT
weight fraction and the mole fraction of 2CH2 are set to be 10 wt%
and 4%, respectively. From Table 5, the J-integral of the cross-linked
CNT(10 wt%)/PMMA composite increases from 0.0128 to 0.0225 J/
m2 with an increase in the RVE side length from 60 to 80 nm. The
simulation results indicate a percentage increase of about 76% in
the J-integral fracture toughness of the composite by increasing the
Table 3
J-integral of CNT/PMMA composites without cross-links. The aspect ratio
of a/W is set to be 0.5 and the RVE size is 60 � 60 � 5 nm3.

CNT weight fraction (%) J-integral (J/m2)

0 0.0032
5 0.0068
10 0.0093



Fig. 9. A CNT (10 wt%)/PMMA composite with EGDMA cross-links between polymer chains and 2CH2 cross-links between polymer chains and CNTs. The RVE size is 60 � 60 � 5 nm3

and the 10-nm long (5, 5) CNT reinforcements are randomly distributed in plane. Cross-links between CeP beads and PeP beads are specified with orange and green connectors,
respectively. The RVE contains 121120 beads which are equivalent to 2065091 atoms (A colour version of this figure can be viewed online.).

Fig. 10. Effect of mole fraction of 2CH2 cross-links between CNTs and polymer matrix
on the magnitude of J-integral of CNT/PMMA composites. The RVE size is
60 � 60 � 5 nm3, the CNT weight fraction is 10 wt% and the aspect ratio of a/W is set to
be 0.5 (A colour version of this figure can be viewed online.).

Fig. 11. Effect of mole fraction of both EGDMA cross-links between polymer chains on
the magnitude of J-integral of CNT/PMMA composites. The mole fraction of 2CH2 cross-
links between polymer chains and CNTs is set to be 8%. The RVE size is
60 � 60 � 5 nm3, the CNT weight fraction is 10 wt% and the aspect ratio of a/W is set to
be 0.5 (A colour version of this figure can be viewed online.).

Fig. 12. Effect of a/W ratio on the loadedisplacement response of CNT(10 wt%)/PMMA
composites with 2CH2 cross-links between nanotubes and polymer matrix. The RVE
size is 60 � 60 � 5 nm3, the CNT weight fraction is 10 wt%, and the mole fraction of
2CH2 cross-links is 4% (A colour version of this figure can be viewed online.).
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length of ligament (¼2b), which is shown in Fig. 3, from 30 to
40 nm. The J-integral is further raised to 0.0372 J/m2 with
increasing the RVE side length to 100 nm, showing a percentage
increase of 190% compared to the specimen with a side length of
60 nm. The simulations show that the energy release rate increases
by increasing the length of ligament between to initial notches. In
other words, the fracture energy required to open the crack (the
material resistance against fracture) enhances when the RVE size
Table 4
Effect of a/W ratio on the J-integral fracture tough-
ness of CNT(10 wt%)/PMMA with 2CH2 cross-links
between nanotubes and polymer matrix. The RVE
size is 60 � 60 � 5 nm3, the CNT weight fraction is
10 wt%, and the mole fraction of 2CH2 cross-links is
4%.

a/W J-integral (J/m2)

0.2 0.0392
0.3 0.0288
0.4 0.0183
0.5 0.0128
0.6 0.0111



Table 5
Effect of the RVE size on the magnitude of J-integral. The CNT weight fraction is 10 wt%, the mole fraction of 2CH2 cross-links is equal to 4%, and the aspect ratio of a/W is set to
be 0.5.

RVE size (nm3) Number of beads (equivalent number of atoms) Length of ligament (2b) (nm) J-integral (J/m2)

60 � 60 � 5 121116 (2065020) 30 0.0128
80 � 80 � 5 215318 (3229760) 40 0.0225
100 � 100 � 5 336433 (5046500) 50 0.0372
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and the length of initial notches are proportionally enlarged. This
observation is in agreement with experimental data [38,39].

5. Conclusions

A J-integral calculation method based on CG simulations is
presented to study the fracture behavior of CNT reinforced polymer
composites under tension. In the simulation method, the J-integral
is obtained from the load displacement curve of a single double-
edge-notched specimen. The proposed approach provides an
effective methodology for predicting the J-integral of polymers and
their composites without requiring knowledge about the crack tip
position or the continuum fields around the tip. The CG model
beyond the capacity of conventional molecular simulations enables
to substantially increase the accessible length-scales compared to
full atomistic systems. The effects of the nanotube weight fraction
and cross-links between the polymer matrix and CNTs, and poly-
mer chains on the fracture behavior and the J-integral fracture
toughness of the CNT/PMMA composites are investigated. The
dependence of the J-integral on the crack length and the RVE size is
discussed and it is shown that the simulation observations are in
consistent with experimental and numerical data available in the
literature. The simulation results show that 10-nm long (5, 5) CNT
reinforcements with a weight fraction of 10 wt% significantly
enhance the J-integral of PMMA polymer matrix as much as 3
times. The simulations also reveal that functionalized CNTs with a
weight fraction of 10 wt% induce a considerable increase in the
magnitude of J-integral of the CNT/PMMA composites as much as 5
times in the presence of 2CH2 cross-links between nanotubes and
polymer matrix with a mole fraction 8%. Based on the simulations,
the formation of 2CH2 between nanotubes and polymer matrix and
EGDMA cross-links between polymer chains with mole fractions of
8% increases the J-integral of the CNT(10 wt%)/PMMA composite as
much as 10 and 30 times compared to the composite without co-
valent cross-links and pure PMMA polymer, respectively.

Although the proposed method promises an efficient method
for predicting the J-integral of complex structures at the nanoscale,
further investigations are evident in the future. Our method needs
to be extended to study the effect strain rate on the magnitude of J-
integral of polymer composites. An expansion of the method is also
required to study the fracture behavior of polymer systems sub-
jected to finite temperature conditions.

Acknowledgments

The authors thank the support of the European Research
Council-Consolidator Grant (ERC-CoG), 615132 under grant
“Computational Modeling and Design of Lithium-ion Batteries
(COMBAT)”.

References

[1] M.E. Mackay, T.T. Dao, A. Tuteja, D.L. Ho, B. Van Horn, H.-C. Kim, et al.,
Nanoscale effects leading to non-Einstein-like decrease in viscosity, Nat.
Mater. 2 (11) (2003) 762e766.

[2] G. Polizos, E. Tuncer, A.L. Agapov, D. Stevens, A.P. Sokolov, M. Kidder, et al.,
Effect of polymerenanoparticle interactions on the glass transition dynamics
and the conductivity mechanism in polyurethane titanium dioxide nano-
composites, Polymer 53 (2) (2012) 595e603.

[3] B. Arash, Q. Wang, V. Varadan, Mechanical properties of carbon nanotube/
polymer composites, Sci. Rep. 4 (2014).

[4] C. Unterweger, O. Brüggemann, C. Fürst, Synthetic fibers and thermoplastic
short-fiber-reinforced polymers: properties and characterization, Polym.
Compos. 35 (2) (2014) 227e236.

[5] J.H. Zhao, W. Guo, C. She, Three-parameter approach for elastic-plastic frac-
ture of the semi-elliptical surface crack under tension, Int. J. Mech. Sci. 50 (7)
(2008) 1168e1182.

[6] J.H. Zhao, Three-parameter approach for elastic-plastic stress field of an
embedded elliptical crack, Eng. Fract. Mech. 76 (16) (2009) 2429e2444.

[7] J. Rice, P.C. Paris, J. Merkle, Some further results of J-integral analysis and
estimates, ASTM Spec. Tech. Publ. 536 (1973) 231e245.

[8] M.A. Msekh, J.M. Sargado, M. Jamshidian, P.M. Areias, T. Rabczuk, Abaqus
implementation of phase-field model for brittle fracture, Comput. Mater. Sci.
96 (2015) 472e484.

[9] Y. Jin, F. Yuan, Nanoscopic modeling of fracture of 2D graphene systems,
J. Nanosci. Nanotechnol. 5 (4) (2005) 601e608.

[10] T. Zhou, X. Yang, C. Chen, Quasicontinuum simulation of single crystal nano-
plate with a mixed-mode crack, Int. J. Solids Struct. 46 (9) (2009) 1975e1980.

[11] M.-Q. Le, R.C. Batra, Single-edge crack growth in graphene sheets under
tension, Comput. Mater. Sci. 69 (2013) 381e388.

[12] J.H. Zhao, J.-W. Jiang, Y. Jia, W.L. Guo, T. Rabczuk, A theoretical analysis of
cohesive energy between carbon nanotubes, graphene and substrates, Carbon
57 (2013) 108e119.

[13] J.H. Zhao, Y. Jia, N. Wei, T. Rabczuk, Binding energy and mechanical stability of
two parallel and crossing carbon nanotubes, Proc. R. Soc. A 471 (2015)
20150229.

[14] Y. Jin, F. Yuan, Atomistic simulations of J-integral in 2D graphene nano-
systems, J. Nanosci. Nanotechnol. 5 (12) (2005) 2099e2107.

[15] R. Khare, S.L. Mielke, J.T. Paci, S. Zhang, R. Ballarini, G.C. Schatz, et al., Coupled
quantum mechanical/molecular mechanical modeling of the fracture of
defective carbon nanotubes and graphene sheets, Phys. Rev. B 75 (7) (2007)
075412.

[16] Y. Xu, K. Behdinan, Z. Fawaz, Molecular dynamics calculation of the J-integral
fracture criterion for nano-sized crystals, Int. J. Fract. 130 (2) (2004) 571e583.

[17] R.E. Jones, J.A. Zimmerman, The construction and application of an atomistic J-
integral via Hardy estimates of continuum fields, J. Mech. Phys. Solids 58 (9)
(2010) 1318e1337.

[18] R.E. Jones, J.A. Zimmerman, J. Oswald, T. Belytschko, An atomistic J-integral at
finite temperature based on Hardy estimates of continuum fields, J. Phys.
Condens. Matter 23 (1) (2011) 015002.

[19] J.A. Zimmerman, R.E. Jones, The application of an atomistic J-integral to a
ductile crack, J. Phys.Condens. Matter 25 (15) (2013) 155402.

[20] D. Reith, H. Meyer, F. Müller-Plathe, Mapping atomistic to coarse-grained
polymer models using automatic simplex optimization to fit structural
properties, Macromolecules 34 (7) (2001) 2335e2345.

[21] D. Reith, M. Pütz, F. Müller-Plathe, Deriving effective mesoscale potentials
from atomistic simulations, J. Comput. Chem. 24 (13) (2003) 1624e1636.

[22] D. Fritz, V.A. Harmandaris, K. Kremer, N.F. van der Vegt, Coarse-grained
polymer melts based on isolated atomistic chains: simulation of polystyrene
of different tacticities, Macromolecules 42 (19) (2009) 7579e7588.

[23] L. Ruiz, W. Xia, Z. Meng, S. Keten, A coarse-grained model for the mechanical
behavior of multi-layer graphene, Carbon 82 (2015) 103e115.

[24] J.H. Zhao, J.-W. Jiang, L.F. Wang, W.L. Guo, T. Rabczuk, Coarse-grained po-
tentials of single-walled carbon nanotubes, J. Mech. Phys. Solids 71 (2014)
197e218.

[25] B. Arash, H.S. Park, T. Rabczuk, Mechanical properties of carbon nanotube
reinforced polymer nanocomposites: a coarse-grained model, Compos. Part B
Eng. 80 (2015) 92e100.

[26] B. Arash, H.S. Park, T. Rabczuk, Tensile fracture behavior of short carbon
nanotube reinforced polymer composites: a coarse-grained model, Compos.
Struct. 134 (2015) 981e988.

[27] S. Frankland, A. Caglar, D. Brenner, M. Griebel, Molecular simulation of the
influence of chemical cross-links on the shear strength of carbon nanotube-
polymer interfaces, J. Phys. Chem. B 106 (12) (2002) 3046e3048.

[28] Griebel M, Hamaekers J, Wildenhues R. Molecular dynamics simulations of the
influence of chemical cross-links on the elastic moduli of polymer-carbon
nanotube composites. Proceedings 1st Nanoc-Workshop, LABEIN, Bilbao,
Spain.

[29] K. Min, M. Silberstein, N. Aluru, P.M.M.A. Crosslinking, Molecular dynamics
investigation of the shear response, J. Polym. Sci. Part B Polym. Phys. 52 (6)

http://refhub.elsevier.com/S0008-6223(15)30368-7/sref1
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref1
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref1
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref1
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref2
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref2
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref2
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref2
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref2
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref2
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref3
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref3
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref4
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref4
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref4
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref4
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref5
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref5
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref5
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref5
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref6
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref6
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref6
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref7
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref7
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref7
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref8
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref8
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref8
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref8
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref9
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref9
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref9
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref10
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref10
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref10
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref11
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref11
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref11
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref12
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref12
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref12
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref12
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref13
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref13
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref13
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref14
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref14
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref14
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref15
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref15
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref15
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref15
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref16
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref16
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref16
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref17
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref17
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref17
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref17
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref18
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref18
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref18
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref19
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref19
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref20
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref20
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref20
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref20
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref21
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref21
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref21
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref22
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref22
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref22
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref22
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref23
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref23
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref23
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref24
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref24
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref24
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref24
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref25
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref25
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref25
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref25
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref26
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref26
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref26
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref26
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref27
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref27
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref27
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref27
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref29
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref29


B. Arash et al. / Carbon 96 (2016) 1084e10921092
(2014) 444e449.
[30] Atiyeh A, Arash B, Zhuang X, Rabczuk T. Coarse-grained model for the elastic

properties of cross linked short carbon nanotube/polymer composites.
(submitted).

[31] T.L. Anderson, T. Anderson, Fracture Mechanics: Fundamentals and Applica-
tions, CRC press, 2005.

[32] B.T. Polyak, The conjugate gradient method in extremal problems, USSR
Comput. Math. Math. Phys. 9 (4) (1969) 94e112.

[33] H.C. Andersen, Molecular dynamics simulations at constant pressure and/or
temperature, J. Chem. Phys. 72 (4) (1980) 2384e2393.

[34] H.J. Berendsen, J.P.M. Postma, W.F. van Gunsteren, A. DiNola, J. Haak, Molec-
ular dynamics with coupling to an external bath, J. Chem. Phys. 81 (8) (1984)
3684e3690.
[35] G.M. Odegard, T.C. Clancy, T.S. Gates, Modeling of the mechanical properties of

nanoparticle/polymer composites, Polymer 46 (2) (2005) 553e562.
[36] Y. Kuronuma, Y. Shindo, T. Takeda, F. Narita, Fracture behaviour of cracked

carbon nanotube-based polymer composites: Experiments and finite element
simulations, Fatigue Fract. Eng. Mater. Struct. 33 (2) (2010) 87e93.

[37] Y.W. Mai, P. Powell, Essential work of fracture and j-integral measurements
for ductile polymers, J. Polym. Sci. Part B Polym. Phys. 29 (7) (1991) 785e793.

[38] G. I-IALE, F. Ramsteiner, J-fracture toughness of polymers at slow speed, Fract.
Mech. Test. Methods Polym. Adhes. Compos. 28 (2001) 123.

[39] D. Arenc�on, J.I. Velasco, Fracture toughness of polypropylene-based particu-
late composites, Materials 2 (4) (2009) 2046e2094.

http://refhub.elsevier.com/S0008-6223(15)30368-7/sref29
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref29
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref31
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref31
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref32
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref32
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref32
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref33
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref33
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref33
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref34
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref34
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref34
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref34
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref35
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref35
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref35
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref36
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref36
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref36
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref36
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref37
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref37
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref37
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref38
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref38
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref39
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref39
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref39
http://refhub.elsevier.com/S0008-6223(15)30368-7/sref39

	Coarse-grained model of the J-integral of carbon nanotube reinforced polymer composites
	1. Introduction
	2. Coarse-grained model
	3. Simulation method for calculating the J-integral
	4. Results and discussion
	4.1. Influence of CNT weight fraction
	4.2. Influence of cross-links
	4.3. Influence of notch length
	4.4. Influence of RVE size

	5. Conclusions
	Acknowledgments
	References


