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Abstract
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objects from the most preferred to the least preferred. In the second one,
bidders just name their most-preferred object. Asymptotic efficiency is
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1 Introduction

Recent literature in Auction Theory has been largely devoted to the study of collu-
sive equilibria from the bidders’ point of view. Some of recent results on it apply to
infinitely repeated auctions (Fudenberg, Levine and Maskin [10]; Aoyagi [2]; Blume
and Heidhues [4]; Skrzypacz and Hopenhayn [17]; Fabra [9]).! Results found this way
rely on two facts: that auctions are taken in different periods of time, and that there
are infinitely many auctions. But, can we construct a model of coordination among
bidders when auctions are taken in the same period of time and they are not to be
infinitely many? Literature has vastly analyzed the one-object case. A good contri-
bution is McAfee and McMillan [14]. A cartel of bidders can proceed to a knockout
auction of the object, such that the highest-valuation bidder economically compen-
sates the other ones in order to be the only participant in the auction. The collusion
mechanism with more than one object has been sometimes thought as a replication of
this one-object mechanism.? But a couple of things have been generally overlooked:
that this requires direct coordination between bidders, which is frequently illegal and
hard to manage; and that simple communication instead of direct coordination is also

possible.

TFudenberg, Levine and Maskin [10] prove that bidders-side efficiency can be reached for high
discount factors. Aoyagi [2] designs a collusive mechanism in which bidders reveal information about
private valuations (or signals) to a third party (called the center), who indicates who is to win the
auction. Since this induces bidders to overstate their valuations (or to misreport their signals), the
winner of the object is ”punished” in subsequent auctions, so that incentive compatibility is reached.
Blume and Heidhues [4] design a tacit collusion scheme based on bid-rotation and bounded bids.
Skrzypacz and Hopenhayn [17] also rely on bid-rotation and underbidding based on the history of
winners’ identities. They find an asymptotically efficient collusive result when the number of bidders
grows without bound. Fabra [9] analyzes the possibilities for collusion in repeated auctions under
discriminatory and uniform formats, and concludes that the latter facilitates collusion more than

the former.
2Yet the literature reports more complex collusive schemes in simultaneous auctions. One example

is Grimm, Riedel and Wolfstetter [11] concerning the 3G frequency auctions in Germany. Another
example is Brusco and Lopomo [5] for a series of simultaneous English auctions like the FCC spec-
trum auctions in the United States. The information arising during the auction process is useful
to coordinate bidders. In this respect, see also Albano, Germano and Lovo [1], and Engelbrecht-
Wiggans and Kahn [8], who analyze the SPaR (Stake, Protect and Revenge) strategies for a series
of simultaneous English auctions.



Besides, the literature on collusion in auctions has seldom taken into account that
the very existence of entry costs could allow bidders to coordinate among themselves.
I found two recent exceptions. One is Tan and Yilankaya [18], where they analyze
efficient collusion in a one-object second-price auction with entry costs. They observe
that such collusion equilibrium is not ratifiable, in the sense that a high-valuation
type could veto the collusion mechanism, hence sending a credible message about his
strength that (once it modifies other bidders’ beliefs) increases his expected profits
with respect to the ones obtained through the collusion mechanism. The other one is
Campbell [6], a remarkable paper that exploits entry costs in a series of simultaneous
second-price auctions with two bidders. He finds that, if pre-play communication
is possible, bidders can engage in truthful revelation of information regarding their
valuations. Concretely, bidders publicly order objects from the most preferred to
the least preferred. This partial revelation of information makes it possible for the
bidders to obtain bidders-side efficiency with probability close to 1 when the number
of objects goes large. Campbell’s results are important but difficult to generalize to
a more-than-two-bidder setup, as indicated in Miralles [16].

Indeed, the main purpose of this paper is to extend Campbell’s results, in several
ways. First, I extend his results to an arbitrary number of potential bidders, provided
that we have a sufficiently high number of objects to be sold. Second, I find a sim-
pler information revelation mechanism, namely the most-preferred-object revelation,
also yielding collusive results. Third, I analyze robustness of these equilibria under
relaxations on the main assumptions regarding entry costs and reservation prices.
Fourth, I calculate optimal reservation prices when the existence of these communi-
cation equilibria is taken into account by the sellers. Finally, I observe that optimal
reservation price setters would be ex ante better-off if these communication equilibria
were not played.

I have chosen to analyze weakly efficient auctions (like the second-price one, as in
Campbell [6]) for two reasons. First, a weakly efficient auction is by itself appealing
and easier in dealing with calculations. Second, and most importantly, Celik and
Yilankaya [7] have proved that, under the IPV assumption, the optimal (revenue-
maximizing) auction with entry costs and symmetric bidders is weakly efficient, with

properly induced cut-off (critical participation decision) values. So this is a good



benchmark to start studying pre-play communication among bidders.

I now introduce the base problem I deal with in this paper. Consider a series of
weakly efficient, separate, simultaneous auctions of N indivisible objects (assume we
have N separate sellers), where there are L potential, risk-neutral bidders. There
is no reservation price. Participating in each auction has a known cost ¢ (0 < ¢ <
v* ) for each final participant. Each bidder learns his valuation before taking any
decision. Each i*"-bidder’s valuation of any object h (denoted vy;,) is known by other
bidders to follow an ex ante distribution F' over the support [0,v*]. T assume full
support on this interval for easiness of calculations, while noticing that skipping this
assumption would not alter the main conclusions. Bidders are a priori symmetric
among themselves and with respect to objects. Valuations are independent among
bidders (IPV assumption) and among objects.

Prior to the auction stage of the game, cheap-talk is undertaken among bidders i.
I could have defined a message space, say, M; = [0, 1], and then I could have tried to
find equilibria of interest, so that messages are interpreted only in the equilibrium.
Through this paper, though, I proceed in a different way, which makes little difference
at the end. I understand that the message space has an interpretation from the very
beginning of the game. In this paper, I consider and study two possibilities. In a
first one, communication could be constrained to the revelation of ranking profiles
rN = (r},...,r;), where it is understood by any bidder that h # k < r) # ri,
that r) > r) means wv; > vy and that r)) < ) means v, < vy. In a second
one, communication is constrained to the revelation of the most-preferred object
n¥ € {1,..., N}. Needless to say, there are infinitely many other possibilities regarding
the message space and the meaning each message could have in equilibrium, but I
restrict attention to these two cases.

The message this paper communicates is that very simple pre-play communication
mechanisms yield asymptotically good collusive results through truthful information
revelation, so that no complicated strategies, involving signalling during the auction
process, punishments, threats, third party’s collaboration, enforcement... are needed.
The following results can be generalized to setups other than auction contexts, like for
instance local markets with entry costs, imperfect information and Bertrand compe-

tition among entrants. It is also seen and argued that the level of common knowledge



that resulting equilibria require is quite mild. Namely, equilibria are sustained if
(1) everybody knows that everybody is telling the truth in the equilibrium, and (2)
everybody knows that everybody knows that everybody is telling the truth in the
equilibrium. Two main Propositions are presented in this paper, one concerning the
case where the number of objects grows without bound and another in which the
number of potential bidders grows without bound. In both cases, expected profits for
any seller go to zero if there is no reservation price. In the first case, an asymptotically
efficient result is reached.

All this suggests how important communication and information sharing can be
with respect to the performance of market mechanisms. Skrzypacz and Hopenhayn
[17] correctly point out that direct, cartel-organizing communication among bidders
is usually a difficult, and illegal, task. But this overlooks the fact that other kinds
of communication are easy to establish and difficult to illegalize. Can a bidder (or
firm) make everybody else know that he prefers some specific object (or market or
geographical area) to any of the other ones? In my opinion, there are plenty of cheap,
difficult-to-prosecute ways he can send a signal about that.

The paper is organized as follows. Section 2 introduces preliminary results regard-
ing weakly efficient auctions with entry costs. These results are not only very useful in
further sections of the paper, but are also very useful for other models of entry cost in
auctions. Section 3 presents the main results, summarized in the two aforementioned
Propositions. Section 4 analyzes the extent to which such Propositions can be gen-
eralized under relaxations of the underlying assumptions. In some cases, consequent
optimal seller’s reservation price is calculated, which serves to evaluate the extent
to which collusion is successful. Section 5 concludes. An appendix containing long

proofs is included.

2 Preliminary results: a weakly efficient auction with entry costs and

asymmetric bidders

Before presenting the main results, some insight into an efficient auction with entry



costs is necessary, in order to gain more understanding.> We need to know what is
going to happen in each separate auction after the communication stage of the game
is played. After publicly sharing information, bidders update beliefs about others’
valuations for each object, so that for each auction it is not necessarily the case that
bidders are still symmetric. That is the reason why I now focus on a unique auction
with asymmetric bidders.

An indivisible object is to be sold by a mechanism that is efficient among the
final bidders (or weakly efficient, following Armstrong [3]). There are L potential,
risk-neutral bidders. There is no reservation price. Participating in the auction has
a known cost ¢ (0 < ¢ < v*) for each final participant. Each bidder learns his
valuation before deciding whether to participate or not in the auction. Each i"-
bidder’s valuation v; is believed by other bidders to follow a distribution F; over the
support [0, v*]. We assume full support under this interval for easiness of calculations,
though noting that a relaxation of this assumption would not alter the main results.
Once again, we apply the IPV assumption, so valuations are independent among
bidders.

Since the mechanism is weakly efficient, the only relevant component of bidder ¢’s
strategy is the participation decision. He comes to know his valuation before taking
this decision, so this strategy is closely related to a threshold (cut-off) value ;. Bidder
1 participates in the auction if and only if his valuation v; is above this threshold value
(in the limit case v; = 6;, we simplify by assuming that bidder withdraws from the
auction). Knowing others’ cut-off strategies, if bidder i participates in the auction,

his expected profits would be equal to

/Ovi Pr (e > I?QZX[I{W >0} - vﬂ) de —c= /vi HF] (max{f;,e})de — ¢

Oy
under the IPV assumption. Then, his best response 67 (6_;) to 6_;, others’ cut-off

strategies, is characterized by

3See Menezes and Monteiro [15] and Levin and Smith [13]. I rather follow the former paper in my
work, since, unlike the latter model, the former one considers that bidders learn their own valuations
before taking the participation decision.



07 (6-4)
/ H F; (max{0;,e}) de — c = (<)0
0 i
The less-or-equal inequality only applies when the upper bound of the integral
equals v*, as in further equations where the symbol appears in brackets. Observe
that 91# (+) is single-valued, continuous, strictly decreasing (except in the corner case
07(6_;) = v*) and belongs to [¢c,v*]. Observe as well that 07 (0_;) = ¢ & 0_; =

(v¥, ..., v*). A cut-off equilibrium is a vector ©* = (%, ...,05) € [c,v*]" such that

o;
/0 ]1;[ Fy (max{8!,¢}) de — e = (<)0.Vi € {1,..., L}

Existence of a cut-off equilibrium is guaranteed by a simple use of Brower’s fix point
Theorem. I now present two contributions in this topic of Auction Theory that are
very useful in the derivation of my main results. While they are presented as Lemmas,
they are important by themselves. Lemma 1 is an extension of some previous work
by Tan and Yilankaya [19]. Their paper about second-price sealed-bid auctions with
entry costs and private values reveals, among other results, that if we have two groups
of potential bidders, namely the ”"strong” ones and the ”"weak” ones, characterized
by distribution functions F, and F,, such that the former stochastically dominates
the latter, then there exists at least one cut-off equilibrium in which 67 < 6. They
call it intuitive equilibrium. My first Lemma extends this result to a point that
if bidders can be (weakly) ordered from the ”strongest” to the ”weakest”, then a
related cut-off ordering is possible in equilibrium. This Lemma is used in the proof
of Proposition 1. The second Lemma I exhibit suggests the following idea: with
entry costs, if one bidder’s distribution function is ”strong enough”, then there exists
a threshold equilibrium in which the other bidders never take part in the (weakly

efficient) auction. This Lemma is very useful to derive Proposition 2.

Lemma 1 The general intuitive equilibrium. In the auction considered here, if bidders

can be ordered in a first order stochastic dominance ranking, such that

Fi(v) < Fy(v) < ... < Fr(v), Yo € [0,v7



, then this game has at least one cut-off equilibrium ©* = (67,05, ...,0%7) that meets

0 <0< ..<0;

Proof. See the appendix. =

Lemma 2 In the auction we are considering here, if there exists some potential bidder

k and some number e > ¢ such that
v¥—c

Er (vlv>e)=———
Fy ( | = ) 1— Fk(e)
the auction has a cut-off equilibrium in which the rest of bidders never participate and

bidder k participates if and only if his value is greater than c.

Proof.
vk —¢ f:* efi(z)de  v*—c

1—Fole) © 1-Fle)  1—F(e)

Br, (v]v > €) =

*

<:>v*—/v zfi(z)dr =c

— v* —

Fk(U*)U* — Fk(e)e — /U Fk($>d$] =cC
& Fi(e)e + /U Fy(x)dx = ¢

* *

— Fi(c)c+ /v Fy(z)dx = /Ov Fr(max{c,z})dx < ¢

This implies that, if bidder k£ plays a threshold strategy ¢, and if the rest of bidders
but one of them play a threshold strategy of v* (hence they do not participate in any
case), the remaining bidder would obtain non-positive expected profits in case of
taking part in the auction. This is seen in the last inequality, where the left-hand
side is the expected profit of a participating bidder i (different from k) even if his
valuation is equal to v*. His best response would be a threshold strategy of v*

(so never participating as well). If all bidders except for k never participate, k will



participate in the auction whenever his valuation is higher than c¢. Thus, his optimal
threshold strategy would be precisely ¢. This completes the equilibrium. m

Some points should be noticed here, with respect to Lemma 2. First, the reader can
check that neither the uniform distribution nor any other distribution stochastically
dominated by it can satisfy the condition of this Lemma. Second, if a distribution
function satisfies this condition, any distribution function stochastically dominating
the former one satisfies the same condition.

With these Lemmas at hand, I turn to the main part of this research, which is
devoted to the analysis of pre-play communication in weakly efficient auctions with

entry.

3 Main results

3.1 Asymptotic efficient collusion when N — oo

After having seeing some properties of weakly efficient auctions, it is time to focus on
the communication part of the game. The previous section has provided us with some
tools that are going to be useful in proving the main results of the present section.
First, I present a communication game where bidders are allowed to publicly reveal
their ranking valuations. The result I obtain is very interesting. Asymptotically,
truthful rankings are revealed. As a result, bidders obtain an efficient allocation for
them, in the sense that the bidder that gives the highest value to some object always
keeps it at zero price, provided this valuation is higher than the entry cost.

This result is not at odds with what other researchers have found. In another
setup, Jackson and Sonnenschein [12] recently prove that prior to the resolution of
an N —replica of some allocation problem, agents can reveal some close-to-the-truth
information about their preferences, hence allowing for a more efficient allocation.
The condition for this to happen is that the allocation the social planner will apply
with the information at hand has to be Pareto-efficient. In the limit, as N becomes
unboundedly large, the revealed information tends to become absolutely true.

There is an intuitive explanation for the result I find. Asymptotically, revealing
ranking valuations is equivalent to revealing the valuations themselves. Therefore,

this induces cut-off equilibria for each object in which only the bidder revealing the



highest valuation for the object takes part in the auction, as long as this valuation
is higher than c¢. Imagine that bidder ¢ has to reveal valuations for two objects 1
and 2, where v; > wvy. For each object, he has to allocate different values that are
either v or v, where v > v, knowing that the other bidders will believe him. The
higher the value he attaches to an object, the more likely he will win the object for
free. Given that, he prefers to give the highest probability of winning to the object he
really appreciates more, by a simple convex combination argument. Translating this
argument to every possible pair of objects, it is seen that the bidder tends to reveal
the truth. We see it more formally. I now define the communication game that is to

be played, and I state and proof a Proposition about the result explained above.

Definition 1 A ranking revelation game T'{F,c, L, N} with L potential bidders, N ob-
jects, initial distribution F and entry cost c is defined as:

1) A strategy for bidder i in this game is a message function (rY,..rX) =
rN 0,09 — {1,..., N}, where p{1,...,N} is the family of all permutations on
{1,..,N} (and thus it has N! elements), a belief function B; : [p{1,..,N}*" —
[FN]L_I, where F is the set of all distribution functions over the initial (full) sup-
port, and a cut-off strategy profile

(B} B % e

2) The timing of the game is as follows: first, Nature assigns object valuations to

any potential bidder; second, potential bidders engage in public communication and
update beliefs using the information they receive; third, they decide their object-specific
participation (cut-off) strategies, and a separate efficient auction with no reservation
price takes place among the remaining bidders for each object.

3) Payoffs regarding each object are distributed as follows: any seller obtains a
revenue equal to the second highest valuation among the final participants® (and thus
he obtains zero if there are less than two of them). For any object, any final participant
pays an entry cost ¢, obtains the object if his valuation is the highest one among
participants (with an arbitrary tie-breaking rule), and in this case obtains a gross
pay-off equal to valuation minus seller’s revenue. If a bidder does not take part in the

auction, he does not pay any entry cost and his payoff concerning the object is equal

4By the Revenue Equivalence, any weakly efficient auction yields the same revenue to the seller

as the second-price auction.
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to zero.

A truthful ranking revelation equilibrium in this game is a Perfect Bayesian Equi-
librium in which the equilibrium messages satisfy vy, > vy = 7’% > 7’5»\,2, Vi €
{1,..., L}, Vh,k € {1,...,N}, and beliefs are consistent with the messages that are

sent.

Campbell [6] successfully solves this game for the case of L = 2. He obtains that,
in this case, for any number of objects, any original distribution function, and any
entry cost, there exists a truthful ranking revelation equilibrium. Moreover, under
this family of equilibria, he proves asymptotic efficiency, in the sense that, when N
is high enough, with probability arbitrarily close to one the bidder with the highest
valuation for an object keeps it for free (as long as this highest valuation is higher
than the entry cost). This result is a remarkable theoretical contribution. Never-
theless, its drawback is that it is not easily generalizable to an arbitrary number of
bidders. Campbell’s proof critically relies on the following monotonicity property:
the "stronger” (meaning higher ranking value) some bidder claims to be with respect
to some object, the higher the other bidder’s equilibrium cut-off strategy will be-
come. With three bidders, and given that bidders are strategic substitutes in cut-off
strategies, if bidder 1 claims to be stronger and bidder 2 reacts increasing his cut-off
strategy in equilibrium, it may well be that bidder 3 finally reduces his cut-off equi-
librium strategy, given that bidder 2 has increased it. So the monotonicity property
may not hold with more than two bidders. Miralles [16] analyzes this problem and
obtains sufficient conditions to guarantee monotonicity and therefore to find a truth-
ful ranking revelation equilibrium. Nevertheless, conditions found in that research
are too restrictive for any practical purpose.

That is the reason why, with more than two bidders and concerning ranking rev-
elation strategies, it is worth it to focus on asymptotic cases, where the distorting
effect coming from strategic substitutability in cut-off strategies becomes negligible.
I now state Proposition 1, whose proof can be found in the appendix. Lemma 1 is

very useful in this proof.

Proposition 1 Consider a game T{F,c, L, N}, fizing L constant. In this context, IN :

VN > N there erists a truthful ranking revelation equilibrium. Denote Xpno as the

11



event "valuations are such that with L potential bidders and N > N objects, this
truthful ranking revelation equilibrium a) gives zero profits to any seller, and b) is
interim-efficient among bidders, for a fixed set O of objects”, defined on the event-

space [0,v XN, Then the following is true:

Ve >0,3N > N:¥YN >N, Pr(X,no) >1—¢

Proof. See the appendix. =

3.2 A very poor seller’s outcome as L. — oo

We now focus on another asymptotic result, this time from the point of view of the
number of bidders. Here, we are going to use Lemma 2. If the number of objects
is high enough, the most-preferred object valuation distribution is so strong that it
induces an equilibrium in which only one bidder (if any) takes finally part in the
auction. This justifies a communication game in which bidders are only allowed to
reveal what their most-preferred objects are. There is an equilibrium in which there
is truthful revelation of this information. A consequent asymptotic result is that any
seller’s expected profits collapses to zero for L big enough.

This result contributes to the recent literature contradicting the ”intuitive” idea
that seller’s expected profits are increasing in the number of potential bidders. As a
matter of fact, with entry costs, seller’s expected profits could decline to zero, if there
is no reservation price. This is illustrated in Levin and Smith [13], for the case where
bidders take the participation decision before learning their respective valuations, and
in Menezes and Monteiro [15], for the case where bidders learn their own valuations

before taking the participation decision.

Definition 2 A most-preferred-object revelation game I'{F,c, L, N} with L potential
bidders, N objects, initial distribution F' and entry cost ¢ is a modification of the
ranking revelation game, in which the message space has N elements instead of N!,
and each message may denote in equilibrium what object the sender prefers among all
N objects. A strategy for bidder i in this game is a message function n¥ : [O,U*]N —
{1,...,N}, a belief function B; : {1,..., N}t — [FN}L_l

profile {QiN} : [FV] s [[c,v*]N]L_l — [e,v V.

, and a cut-off strategy
hed{l,...,N}

12



A truthful most-preferred-object revelation equilibrium in this game is a Perfect

Bayesian Equilibrium in which the equilibrium messages are of the kind nl¥ € argmaxv},

he{l,...,N}
for any i € {1,..., L}, and beliefs are consistent with the messages that are sent.

Proposition 2 Consider a game I"{F,c, L, N}. In this context, 3N : VL, VN > N
there exists a truthful most-preferred-object revelation equilibrium. Denote Yinp as
the event "valuations are such that with L potential bidders and N objects, h'*—object
seller obtains zero profits under this equilibrium”, defined on the event-space [0, v *]NL.
Then, fixzing N > N, the following is true:

N -1\"
Pr(Yinn) > 11— <T)

Proof. See the appendix. m

It is obvious that this probability goes to one as L goes large. In fact, for L large
enough, the probability that some seller gets exactly zero profits in the context of
this communication equilibrium is higher than the same probability when no pre-play
communication is undertaken (if we assume symmetric cut-off equilibrium). With no
communication, the symmetric cut-off equilibrium value 6 is characterized in any
auction by the equation F(6.)*~1 -6, = c. The probability of zero profits in this con-
text is equal to F*=Y(4,) = L-F(0,)* ' —(L—1)F(6)". Using the characterization
of the equilibrium, this probability is equal to 5= [L — (L — 1)F'(f.)]. Therefore, when
L — oo, this probability tends to % < 1, leading to the aforementioned conclusion.

I illustrate the scope of this Proposition with an easy example. Let all valuations
for all objects be independently drawn from a uniform distribution function between
0 and 1. Let ¢ = %, i.e. a ten percent of the maximum valuation. Then, if N > 10,
there exists a truthful most-preferred-object revelation equilibrium. Assume N = 10.
Then, if L = 3, a seller has at least a 27.1% probability of getting zero profits. For
L > 22 (2.2 bidders per object) the probability that h''-object seller obtains zero
profits is not lower than 90%, whereas for L > 29 the probability that this seller
obtains zero profits is not lower than 95%. But if we set N = 20, and we want the

probability that ht"-object seller obtain zero profits to be not lower than 90%, then

we must have at least 45 potential bidders (2.25 bidders per object). If ¢ = 2%, ie. a

13



five percent of the maximum valuation, then there exists a truthful most-preferred-
object revelation equilibrium if N > 20. Holding N = 20, again we need 45 bidders
to guarantee that he probability that ht"-object seller obtains zero profits is going to
be not lower than 90%. All this points out several issues. First, the minimum L for
which such equilibrium exists is relatively small. Second, if the number of bidders is
high enough, it is relatively likely that a seller obtains no profits. Third, once the
critical number of objects is reached, entry costs and distribution functions have an
increasingly unimportant influence on the probability that a specific seller obtains
zero profits. Finally, a decrease in the number of objects (sellers) may negatively
affect any seller’s expected profits, if he knows that the number of sellers is anyway
high enough to support a truthful revelation equilibrium as the one depicted above.
While the latter point could sound rather astonishing, it is not so if we think of it
from a ”wild-life-documentary” point of view: if a potential prey knows that some
one is going to be hunted, it prefers that there be many potential prey around him,
so that the probability to become the chosen prey diminishes.

Proposition 2 is asymptotically (for L large) robust to an enlargement of the strat-
egy space in the sense of nl : [O,v*]N — {0,1,..., N}, where ”0” could represent
a meaningless message in equilibrium. If no message is sent, others’ beliefs about
bidder’s valuations are not updated. For each object, bidder’s expected profits neg-
atively depend on the probability that somebody else declares that this object is his
preferred one. Since this probability tends to one as L goes large, ”(0”—signal sender’s
expected profits collapses to zero, whereas other-message sender’s overall expected

profits do not tend to zero if some meaningful (in equilibrium) message is sent.

4 Remarks and discussion

4.1 Sensitivity to entry cost variability

So far we have assumed that entry costs are constant among bidders and among
objects. But this could be criticized as an unrealistic assumption. Although for a
priori similar objects, similar entry costs could be expected, I proceed to relax this
assumption. I obtain that the nature of the entry cost variability is important in

determining if the main Propositions hold true.
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Remark 1 Propositions 1 and 2 are robust to entry costs variability among bidders,
as long as there exist c> 0,¢ <v* ¢ >¢; > ¢, Vi€ {1,...,L}.

Proof. Regarding Proposition 1, we just need to redefine W in part 2) of the proof

N
(see the appendix), by WN = argmax [Ffl (T’Wh) — ci] The proof still follows. It
ie{1,...,.L}
is only required to add a proper subscript to ¢ whenever necessary. With respect to

Proposition 2, we redefine N as the minimum natural number such that

*

/ F(max{ max ¢, z})¥dz< min ¢
0 ie{1,...,.L} ie{1,...,L}

, so that still only one bidder (if any) takes part in the auction for some object,
provided it is most-preferred by some bidder. With that in mind, the rest of the
proof follows the same way, just adding proper subscripts whenever necessary to the

entry cost notation. m

Remark 2 Propositions 1 and 2 are NOT NECESSARILY robust to entry cost vari-

ability among objects.

Proof. Regarding Proposition 1, step 4) of the proof fails. If v;; > v but v;1 —c¢; <
Vig — €9, when N — oo bidder ¢ will optimally attach the highest ranking value not
to the most valuable good but to the one that is most valuable in net terms, i.e.
after substracting entry costs. Incentive compatibility is thus violated. Regarding
Proposition 2), step 4) of its proof also fails in the same terms. =

Admittedly, the last remark could reduce the impact of pre-play communication
in auctions with entry. Fortunately for the bidders, a slight modification in the
designed game can induce a similar family of communication equilibria with equal
consequences. Suppose that prior to the game, it is known that the entry cost for
each object and each bidder is extracted from a distribution function D with support
on [0,v*]. Define w;, = v — ¢, 1.e. the "net valuation” that bidder i has for object
h. Then the following remark summarizes an interesting result, which constitutes a

generalization of Proposition 1.

Remark 3 If entry costs are publicly revealed once Nature chooses them, and before

any decision is taken, then AN : YN > N there exists a truthful “net valuations”
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ranking revelation equilibrium. The rest of Proposition 1 follows with this modifica-

tion.

Proof. By properly combining F' and D, net valuations are extracted from a new

distribution function @ supported on [—v*, v*]. Let a¥ = (a, ..., aly) be the ranking

profile with respect to net valuations. Then, once we learn c¢;,, it is readily seen that
N
Q! (a]\;l) +¢in proby_s  vi. With this information in mind, we can redefine W,fv
_—

N
in part 2) of the proof (see the appendix), by W}¥ = arg max (a]\f) From then on,
1e{1,...,L}
the proof follows as in the main result. With a probability asymptotically close to

one, a bidder with the highest reported "net valuation” ranking position obtains the
object for free, if the "net valuation” is positive. Given that, we go to steps 4) and
5) of the main proof (see the appendix) and we check that a bidder is interested in
revealing a higher "net valuation” for an object that he prefers in net terms to other
one, hence asymptotically meeting the incentive compatibility. m

With this modification of the game, truthful ranking revelation holds as an asymp-
totically optimal strategy for any bidder in equilibrium. It can be seen, therefore, that
the asymptotic existence of this equilibrium cannot be avoided by the sellers setting
entry fees and (or) reservation prices (in this case, "net valuations” are equal to
Vin — Cin — Pin, Where the last element is the reservation price that bidder ¢ has to pay
for object h), just taking into account that in this latter case profits may not fall to
zero. Notice as well that this generalization of Proposition 1 also works with bidder-
specific distribution functions D; and Fj;, as long as this functions only vary with
respect to bidders and not with respect to objects. These points are very important

since they stress how robust this communication equilibrium is.

4.2 Seller’s strategy: choosing reservation prices

As we have seen, Proposition 2 is weak against object-specific variation in entry cost.
It can be seen that it is also not robust against object-varying reservation prices.
But if it were not that vulnerable, another additional obstacle arises. Suppose for
illustration that reservation prices are set identical among objects. An increase in the
common reservation price may increase the critical number of objects N in Proposition

2. In some cases, for any N we can find a (common) high enough reservation price
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such that the equilibrium depicted in Lemma 2 does not exist. If this is the case,
L — oo is no longer bad news for the seller but rather very good ones. He would
optimally set a reservation price slightly below v*—c. By doing so, he both breaks any
possible most-preferred-object revelation equilibrium and maximizes revenue given no
communication among bidders. What I next do is to report a general case in which
this does not happen, that is, a case where an increase of a (equal among objects)
reservation price does not destroy previously existent most-preferred-object revelation
equilibria. In that case, optimal reservation price is calculated for the asymptotic case
where L — oo. I conclude that in this case any seller is ex ante worse-off than in a

game without pre-play communication.

Remark 4 Assume that reservation prices p, are equal among objects. Let N, be the
critical number of objects such that for any N > N, there exists a most-preferred-
object revelation equilibrium, given the reservation price p,. Then, defining N(p,)

as

*

/ F(x)N)dy + Flc+p) NP . c —c=0 (3)
c+pr

, we obtain that N, is never increasing in p, if N(0) f;((?) < 1 Vz e [e,v*. Conse-
quently, if N > Ny, and if [1 — F(p-+ c)N] - Py 18 concave with respect to p,., optimal
(common,) reservation price, when seller anticipates the existence of this communica-

tion equilibrium and L — oo, is calculated as

Jp (pr+c)=c

dlog[l—F(z)N]

, where JN (x) = x + [ o

} s the ”N-virtual valuation” function.

Corollary 1 Asymptotically, the seller of any object is ex ante worse-off in this case

than when there is no pre-play communication.

Proof. The left-hand side of Equation (3) equals the expected profits of a partici-
pating bidder with valuation v* if some other bidder has distribution function equal
to F(x)N (?r) and cut-off strategy equal to ¢+ p,, and if the rest of bidders do not take
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part in the auction, given the reservation price p,. If the equality holds, there exists
an equilibrium in which the only final participant (if any) is the one with distribution
function F(z)N®) following Lemma 2. Therefore, N, is the minimum natural num-
ber not lower than N(p,). By differentiating Equation (3), we see that an (pr) <0 if
and only if N(p,)% fetpr) % If this is accomplished at p, = 0, the Condltlon stated

F(c+pr)
in the Remark becomes sufficient.

To calculate optimal (common) reservation prices, we first realize that for any ob-
ject asymptotic expected revenue under this communication equilibrium is arbitrarily
close to [1 —F(p-+ c)N } - pr as L goes large. The optimal reservation price is de-
rived through first-order differentiation. To prove the Corollary, I follow Celik and
Yilankaya [7] to conclude that the best reservation price when there is no pre-play
communication and there are entry costs is arbitrarily close to v*—c as L goes large.
In fact, in this way the seller obtains the maximum possible revenue, which is clearly
above what he obtains when a most-preferred-object revelation equilibrium exists and
is anticipated. =

It is not very clear why different sellers should set equal reservation prices. This
is admittedly a huge problem for this equilibrium to exist in a more generic context.
On the other hand, sellers are ex ante identical (facing the same problem) and it is
not clear if an asymmetric reservation prices equilibrium exists. If there is no com-
munication among bidders, the optimal reservation price is identical among sellers.

This Remark deserves very serious and critical discussion. We are facing a problem
of multiplicity of equilibria. Since any communication game has many equilibria
in which messages are meaningless, it could be suggested that the seller could set
an optimal reservation price that ignores the existence of a most-preferred-object
revelation equilibrium. By doing so, he would set a reservation price arbitrarily close
to v*—c as L goes large. With probability close to one as L — oo, there would exist
a bidder whose valuation is arbitrarily close to v*. This bidder correctly deduces
that with probability close to one no other bidder has a valuation high enough to
make it worth it to take part in the auction if he participates, so he optimally decides
to participate. Therefore, with probability close to one, seller sells the object and
obtains the maximum possible revenue.

The timing of the game becomes crucial in this discussion. If we changed the order
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of the stages in this game, selection of equilibria would not be such an important
issue. Consider the following modification of the game. Bidders know that auctions
are going to be weakly efficient, but they do not know the reservation prices during the
communication stage. The information hence revealed is shared in such a way that it
is concealed to the sellers. After communication among bidders is undertaken, sellers
announce reservation prices. After that, bidders take their participation decisions, and
auctions are played simultaneously. Then, if the condition of Remark 4 holds, there
exists an equilibrium in which communication is truthful, and sellers will optimally
set a reservation price according to the formula in the same Remark.

Having seen the vulnerabilities of Proposition 2, we now focus on the equilibrium

suggested in the above generalization of Proposition 1. Define

FNL(I) =F

where F'" is the (N + 1 — h)""—order statistic distribution function. This is the ex
ante distribution function of the highest valuation for some arbitrary object. Each
seller is newly allowed to set a reservation price p, € [0,v*—c|. He sets it before the
communication stage of the game takes place. In the context of the "net valuations”
ranking revelation equilibrium, any seller expects with a probability close to one that
only one bidder (if any) is going to take part in the auction. Ex ante expected revenue

is then arbitrarily close to

[1— Fne(pr+¢)] oo

This kind of equilibrium exists for N high enough, so we can concentrate on the
limit case where N goes to infinity. The following Lemma is going to be useful, in

order to calculate the asymptotically optimal reservation price:

Lemma 3 For a fited L and for any x € [0,v%], we have Fyxy(x) > F(z)f, VN, and
A}im Fxp(z) = F(z)t.

Proof. See the appendix. =
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With this, we can compute expected revenue in the limit, and calculate the optimal

reservation price. The result is as follows:

Proposition 3 Let pi(L, N, F) be the optimal (profit-maximizing) reservation price
with L potential bidders, N objects and common original distribution function F', un-
der the communication equilibrium depicted in Proposition 1. Let [1 - F(p, + c)L Dy
be concave with respect to p., and define the ”L-virtual valuation” function

dlog [1 —F (.CE)L] -

JE(z) =2+ T

Then, p: = ]&im pi(L, N, F) satisfies

JE(pr4c)=c

Corollary 2 Seller’s ex ante expected profits are not higher in this setup than in a game
without pre-play communication and with optimal (revenue-mazimizing) reservation

price.

Proof. With probability arbitrarily close to one when N — oo, seller’s ex ante
expected profits are equal to |1 — F (p, + C)L] - pr. The optimality condition follows
then from the usual first-derivative maximization method.

The Corollary is proved in the following way. Notice that in the communication
game the seller is only facing the highest-valuation bidder, who is never stronger
than a F(z)“—distribution bidder. So he cannot optimally do better than when

he only faces one bidder with a distribution equal to F(z)F.

Meanwhile, in the
no-communication game the seller is facing the highest-valuation bidder, whose dis-
tribution function is F'(x)* from the seller’s point of view, plus the rest of bidders,
so he optimally cannot do worse than when facing a unique bidder with distribution
function equal to F(z)*. =

So we have seen that, under the equilibrium communication strategies depicted

in Proposition 1, the seller becomes ex ante worse-off, even when acting optimally.
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This result is quite robust and is only vulnerable to non-simultaneity of the auctions
process. In this case, the seller of some object would act optimally if he reveals
some information about the auction’s outcome. For instance, revealing the winner’s
identities could be enough to break up the communication equilibrium. By doing so,
he lets potential bidders update beliefs about others’ valuations. These forecasted
updates may have influence on the communication-stage strategies, hence bringing
instability to the proposed equilibrium. If instead no information is transferred to the
bidders during the process, we see that an infinitely repeated (weakly efficient) auction
process has a simple efficient collusive result via pre-play communication, provided
there are entry costs and bidders know all their valuations prior to the starting of the

auction series, and under the IPV assumption.

4.3 A local markets interpretation

Having seen that sellers may do something concerning the possibility of collusion in an
auction context, it is worth it to have a look at another scenario where anti-collusion
policies are difficult to implement. Instead of the base context I am analyzing, one
could imagine a set of N separate markets of the same good and a number L of firms.
vin € [0,v*] could be regarded as the ht'*-market value for a firm i if it is the only firm
entering this market. This value is private information, and the only that is known
is the initial distribution function F, common to all bidders and objects. If more
than one firm enters this market, then the market works by Bertrand competition.
Entering a market h costs ¢;, for firm ¢. This cost is publicly known. Pre-play
communication is undertaken among firms before any one takes any entry decision.
This new context can be treated in a way very similar to the auction model I was
analyzing before. Equivalent Propositions can be found, and as a result consumers
suffer from either an excess in the number of markets or an excess in the number of
firms. Interestingly, this time the consumer cannot himself negotiate market prices,
and therefore collusion through pre-play communication is even more likely to happen.
Only a government representing the consumers could implement entry taxes (the

equivalent to entry fees) or price regulation (the equivalent to reservation prices).
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5 Conclusions

In this paper, I analyze simultaneous weakly efficient auctions with entry costs, under
the IPV assumption. I pay attention to the possibilities that pre-play communication
among bidders brings in order to obtain collusive results, while I avoid other collusion
mechanisms that are more clearly illegal and harder to manage. I focus on simple
messages that could make the equilibrium realistic and easy to understand for the
bidders. I find two kinds of interesting communication equilibria. One is the ranking
revelation equilibrium, in which bidders publicly and truthfully order objects from
the most preferred one to the least preferred. In this sense, I follow Campbell [6],
who studies the two-bidder case. The other equilibrium is the most-preferred-object
revelation equilibrium, which is self-defined. In either case, ex ante identical bidders
improve their situation by distinguishing themselves from each other.

In both cases, any seller’s profits asymptotically collapse to zero, if no reservation
price is set. Therefore, I proceed to calculate optimal reservation prices. Despite
setting an optimal reservation price, none of the sellers can obtain a higher expected
profit than when no meaningful communication is taken. The most-preferred-object
revelation equilibrium, though, is vulnerable to reservation price variability among
objects. Moreover, a matter of equilibrium selection arises in this latter case when
the number of bidders goes large, allowing sellers to ”ignore” pre-play communication
when setting reservation prices.

The problems produced by sellers’ reaction to the anticipation of these equilibria
are not that important when I reinterpret my model as a local markets one with entry
cost, imperfect information and Bertrand competition among entrants. Here, firms
play the role of "bidders”, and local isolated markets play the role of "sellers”. Firms
could engage in pre-play communication, prior to taking any entrance decision, in
such a way that similar equilibria can be found with respect to the auction model.
In this setup, the local markets, that is, the consumers, can seldom react to the
presence of a communication equilibrium. Only a local government could regulate a
local market through entry taxes and price regulation.

There are several interesting issues open for future research. More analysis is
needed in order to generalize these results to a context where the IPV assumption

does not hold, like when there is a common value component. Another extension of
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my work could be addressed to the study of different auction mechanisms apart from

the weakly efficient ones, such as the first-price auction with asymmetric bidders.
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6 Appendix

Proof. Lemma 1.

We assume, without loss of generality, that bidders are numbered according to
the first order stochastic dominance ranking. Now, if L. = 2, the proof is done
in the following way: Define 6 as Fy(6)) - 07 = ¢, and 65 as Fy1(67) - 65 = c.
Notice that, because of the first order domination, 8 < 6. It is easy to see that
07 = 07(07), 65 = 6% (6), where # indicates ”best cut-off response”. Since 07 (.) is
strictly decreasing, it is defined under [c, Hﬂ X [9;’, v*}. By the same reason, 9;# (+) is
defined under [c, 05 ] X [6’; , v*] . Best responses are then closed under [c, HH X [0; , U*] ,
so we must find at least one equilibrium in this set. This equilibrium accomplishes
with what is stated in this lemma.

We focus now on the cases where L > 2. First of all, define an ordered (k)-pseudo-

equilibrium

OF (Opr1, Oz, oo, 01) = (07 (01, Oz, oo O1), ooy 05 (O1, Opn, ., 01))

as a k-first-players cut-off equilibrium that would appear if bidders k+ 1,k +2,..., L
hold their threshold strategy constant at the values above indicated. Define con-
tinuous ordered (k)-pseudo-equilibrium line as a function that returns for each pos-
sible value = € [c,v*] and some fixed vector (fxia,...,0r) an ordered (k)-pseudo-

equilibrium

@k(x, 9k+27 ceey QL) = (Hlf(l‘, 9k+27 ceey HL), P 9’,;(:5, 9k+2, ceey QL))
in such a way that the resulting line is continuous and defined on [c, v*]F. Pseudo-
equilibria always exist in the same way as equilibrium does. A continuous pseudo-
equilibrium path can always be found as optimal threshold strategies are continuous
and hence a little change in one of the parameters change the function values smoothly.

Then the following claims follow:

Claim 1 If for any parameters (0y.9,...,05) € [c,v L% there is a continuous k-

pseudo-equilibrium line such that for any x € [c¢, v
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elf(xaek+27 "'79L) <..< 91’§<5U79k+27 "'70L) (1)

then for the previously fized parameters (6xis, ...,0r) and whenever k 4+ 2 < L there

ezists a continuous (k + 1)-pseudo-equilibrium line such that for any y € [c,v*]

91f+1<y70k+37 "'70L) S S 9£+1(y70k‘+37 "'76[/) S Qlﬁi%(y70k+37 "’70L) (2)

Proof of the Claim: Each (k)-pseudo-equilibrium meets

0F (2,0k42,--,0L) )
/ HFJ (max {6} (, O 42, ...,01), €}) -
0

J#i
i<k
Frar (max{z,e}) - [ F(max{6;,¢})de —c= ()0, Vie{l,.. k}
J>k+2

We define the function 7. (z) as equal to

/ HFj (max{@f(x,@wrg, 1), e}) - H F; (max{0;,e})de — c
0 j<k G>k+2
If this function equals zero in x (or is non-positive for x = v*), then we have a
(k 4+ 1)-pseudo-equilibrium (6§ (z, Op12, ..., 01), ..., 05 (%, Oy, ..., 01), x) for the vector

(0k+27 s 0[;)
Define wy(0x42, ..., 01) as the (unique) value satisfying

/ H F; (max{wy(Or+2,....0L),€}) - H Fj (max{;,e})de — c = (<)0
’ =k Jkt2
J

Given (1), it is seen that 0F(wi(Oks2, .-, 01), Oksa, -, 01) > Wi (Orya, ..., 07). On the
other hand, it is obvious that 0% (v*, 0)15, ...,0;) < v*. By continuity of this function,
we deduce that

Hk = {x S [wk(9k+27 "'79L>7U*] : ell:(x70k+27 "'79L) - .T} 7£ @
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Denote hy, as the supremum of Hy. Then, by first order dominance between bidders
k and k + 1, mg1(hy) < 0. Hence, if 71 (vx) < 0, by continuity of 7, (x) there
exists some point z*€ [hy, v*] that yields the following (k + 1)-pseudo-equilibrium

O (s, ..., 0r) = (05 (2, Oks2, oo, O1), oo, 05 (2%, O, ..., O1), %)

Notice that this pseudo-equilibrium meets (2). The reason is that for any z*e
[hg, v¥], we have for sure 0F(z, 0.9, ...,01) < z, due to the definition of hj, and the
fact that OF(v*, Oy 12, ...,01) < v*.

On the other hand, if 741 (v*) < 0 we already have a (k + 1)-pseudo-equilibrium

@k+1<9k+2, ceey QL) = (9?(1}*7 9k+27 ey GL), ey 95(1}*, 9k+27 ey QL), U*)

clearly satisfying (2). Finally, it only remains to generalize (2) to all possible values of
0112, and to state that the (k-+1)-pseudo-equilibrium line obtained is also continuous,

which is always possible as argued before. [

Claim 2 For any (0, ...,01) € [c, v*]L_B, whenever these parameters make sense, and
in any case when L = 3, there exists a continuous (2)-pseudo-equilibrium line such

that for any x € [c,v ™ (just ignore "0y, ...,01,” in the expression below if L = 3)

6%(‘%7047 "'79L> < 0§($,64, "‘70L)

Proof of the claim: The proof is almost identical to the case we studied where
L =2, and it is redundant to show it here. [
By Claims 1 and 2, we see by an induction argument that we can find a continuous

(N — 1)-pseudo-equilibrium line ©L~1(x) that meets the condition

0F Yz) < ... <0 (), V€ le,v¥
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It remains to check that this line intersects with L'*-bidder’s optimal threshold
strategy in a point that meets 6 < ... < 6. But mimicking the proof of Claim 1 (yet
ignoring its last paragraph) readily does this. m

Proof. Proposition 1.
We can assume that objects are ordered, so that we are analyzing a sequence of
games, starting from a two-object one, then adding one object and playing the game

again, and so on. I then proceed through six steps:

1) ik prob  F(vy,), or equivalently, for any v,n > 0, INE(y,n) : YN > NJ (v,n),
—_—

N
N
Pr (’Fl (TN’I) — g

2) Define the set W}¥ = arg maxr]%, and WLOG choose 7Y = min W}¥.% T claim
ie{1,...,L}

that for low enough values v, n, if ranking values are revealed truthfully, for N big

> ~ for some i € {1,..., L}) <n

enough we have a cut-off equilibrium O3V for object h (out of N) in which, with
probability higher than 1 — n, only bidder i’ (if any, depending on whether or not
v;np, > c) takes part in h*-object auction.
NN
I prove that. Recall that % > V5 # 1y . Let 6% be bidder j’s threshold strat-
U
egy in the auction for object h (out of N objects). Assume ¢ < Qﬁvh < F! (ﬁ)
h

N
I # iy, and 67, = v*Vj ¢ {i},1}. Then, the expression

/F_l( >P > I{ > 0%, } ‘{Tﬁi} d
r|x U;N . U == x—c
0 wh wh wh N Jica..ny

is negative if v,n are low enough, for NV big enough, given the result in part 1) of

2

Tl

&S

T
iNh

2= (due to the participation cost). Therefore, VI # i}, and

N
the proof, even if " =

max{v € [0,v*] : F(v) =z}, fz <1

min{v € [0,v*] : F(v) =1}, ifz =1
61t shall be noticed that my selection simplifies notation, but any other selection criterion could

SWLOG we can define F'~!(x)

work here, as long as it is identical among objects. For instance, the proof still works if a fair lottery

is undertaken among any element of W}JLV , such that the winner is my selected zflv .
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N
for N big enough, some 6 > F~! (%) + afy is I's best response to some ngh <
N

F1 % — afYVh > ¢, being (ayp, ..., app) > 0. This holds regardless what cut-off
h

any j ¢ {l,i,} chooses. Consequently, for some ﬂl.]}(,h > 0 small enough, for v, 7 small
h

enough and for N big enough, bidder 7Y “s best response to {Ffl (%) + a%} N
10D
N
. _ "iNn, 1 (N .
is equal to ¢ + @?th <F! (#) - ag}}i\,h whenever 0} > F~! <ﬁ> VI # iY. Then,

the set

N
N _ N . -1 Tin
M, = [c, C+ﬁz‘}jh] X H {mm{F (W) —i—alh,v*} , v*]
Iy,
is closed under best responses. Hence, for N big enough, there exists at least one cut-
off equilibrium ©3" in this set MY. Particularly, notice that ﬂj}f\, , becomes arbitrarily
h

close to zero as N increases, and therefore Q:JJVVh asymptotically approaches c. Also,
h

any other bidder I’s equilibrium strategy is not below some value A}} , which in turn
N

r!
converges to min {F -1 (%) + c,v*}. Such equilibrium results with probability
higher than 1 — 1 in an outcome where nobody but i, (if any) takes part in the

auction.
N

T

iNn
h

—p— <

The proof of the claim above is completed by considering cases where F~*

c. We use Lemma 1 to select an equilibrium ©;" such that ¢ < thNNh <O, VL £,
In any case, it must happen 6% > ¢, VI # iY, since no two bidders can both have the
same cut-off equilibrium c. It is clear that il =~ “*-bidder’s equilibrium strategy is ar-
bitrarily close to ¢, as N grows large. Consequently, as N grows large, the probability
of the desired result becomes higher than 1 — 7.

Denote Pr(AFN | {r ie{l,...,L})
no bidder j # i takes part in the auction for object h out of N, with L potential

to the probability that, in the cut-off equilibrium,

bidders and the available information about ranking values. Notice that I have proved
that there exists NJ such that, VN > NI Pr(AEN | {r%}ie{le}) >1-—n.

3) Set N;(N) > \ 1{(r11axN}N1h (we eliminate the arguments of N} in order to avoid
e{1,...,

misunderstandings). For N big enough (say N > N;), we get N;(N) < N. Thus, for

any N > N;, we have an equilibrium for each object h which satisfies the result of
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part 3) of the proof.
4) Let, WLOG, Vi1 > Ui

N —
r, =

(7, . 7).

profiles:

~N __
7’1- =

for the fact that it switches positions between objects 1 and 2, so 7

7y = r. I define the following ranking set: r®
that 7, = rV,, =¥

N N N N
(ri),...,mjy) such that r; > 75

~N

N

respective expected proﬁts regarding objects 1 and 2 are:

min WlN | rll,r

M-I

NY=TI{i=
[Pr(ALN | 7"11,

N/ .N
i1 (rzl T

+1{i # minWlN | 7’5\1’,7@1} ) (1

Ni} . I{'Uil > C} . (Uﬂ - C)

N — 0 I{i = min W | N, r

71'1]\1[(7:2]\1’, ;) =1{i= rninVV1 |r12,

[Pr(ALN |, ) - g > 6

+1{i #min W | rly,r

-

N — o0 IHi=minW¥ | vy r
iy (riy, ) = I{i = min Wy | 3,

[Pr(ALN ‘ T127

+I{i # minW2N | Tg,rﬂ} ) (

[Pr(A“Vmp D) v > B8} (v — ) + (1= Pr(agY | rY o)

N — oo I{i=
—_ =
w{;’(*f\z’, ;) =1{i= man2N|r“,r
+I{i #min W3 | ]y, 7N} (
N — oo I{i:minW2N|rf\1’,r

, where g¢,d, g,d are nonnegative functions of several arguments.

N

Vi1 > 011 } (vil — C) +

= Pr(APY [, 7)) d () N — oo

N

(’1)7;1 — C) + (1

= Pr(AFY |y, rY)) - dN () N — o0

N3 TH{vg > ¢} - (v —c)
ng}
N H{vig > 055"} - (viz — ) +

Pr(ALN | T12a ]—Vz)) dg()

minW2N | Tgarﬁ'} - I{via > ¢} - (vi2 — ¢)

N

1-— Pr(ALN | 7"117 72)) ng() N — oo

gz} . I{’UZ'Q > C} . ('Uig — C)

i1 — Ti2

(1 - Pr(AlLN | rf\lf, r

= Pr(AfY | iz, 1)

(1 — Pr(AQLN | rg, r

Bidder ¢ is to reveal either one of these two ranking
or an alternative ranking profile

This latter ranking profile is identical to the former one except

N and

i = {ry, 1 J # i}. Assume for now

;- Then, in the cut-off equilibrium system described in part 3),

N0+

N —
_—

GH )|+

Arguments of

the profit functions in parentheses constitute the object-specific information com-

ing from the messages that are sent.

derived from the information that is revealed. Notice that Pr(AMY | r¥ Y,
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05N, 05N are equilibrium cut-off strategies
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Pr(AZY | Y, r), Pr(ADY | oy, r) = Pr(ARY | rf3, ), 03V = 03 and 03 = 63",

For any case where i = min W,V given what is revealed, 62V (or 6;V) tends to
be arbitrarily close to ¢, since ﬂfz\,h tends to be arbitrarily close to zero, for N large
enough. Together with the fact that (1 — Pr(AEN | )) gets arbitrarily close to zero
for 7 low enough and N > N (being N large enough), the former four equations prove
that, asymptotically:

ﬂf\{(r?{,rﬁ) - ﬂzg\lf(rgvryi) - [Wg(rzg\lfvryi) - Wg(rgvrgi)} >0

5) Since bidder ¢ does not know what messages he is going to receive from others
when he decides what message to send, he has to calculate expected profits considering

any (equally likely) combination of others’ ranking profiles. I conclude that:

T () = 7wy (7)) =
1
= 20N Z [wﬁ(rﬁ,rﬂ-l) - Wﬁ(rgvryil) - [775\2](7"?1[77“&2) - wg(rﬁ], Tgﬁ)]] x
PN rN. el
& Z [77?17(7"5\1[,7“2‘1) - Wﬁ(Tgarﬂl)] - Z [ﬂ'g(rﬁ,rﬂg) - Wg(rﬁ,rﬂg)] >0
N, el rN e,

Here, profit functions are taken in unconditional expectation form given that bidder
N

¢ does not know what messages he is going to receive. Q% is the set of all possible
rN,-profiles. # is the number of elements in the set. QY,, follows a similar definition,
yet it just refers to the specific object h. o means positive proportionality.

The last inequality follows from two facts: QY,, = QV, and the result from part
4). This proves the (asymptotic) existence of a truthful revelation equilibrium, since
the potential bidder is always willing to give a higher ranking value to the object
he prefers. Notice that this equilibrium only requires a limited amount of common
knowledge: namely, that everybody knows that everybody is telling the truth, and
that everybody knows that everybody knows that everybody is telling the truth.

6) I now prove efficiency. Concentrate on N > N. Under the equilibrium context

seen so far, observe that
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—h —h rN ’I“J-\;l
Yon > 0,3IN) YN > N} Pr ﬁyéjw,w;éje{l,...,L} >1—

, so we concentrate on the states where object rankmg Values never coincide among

bldders. In these states, for N > N[ we get Zhh > 4. V5 # iy, for some i), €
{1, ..., L}. Given that, it can be stated that Vo, > (), EINél > N} VN > NI,

N
Pr [ vi,n > vjn, V5 # in ‘{rlh} Zh# ]h NiA£je{l,.,L} | >1—4
N ie{1,...,.L} "N
Therefore, for any object h, the probability that the object taker is the person that
gives to it the highest value is higher than 1 — ¢, . Then, with a probability higher

than

l—e= H (1 =n)(1 = @n)(1 —d4)]

heO

heO
the proof. Observe that in the cut-off equilibria we are dealing with throughout the

, we obtain the desired result, for N > N = max {maxN3, N }, hence completing

proof, the sellers of objects belonging to O finally face a unique buyer (if any) in
each auction, and therefore they obtain zero profits, with a probability bigger than
1-n"’>1-c =

Proof. Proposition 2.

We proceed again through several steps:

1) Let WhLN be the set of bidders that prefer object h among all N objects.
Pr (W}LLN #* @) =1- (M)L, so we concentrate on these states in parts 2) and
3) of the proof.

2) Choose N large enough to make the first order statistic distribution F(V)(.)
accomplish with the condition of Lemma 2. We can always find a value that makes
FM() = F()N strong enough to first order dominate any distribution function
already accomplishing the aforementioned condition. Thus, F’ (N )(+) will also satisfy
that condition, and so would F™)() for any N > N.

32



3) I propose the following cut-off equilibrium allocation, in these states. Let SFY

be the set of bidders that claim to give the highest valuation to object h among all
N objects. For this object, equilibrium cut-off strategies are:
SEN

gin _ c tf 4= min

otherwise

By Lemma 2, these strategies constitute a cut-off equilibrium.”

In cases where SFV = (), any possible cut-off equilibrium O} can be played, under
the condition of being object-invariant.®
4) We focus on the case where vy, > v VE € {1,..., N}, and bidder i is to reveal

either a most-preferred object nl¥ = h or an alternative i

= m # h. Then, given
that other bidders’ most-preferred objects are not yet revealed, expected profits are

calculated as:

iV () = Pr(@*LN—c|LG ) Ky, > ¢} - (vip, — ¢)

TN () = Pr(WEN\{i} = O) - v > 035} / HG (max{60}5,2}) dx

0;& J#i
TN (YY) = Pr(WEV\ (i} = O) - I(vg > 075} / T1G (max{0:%, }) da
:C% JFi

TN (RN = Pr(G*LN—c|L,z,n) Hvim > ¢} - (Vi — ©)

m

, where G is the distribution function for any not-most-preferred object. Since

It shall be noticed again that the equilibrium I select simplifies notation, but any other selection
criterion could work here, as long as it is identical among objects. For instance, the proof still works
if a fair lottery is undertaken among any element of .S }fN , such that the winner is the only participant
(if any) in the equilibrium.

80nce again, a lottery could instead be undertaken among a set of cut-off equilibria in order to
select the one that is to be played, and the proof would still hold, provided the lottery is the same
among objects.
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i—1
Pr(0;iN =c| L,i,n)) Pr(0;EN =c| L,i, i) = (J\H) >

N

L—1
> (BH) T = remv iy = 0) = peon i) =0

, and since it is always the case that

Hwvip > ¢} (v, — ¢) — H{vim > ¢} - (i — ¢) >
I(vip, > 0751 - /Um H G (max{0;5, 2}) do — H{vin > 0;5} - /Um HG max{0;5, x}) dv
iG gt WG i
, one concludes that 72V (n) > 7N (7). A truthful revelation of the most preferred
object constitutes a weakly dominant strategy given that bidder believes what the
others reveal, yielding the desired equilibrium. Under this equilibrium any isolated
seller will obtain zero profits with probability not lower than 1— (M) " Notice again

N
the few assumptions regarding common knowledge that this equilibrium imposes. m
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Proof. Lemma 3.

N -
Fnp(z) = Z Pr (ie?llax rl < k:) —Pr (ie?llax i <k-— 1)] F® () =

=L et =) e 1)
[ R rern-rer-

=
=
>
=
=
2 —_
|
>
=
S
=
|
=
Il
=
&
S—
>
=
=
=
~
S~—

First of all, it shall be noticed that Zthl bn(N, L) = 1. Otherwise, Fy(v*) # 1.
Next, I prove that b, (N, L) = 0, Yh > L. Define the sequence of functions:
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Since for any n < h we get g,(1) = 0, it is clear that (fﬁ—gi)h! = Z?zl % =0,

proving what is claimed. Now, notice that g,(1) > 0 for any n = 1,2, ... and for any
fixed h. This implies that b, (N, L) > 0 for any h. Therefore, Fiy () is a weighted
average among F(x), F(z)?, ..., F(z)f. This proves the inequality of the Lemma.

Finally, I prove that b,(N,L) N — oo 0, Vh < L. This is straightforward, since

. (=1h N1
Jim Jrov—gy

already stated in the Lemma. m

=0, Vh < L. Hence, J&im br(N, L) = 1, proving the desired limit result
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