Appendix

Competition Policy as Strategic Trade with Differentiated Products

Martino De Stefano and Marc Rysman

In this appendix we will repeatedly make use of the definition of dominant diagonal matrix and its

properties.

Definition 1 An nxn matriz A= [a;;] is said to have a dominant diagonal (d.d.) if there exist positive
numbers dy da .. d, such that:
dilai| > Zdj‘aij‘ fori=1,2, . n.
J#i
Remark 1 Assume that an n x n matriz A= [a;;] has positive diagonal elements and non-positive off-
diagonal elements. A sufficient condition for A to have d.d. is that Ae > 0, where e is a vector of

ones. That is, a sufficient condition is that its row sums are all positive.

Lemma 7 Assume that an n x n matriz B is such that B > 0. If the matriz (I — B) has the d.d.

property, then it is definite positive and it has a nonnegative inverse, which can be computed as
(I-B) '=1+B+B*t...
where the series is converging. Given two matrices B1> By, then (I —By)'> (I-B,)™ .

Lemma 8 A d.d. matriz B with positive diagonal elements and negative off diagonal elements, has a

nonnegative inverse B=1> 0.

Before proceeding, we discus a few issues of notation. We write market structure G¢ in matrix

notation as €2., where €2, is n° x n° and element w;; = 1 if 4 and j are sold by the same firm, and

Q, 0
w;ij = 0 otherwise. We define 2 = . Throughout this paper, we use a bold 1 to represent

0 Q

an n X n matrix of ones and 1% to represent an n¢ x n® matrix of ones, where ¢ and s are either h or f.
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5.1 Solution of the Third Stage Bertrand Game

The demand functions are:

i =a;—PBpi+0) p

J#i
Where the parameters are given by:
i —2)+1] - i
a':a[’Y(n ) ] ’Y]%;iaj' 5 y(n—2)+1 o - |
o A=h-1+1] 7 L =Nhy(n =1 +1) 1=y —-1)+1]

and 0 < v < 1. In the last period, exporters take ownership structure and taxes as given and
maximize profit independently. Our assumptions assure that the objective functions are concave. For
each product 4, the first order condition is:
a; —2(B+ o)pi + QO'ij + aij +(B+o)ti — ath =0
JE€Fi J¢F; JEF;
Where F; is the set of products produced by the same firm producing product i (including product
1) and t; is the tax rate for product i. Note that tax rates are assumed to be product specific. Assuming

an interior equilibrium, the n first order conditions can be written as:

208 +0)I—o(Q+1)]p(G"t", G/, /) =a+ [(B+0)I - oQt

h
p ap
Where p = is the n x 1 vector of prices and a = is the n x 1 vector of intercepts. To

pf ar
show that the matrix [2(8 + 0)I — (€2 4 1)] is invertible, we will prove that it has the d.d. property.

Note that all diagonal elements are positive (they are 2/3) and all off-diagonal elements are negative

(they are either —o or —20). To prove the d.d. property it is sufficient to show that:
2B+0)I—0(+1)]e>0=2(f+0)e—0ce —noce >0
where e is an n X 1 vector of ones. As Qe < ne, it is sufficient to show that:
2(6+0)e—2nce >0<=2(f+0)>2nc<=p>(n—1)o
Using the definition of 8 and o:

B>n—1o<1>r
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Which is true by assumption. The equilibrium prices are given by:

p(G" " G t)) =[2(6+ o)1 —o(+ 1) a+ (B4 0)L - o) t] (4)

5.2 Proof of Lemma (1)
When countries do not impose taxes, equilibrium prices are given by:
p(G" t",G7, t7) = 2(8+ o) T - 0(2+1)] ' a

Note that a less competitive market structure corresponds to a “more positive” €2 matrix, some
zeros are replaced by ones. To prove the Lemma, just use Lemma 10 and the fact that the matrix

[2(8 + 0)I — o(2 + 1)] has the d.d. property.

5.3 Proof of Lemma (2)

From Lemma (1) we know that, given the foreign market structure, the highest equilibrium home
country prices are obtained when the home country assigns all goods to the same firm. A home country
monopolist solves:

mac I1" (»"p7(G")) = p"d" (p",p7(C"))

Where pf (Gf ) is the equilibrium foreign prices when the home country chooses a monopoly and the

foreign market structure is G¥. The vector of first-order conditions is:

oq" (p",p’(GY)) ,
oph P

q" (p", pf(Gf)> + =0. (5)

In contrast, the first-order condition for (1) is:

oq" (p,p! (p",G7))  aq" (p",p! (p", G¥)) apf (p", G)
h h f h f 9 9 9 ) 9 h —

Let ph(Gf ) be the equilibrium home prices when the home country chooses a monopoly and the
foreign market structure is G/. Note that p/(GY) = p/ (p"(G”), G'). Hence, using (5):

!
) <ph of (ph Gf)> N oq" (p", ! (p",G7)) N aq" (p", pf (p", G1)) opf (p", G¥) o
’ ’ oph op/ (ph, G7) oph

ph=p"(G')
oq" (p",p/ (0", G¥)) op/ (p",G7 )/ph

op/ (p", G7) oph =0

ph=ph(G)
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"(p"p! (p".GY))

opf (p",G¥)
ap7 (ph,G¥) nd

>0a oph

. . 0
Where the inequality comes from the fact that 4 > 0. Therefore,
the vector of prices that solves equation 5 must be lower (element by element) than the vector that

solves equation 6.

5.4 Proof of Theorem (1)

Assume that the home country is not exporting through a single exporter: € < ehe;l. Assume that the
home country is thinking of using a national champion policy. Define the matrix €,(z) whose generic
element (7, ) is one if the corresponding element of €2, is one and it is x if the corresponding element
of €, is zero. This implies that €25,(0) = Q, and Q(1) = eye;, (this is the national champion policy).
Define Q(z) as © where €, has been replaced by Q(z) and p(z) = [2(8 + 0)I — o(Q(z) + e€')] 'a.
pr(z) and ps(z) are the corresponding elements of p(x)

Consider the following function of x:

I, (z) = pj(x)[an — (B + 0)pu(z) + cenel,pn(z) + oenepy(x))

With this formulation, the home country will decide to export with a single exporter if II;(1) >

I1,(0). The derivative of the previous expression with respect to x is:

oIl ()
ox

0 0
= [an — 2(8 + o)pn(z) + 20exe),pu(z) + Uehe}ph(@]/%@) + Uph(x)ehe}%(x)

Consider the definition of p(x):

208+ o)1 — o (2 () + ehe;l) —aehe/f pr(x) ap
—O'efelh 2(5+J)If—a(ﬂf(:1:)+efe;c) pf(:r) ay

From the first set of equations:
a, — 2(8 + 0)pn + 20€,€},Pr() + oeneps(z) = o [eney, — Uy (z)| pu()

Substituting in the previous derivative:

Ol ()
ox

= opj()[ene), — ()] apaIfE) + opj(z)ene] 8p€§ =
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To sign this expression notice that:

(1) [ene;, — 2p(x)] > 0. This comes directly from the fact that Q(z) < eje}, if z < 1.

(2) apa#afm) > 0 and a—%@ > 0. This is because p = [2(8 + 0)I — o(Q2 + ee')]'a and a more positive
Q (an increase in z) will make the inverse matrix multiplying a more positive (element by element).

(3) p(z) >0

The previous three conditions imply that BHB#z(ac) > 0, so that II;(1) — I, (0) = fol %ﬁdw > 0.
5.5 Proof of Lemma (4)

The equilibrium prices arising when the countries choose partitions G* and G are given by:

p"(G", ", G7 t1) . t"
=R2B+o)I-o(@+1)] " Ja+((6+0)-00)
To prove the theorem, it is sufficient to show that the n x n matrix multiplying the vector of taxes
is full rank. We previously proved that the matrix [2(8 4+ 0)I — o(£2 + 1)] is full rank. We will prove
that the matrix ((8 + o)I — 02) is full rank as well. We show that it has the d.d. property. It has

positive diagonal elements and negative off-diagonal elements. It is sufficient to show that:
(B+0)I—0cQ)e>0

Where e is a n x 1 vector of ones. Given that Qe <ne, using the definition of 5 and o,it is sufficient
to show that:

(B+o)—no>0+=~y<1

Which is true by assumption. Now, just note that the product of full rank matrices is full rank.

5.6 Proof of Lemma (5)
5.6.1 Step 1
We first will show how the equilibrium prices, p*(G", G/) and p/(G",Gf), change when the market

structure changes.
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We use the fact that the home and foreign governments will picks taxes t” and t/ such that (see

Lemma 3):

p"(G" t", GT tF) = plip(GT tT) (7)
p/(G" ", G t) = pl(G"th)

The equilibrium prices are such that (see equation 4):

Ay —o1hf p" ap + [(B+ o), — o] t" ®
= 8
o1t A p/ ar+[(B+ o) — o] tf
Where we defined:
Ay, = 20B+4+0)I,—o(Q + 1hh)
Af = 2([34‘0’)1]0 —U(Qf+1ff)
It is easy to solve the Stackelberg problems. The home country Stackelberg problem is:
max p"* |ay — (5 + o)p" +o1"'p" + 01" p! (p", &7, tf)]
h
subject to p/ (p", G, t/) = aA}llfhph + A;l {af +((B+o0)If— aﬂf)tf]
It is easy to show that the Stackelberg prices are such that:
B, 0 pr(GY,t)) ay, 0 1AL an + (B + o)L, — oS th
= —|— o
0 By pLp(G" ") ay 1/h At 0 ay+[(8+ 0)Iy — o]t/
(9)

Where we defined:

B, = 2(8+0),— 20 <1hh + a(1thJ711fh)>

By

208+ o)y — 20 <1ff to (1th,;11hf))

Equations 8 and 9 have to be both verified at the equilibrium. They represent 2n equations in 2n

unknowns, prices and taxes. It a matter of algebraic manipulation to derive equilibrium prices:
p"(G", G)

p/ (G",G7)
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-1
2 (1hh +1s <1th;11fh>) 10/ ay,

1/h 2 (1 + Lo (1/hA11M) ay

2+0)—0o

Where the matrix in curled parentheses can be proved to have the d.d. property (the proof is
reported at the end of the appendix). We want to show that equilibrium prices increase if market
structure becomes less competitive. Assume that the home market becomes less competitive. Some
zeros in the matrix €2, are replaced by ones. Given that Aj has the d.d. property, Lemma 10 implies
that A,:l is positive and it becomes more positive as home market structure becomes less competitive.
This implies that <1hf A;llf h> becomes more positive. Applying Lemma 10 again to the matrix in
curled parentheses, we can show that its inverse is positive and it becomes more positive as the home
market structure becomes less competitive. This proves that a less competitive home market structure

increases equilibrium prices.
5.6.2 Step 2

Using 8, we can write the equilibrium taxes as:

t"(G", GT) = —[(B+ o)y — o] [a, — App"(G", GT) + 51" p! (GP, GT)]
t/(G" GI) =~ [(B+ o)y — o] [ay — App! (G",G7) + oL/ (G", GT)]

Consider that the equilibrium prices have to satisfy the condition:

2 (1M 4 1o (1M ATILIR 10 ph(G", G’
208+ 0)— o ( ’ ( / )> ( )
1/h 2 (111 + o (171 A 1107)) p/(G",GY)
ap
_ (10)
af

From the second set of equations, we can derive:

1
2(8 +0)p’ (G".GT) — 20 (1f F o (1A )) p/(G",G7) — o1/, GF) = a;

1
— 2(8+0)p/(G",GT) - 20 <1ff +50 (1th,;11hf)> p/ (G, GT) = a; + o1/"p"(G", GY)
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Replace in the expression for t/ (Gh, G'):
t/(G", G =0 [(B+ o) — o 1T — Qs 40 (1th,;11hf)] p/(G"GIy>0 (1)

Where we used the fact that Ay = 2(8+ 0)I; —o(Qy + 1//). Notice that a country will always tax
(it will never subsidize) its goods. We noted before that if a country, in particular country h, chooses
a less competitive market structure, given the other country’s market structure, the equilibrium prices
increase, in particular pf(G", G7) increases. Besides A,:l becomes more positive for less competitive
home market structures. Given that [(5 + o)Ly — aﬂf]fl >0and [1// - Qf+0 (lthgllhf)] > 0,
it is clear that if country h makes its market structure less competitive, the equilibrium foreign taxes

tf(G", Gf) increase:
ot (GM, GT)

Blel >0

5.7 Proof of Theorem (3)

Here we analytically prove that (% %%{) > 0. It is easy to derive that:

o I :aphlhf.
o L _ 28+ 0)I; — o(Q + 17N (B + o) — 092y,

We prove that %%J: > 0. The following are easy algebraic manipulations:

[2(6 + o)y — o(Qf + 1ff)} B+ o)y — o0y =

1 o o

- -] -] -

1 g -1 o
S e AR I R e R R ey

o)

CRER Qf)] =

ag

Now, just observe that the matrix [I ;- 2(5—%,)(9 P )] has positive diagonal elements, negative

off-diagonal elements, and a d.d.. Its inverse is positive. Besides (17f — f)>0.
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5.8 Proof of Theorem (4)

The profit to the exporter for each product in the country c is:
(0§ = t9)gf = (0§ —t7) | @i — Bpi + oy _pj (12)
J#i
Each exporter chooses prices by taking into account the cross effect among all goods she owns. The
first order condition for good i is:
6 = (B+o)Wf —t) +o ) (1) =0
JEF;
where F; is the set of products produced by the same firm producing product i (including product

1). Using the first order conditions corresponding to all goods in F;, it is possible to derive:

g
C_40) — e ° c
(pi —t7) 1o |4 5_(np_1)aj€§f.q]

Replacing in 12:

1 o
(v —t5)af = G+ =——> | &
B+o i B — (n, — 1)0]‘65

Where n? is the number of goods produced by the firm that produces product ¢. To prove the

theorem, it is sufficient to show that a merger among home firms increases the quantity produced of all

home goods (note that 8 — (n? — 1)o > 0). We will prove that % > 0. From 10 we can derive:
(8 + )T — 01" —o* <1thJ711fh)} p"=a,— (B+o)p"+o1"p" +01Mpl =¢"  (13)

It is sufficient to show that the quantity on the left increases if home market structure becomes less

competitive. Consider the Stackelber leader price for the home country (see 9):
2|(8+ o), — 01" — (A A1) | p" = a, + 1AL {af +[(B+ o)1y — oﬂf]tf}

It is sufficient to show that A;l[(ﬁ + 0)I; — 0]t/ increases as home market structure becomes
less competitive. Note that Af[(ﬁ +0)I; — 0] does not depend on home market structure and that
it is a positive matrix (see proof of theorem 3). It is now sufficient to note that t/ increases if the home

market structure becomes less competitive (see Lemma 5).
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5.9 Proof of Theorem (5)

From previous results, we know that a less competitive home market structure determines an increase
of all prices and an increase in the quantity of all home goods (see previous theorem). This implies that
the quantity of at least one foreign product decreases (prices and quantities cannot increase all at the
same time). We will now show that the quantity of all foreign goods change in the same direction as

the home market structure becomes less competitive. Use the equivalent of 13:
q = [(6 + o)y — o1/ — 52 <1th,;11hf>} p/ =a;— (B+0)p’ + 01/ p/ 4+ o1/hph
After some manipulations:
2q/ = 2 [(5 + o)y — o1l — o2 <1th,;11hf)} p/ =ay +o1/iph — o2 <1th,;11hf) o’

Differentiate the previous expression, and use the fact that (1f hAgllhf ) = (e%A;leh) efe} and

1/h = efe), where ey and ey, are nd x 1 and n" x 1 vectors of ones.:

dg’ dp" 1 dp’ d (e}, A}, "en)
2dGh = oeye), e o’ (e}, A 'ep) ese’s e azefe’fpf el
dp” _ dp’ d(e, A ey,
= (ae}L—de — o (e}, A} 'ep) e’f—de - age'fpf—( }LZG}’LI ) ey

where the quantity in parentheses is a scalar. Given that the quantity of at least one foreign product

decreases as the home market structure becomes less competitive, this quantity must be negative.

5.10 Solution of the Third Stage Cournot (Game

The inverse demand functions are:

Di = Qi —¢i — ’YZ%‘
J#
In the third period, firms choose quantities, given market structure and taxes. For each product 4,
the first order condition is:

ai—ti—21=7)a -2y q; =7 =0

JEF; J&F;
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In matrix formula:
a—t—21-9I+792+~1]q=0

Define:

Ay = 2(1— ) + 8, + 91"

Ay = 21—+ +177

The first order conditions can be written:
Ay ’Ylhf qh(Ghvtha Gfatf) Op th
= - (14)
’ylfh Ay qf(Gh,th,Gf,tf) af ty
It is now easy to show that for v € [0,1) the matrix 2(1 — v)I + v + 1 is definite positive, hence

non singular, so that:
—1
qh(GhathaGfatf) Ay ’}/lhf ap, ty

qf(Gh,th,Gf,tf) 71fh Af af ty
The fact that the matrix multiplying the tax vector has rank n, proves the equivalent of Lemma (4)

for the case of quantity competition.

5.11 Proof of Lemma (6)
5.11.1 Step 1

We first will show how the equilibrium quantities, q”(G", G/) and qf (G", G¥), change when the market
structure changes.

We use the fact that the home and foreign governments will picks taxes t" and tf such that:
q"(G" " GTtT) = qir (Gl t))
of (GM ", GT ) = ol (Ghth)

It easy to solve the Stackelberg problem:

max q"[a, — (1= 7)q" - 11"q" —y1"a/ (¢", 5, /)]
q

subject to: qf(qh, Qf,tf) = A;l(af - tf) - ’yA}llthh
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Where the constraint can be derived from (14). The Stackelberg quantities are:

-1
h ¥ hf A —1 ik
qST(Qf,t ) L, O ay, 0 1V A ap —t
= —y d (15)
qéT(Qh,th) 0 Ly af 1th}:1 0 af — tf

Where we defined:

Ly, = 2(1—9)I;+2y (1 - <e,fAJ71ef>) 1hh

Ly = 2(1—9)I;+2y (1 — (elhA;leh» 1/7

and ey and ey are nf x 1 and n* x 1 vectors of ones. It is possible to show that Lj;, and L f are
definite positive and, hence, invertible.

Equations 15 and 14 have both to be verified at the equilibrium. They represent 2n equations in
2n unknowns, quantities and subsidies. It a matter of algebraic manipulation to derive equilibrium

quantities:
-1
q"(G",GY) A\ o,

af (G",GT) 1t Wy oy
Where:

W, = 2(1 =), + 291" — 42 (e’fAJ?lef> 17
Wi = 2(1—v)If+ 29177 — 42 <e}1Agleh) 17/
Note that the equilibrium quantities depend on €2, only through the scalar (e;lAgleh). The link

between market structure and (e;LA,Zleh> is given by the following Lemma (whose proof is omitted for

sake of brevity).

Lemma 9 (e/hA,:leh> = e;l [2(1 — I+ + fylhh] - ey, decreases if the market structure is made

less competitive.

Differentiate 16 with respect to (e;lAgleh) (treating it as a continuous variable):

hf 9q"(G",G7)
Wh "}/1 3(6;,,A;Tleh,) _ 0 (17)
fh da’ (G".GT) 21 qf (Gh. Gf
Yt Wy B, A Tor) v 1lldl (G" GT)
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Solving the system of equations 17:

aq"(G", GT) nf 1M gl (G, GY)
AL - AL A o
d(e, A} "en) 2(1 =) +7(2-e,A, en) n/ 21 —7) +~ (2 - 'yefAflef —ve; W5 1ef) nh
oo’ (G"GI) Vg9l (G GY)
8(e;LAgleh) 2(1 =)+~ (2 — fye;LAgleh — fye;LW}jleh) nf
Note that:
(2 — 'yefA]T]‘ef — ’yefW]?lef> = (1 — fyefAflef) + (1 — *yefW]Tlef>
To sign gz(i—i’f’:)), note that the expression in the first round parentheses on the right is positive
h“=n Ch

(proof is omitted):

(1 — Pye;Ac_lec> >0
for ¢ = h or ¢ = f, and that:

20 —v)+~ (1 - fye;lAgleh) nt

— >0
2(1—7) +7(2— e A en) nf

(1 — 'ye,fWJTIef> _

h(ah gf .. . fgh.gf
9 (GLGT) Similarly we can sign w 0

Hen
N B A, Ten) (e, A, Ten)

5.11.2 Step 2
From 14 we can derive that equilibrium taxes must satisfy:
(G GT) = Jan -1V al (G GT)-Aa"(G", 6]
t/(Gh, 6Ty = [af — 1P (Gh, G- A pqf (G, Gf)}
From 16 we can derive that:
of — ’ylthh(Gh, Gf) = Wqu(Gh, Gf)
And replacing in the expression for t/(G", G7):

t/(G"GT) = [Wi-Afd/ (G G)
= Ay (ehaslen) 17+ 0y - 10/ (G, )
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If the foreign country market structure is of the national champion type (2 = 1/7), then t/ (G, Gf) =
—7? <e/hA,;1eh> 1/ q7(92%,Q¢) <0, so that country f subsidizes its firms. If market structure for the
foreign country is not of the national champion type, the subsidies could be negative (taxes) because
a country does not want to create competition between its firms. It is easy to prove that, given any
foreign country’s market structure, a move to monopoly (25 = 177) always increases foreign subsidies.

Note that the foreign taxes depend on €25, only through the scalar (e/hA,:leh> (see 16).

1 oty (GM, GT)
v 9(e, A} ey)

;o oqf (G, GT)

_ fraf(ah f 1 If If ’

= —1/q/ (G", G )—[fy(e A eh>1 +Qr—1 ],77
" T e aren

[fy (e;lA,Zleh> 17 4 Qp — 1ff]

20— +v(2- ve, A, ey, — ’ye'hW}:leh) nf

~y <e'hA;1eh) efe'f — (efe'f — Qf)

2(1—7)+~ (2 — fye;LAgleh — fye;LW}jleh) nf

= — If+’y 1fqu(Gh7Gf)

= —vqer+7v ey elqu(Gh,Gf)

_nfv (elhA}:leh> er — nfef + Qfef_
2(1 —7) +7 (2 — ve, A, 'er — ve, W; ley) nf

= —yJes+nv erqy(G", GT)

Where we used the fact that 1// = e ses. The i's element of this vector has opposite sign of:

[nf7 (e;lAgleh) —nf + np}

L+~ e e—
20—y +~v(2- ’yehAhleh —ve, W, 1eh) nf

Where n? is the number of products owned by the firm owning good ¢. This quantity is positive if:

21127 (A7) e Witen) 1 o ) ]

= 2(1—7)+~ (1 - fye;lW,:]‘eh> nd +nP >0

We noted before that (1 — 'ye'fW]Tlef> > (. This proves that:

ot! (G", GT)

——— <0
d(e, A; ey

If country h chooses a less competitive market structure, (e/hA,:leh) decreases. A less competitive
home market structure induces lower foreign equilibrium subsidies (higher taxes) in the second stage of

the game.
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5.12 Proof of Theorem (6)

f .
We want to prove that (g—g;g%) > 0. It is easy to show that:

So that:
o1 ogf _
<8qf 8tf> N th(Gh’Gf)lthfl

It is sufficient to show that 17/ A;l > 0. Remember that:
Ay =2(1—)I; + Qs + 177

It is sufficient to show that A;lef > 0. Define A;lef =X = Ayx = ey. Row ¢ of the previous
nt
equation is: 2(1 —y)x; +v > xj + v x; = 1, where F; is the set of products produced by the same

JEF; 7=1
f
n
firm producing product 4 (including product ). First, note that it must be that ) x; > 0. If not, there
j=1
f
mn

would be a product i for which »° z; < 0 and z; <0, so that 2(1 —y)x; +~v > x; +v)_ x; = 1 could

€F; €F; =1
not be one. Besides it is clear t]fiat, for two goods ¢ and k belonging to the saine group,Jit must be that
x; = xp, (just subtract the lines corresponding to the two products, to obtain 2(1 — v)x; = 2(1 — v)zy).
We can rewrite the equation for a given group p as: [2(1 — ) + ynP|z, + v%izj = 1, where n? is the
number of goods in product p and z, is the common value of x for all good;_in group p. Consider two

groups, p and ¢, and subtract the two equations. We have: [2(1 — ) + ynplz, = [2(1 — ) + ynglz, sO

that all x; must have the same sign and as their sum must be positive they must all be positive.

5.13 Proof of Theorem (7)

The net profit for each product in the country c is:

(5 —t)ef = | i —qi =7 a5 —t | ¢ (18)
i
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The exporter chooses quantity by taking into account the cross effect among all goods she owns.
From the first order condition we can easily derive:
(5 —t5) = (L= +v > _d
J€Fi
where F; is the set of products produced by the same firm producing product i (including product

). Replacing in 18:

5 —t)gf = |(L=)af +7>_ 5|
JEF;

From the proof of Lemma 6 we know that a merger in country c increases the quantity of all country
¢’s goods and decreases the quantity of all country —c’s goods. Given the previous expression (remember

that (1 — ) > 0), this proves the theorem.

6 Omitted Claims

Claim 1 The matriz:

I, 0 2 (110 4 Jo1hf A7) 11
2(8+o0) -0
| 0 I | I 1/h 2 (17 + Jo1/h A 110
I, O 2enen, +o (e' A_lef> eney, epey
= <2(B+0) -0 I
I 0 Iy | I erey, 2erer +o (e;LAgleh) efe’f

has the d.d. property.

First we will show that:

. nt
(efAflef) S B 1)

’ _ Tlh
(ehAhleh) S B — 1)

We will prove the first inequality. The matrix A; has the d.d. property (see paper). The matrix

, 1-1
A;l = [2(840)If —o(2f +efef)} is positive and is “maximized” (element by element) when
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Q= efe'f. So that:

—1_ 1 I o /
%ﬁ+@[f+«ﬁ+w—nhﬁ”4

/ -1 /
2<5+a)1f—a(nf+efef)} < [2(ﬁ+a)1f —2aefef)}

Hence:
e;ATle;=¢ [2(54—0)1 —0(Q + ese )}Ae < ;e, Ii+—7 e |er=
iy ©f = ©r f f fer f_Q(ﬁ—i-U)f f ﬁ—(nf—l)o‘ff f=

_ 1 n o a2\ nf
2(5+0){ f+ﬁ—(nf—1)0 f}2[ﬂ—(nf—1)0]

Now consider the matrix of the claim. It has clearly negative off diagonal elements. To prove the

dominant diagonal property it is sufficient to show that:

I, O 2ene, + o <e' Ale ) ene, ene ey
2(8+0) -0 " el " d >0
0 Iy efe;l 2efe;c +0o (e/hAgleh> efe'f er
Given that (elfA]?lef> < m and (e;lAgleh> < WZ&”P to prove the claim is sufficient
to show that:
o’nhnt
2 > 200" !
(B+0) on +2[5_(nf_1)0]+0n
2, ho f
o“n'n
2 2 h
(B+0) > 20nf+ T +on

We will prove that the first inequality is true. Replacing the expression for § and o:

v2nhnt

2= 1)1 =2yt —onl > g

—

2[yns +2(1 = Ny + (1 = 7)) = ¥*nang >0

Clearly true because [yns 4+ 2(1 — )] > yng and [yny, + (1 — )] > ynp,.

Claim 2 The matriz

2(1 = NI+~ +71] = [2(1 — NI+ 72 + vee

18 definite positive.
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Notice that for any vector z:

7 201 — NI+ ~Q +veelz = 2(1 — )z z + vz Qz + 'y(z,e)(zle)l

The first and last addend are non negative and their sum is zero iff z = 0. Besides z Qz > 0. This
matrix is only semidefinite positive if v = 1. In this case there is not a specific solution if a firm has

more then one product. We exclude this possibility.

Claim 3 (e%A;leh) = e/h 2(1 —)In +9Q, + 'yeheh]fl e;, decreases if the market structure is made

less competitive. And (1 -7 (e;lAgleh)> > 0.

Step 1: Calculate [2(1 — )T + €]~ L

Assume that country h has m firms p = 1,2,....,m, each controlling n, goods. We can always

arrange them so that € is block diagonal:

2(1 — )11 + vere; 0 0 0
0 2(1 — )Tz + veze, O 0
[2(1 = Iy + %] =
0 0 : 0
0 0 0 2(1 -1, +veme,,

Where e; is a n; x 1 vector of ones. Notice that:

/ 1 y
2(1 — NI + veie;] = L — ©;
A=l = sy (B aa

Where n; is the size of group ¢. From that:

[2(1 = )T + ) =

Il — 2(1—7,;)+%elel 0 0 0
_ 1 0 12 — WGQGQ 0 0
21 =) 0 0 . 0

_ 0 0 0 Ln = 55 rmm Cmm

Step 2: Calculate [2(1 — 7)Ij, + 7, + vene, ] .
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To do that we use the following “diagonal plus theorem”: let M = D + axy’, where D is a
diagonal invertible matrix, x and y are vectors and a is a scalar; then M—1 = D~! 4 bx*y*T, where
-1
b= —a (1"‘@2%) and T = z; /di, yiT = vi/di.

Define Zp, = [2(1 — y)I, + yﬂh]_l. Then:

-1

/ _ _ / -1 /
[2(1 — NI+ + fyeheh} = [Zh l—i-’yZh 1Zheheh} = [Ih + vZpeney, 7,

Applying the“diagonal plus theorem”:

B . y —1
—21 e
21— )+yn1 -1
Atk T2 |
{Ih‘i"YZheheh} =< I+ e, =
—21 e
| 2(1—7)+ynp P )
4 B T 3\
—1 e
2(T—y)+yn1 1
1 2 |
{1, - e
L+ ZZ +7np
7 e
| 2(1—y)+ynp P
So that:
,1-1 ,
2(1 = NI, + 7, +ene,| = [T +vZnene,] ' Zy =
B | 3\
—1 e
2(T—y)F+yn1 -1
st ——e
1 I 1 20—+ 22 |
=g\~ ey ¢ *
2(1 =) 1+221 e
—1 e
\ L 2(1—)+ynp P
L — s e1€ 0 0 0
; 0 L = sy ezez O 0
0 0 . 0
L 0 0 0 Iy — 31— Tynm cmEm i
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Premoltiplying by e} and postmoltiplying by ep:

. _ , _ -
S, SR _ 20—y
2(T—)+yn1 1 20—+
—_—1 _20—)

’ 1 . 1 ’ 1 ’ 2(1—7)+yn2 €2 ’ 2(1—)+yn2 €2 _
€A e =——(€,— e, e, =
2(1—+) 1+ Z
v 2(1 ’Y)+’Y”p
1 e _ 20—y o
L 20+ P | ) | 20-0)+ynp P
_ - N r -
b 1
30—+ °1 3(1—)+yn1 oL
1 2(1+ez +92
_ ! ! ¥)+ymz ! 2(1—7)+yne .
— eh — N eh eh =
+Z2 )+7np
| 2(1—7)+wnp | )| 2Tt P |
(Z ) B e (Z )
p“‘ o 1+Em p“‘ o

1 Z 2(1 ’Y)+’Y”p

1— +")/Tlp1+’}/22 ,Y)Jr,Yn 1+V2m

Z 2 17:)p+7
. — np . . .
Proving that (e’hAh leh) = —f————— is decreasing if the market structure becomes less
1+’722(1 "/)JF"/”p

competitive is equivalent to prove that 22 decreases as the market structure is becomes

P T

competitive. Assume that groups 1 and 2 are put together. We want to show that:

ny + n2 < n1 n ng
21 =) +y(n1+n2) 21 —=7)+yn1  2(1—7) +yne

<:>4'y n1n2—4’yn1n2—7 n1n2 ’ynln2<0<:>4v 4—9n9 —yn1 <0
= 4d—dy+yna+n1 > 0<=4(1—~v)+yn >0

True because 0 < v < 1.

From the proof we even derive that:

/ 1
1=y (ehAﬁleh> = >0
1+ 7;2(1—’%}4'7“17
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Claim 4 The matrix:
2(1 — yIn + 2y (1 — (e/fA;lef)> lhh} = {2(1 — I + 27y (1 - (e/fA]?lef» ehe/h}
is definite positive.

For any vector z # 0:

’

2 [2(1 — )y + 2y (1 — (e/fA]Tlef» ehe;l] z =2(1—7)z'z+2y (1 — (e'fAJ?lef» (Zef)(z'ef) >0

As, from the previous claim, 1 —~ <e/hA,Zleh> >0

7 Existance of Interior Equilibrium

Here we show that if products are symmetric (o = «, for every i => a; = a, for every i), the solution
is interior. By continuity, the solution is interior if ; are similar but not identical. However, numerical
simulations show that if «; are sufficiently different across products, the first order condition does result
in negative outputs or prices for products with low «;. In the paper, we assume that the «; are close,

so that the equilibrium is interior.

7.1 Bertrand Case

As shown in the paper’s appendix (see proof of Lemma 5), equilibrium prices are:

ph 2 <1hh +1s <1th;11fh>) 1hf ay,
=2(+0)—-0

pf 1/h 2 (17 + Lo (1P A 11M)) as

We use the following Lemma:

Lemma 10 Assume that an n X n matriz B is such that B > 0. If the matriz (I — B) has the d.d.

property, then it is definite positive and it has a nonnegative inverse, which can be computed as
(I-B) '=1+B+B*t...

where the series is converging. Given two matrices B1> By, then (I —By)'> (I-B;)™.
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In the paper’s appendix we showed that:

2 (1 + fo (14 A1) 11/

1/h 2 (17 + Lo (1A 11M))

>0

Thus, applying the previous Lemma:

2 (1" + fo (1+7 A7117)) 11!

1/h 2 (1 + Lo (17hA;110))

2+ 0)—0o

Which implies that:

>me>0

Thus equilibrium prices are positive.

We now show that the equilibrium quantities are positive. In the paper’s appendix, we showed that

(see proof of theorem 4):

2q" =a, + 1A} {af + (B4 0)If — an]tf}

At the equilibrium, the foreign country will choose the national champion policy; thus Q; = e fe/f and

A;l = %[(B + o)y — aefe/f]*l. This implies that:

1 / I
2q" = ap+ lth]TIaf + 1hf§[(5 + o)y — aefef]fl[(ﬁ + o)y — o*efef]tf

1
= ap+1MA ey + 1hf§tf

As shown in appendix, A;l is positive, and all taxes are positive (see equation 12 in appendix). All

quantities are thus positive.

7.2 Cournot Case

In the paper’s appendix, we showed (see proof of Lemma 6) that the equilibrium quantities are such

that:
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N q" ay,

’ylfh W, qf af
Where:
W, = 2(1 =), + 291" — 42 (e’fA]Tlef> 1"
Wy = 201= I+ 2917 =92 (A7 en ) 1
with:

(1 - 'yechc_lec> >0
As products are symmetric, it is easy to show that all home products’ taxes and quantities are the

same (say, g5 and t5,). Similarely, all foreign products’ taxes and quantities are the same (say, ¢f and

tf). From the previous equations, we can derive that:

{2(1 -7 +2-7 (elfA}lefﬁ”h} an+ynpa = «

{20 =) +92 =7 (e1a; e )Ins fap + g = @

Notice that {2(1 —y)+7[2—7 (e}A;leO]nh} > 0 and {2(1 —7)+72-7~ (e;LAgleh>]nf} >

0.9 Equating the two equations we can derive that:
{207+ 90 =7 (epafler )l f an = {200 =7) + 311 =7 (er A7 en) Ing } g

Notice that {2(1 —7)+y1 -7 (e'fAJ?lef)]nh} > 0 and {2(1 —y)+1l -~ (e;LA,jle;J]nf} > 0.
Thus, ¢; and g, must have the same sign. As {2(1 —v)+v[2—7 <e'fA]71ef>]nh} an+nsqr = a >0,
they have to be both positive.

We now show that equilibrium prices must be positive. From the first order condition:

a—ti=21="a—2v) g —7) 4 =0

JEF; j¢F;

Which implies that:

pi=a—q—vY g=ti+(1-Na+7> g
J#i JEFi

0This comes from 2 — <e;AC eg> >0 for c=h, f.
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In the paper’s appendix we showed (see proof of Lemma 6) that, at the equilibrium:
th = —~? (elfA]?lef) 1Mhgh => th = —~? (elfA]?lef) NRqh
So that:

ph =7 (elfAJTlef> nngn + (1= 7)qn +ynngn = ¥[1 =~ (e/fA]lef)]”th + 1 =)

Which is positive because 1 — « (e/fA]?le f) > 0, as shown in appendix.
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