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In this appendix we will repeatedly make use of the definition of dominant diagonal matrix and its

properties.

Definition 1 An n×n matrix A= [aij ] is said to have a dominant diagonal (d.d.) if there exist positive

numbers d1,d2,....,dn such that:

di|aii| >
X
j 6=i

dj |aij | for i = 1, 2, .., n.

Remark 1 Assume that an n× n matrix A= [aij ] has positive diagonal elements and non-positive off-

diagonal elements. A sufficient condition for A to have d.d. is that Ae > 0, where e is a vector of

ones. That is, a sufficient condition is that its row sums are all positive.

Lemma 7 Assume that an n × n matrix B is such that B ≥ 0. If the matrix (I−B) has the d.d.

property, then it is definite positive and it has a nonnegative inverse, which can be computed as

(I−B)−1= I+B+B2+...

where the series is converging. Given two matrices B1≥ B2, then (I−B2)
−1≥ (I−B1)

−1.

Lemma 8 A d.d. matrix B with positive diagonal elements and negative off diagonal elements, has a

nonnegative inverse B−1≥ 0.

Before proceeding, we discus a few issues of notation. We write market structure Gc in matrix

notation as Ωc, where Ωc is nc × nc and element ωij = 1 if i and j are sold by the same firm, and

ωij = 0 otherwise. We define Ω =

⎡⎢⎣ Ωh 0

0 Ωf

⎤⎥⎦. Throughout this paper, we use a bold 1 to represent
an n×n matrix of ones and 1cs to represent an nc×ns matrix of ones, where c and s are either h or f .
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5.1 Solution of the Third Stage Bertrand Game

The demand functions are:

qi = ai − βpi + σ
X
j 6=i

pj

Where the parameters are given by:

ai =

αi[γ(n− 2) + 1]− γ
P
j 6=i

αj

(1− γ)[γ(n− 1) + 1] ; β =
γ(n− 2) + 1

(1− γ)[γ(n− 1) + 1] ; σ =
γ

(1− γ)[γ(n− 1) + 1] .

and 0 ≤ γ < 1. In the last period, exporters take ownership structure and taxes as given and

maximize profit independently. Our assumptions assure that the objective functions are concave. For

each product i, the first order condition is:

ai − 2(β + σ)pi + 2σ
X
j∈Fi

pj + σ
X
j /∈Fi

pj + (β + σ)ti − σ
X
j∈Fi

tj = 0

Where Fi is the set of products produced by the same firm producing product i (including product

i) and ti is the tax rate for product i. Note that tax rates are assumed to be product specific. Assuming

an interior equilibrium, the n first order conditions can be written as:

[2(β + σ)I− σ(Ω+ 1)]p(Gh, th, Gf , , tf ) = a+ [(β + σ)I− σΩ] t

Where p =

⎡⎢⎣ ph

pf

⎤⎥⎦ is the n×1 vector of prices and a =
⎡⎢⎣ ah

af

⎤⎥⎦ is the n×1 vector of intercepts. To
show that the matrix [2(β + σ)I− σ(Ω+ 1)] is invertible, we will prove that it has the d.d. property.

Note that all diagonal elements are positive (they are 2β) and all off-diagonal elements are negative

(they are either −σ or −2σ). To prove the d.d. property it is sufficient to show that:

[2(β + σ)I− σ(Ω+ 1)] e > 0 =⇒ 2(β + σ)e− σΩe− nσe > 0

where e is an n× 1 vector of ones. As Ωe ≤ ne, it is sufficient to show that:

2(β + σ)e− 2nσe > 0⇐⇒ 2(β + σ) > 2nσ ⇐⇒ β > (n− 1)σ

Using the definition of β and σ:

β > (n− 1)σ ⇐⇒ 1 > γ
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Which is true by assumption. The equilibrium prices are given by:

p(Gh, th, Gf , , tf ) = [2(β + σ)I− σ(Ω+ 1)]−1 [a+ ((β + σ)I− σΩ) t] (4)

5.2 Proof of Lemma (1)

When countries do not impose taxes, equilibrium prices are given by:

p(Gh, th, Gf , , tf ) = [2(β + σ)I− σ(Ω+ 1)]−1 a

Note that a less competitive market structure corresponds to a “more positive” Ω matrix, some

zeros are replaced by ones. To prove the Lemma, just use Lemma 10 and the fact that the matrix

[2(β + σ)I− σ(Ω+ 1)] has the d.d. property.

5.3 Proof of Lemma (2)

From Lemma (1) we know that, given the foreign market structure, the highest equilibrium home

country prices are obtained when the home country assigns all goods to the same firm. A home country

monopolist solves:

max
ph

Πh
³
ph,pf (Gf )

´
= ph0qh

³
ph,pf (Gf )

´
Where pf (Gf ) is the equilibrium foreign prices when the home country chooses a monopoly and the

foreign market structure is Gf . The vector of first-order conditions is:

qh
³
ph,pf (Gf )

´
+

∂qh
¡
ph,pf (Gf )

¢
∂ph

ph = 0. (5)

In contrast, the first-order condition for (1) is:

qh
³
ph,pf (ph, Gf )

´
+

Ã
∂qh

¡
ph,pf (ph, Gf )

¢
∂ph

+
∂qh

¡
ph,pf (ph, Gf )

¢
∂pf (ph, Gf )

∂pf (ph,Gf )

∂ph

!0
ph = 0 (6)

Let ph(Gf ) be the equilibrium home prices when the home country chooses a monopoly and the

foreign market structure is Gf . Note that pf (Gf ) = pf
¡
ph(Gf ), Gf

¢
. Hence, using (5):

qh
³
ph,pf (ph, Gf )

´
+

Ã
∂qh

¡
ph,pf (ph, Gf )

¢
∂ph

+
∂qh

¡
ph,pf (ph, Gf )

¢
∂pf (ph, Gf )

∂pf (ph, Gf )

∂ph

!0
ph

¯̄̄̄
¯
ph=ph(Gf )

=
∂qh

¡
ph,pf (ph,Gf )

¢
∂pf (ph, Gf )

∂pf (ph, Gf )

∂ph

0
ph

¯̄̄̄
¯
ph=ph(Gf )

> 0
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Where the inequality comes from the fact that
∂qh(ph,pf (ph,Gf ))

∂pf (ph,Gf )
> 0 and ∂pf (ph,Gf )

∂ph
> 0. Therefore,

the vector of prices that solves equation 5 must be lower (element by element) than the vector that

solves equation 6.

5.4 Proof of Theorem (1)

Assume that the home country is not exporting through a single exporter: Ωh < ehe
0
h. Assume that the

home country is thinking of using a national champion policy. Define the matrix Ωh(x) whose generic

element (i, j) is one if the corresponding element of Ωh is one and it is x if the corresponding element

of Ωh is zero. This implies that Ωh(0) = Ωh and Ωh(1) = ehe
0
h (this is the national champion policy).

Define Ω(x) as Ω where Ωh has been replaced by Ωh(x) and p(x) = [2(β + σ)I − σ(Ω(x) + ee
0
)]−1a.

ph(x) and pf (x) are the corresponding elements of p(x)

Consider the following function of x:

Πh(x) = p
0
h(x)[ah − (β + σ)ph(x) + σehe

0
hph(x) + σehe

0
fpf (x)]

With this formulation, the home country will decide to export with a single exporter if Πh(1) >

Πh(0). The derivative of the previous expression with respect to x is:

∂Πh(x)

∂x
= [ah − 2(β + σ)ph(x) + 2σehe

0
hph(x) + σehe

0
fph(x)]

0∂ph(x)

∂x
+ σph(x)ehe

0
f

∂pf (x)

∂x

Consider the definition of p(x):⎡⎢⎣ 2(β + σ)Ih − σ(Ωh(x) + ehe
0
h) −σehe

0
f

−σefe
0
h 2(β + σ)If − σ(Ωf (x) + efe

0
f )

⎤⎥⎦
⎡⎢⎣ ph(x)
pf (x)

⎤⎥⎦ =
⎡⎢⎣ ah
af

⎤⎥⎦
From the first set of equations:

ah − 2(β + σ)ph + 2σehe
0
hph(x) + σehe

0
fpf (x) = σ

h
ehe

0
h −Ωh(x)

i
ph(x)

Substituting in the previous derivative:

∂Πh(x)

∂x
= σp0h(x)[ehe

0
h −Ωh(x)]

∂ph(x)

∂x
+ σp0h(x)ehe

0
f

∂pf (x)

∂x
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To sign this expression notice that:

(1) [ehe0h −Ωh(x)] ≥ 0. This comes directly from the fact that Ωh(x) < ehe
0
h if x < 1.

(2) ∂ph(x)
∂x > 0 and ∂pf (x)

∂x > 0. This is because p = [2(β+ σ)I− σ(Ω+ ee
0
)]−1a and a more positive

Ω (an increase in x) will make the inverse matrix multiplying a more positive (element by element).

(3) ph(x) > 0

The previous three conditions imply that ∂Πh(x)
∂x > 0, so that Πh(1)−Πh(0) =

R 1
0

∂Πh(x)
∂x dx > 0.

5.5 Proof of Lemma (4)

The equilibrium prices arising when the countries choose partitions Gh and Gf are given by:⎡⎢⎣ ph(Gh, th, Gf , tf )

pf (Gh, th, Gf , tf )

⎤⎥⎦ = [2(β + σ)I− σ(Ω+ 1)]−1

⎧⎪⎨⎪⎩a+ ((β + σ)I− σΩ)

⎡⎢⎣ th

tf

⎤⎥⎦
⎫⎪⎬⎪⎭

To prove the theorem, it is sufficient to show that the n× n matrix multiplying the vector of taxes

is full rank. We previously proved that the matrix [2(β + σ)I− σ(Ω+ 1)] is full rank. We will prove

that the matrix ((β + σ)I − σΩ) is full rank as well. We show that it has the d.d. property. It has

positive diagonal elements and negative off-diagonal elements. It is sufficient to show that:

((β + σ)I− σΩ)e > 0

Where e is a n×1 vector of ones. Given that Ωe <ne, using the definition of β and σ,it is sufficient

to show that:

(β + σ)− nσ > 0⇐⇒ γ < 1

Which is true by assumption. Now, just note that the product of full rank matrices is full rank.

5.6 Proof of Lemma (5)

5.6.1 Step 1

We first will show how the equilibrium prices, ph(Gh, Gf ) and pf (Gh, Gf ), change when the market

structure changes.
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We use the fact that the home and foreign governments will picks taxes th and tf such that (see

Lemma 3):

ph(Gh, th, Gf , tf ) = phST (G
f , tf ) (7)

pf (Gh, th, Gf , tf ) = pfST (G
h, th)

The equilibrium prices are such that (see equation 4):⎡⎢⎣ Ah −σ1hf

−σ1fh Af

⎤⎥⎦
⎡⎢⎣ ph

pf

⎤⎥⎦ =
⎡⎢⎣ ah + [(β + σ)Ih − σΩh] t

h

af + [(β + σ)If − σΩf ] t
f

⎤⎥⎦ (8)

Where we defined:

Ah = 2(β + σ)Ih − σ(Ωh + 1
hh)

Af = 2(β + σ)If − σ(Ωf + 1
ff )

It is easy to solve the Stackelberg problems. The home country Stackelberg problem is:

max
ph

ph0
h
ah − (β + σ)ph + σ1hhph + σ1hfpf (ph, Gf , tf )

i
subject to pf (ph, Gf , tf ) = σA−1f 1

fhph +A
−1
f

h
af + ((β + σ)If − σΩf )t

f
i

It is easy to show that the Stackelberg prices are such that:⎡⎢⎣ Bh 0

0 Bf

⎤⎥⎦
⎡⎢⎣ phST (Gf , tf )

pfST (G
h, th)

⎤⎥⎦ =
⎡⎢⎣ ah
af

⎤⎥⎦+ σ

⎡⎢⎣ 0 1hfA−1f

1fhA−1h 0

⎤⎥⎦
⎡⎢⎣ ah + [(β + σ)Ih − σΩh]t

h

af + [(β + σ)If − σΩf ]t
f

⎤⎥⎦
(9)

Where we defined:

Bh = 2(β + σ)Ih − 2σ
³
1hh + σ(1hfA−1f 1

fh)
´

Bf = 2(β + σ)If − 2σ
³
1ff + σ

³
1fhA−1h 1

hf
´´

Equations 8 and 9 have to be both verified at the equilibrium. They represent 2n equations in 2n

unknowns, prices and taxes. It a matter of algebraic manipulation to derive equilibrium prices:⎡⎢⎣ ph(Gh, Gf )

pf (Gh,Gf )

⎤⎥⎦ =
28



⎧⎪⎨⎪⎩2(β + σ)I− σ

⎡⎢⎣ 2
³
1hh + 1

2σ
³
1hfA−1f 1

fh
´´

1hf

1fh 2
¡
1ff + 1

2σ
¡
1fhA−1h 1

hf
¢¢
⎤⎥⎦
⎫⎪⎬⎪⎭
−1 ⎡⎢⎣ ah

af

⎤⎥⎦
Where the matrix in curled parentheses can be proved to have the d.d. property (the proof is

reported at the end of the appendix). We want to show that equilibrium prices increase if market

structure becomes less competitive. Assume that the home market becomes less competitive. Some

zeros in the matrix Ωh are replaced by ones. Given that Ah has the d.d. property, Lemma 10 implies

that A−1h is positive and it becomes more positive as home market structure becomes less competitive.

This implies that
³
1hfA−1f 1

fh
´
becomes more positive. Applying Lemma 10 again to the matrix in

curled parentheses, we can show that its inverse is positive and it becomes more positive as the home

market structure becomes less competitive. This proves that a less competitive home market structure

increases equilibrium prices.

5.6.2 Step 2

Using 8, we can write the equilibrium taxes as:

th(Gh, Gf ) = − [(β + σ)Ih − σΩh]
−1 £ah −Ahp

h(Gh,Gf ) + σ1hfpf (Gh, Gf )
¤

tf (Gh,Gf ) = − [(β + σ)If − σΩf ]
−1 £af −Afp

f (Gh, Gf ) + σ1fhph(Gh, Gf )
¤

Consider that the equilibrium prices have to satisfy the condition:⎧⎪⎨⎪⎩2(β + σ)I− σ

⎡⎢⎣ 2
³
1hh + 1

2σ
³
1hfA−1f 1

fh
´´

1hf

1fh 2
¡
1ff + 1

2σ
¡
1fhA−1h 1

hf
¢¢
⎤⎥⎦
⎫⎪⎬⎪⎭
⎡⎢⎣ ph(Gh, Gf )

pf (Gh,Gf )

⎤⎥⎦

=

⎡⎢⎣ ah
af

⎤⎥⎦ (10)

From the second set of equations, we can derive:

2(β + σ)pf (Gh,Gf )− 2σ
µ
1ff +

1

2
σ
³
1fhA−1h 1

hf
´¶
pf (Gh, Gf )− σ1fhph(Gh, Gf ) = af

=⇒ 2(β + σ)pf (Gh,Gf )− 2σ
µ
1ff +

1

2
σ
³
1fhA−1h 1

hf
´¶
pf (Gh, Gf ) = af + σ1fhph(Gh, Gf )
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Replace in the expression for tf (Gh, Gf ):

tf (Gh, Gf ) = σ [(β + σ)If − σΩf ]
−1
h
1ff −Ωf + σ

³
1fhA−1h 1

hf
´i
pf (Gh, Gf ) > 0 (11)

Where we used the fact that Af = 2(β+ σ)If −σ(Ωf + 1
ff ). Notice that a country will always tax

(it will never subsidize) its goods. We noted before that if a country, in particular country h, chooses

a less competitive market structure, given the other country’s market structure, the equilibrium prices

increase, in particular pf (Gh,Gf ) increases. Besides A−1h becomes more positive for less competitive

home market structures. Given that [(β + σ)If − σΩf ]
−1 > 0 and

£
1ff −Ωf + σ

¡
1fhA−1h 1

hf
¢¤

> 0,

it is clear that if country h makes its market structure less competitive, the equilibrium foreign taxes

tf (Gh, Gf ) increase:

∂tf (Gh, Gf )

∂Gh
> 0

5.7 Proof of Theorem (3)

Here we analytically prove that
³
∂Πh

∂pf
∂pf

∂tf

´
> 0. It is easy to derive that:

• ∂Πh

∂pf
= σph1hf .

• ∂pf

∂tf
=
£
2(β + σ)If − σ(Ωf + 1

ff )
¤−1

[(β + σ)If − σΩf ].

We prove that ∂pf

∂tf
≥ 0. The following are easy algebraic manipulations:

h
2(β + σ)If − σ(Ωf + 1

ff )
i−1

[(β + σ)If − σΩf ] =

=
1

2(β + σ)

∙
If −

σ

2(β + σ)
(Ωf + 1

ff )

¸−1
(β + σ)

∙
If −

σ

(β + σ)
Ωf

¸
=

=
1

2

∙
If −

σ

2(β + σ)
(Ωf + 1

ff )

¸−1 ∙
If −

σ

(β + σ)
Ωf

¸
=

=
1

2

∙
If −

σ

2(β + σ)
(Ωf + 1

ff )

¸−1 ∙
If −

σ

2(β + σ)
(Ωf + 1

ff ) +
σ

2(β + σ)
(1ff −Ωf )

¸
=

=
1

2
If +

σ

4(β + σ)

∙
If −

σ

2(β + σ)
(Ωf + 1

ff )

¸−1
(1ff −Ωf )

Now, just observe that the matrix
h
If − σ

2(β+σ)(Ωf + 1
ff )
i
has positive diagonal elements, negative

off-diagonal elements, and a d.d.. Its inverse is positive. Besides (1ff −Ωf ) ≥ 0.
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5.8 Proof of Theorem (4)

The profit to the exporter for each product in the country c is:

(pci − tci )q
c
i = (p

c
i − tci)

⎛⎝ai − βpi + σ
X
j 6=i

pj

⎞⎠ (12)

Each exporter chooses prices by taking into account the cross effect among all goods she owns. The

first order condition for good i is:

qci − (β + σ)(pci − tci) + σ
X
j∈Fi

(pcj − tcj) = 0

where Fi is the set of products produced by the same firm producing product i (including product

i). Using the first order conditions corresponding to all goods in Fi, it is possible to derive:

(pci − tci ) =
1

β + σ

⎡⎣qci + σ

β − (np − 1)σ
X
j∈Fi

qcj

⎤⎦
Replacing in 12:

(pci − tci)q
c
i =

1

β + σ

⎡⎣qci + σ

β − (np − 1)σ
X
j∈Fi

qcj

⎤⎦ qci
Where np is the number of goods produced by the firm that produces product i. To prove the

theorem, it is sufficient to show that a merger among home firms increases the quantity produced of all

home goods (note that β − (np − 1)σ > 0). We will prove that dqh

dGh > 0. From 10 we can derive:

h
(β + σ)Ih − σ1hh − σ2

³
1hfA−1f 1

fh
´i
ph = ah − (β + σ)ph + σ1hhph + σ1hfpf = qh (13)

It is sufficient to show that the quantity on the left increases if home market structure becomes less

competitive. Consider the Stackelber leader price for the home country (see 9):

2
h
(β + σ)Ih − σ1hh − σ2(1hfA−1f 1

fh)
i
ph = ah + 1

hfA−1f

n
af + [(β + σ)If − σΩf ]t

f
o

It is sufficient to show that A−1f [(β + σ)If − σΩf ]t
f increases as home market structure becomes

less competitive. Note that A−1f [(β+σ)If −σΩf ] does not depend on home market structure and that

it is a positive matrix (see proof of theorem 3). It is now sufficient to note that tf increases if the home

market structure becomes less competitive (see Lemma 5).
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5.9 Proof of Theorem (5)

From previous results, we know that a less competitive home market structure determines an increase

of all prices and an increase in the quantity of all home goods (see previous theorem). This implies that

the quantity of at least one foreign product decreases (prices and quantities cannot increase all at the

same time). We will now show that the quantity of all foreign goods change in the same direction as

the home market structure becomes less competitive. Use the equivalent of 13:

qf =
h
(β + σ)If − σ1ff − σ2

³
1fhA−1h 1

hf
´i
pf = af − (β + σ)pf + σ1ffpf + σ1fhph

After some manipulations:

2qf = 2
h
(β + σ)If − σ1ff − σ2

³
1fhA−1h 1

hf
´i
pf = af + σ1fhph − σ2

³
1fhA−1h 1

hf
´
pf

Differentiate the previous expression, and use the fact that
¡
1fhA−1h 1

hf
¢
=
¡
e0hA

−1
h eh

¢
efe

0
f and

1fh = efe
0
h, where ef and eh are n

f × 1 and nh × 1 vectors of ones.:

2
dqf

dGh
= σefe

0
h

dph

dGh
− σ2

¡
e0hA

−1
h eh

¢
efe

0
f

dpf

dGh
− σ2efe

0
fp

f d
¡
e0hA

−1
h eh

¢
dGh

=

Ã
σe0h

dph

dGf
− σ2

¡
e0hA

−1
h eh

¢
e0f

dpf

dGf
− σ2e0fp

f d
¡
e0hA

−1
h eh

¢
dGh

!
ef

where the quantity in parentheses is a scalar. Given that the quantity of at least one foreign product

decreases as the home market structure becomes less competitive, this quantity must be negative.

5.10 Solution of the Third Stage Cournot Game

The inverse demand functions are:

pi = αi − qi − γ
X
j 6=i

qj

In the third period, firms choose quantities, given market structure and taxes. For each product i,

the first order condition is:

αi − ti − 2(1− γ)qi − 2γ
X
j∈Fi

qj − γ
X
j /∈Fi

qj = 0
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In matrix formula:

α− t− [2(1− γ)I+ γΩ+ γ1]q = 0

Define:

∆h = 2(1− γ)Ih + γΩh + γ1hh

∆f = 2(1− γ)If + γΩf + γ1ff

The first order conditions can be written:⎡⎢⎣ ∆h γ1hf

γ1fh ∆f

⎤⎥⎦
⎡⎢⎣ qh(Gh, th, Gf , tf )

qf (Gh, th, Gf , tf )

⎤⎥⎦ =
⎡⎢⎣ αh

αf

⎤⎥⎦−
⎡⎢⎣ th
tf

⎤⎥⎦ (14)

It is now easy to show that for γ ∈ [0, 1) the matrix 2(1− γ)I+ γΩ+ γ1 is definite positive, hence

non singular, so that:⎡⎢⎣ qh(Gh, th, Gf , tf )

qf (Gh, th, Gf , tf )

⎤⎥⎦ =
⎡⎢⎣ ∆h γ1hf

γ1fh ∆f

⎤⎥⎦
−1⎧⎪⎨⎪⎩

⎡⎢⎣ αh

αf

⎤⎥⎦−
⎡⎢⎣ th
tf

⎤⎥⎦
⎫⎪⎬⎪⎭

The fact that the matrix multiplying the tax vector has rank n, proves the equivalent of Lemma (4)

for the case of quantity competition.

5.11 Proof of Lemma (6)

5.11.1 Step 1

We first will show how the equilibrium quantities, qh(Gh, Gf ) and qf (Gh,Gf ), change when the market

structure changes.

We use the fact that the home and foreign governments will picks taxes th and tf such that:

qh(Gh, th, Gf , tf ) = qhST (G
f , tf )

qf (Gh, th, Gf , tf ) = qfST (G
h, th)

It easy to solve the Stackelberg problem:

max
qh

qh0[αh − (1− γ)qh − γ1hhqh − γ1hfqf (qh,Ωf , t
f )]

subject to: qf (qh,Ωf , t
f ) =∆−1f (αf − tf )− γ∆−1f 1

fhqh
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Where the constraint can be derived from (14). The Stackelberg quantities are:⎡⎢⎣ qhST (Ωf , t
f )

qfST (Ωh, t
h)

⎤⎥⎦ =
⎡⎢⎣ Lh 0

0 Lf

⎤⎥⎦
−1⎧⎪⎨⎪⎩

⎡⎢⎣ αh

αf

⎤⎥⎦− γ

⎡⎢⎣ 0 1hf∆−1f

1fh∆−1h 0

⎤⎥⎦
⎡⎢⎣ αh − th

αf − tf

⎤⎥⎦
⎫⎪⎬⎪⎭ (15)

Where we defined:

Lh = 2(1− γ)Ih + 2γ
³
1− γ

³
e
0
f∆

−1
f ef

´´
1hh

Lf = 2(1− γ)If + 2γ
³
1− γ

³
e
0
h∆

−1
h eh

´´
1fh

and ef and eh are nf × 1 and nh × 1 vectors of ones. It is possible to show that Lh and Lf are

definite positive and, hence, invertible.

Equations 15 and 14 have both to be verified at the equilibrium. They represent 2n equations in

2n unknowns, quantities and subsidies. It a matter of algebraic manipulation to derive equilibrium

quantities: ⎡⎢⎣ qh(Gh, Gf )

qf (Gh, Gf )

⎤⎥⎦ =
⎡⎢⎣ Wh γ1hf

γ1fh Wf

⎤⎥⎦
−1 ⎡⎢⎣ αh

αf

⎤⎥⎦ (16)

Where:

Wh = 2(1− γ)Ih + 2γ1
hh − γ2

³
e
0
f∆

−1
f ef

´
1hh

Wf = 2(1− γ)If + 2γ1
ff − γ2

³
e
0
h∆

−1
h eh

´
1ff

Note that the equilibrium quantities depend on Ωh only through the scalar
³
e
0
h∆

−1
h eh

´
. The link

between market structure and
³
e
0
h∆

−1
h eh

´
is given by the following Lemma (whose proof is omitted for

sake of brevity).

Lemma 9
³
e
0
h∆

−1
h eh

´
= e

0
h

£
2(1− γ)Ih + γΩh + γ1hh

¤−1
eh decreases if the market structure is made

less competitive.

Differentiate 16 with respect to
³
e
0
h∆

−1
h eh

´
(treating it as a continuous variable):⎡⎢⎣ Wh γ1hf

γ1fh Wf

⎤⎥⎦
⎡⎢⎢⎣

∂qh(Gh,Gf )

∂(e
0
h∆

−1
h eh)

∂qf (Gh,Gf )

∂(e
0
h∆

−1
h eh)

⎤⎥⎥⎦ =
⎡⎢⎣ 0

γ21ffqf (Gh, Gf )

⎤⎥⎦ (17)
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Solving the system of equations 17:

∂qh(Gh,Gf )

∂(e
0
h∆

−1
h eh)

= − nf

2(1− γ) + γ
¡
2− γe

0
h∆

−1
h eh

¢
nf

γ31hfqf (Gh, Gf )

2(1− γ) + γ
³
2− γe

0
f∆

−1
f ef − γe

0
fW

−1
f ef

´
nh

∂qf (Gh,Gf )

∂(e
0
h∆

−1
h eh)

=
γ21ffqf (Gh, Gf )

2(1− γ) + γ
¡
2− γe

0
h∆

−1
h eh − γe

0
hW

−1
h eh

¢
nf

Note that:

³
2− γe

0
f∆

−1
f ef − γe

0
fW

−1
f ef

´
=
³
1− γe

0
f∆

−1
f ef

´
+
³
1− γe

0
fW

−1
f ef

´
To sign ∂qh(Gh,Gf )

∂(e
0
h∆

−1
h eh)

, note that the expression in the first round parentheses on the right is positive

(proof is omitted): ³
1− γe

0
c∆

−1
c ec

´
> 0

for c = h or c = f , and that:

³
1− γe

0
fW

−1
f ef

´
=
2(1− γ) + γ

³
1− γe

0
h∆

−1
h eh

´
nf

2(1− γ) + γ
¡
2− γe

0
h∆

−1
h eh

¢
nf

> 0

Hence ∂qh(Gh,Gf )

∂(e
0
h∆

−1
h eh)

< 0. Similarly we can sign ∂qf (Gh,Gf )

∂(e
0
h∆

−1
h eh)

> 0.

5.11.2 Step 2

From 14 we can derive that equilibrium taxes must satisfy:

th(Gh, Gf ) =
h
αh − γ1hfqf (Gh, Gf )−∆hq

h(Gh, Gf )
i

tf (Gh, Gf ) =
h
αf − γ1fhqh(Gh, Gf )−∆fq

f (Gh, Gf )
i

From 16 we can derive that:

αf − γ1fhqh(Gh,Gf ) =Wfq
f (Gh,Gf )

And replacing in the expression for tf (Gh, Gf ):

tf (Gh, Gf ) = [Wf−∆f ]q
f (Gh, Gf )

= −γ[γ
³
e
0
h∆

−1
h eh

´
1ff +Ωf − 1ff ]qf (Gh, Gf )
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If the foreign country market structure is of the national champion type (Ωf = 1
ff ), then tf (Gh, Gf ) =

−γ2
³
e
0
h∆

−1
h eh

´
1ffqf (Ωh,Ωf ) < 0, so that country f subsidizes its firms. If market structure for the

foreign country is not of the national champion type, the subsidies could be negative (taxes) because

a country does not want to create competition between its firms. It is easy to prove that, given any

foreign country’s market structure, a move to monopoly (Ωf = 1
ff ) always increases foreign subsidies.

Note that the foreign taxes depend on Ωh only through the scalar
³
e
0
h∆

−1
h eh

´
(see 16).

1

γ

∂tf (Gh, Gf )

∂(e
0
h∆

−1
h eh)

= −γ1ffqf (Gh, Gf )−
h
γ
³
e
0
h∆

−1
h eh

´
1ff +Ωf − 1ff

i ∂qf (Gh, Gf )

∂(e
0
h∆

−1
h eh)

= −γ

⎧⎨⎩If + γ

h
γ
³
e
0
h∆

−1
h eh

´
1ff +Ωf − 1ff

i
2(1− γ) + γ

¡
2− γe

0
h∆

−1
h eh − γe

0
hW

−1
h eh

¢
nf

⎫⎬⎭1ffqf (Gh, Gf )

= −γ

⎧⎨⎩ef + γ

h
γ
³
e
0
h∆

−1
h eh

´
efe

0
f −

³
efe

0
f −Ωf

´i
2(1− γ) + γ

¡
2− γe

0
h∆

−1
h eh − γe

0
hW

−1
h eh

¢
nf
ef

⎫⎬⎭ e0fqf (Gh, Gf )

= −γ

⎧⎨⎩ef + γ

h
nfγ

³
e
0
h∆

−1
h eh

´
ef − nfef +Ωfef

i
2(1− γ) + γ

¡
2− γe

0
h∆

−1
h eh − γe

0
hW

−1
h eh

¢
nf

⎫⎬⎭ e0fqf (Gh, Gf )

Where we used the fact that 1ff = efef . The i0s element of this vector has opposite sign of:

1 + γ

h
nfγ

³
e
0
h∆

−1
h eh

´
− nf + np

i
2(1− γ) + γ

¡
2− γe

0
h∆

−1
h eh − γe

0
hW

−1
h eh

¢
nf

Where np is the number of products owned by the firm owning good i. This quantity is positive if:

2(1− γ) + γ
³
2− γ

³
e
0
h∆

−1
h eh

´
− γe

0
hW

−1
h eh

´
nf + γ

h
nfγ

³
e
0
h∆

−1
h eh

´
− nf + np

i
=

= 2(1− γ) + γ
³
1− γe

0
hW

−1
h eh

´
nf + γnp > 0

We noted before that
³
1− γe

0
fW

−1
f ef

´
> 0. This proves that:

∂tf (Gh, Gf )

∂(e
0
h∆

−1
h eh)

< 0

If country h chooses a less competitive market structure,
³
e
0
h∆

−1
h eh

´
decreases. A less competitive

home market structure induces lower foreign equilibrium subsidies (higher taxes) in the second stage of

the game.
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5.12 Proof of Theorem (6)

We want to prove that
³
∂Πh

∂qf
∂qf

∂tf

´
> 0. It is easy to show that:

• ∂Πh

∂qf
= −γqh(Gh, Gf )1hf < 0.

• ∂qf

∂tf
= −∆−1f .

So that: µ
∂Πh

∂qf
∂qf

∂tf

¶
= γqh(Gh, Gf )1hf∆−1f

It is sufficient to show that 1hf∆−1f > 0. Remember that:

∆f = 2(1− γ)If + γΩf + γ1ff

It is sufficient to show that ∆−1f ef > 0. Define ∆−1f ef = x =⇒ ∆fx = ef . Row i of the previous

equation is: 2(1− γ)xi + γ
P
j∈Fi

xj + γ
nfP
j=1

xj = 1, where Fi is the set of products produced by the same

firm producing product i (including product i). First, note that it must be that
nfP
j=1

xj > 0. If not, there

would be a product i for which
P
j∈Fi

xj < 0 and xi < 0, so that 2(1− γ)xi + γ
P
j∈Fi

xj + γ
nfP
j=1

xj = 1 could

not be one. Besides it is clear that, for two goods i and k belonging to the same group, it must be that

xi = xk (just subtract the lines corresponding to the two products, to obtain 2(1− γ)xi = 2(1− γ)xk).

We can rewrite the equation for a given group p as: [2(1− γ) + γnp]xp + γ
nfP
j=1

xj = 1, where np is the

number of goods in product p and xp is the common value of x for all goods in group p. Consider two

groups, p and q, and subtract the two equations. We have: [2(1− γ) + γnp]xp = [2(1− γ) + γnq]xq so

that all xi must have the same sign and as their sum must be positive they must all be positive.

5.13 Proof of Theorem (7)

The net profit for each product in the country c is:

(pci − tci)q
c
i =

⎛⎝αi − qi − γ
X
j 6=i

qj − thi

⎞⎠ qhi (18)
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The exporter chooses quantity by taking into account the cross effect among all goods she owns.

From the first order condition we can easily derive:

(pci − tci) = (1− γ)qci + γ
X
j∈Fi

qcj

where Fi is the set of products produced by the same firm producing product i (including product

i). Replacing in 18:

(pci − tci )q
c
i =

⎡⎣(1− γ)qci + γ
X
j∈Fi

qcj

⎤⎦ qci
From the proof of Lemma 6 we know that a merger in country c increases the quantity of all country

c’s goods and decreases the quantity of all country −c’s goods. Given the previous expression (remember

that (1− γ) > 0), this proves the theorem.

6 Omitted Claims

Claim 1 The matrix:⎧⎪⎨⎪⎩2(β + σ)

⎡⎢⎣ Ih 0

0 If

⎤⎥⎦− σ

⎡⎢⎣ 2
³
1hh + 1

2σ1
hfA−1f 1

fh
´

1hf

1fh 2
¡
1ff + 1

2σ1
fhA−1h 1

hf
¢
⎤⎥⎦
⎫⎪⎬⎪⎭

=

⎧⎪⎨⎪⎩2(β + σ)

⎡⎢⎣ Ih 0

0 If

⎤⎥⎦− σ

⎡⎢⎣ 2eheh + σ
³
e0fA

−1
f ef

´
eheh ehef

efeh 2efef + σ
¡
e0hA

−1
h eh

¢
efe

0
f

⎤⎥⎦
⎫⎪⎬⎪⎭

has the d.d. property.

First we will show that:

³
e
0
fA

−1
f ef

´
≤ nf

2[β − (nf − 1)σ]³
e
0
hA

−1
h eh

´
≤ nh

2[β − (nh − 1)σ]

We will prove the first inequality. The matrix Af has the d.d. property (see paper). The matrix

A−1f =
h
2(β + σ)If − σ(Ωf + efe

0
f )
i−1

is positive and is “maximized” (element by element) when
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Ωf = efe
0
f . So that:h

2(β + σ)If − σ(Ωf + efe
0
f )
i−1
≤
h
2(β + σ)If − 2σefe

0
f )
i−1

=
1

2(β + σ)

∙
If +

σ

(β + σ)− nfσ
efe

0
f

¸
Hence:

e
0
fA

−1
f ef = e

0
f

h
2(β + σ)If − σ(Ωf + efe

0
f )
i−1

ef ≤
1

2(β + σ)
e
0
f

∙
If +

σ

β − (nf − 1)σefe
0
f

¸
ef =

=
1

2(β + σ)

½
nf +

σ

β − (nf − 1)σ
n2f

¾
=

nf

2[β − (nf − 1)σ]

Now consider the matrix of the claim. It has clearly negative off diagonal elements. To prove the

dominant diagonal property it is sufficient to show that:⎧⎪⎨⎪⎩2(β + σ)

⎡⎢⎣ Ih 0

0 If

⎤⎥⎦− σ

⎡⎢⎣ 2ehe0h + σ
³
e
0
fA

−1
f ef

´
ehe

0
h ehe

0
f

efe
0
h 2efe

0
f + σ

³
e
0
hA

−1
h eh

´
efe

0
f

⎤⎥⎦
⎫⎪⎬⎪⎭
⎡⎢⎣ eh

ef

⎤⎥⎦ > 0

Given that
³
e
0
fA

−1
f ef

´
≤ nf

2[β−(nf−1)σ] and
³
e
0
hA

−1
h eh

´
≤ nh

2[β−(nh−1)σ] , to prove the claim is sufficient

to show that:

2(β + σ) > 2σnh +
σ2nhnf

2[β − (nf − 1)σ] + σnf

2(β + σ) > 2σnf +
σ2nhnf

2[β − (nh − 1)σ] + σnh

We will prove that the first inequality is true. Replacing the expression for β and σ:

2[γ(n− 1) + 1]− 2γnh − γnf >
γ2nhnf

2[γ(nh − 1) + 1] ⇐⇒

2[γnf + 2(1− γ)][γnh + (1− γ)]− γ2nhnf > 0

Clearly true because [γnf + 2(1− γ)] > γnf and [γnh + (1− γ)] > γnh.

Claim 2 The matrix

[2(1− γ)I+ γΩ+ γ1] =
h
2(1− γ)I+ γΩ+ γee

0
i

is definite positive.
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Notice that for any vector z:

z
0
[2(1− γ)I+ γΩ+ γee

0
]z = 2(1− γ)z

0
z+ γz

0
Ωz+ γ(z

0
e)(z

0
e)

0

The first and last addend are non negative and their sum is zero iff z = 0. Besides z
0
Ωz ≥ 0. This

matrix is only semidefinite positive if γ = 1. In this case there is not a specific solution if a firm has

more then one product. We exclude this possibility.

Claim 3
³
e
0
h∆

−1
h eh

´
= e

0
h [2(1− γ)Ih + γΩh + γeheh]

−1 eh decreases if the market structure is made

less competitive. And
³
1− γ

³
e
0
h∆

−1
h eh

´´
> 0.

Step 1: Calculate [2(1− γ)Ih + γΩh]
−1.

Assume that country h has m firms p = 1, 2, ....,m, each controlling np goods. We can always

arrange them so that Ωh is block diagonal:

[2(1− γ)Ih + γΩh] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2(1− γ)I1 + γe1e
0
1 0 0 0

0 2(1− γ)I2 + γe2e
0
2 0 0

0 0 . 0

0 0 0 2(1− γ)Im + γeme
0
m

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Where ei is a ni × 1 vector of ones. Notice that:

[2(1− γ)Ii + γeie
0
i]
−1 =

1

2(1− γ)

∙
Ii −

γ

2(1− γ) + γni
eie

0
i

¸
Where ni is the size of group i. From that:

[2(1− γ)Ih + γΩh]
−1 =

=
1

2(1− γ)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I1 − γ
2(1−γ)+γn1e1e

0
1 0 0 0

0 I2 − γ
2(1−γ)+γn2e2e

0
2 0 0

0 0 . 0

0 0 0 Im − γ
2(1−γ)+γnmeme

0
m

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Step 2: Calculate [2(1− γ)Ih + γΩh + γehe

0
h]
−1.
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To do that we use the following “diagonal plus theorem”: let M = D + axyT , where D is a

diagonal invertible matrix, x and y are vectors and a is a scalar; then M−1 = D−1 + bx∗y∗T , where

b = −a
³
1 + a

P xiyi
dii

´−1
and x∗Ti = xi/dii, y∗Ti = yi/dii.

Define Zh = [2(1− γ)Ih + γΩh]
−1. Then:

h
2(1− γ)Ih + γΩh + γehe

0
h

i−1
=
h
Z−1h +γZ

−1
h Zhehe

0
h

i−1
=
h
Ih + γZhehe

0
h

i−1
Zh

Applying the“diagonal plus theorem”:

n
Ih + γZhehe

0
h

o−1
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Ih +

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

γ
2(1−γ)+γn1e1

γ
2(1−γ)+γn2e2

.

γ
2(1−γ)+γnpep

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
e
0
h

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

−1

=

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Ih −

⎛⎜⎝ 1

1 +
P
p

npγ

2(1−γ)+γnp

⎞⎟⎠

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

γ
2(1−γ)+γn1e1

γ
2(1−γ)+γn2e2

.

γ
2(1−γ)+γnpep

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
e
0
h

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
So that: h

2(1− γ)Ih + γΩh + γehe
0
h

i−1
= [Ih + γZhehe

0
h]
−1Zh =

=
1

2(1− γ)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Ih −

⎛⎜⎝ 1

1 +
P
p

npγ

2(1−γ)+γnp

⎞⎟⎠

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

γ
2(1−γ)+γn1e1

γ
2(1−γ)+γn2e2

.

γ
2(1−γ)+γnpep

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
e
0
h

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
∗

∗

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I1 − γ
2(1−γ)+γn1e1e

0
1 0 0 0

0 I2 − γ
2(1−γ)+γn2e2e

0
2 0 0

0 0 . 0

0 0 0 Im − γ
2(1−γ)+γnmeme

0
m

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Premoltiplying by e0h and postmoltiplying by eh:

e
0
h∆

−1
h eh =

1

2(1− γ)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
e
0
h −

⎛⎜⎝ 1

1 +
P
p

npγ

2(1−γ)+γnp

⎞⎟⎠e0h

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

γ
2(1−γ)+γn1e1

γ
2(1−γ)+γn2e2

.

γ
2(1−γ)+γnpep

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
e
0
h

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2(1−γ)
2(1−γ)+γn1e1

2(1−γ)
2(1−γ)+γn2e2

.

2(1−γ)
2(1−γ)+γnpep

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
e
0
h −

⎛⎜⎝ 1

1 +
P
p

npγ

2(1−γ)+γnp

⎞⎟⎠e0h

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

γ
2(1−γ)+γn1e1

γ
2(1−γ)+γn2e2

.

γ
2(1−γ)+γnpep

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
e
0
h

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2(1−γ)+γn1e1

1
2(1−γ)+γn2e2

.

1
2(1−γ)+γnpep

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

ÃX
p

np
2(1− γ) + γnp

!
−

⎛⎜⎝
P
p

npγ

2(1−γ)+γnp

1 +
P
p

npγ

2(1−γ)+γnp

⎞⎟⎠ÃX
p

np
2(1− γ) + γnp

!
=

=
X
p

np
2(1− γ) + γnp

1

1 + γ
P
p

np
2(1−γ)+γnp

=

P
p

np
2(1−γ)+γnp

1 + γ
P
p

np
2(1−γ)+γnp

Proving that
³
e
0
h∆

−1
h eh

´
=

P
p

np
2(1−γ)+γnp

1+γ
P
p

np
2(1−γ)+γnp

is decreasing if the market structure becomes less

competitive is equivalent to prove that
P
p

np
2(1−γ)+γnp decreases as the market structure is becomes

competitive. Assume that groups 1 and 2 are put together. We want to show that:

n1 + n2
2(1− γ) + γ(n1 + n2)

<
n1

2(1− γ) + γn1
+

n2
2(1− γ) + γn2

⇐⇒ 4γ2n1n2 − 4γn1n2 − γ2n1n
2
2 − γ2n21n2 < 0⇐⇒ 4γ − 4− γn2 − γn1 < 0

⇐⇒ 4− 4γ + γn2 + γn1 > 0⇐⇒ 4(1− γ) + γn > 0

True because 0 ≤ γ < 1.

From the proof we even derive that:

1− γ
³
e
0
h∆

−1
h eh

´
=

1

1 + γ
P
p

np
2(1−γ)+γnp

> 0
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Claim 4 The matrix:

h
2(1− γ)Ih + 2γ

³
1− γ

³
e
0
f∆

−1
f ef

´´
1hh

i
=
h
2(1− γ)Ih + 2γ

³
1− γ

³
e
0
f∆

−1
f ef

´´
ehe

0
h

i
is definite positive.

For any vector z 6= 0:

z0
h
2(1− γ)If + 2γ

³
1− γ

³
e
0
f∆

−1
f ef

´´
ehe

0
h

i
z = 2(1−γ)z0z+2γ

³
1− γ

³
e
0
f∆

−1
f ef

´´
(z0ef )(z

0ef )
0
> 0

As, from the previous claim, 1− γ
³
e
0
h∆

−1
h eh

´
> 0

7 Existance of Interior Equilibrium

Here we show that if products are symmetric (αi = α, for every i => ai = a, for every i), the solution

is interior. By continuity, the solution is interior if αi are similar but not identical. However, numerical

simulations show that if αi are sufficiently different across products, the first order condition does result

in negative outputs or prices for products with low αi. In the paper, we assume that the αi are close,

so that the equilibrium is interior.

7.1 Bertrand Case

As shown in the paper’s appendix (see proof of Lemma 5), equilibrium prices are:⎡⎢⎣ ph
pf

⎤⎥⎦ =
⎧⎪⎨⎪⎩2(β + σ)I− σ

⎡⎢⎣ 2
³
1hh + 1

2σ
³
1hfA−1f 1

fh
´´

1hf

1fh 2
¡
1ff + 1

2σ
¡
1fhA−1h 1

hf
¢¢
⎤⎥⎦
⎫⎪⎬⎪⎭
−1 ⎡⎢⎣ ah

af

⎤⎥⎦
We use the following Lemma:

Lemma 10 Assume that an n × n matrix B is such that B ≥ 0. If the matrix (I−B) has the d.d.

property, then it is definite positive and it has a nonnegative inverse, which can be computed as

(I−B)−1= I+B+B2+...

where the series is converging. Given two matrices B1≥ B2, then (I−B2)
−1≥ (I−B1)

−1.
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In the paper’s appendix we showed that:⎡⎢⎣ 2
³
1hh + 1

2σ
³
1hfA−1f 1

fh
´´

1hf

1fh 2
¡
1ff + 1

2σ
¡
1fhA−1h 1

hf
¢¢
⎤⎥⎦ > 0

Thus, applying the previous Lemma:⎧⎪⎨⎪⎩2(β + σ)I− σ

⎡⎢⎣ 2
³
1hh + 1

2σ
³
1hfA−1f 1

fh
´´

1hf

1fh 2
¡
1ff + 1

2σ
¡
1fhA−1h 1

hf
¢¢
⎤⎥⎦
⎫⎪⎬⎪⎭
−1

< 1
2(β+σ)I

Which implies that: ⎡⎢⎣ ph
pf

⎤⎥⎦ > a
2(β+σ)e > 0

Thus equilibrium prices are positive.

We now show that the equilibrium quantities are positive. In the paper’s appendix, we showed that

(see proof of theorem 4):

2qh = ah + 1
hfA−1f

n
af + [(β + σ)If − σΩf ]t

f
o

At the equilibrium, the foreign country will choose the national champion policy; thus Ωf = efe
0
f and

A−1f = 1
2 [(β + σ)If − σefe

0
f ]
−1. This implies that:

2qh = ah + 1
hfA−1f af + 1

hf 1

2
[(β + σ)If − σefe

0
f ]
−1[(β + σ)If − σefe

0
f ]t

f

= ah + 1
hfA−1f af + 1

hf 1

2
tf

As shown in appendix, A−1f is positive, and all taxes are positive (see equation 12 in appendix). All

quantities are thus positive.

7.2 Cournot Case

In the paper’s appendix, we showed (see proof of Lemma 6) that the equilibrium quantities are such

that:
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⎡⎢⎣ Wh γ1hf

γ1fh Wf

⎤⎥⎦
⎡⎢⎣ qh
qf

⎤⎥⎦ =
⎡⎢⎣ αh

αf

⎤⎥⎦
Where:

Wh = 2(1− γ)Ih + 2γ1
hh − γ2

³
e
0
f∆

−1
f ef

´
1hh

Wf = 2(1− γ)If + 2γ1
ff − γ2

³
e
0
h∆

−1
h eh

´
1ff

with: ³
1− γe

0
c∆

−1
c ec

´
> 0

As products are symmetric, it is easy to show that all home products’ taxes and quantities are the

same (say, qh and th). Similarely, all foreign products’ taxes and quantities are the same (say, qf and

tf ). From the previous equations, we can derive that:n
2(1− γ) + γ[2− γ

³
e
0
f∆

−1
f ef

´
]nh

o
qh + γnfqf = αn

2(1− γ) + γ[2− γ
³
e
0
h∆

−1
h eh

´
]nf

o
qf + γnhqh = α

Notice that
n
2(1− γ) + γ[2− γ

³
e
0
f∆

−1
f ef

´
]nh

o
> 0 and

n
2(1− γ) + γ[2− γ

³
e
0
h∆

−1
h eh

´
]nf

o
>

0.10 Equating the two equations we can derive that:n
2(1− γ) + γ[1− γ

³
e
0
f∆

−1
f ef

´
]nh

o
qh =

n
2(1− γ) + γ[1− γ

³
e
0
h∆

−1
h eh

´
]nf

o
qf

Notice that
n
2(1− γ) + γ[1− γ

³
e
0
f∆

−1
f ef

´
]nh

o
> 0 and

n
2(1− γ) + γ[1− γ

³
e
0
h∆

−1
h eh

´
]nf

o
> 0.

Thus, qf and qh must have the same sign. As
n
2(1− γ) + γ[2− γ

³
e
0
f∆

−1
f ef

´
]nh

o
qh+γnfqf = α > 0,

they have to be both positive.

We now show that equilibrium prices must be positive. From the first order condition:

α− ti − 2(1− γ)qi − 2γ
X
j∈Fi

qj − γ
X
j /∈Fi

qj = 0

Which implies that:

pi = α− qi − γ
X
j 6=i

qj = ti + (1− γ)qi + γ
X
j∈Fi

qj

10This comes from 2− γ
³
e
0
c∆

−1
c ec

´
> 0 for c = h, f.
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In the paper’s appendix we showed (see proof of Lemma 6) that, at the equilibrium:

th = −γ2
³
e
0
f∆

−1
f ef

´
1hhqh => th = −γ2

³
e
0
f∆

−1
f ef

´
nhqh

So that:

ph = −γ2
³
e
0
f∆

−1
f ef

´
nhqh + (1− γ)qh + γnhqh = γ[1− γ

³
e
0
f∆

−1
f ef

´
]nhqh + (1− γ)qh

Which is positive because 1− γ
³
e
0
f∆

−1
f ef

´
> 0, as shown in appendix.
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