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Abstract

This paper provides a dynamic rational expectations equilibrium model in which investors have heteroge-
neous information and investment opportunities. Informed investors privately receive advance information
about future earnings that is unrelated to current earnings. In response to good advance information, stock
prices increase and informed investors act as trend chasers, increasing their investment in stocks. Informed
investors also buy other investment opportunities that are positively correlated with stocks, bearing more ag-
gregate risk. The expected risk premium increases generating short-run momentum. Uninformed investors
sell stocks, acting as contrarians. When the advance information materializes in the future, excess returns
fall, generating long-run reversals.
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1. Introduction

Many empirical studies have documented evidence of momentum and reversal effects in ag-
gregate and cross-sectional stock returns. The momentum effect refers to the phenomenon of
excess stock returns tending to exhibit unconditional positive serial correlation in the short to
medium run. The reversal effect refers to the phenomenon that excess stock returns are negatively
correlated in the long run.1 The momentum and reversal effects provide a serious challenge to
the efficient markets hypothesis and to standard risk-based models.

In this paper, we propose a theory to explain the momentum and reversal effects, based
on the hypothesis that some investors possess advance information—news about firms’ future
cash flows—in a rational expectations framework. Our model builds on the seminal study of
Wang [47]. In the model, two types of investors, informed and uninformed, trade in the finan-
cial market. Uninformed investors can invest in public assets only; a risky stock and a risk-free
bond. Their information consists of past earnings and stock price realizations. Based on this pub-
lic information, they try to infer informed investors’ private information. Informed investors can
invest in both publicly traded assets and in a private investment opportunity whose returns are
assumed to be positively correlated with earnings.2 Informed investors have private information
about earnings as well as about the return on the private investment.

We extend Wang’s [47] model by assuming that informed investors also possess private ad-
vance information about a firm’s future performance, such as future shocks to earnings, that are
unrelated to current performance. In this case, informed investors also must solve a forecasting
problem because their advance information contains noisy signals about the future. Uninformed
investors solve their forecasting problems trying to learn informed investors’ forecasts. The pres-
ence of advance information complicates our analysis and requires us to use a solution technique
different from that in Wang [47]. The key to our method is to define a suitable state vector. The
elements of this vector are persistent components of earnings and returns of private investment
opportunities as well as a finite sequence of future innovations to earnings. We then conjecture
that the equilibrium price function is a linear function of the informed and uninformed investors’
forecasts of this state vector. This approach allows us to derive a linear rational expectations equi-
librium in quasi-closed form up to a nonlinear system of algebraic equations. In this equilibrium,
the price function contains not only current fundamental values, but also advance information
signals that help forecast future earnings innovations.

We decompose the equilibrium stock price into three components: a “fundamental” compo-
nent, an “information wedge” component, and a “risk premium” component. The fundamental
component is equal to the expected present value of future dividends discounted by the riskfree
rate. The information wedge is equal to the forecasting errors made by uninformed investors rela-
tive to informed investors. The risk premium component reflects the compensation to risk averse
investors for bearing risks from trading stocks and nontraded assets. We show that the first two

1 See Cutler et al. [16], Jegadeesh and Titman [29], Chan et al. [14] and Rouwenhorst [42] for time-series and cross-
sectional evidence on short term momentum, and Bernard and Thomas [9] for evidence on price continuation after public
news events. For evidence on long term return reversals see De Bondt and Thaler [18], Fama and French [21], and Poterba
and Summers [41], among others. For evidence on the negative association between stock returns and past price-scaled
variables see De Bondt and Thaler [19], Fama and French [22] and La Porta et al. [33].

2 That informed investors have a larger investment opportunity set is in the spirit of Merton’s [38] investor recognition
hypothesis that some investors are better at identifying investment opportunities than others. This assumption is in line
with having private equity, real estate, foreign exchange, and derivatives markets accessible to only a subset of investors.
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components do not contribute to the serial correlation of excess stock returns. Only the risk pre-
mium component drives the serial correlation. We show that this component is determined by the
persistent component of the return on the private investment opportunity and the advance infor-
mation signal. They constitute two state variables that drive the movements in the risk premium,
which generate momentum and reversals.

To see the intuition, consider the impact of an increase in the persistent component of the
private investment return. Informed investors sell stocks to invest in the private investment op-
portunity. The current stock price falls to induce uninformed investors to buy, who in turn expect
high stock returns in the next period. This trading pattern decreases the current stock return
and raises next period’s stock return if the private investment returns are independent over time.
Thus, stock returns generated by rebalancing trades tend to reverse themselves. If the private
investment returns are persistent, future private investment returns will change when the current
private investment return changes; therefore, future stock prices will also change due to future
rebalancing trades. This effect may dominate making stock returns positively serially correlated
when the private investment return is sufficiently persistent. Thus, in the absence of advance in-
formation, the serial correlation of excess stock returns is determined solely by the persistence
parameter of the private investment returns. This case cannot generate momentum in the short
run and subsequent reversals in the long run as in the data.

In the presence of advance information, the advance information signal provides another state
variable that drives the movements of excess returns. In this case, rebalancing trades induced by
advance information help generate return continuation, even though the persistence of private
investment returns is low. We explain this intuition by considering the effects of a good piece
of one-period-ahead advance information. In response to this information shock, the current
stock price and excess stock return rise, partially incorporating the good information. Informed
investors buy the stock for speculative reasons. Uninformed investors do not observe the infor-
mation shock and may associate the rise in the stock price to the fall of the private investment
return. Consequently, they perceive the informed investors’ speculative buy as rebalancing trades
and hence they sell stocks at a high price to accommodate the informed investors’ buy positions.

Importantly, a good piece of advance information about future stock earnings also signals high
expected returns on the private investment opportunity because stock earnings and returns on
the private investment opportunity are assumed to be positively correlated. As a result, informed
investors raise their investments in the nontraded asset in response to a good advance information
signal. Because informed investors hold both more stocks and more private investments, they
bear more aggregate risk, leading to higher expected future excess stock returns and short-run
momentum.

In short, informed investors are trend-chasers and uninformed investors are contrarians in
response to good advance information. This trading behavior generates short-run momentum
and is consistent with evidence on time series momentum and investor behavior presented in
Moskowitz et al. [39]. Unlike a representative agent model, our heterogeneous-investor model
shows that momentum occurs because informed trend-chasers are able to hide their information
under the guise of rebalancing trades. We also discuss the relationship between volume and
momentum and show that it is consistent with the evidence in Connolly and Stivers [15].

In addition to generating short-run momentum in excess stock returns, private advance in-
formation may also generate long-run excess stock return reversals. This is because the impact
of advance information on stock prices dies out quickly once the advance information materi-
alizes, and subsequently excess returns revert themselves when the return on private investment
opportunities is not persistent.
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We show that with a single piece of advance information, the short-run momentum and long-
run reversal effects can occur when this information is about next period’s earnings innovations.
An undesirable prediction of this case is that momentum lasts only for several periods, which
seems inconsistent with empirical evidence. We thus extend this model by assuming that in-
formed investors receive increasingly precise signals about earnings innovations as these get
closer to materialize. In this case, stale information is useful for forecasting, and informed in-
vestors trade on this information.3 As a result, the effects of advance information can last for
a long period, causing long-lived momentum. Moreover, after a sustained streak of good news,
the advance information materializes, future excess returns fall and the stock displays long-run
reversals.

Rational models are generally unable to explain momentum and reversal effects in a unified
way. First, some rational models have the mechanisms to explain momentum but not reversals.
Berk, Green and Naik [8] show that a rich variety of return patterns, including momentum effects,
result from the variation of risk exposures over the life-cycle of a firm’s endogenously chosen
projects (see also Gomes et al. [26]). Johnson [30] provides a standard model of firm cash flows
discounted by an ordinary pricing kernel that are able to deliver the momentum effect. His key
idea is that expected dividend growth rates vary over time and growth rate risk varies with the
growth rates. Neither model, however, delivers the long-horizon reversal effect (see also Holden
and Subrahmanyam [27], Biais et al. [11] and Makarov and Rytchkov [37]).

Second, some models have the mechanisms to explain reversals but not momentum. Lewellen
and Shanken [34] predict return reversals due to correction of past forecast errors, but do not pre-
dict momentum. Fama and French [23,24] show that many of the long-horizon results—such as
return reversals, the book-to-market effect, and the earnings-to-price-ratio effect—can be largely
subsumed within their three-factor model. However, Fama and French [24] point out that the
momentum result of Jegadeesh and Titman [29] constitutes the “main embarrassment” for their
three-factor model (see also Fama and French [25]). Finally, some models can predict either
momentum or reversals but not both (see Wang [46], Cespa and Vives [13] and our benchmark
model discussed above). One exception is Vayanos and Woolley [45] who combines the assump-
tions of asymmetric information under delegated portfolio management with gradual portfolio
adjustment. In Vayanos and Woolley, momentum and reversals are tied to cash flow shocks to
assets held by an active fund and the trades triggered by these shocks which lead investors to
update their beliefs about the managers’ ability and migrate to an index fund.

Recently, Daniel and Titman [17] dispute both behavioral and risk-based interpretations that
the reversal and book-to-market effects are a result of high expected returns on stocks of dis-
tressed firms with poor past performance. In their empirical study, they decompose individual
firm returns into two components. One, which they call tangible information, is associated with
past performance as measured by accounting performance variables. The other, which they call
intangible information, is the component of returns that is orthogonal to the tangible information.
They show that future returns are unrelated to tangible information, but are strongly negatively
related to intangible information. We may interpret the advance information in our model as
intangible information. This information is unrelated to past performance, but impacts prices.
Using a rational-expectations model with asymmetric information, we show that the presence of
intangible information is important for generating the momentum and reversal effects.

3 See Bernhardt and Miao [10] for a strategic model of stock prices with stale information. See Tetlock [44] for
empirical evidence of the importance of stale information.
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Our modeling of advance information is similar to that in the macroeconomics literature on
news shocks, e.g., Beaudry and Portier [6,7], Jaimovich and Rebelo [28] and Lorenzoni [36],
based on the ideas starting from Pigou [40] and Keynes [32]. This literature typically assumes
that the news shock is one period ahead. There is also an empirical literature suggesting that
stock price movements reflect the market’s expectations about future cash flows and growth
opportunities in the economy (e.g., Fama [20] and Schwert [43]). However, there is no theoretical
study in the literature that tries to explore the implications of investors’ trading behavior when
some of them possess news about future cash flows, referred to as advance information in this
paper. Our paper fills this gap.

The market microstructure literature, e.g., Banerjee, Kaniel and Kremer [5], also models ad-
vance information. In this literature, there is typically a finite horizon T at which time the asset
has a liquidation value of vT . At time 0, investors receive a signal S0 = vT + εS

0 . Because the
horizon T is finite and vT is exogenous, the implication that S0 is useless after period T cannot
be studied. Instead, we solve for a stationary equilibrium in an infinite horizon model and are
able to analyze what happens after period T . Bacchetta and van Wincoop [3,4] construct models
of investor heterogeneity with advance information to study the role of higher order expectations.
However, they do not address the questions we study here.

We organize the rest of the paper as follows. Section 2 presents a simple model with a repre-
sentative agent to illustrate the role of advance information, teasing out the effect of rebalancing
trades. Section 3 presents the model with two types of investors. Section 4 studies the equilibrium
properties of the model with and without advance information. Section 5 analyzes the predictions
of the model for stock returns and trading behavior. Section 6 extends the model along two di-
mensions: allowing for intertemporal consumption and incorporating multiple pieces of advance
information. Section 7 concludes the paper. Proofs are relegated to Appendices B–C.

2. A representative agent model

We first study a representative agent model to develop our intuition and key insights transpar-
ently. Consider an economy with a representative investor that derives utility over next period’s
wealth, Wt+1. Preferences are represented by4

Et

{−e−γWt+1
}
, (1)

where γ is the coefficient of constant absolute risk aversion and Et is the expectation operator
conditional on all available information at time t . The investor can invest in a riskless bond with
gross return R > 1 that is in infinite elastic supply and in a stock that generates earnings Dt at
time t and has fixed supply normalized to unity. The earnings process is described by

Dt = Ft + εD
t , (2)

where Ft follows an AR(1) process,

Ft = aF Ft−1 + εF
t , 0 < aF < 1. (3)

4 The assumption of myopic preferences rules out dynamic hedging demands and simplifies our analysis significantly.
Introducing a dynamic hedging demand, however, does not change our key insights as shown in Section 6.2. Other papers
that also adopt myopic preferences for tractability include Bacchetta and van Wincoop [3,4], Campbell et al. [12] and
LIorente et al. [35].
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Earnings have both a persistent component Ft , with persistence given by aF , and a temporary
component εD

t . We assume that shocks to both components, εD
t and εF

t , are normal random
variables with means of zero and variances σ 2

D and σ 2
F , respectively. The firm is assumed to

distribute 100 percent of its earnings as dividends. We therefore use the terms earnings and
dividends interchangeably.

In addition to the publicly traded assets, a nontraded asset or a private investment technology
is available to the investor. This technology has constant returns to scale and its return between
period t and t + 1 is R + qt+1, where the excess return qt+1 satisfies,

qt+1 = Zt + ε
q

t+1. (4)

Here, ε
q

t+1 is the transitory component and Zt is the persistent component satisfying:

Zt = aZZt−1 + εZ
t , 0 < aZ < 1. (5)

We assume that shocks to both components, ε
q
t and εZ

t are normal random variables with means
of zero and variances σ 2

q and σ 2
Z , respectively.

The investor observes all variable realizations up to time t and also receives news about future
earnings announcements that we label as advance information. In this model, advance informa-
tion is modeled as a noisy signal about next period’s earnings innovations:

St = εD
t+1 + εS

t , (6)

where εS
t is a normal variable with mean zero and variance σ 2

S . All shocks are independently and
identically distributed (i.i.d.) and uncorrelated with each other except for E[εD

t ε
q
t ] = σDq > 0.

The last assumption follows from Wang [47], which implies that the nontraded asset and the
stock are substitutes.5

Arguably, advance information is likely to be also about the persistent component of earn-
ings, εF

t . For example, advance information may be about the outcome of a procurement contract,
a future M&A event, or the outcome of a law suit, all of which could affect earnings over many
periods. Since the critical channel for our results is through rebalancing trades in the nontraded
asset in response to advance information signals, our results still hold in this case provided that
E[εF

t ε
q
t ] > 0.6

We focus on the rational expectations equilibrium in which the stock price is a stationary
function of state variables. Let Pt denote the time t stock price and Qt = Pt + Dt − RPt−1 the
stock’s excess return at time t . The investor takes prices as given and maximizes (1) by choosing
stock holdings, θt , and nontraded asset holdings, αt , subject to the budget constraint:

Wt+1 = θtQt+1 + αtqt+1 + WtR. (7)

Market clearing requires θt = 1.
In Appendix A, we show that the equilibrium stock price can be written as

Pt = ft + πt ,

where ft = Et [∑∞
s=1 R−sDt+s] is a fundamental component equal to the expected present value

of dividends discounted at the riskless rate and πt denotes the “risk premium” component of the

5 If σDq < 0, then the nontrade asset and the stock are complements since VQq < 0 by Eq. (10). As can be seen from
the analysis to follow, our key results carry over to this case with small changes in proofs.

6 This analysis is contained in an online appendix.
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price that is attributed to risk from dividends, nontraded asset returns and advance information
signals. These two components are given by

ft = R−1
(

aF

1 − R−1aF

Ft + σ 2
D

σ 2
S + σ 2

D

St

)
, (8)

πt = −γ (VQVq − V 2
Qq)

Vq

1

R − 1
− R−1VQq

Vq

(
Zt

1 − R−1aZ

+ σ̄ St

)
, (9)

where VQ ≡ Vart (Qt+1), Vq ≡ Vart (qt+1), and

σ̄ ≡ σDq

σ 2
S + σ 2

D

, VQq ≡ Covt (Qt+1, qt+1) = σDqσ 2
S

σ 2
S + σ 2

D

. (10)

Since σDq > 0, it follows that VQq > 0, indicating that the stock and the nontraded asset are
substitutes. In this case, the investor has a hedging incentive to rebalance his portfolio. In
Appendix A, we derive explicit expressions for VQ and Vq and show that they are constant.
The first term in Eq. (9) is a negative constant and reflects the price discount to compensate the
risk-averse investor for bearing dividend risk. The other terms in Eq. (9) reveal that two sources
of uncertainty affect πt : expected return on the nontraded asset, Zt , and the advance information
signal, St . We will show below that changes in Zt or St induce rebalance trades and hence affect
stock prices as well.

The solution for the excess stock return can then be expressed as

Qt+1 = Dt+1 + ft+1 − Et(Dt+1 + ft+1) + πt+1 − Rπt , (11)

from which we get the conditional expected excess return or risk premium:

μQt = Et [Qt+1] = Et [πt+1 − Rπt ] = γ (VQVq − V 2
Qq)

Vq

+ VQq

Vq

(Zt + σ̄ St ). (12)

This equation reveals that the expected excess return is time varying and its movement is driven
by both the expected return on the nontraded asset, Zt , and the advance information signal, St .

We argue that variation in the expected excess return, μQt , is determinant for momentum and
reversal effects in stock returns and that its driving force is the advance information signal St .7

To see this, we use the law of iterated expectations to derive E[Qt+n+1|Qt ] = E[μQt+n|Qt ], for
any n � 0. We can then use (12) to derive that

E[Qt+1|Qt ] = γ (VQVq − V 2
Qq)

Vq

+ VQq

Vq

Cov(Zt + σ̄ St ,Qt )

Var(Qt )
Qt , (13)

E[Qt+n|Qt ] = γ (VQVq − V 2
Qq)

Vq

+ an−1
Z

VQq

Vq

Cov(Zt ,Qt )

Var(Qt )
Qt , (14)

for n � 2. If Cov(Qt+n,Qt ) > (<)0, we say that one-period excess returns exhibit momentum
(reversals) at horizon n. The above two equations reveal that the momentum and reversal effects
are determined by the signs of Cov(Zt ,Qt ) and Cov(St ,Qt ). Using (11), we can compute

7 In an online appendix, we show that removing advance information but introducing other correlation structure, e.g.,

E[εF
t εZ

t ] > 0 cannot generate short-run momentum followed by long-run reversals. The reason is that there is only one
shock Zt that moves μQt .
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Cov(Zt ,Qt ) = VQq

Vq

RaZ − 1

R − aZ

σ 2
Z

1 − a2
Z

, (15)

Cov(St ,Qt ) = R−1
σ 2

D(1 − ρ2
Dq)

σ 2
S + σ 2

D(1 − ρ2
Dq)

(
σ 2

S + σ 2
D

)
> 0, (16)

where ρDq ∈ (0,1) is the conditional correlation coefficient between εD
t and ε

q
t .

If there is no advance information, then Eq. (14) holds for all n � 1. Since Cov(Zt ,Qt ) < 0
if and only if RaZ < 1, Eq. (14) implies that Cov(Qt+n,Qt) < 0 if and only if RaZ < 1, for all
n � 1. This means that one can get either momentum at all horizons or reversals at all horizons
in the absence of advance information, contradicting the empirical evidence that momentum
appears in the short run and reversals appear in the long run.

Turn to the case with advance information. Assuming RaZ < 1, we obtain Cov(Qt+n,Qt ) < 0
for all n � 2 by (14) and (15). Since Cov(St ,Qt ) > 0 by (16), it follows from (13) that advance
information helps generate positive correlation between Qt and Qt+1. When aZ is sufficiently
close to 1/R from below, Cov(Zt + σ̄ St ,Qt ) is sufficiently close to Cov(σ̄ St ,Qt ) > 0. In this
case, we can make Cov(Zt + σ̄ St ,Qt ) > 0 and hence Cov(Qt+1,Qt ) > 0. Thus, the presence of
advance information can generate one-period momentum and subsequent reversals.

The representative agent model with one-period-ahead advance information is helpful for un-
derstanding the economic mechanism behind our theory of momentum and reversals. Assume
RaZ < 1. Consider an increase in the stock price in period t , which raises Qt . This price in-
crease could be due to a low expected nontraded asset return, Zt . If this were true, less would
be invested in the nontraded asset, so less aggregate risk would be borne in equilibrium and con-
sequently the conditional expected excess return (or risk premium) would be low. Thus, high
current excess returns would be associated with low expected future excess returns, generating
reversals. In the presence of advance information, a good signal about future dividend innova-
tions also leads to a contemporaneous increase in the stock price. In addition, good advance
information signals that the nontraded asset return is also high in the future because dividend
innovations are positively correlated with innovations in nontraded asset returns. This induces an
increased investment in the nontraded asset and causes the investor to bear more aggregate risk,
which causes the expected future excess return to rise. Thus advance information helps generate
one-period momentum.

The special feature of the one-period-ahead advance information is that it materializes in
the next period becoming useless. The future stock price then falls, causing the n-period ex-
cess returns (n � 2) to be negatively serially correlated with the current excess return, i.e.,
Cov(Qt+n,Qt ) < 0, for any n � 2 if and only if RaZ < 1. Thus, our model with advance in-
formation can generate short-run momentum and long-run reversals simultaneously.

It is important that advance information induces rebalancing trades for the above mechanism
to work. To see this formally, we show in Appendix A that

E[Qt+1|Qt ] = E[μQt |Qt ] = γ
(
VQ + VQqE[αt |Qt ]

)
. (17)

Momentum is explained by how investment in the nontraded asset, αt , correlates with the current
excess stock return, Qt . Provided VQq > 0, momentum occurs if the investor puts more money
in the nontraded asset when the current stock return is high. This is likely to occur in the presence
of advance information because it drives both the future return on nontraded asset, qt+1, and the
current stock return, Qt in the same direction.

Interestingly, the precision of advance information is important for the momentum effect.
When σS → ∞, advance information is too noisy to be useful. The model then reduces to the
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one without advance information. When σS → 0, the investor knows εD
t+1 precisely at date t .

Thus, he has no hedging incentive as VQq → 0 by (10). His investment in the nontraded asset
does not respond to the movement in the stock return. As a result, the risk premium is a constant
and there is no serial correlation of excess returns. Momentum occurs only for intermediate
precision of advance information.

Consider now the intuition behind the condition RaZ < 1. When expected returns in the non-
traded asset, Zt , increase, the current stock price Pt and excess stock returns Qt fall, ceteris
paribus. On the other hand, a high Zt tends to follow a high Zt−1, because this process is per-
sistent. A high Zt−1 causes period t − 1 stock price Pt−1 and excess stock returns Qt to rise.
The first effect dominates when the persistence of Zt is low enough in that RaZ < 1, causing
negative correlation between Zt and Qt , and hence reversals in stock returns. Otherwise, excess
stock returns tend to be positively serially correlated.

While the representative agent model presented in this section illustrates the role of advance
information, there are two limitations. First, the representative agent setup cannot address the
trading behavior of different types of investors in the market. Second, the one-period-ahead ad-
vance information cannot generate a multi-period momentum effect. In the following analysis,
we shall overcome these limitations.

3. A heterogeneous agent model

We shall study a full model that builds on the previous one by incorporating investor hetero-
geneity and information asymmetry and a more general process for advance information. These
features are important for generating additional predictions regarding investor trading activity in
the presence of momentum and reversals in stock returns and help understand who gains and who
loses from trading on momentum and reversals, an important question that cannot be answered
in representative agent models.

There are two types of infinitely-lived investors in the economy, informed and uninformed.
Informed and uninformed investors differ in their information structure and investment opportu-
nities. The fraction of informed investors is λ ∈ (0,1) and the fraction of uninformed investors is
1 − λ. Both investor types share the same utility function (1). We use the superscript i to index a
variable associated with an informed investor and the superscript u to index a variable associated
with an uninformed investor.

Any investor can trade a riskless bond and a risky stock whose payoffs have been described
in the preceding section. In addition, informed investors may also invest in the nontraded asset,
which we call interchangeably the private investment opportunity, whose returns are described
in Eqs. (4) and (5).8

3.1. Information structure

All investors observe the past and current realizations of earnings and of stock prices. As in
Wang [47], informed investors have private information about the persistent component Ft of the
stock and the expected return Zt on the private investment, while uninformed investors do not.

8 This nontraded asset prevents the existence of a fully revealing equilibrium. An alternative approach in the noisy ra-
tional expectations equilibrium literature is to introduce exogenous noise trading or liquidity trading. As Wang [47] points
out, since the noninformational component is exogenous, this approach is not preferable in studying trading behavior.
In addition, this approach becomes problematic in welfare analysis.
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In addition to these pieces of private information, informed investors receive advance information
about future earnings announcements. The advance information is modeled as a noisy signal
about future earnings innovations:

St = εD
t+k + εS

t , (18)

where k > 0 and εS
t is an i.i.d. normal variable with mean zero and variance σ 2

S . The shock εS
t is

assumed independent of all other shocks. Informed investors’ information set is

F i
t = {Ds,Fs,Ps,Zs, Ss : s � t}. (19)

The information set of uninformed investors is given by

Fu
t = {Ds,Ps : s � t}. (20)

3.2. Equilibrium

A rational expectations equilibrium is defined in the usual way. Again, we focus on a station-
ary equilibrium for the stock price. The key step in defining an equilibrium is formulating the
investors’ portfolio choice problems. An informed investor maximizes (1), where the expectation
is taken with respect to the information set F i

t , taking prices as given and subject to the budget
constraint

Wi
t+1 = θi

t Qt+1 + αi
t qt+1 + Wi

t R.

Similarly, an uninformed investor maximizes (1), where the expectation is taken with respect to
the information set Fu

t , taking prices as given and subject to

Wu
t+1 = θu

t Qt+1 + RWu
t . (21)

Note that an uninformed investor cannot invest in the nontraded asset.
The market clearing condition is given by

λθi
t + (1 − λ)θu

t = 1. (22)

4. Equilibrium properties

The key step to solve for the equilibrium is to construct suitable state variables that informed
and uninformed investors may use in making their conditional forecasts of future returns. We
define the state vector as:

xt = (
Ft ,Zt , ε

D
t+k, . . . , ε

D
t

)ᵀ
, (23)

and the unforecastable (based on period t − 1 information) shock vector as εt = (εD
t+k, ε

F
t , εZ

t ,

ε
q
t+k, ε

S
t )ᵀ. Note that εt ∼ N(0,Σ), where Σ = E[εtε

ᵀ
t ] is the covariance matrix, with the only

nonzero covariance being σDq = E[εD
t+kε

q
t+k] > 0. The state vector includes all future realiza-

tions of the transitory shocks to earnings up to t + k. This is because informed investors can use
their private information to forecast these values. For technical reasons, we also include εD

t as
part of the state vector. We show below that εD

t is not priced in equilibrium and does not appear
in the asset demand functions because εD

t has already been paid out in the form of earnings at
time t and has no value for forecasting future earnings.
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Throughout the paper, we benchmark our model against a model without advance informa-
tion, which is a simplified version of Wang [47]. In the absence of advance information, i.e.,
σ 2

S = ∞, we write the state vector as xt = (Ft ,Zt )
ᵀ, and the unforecastable shock vector as

εt = (εD
t , εF

t , εZ
t , ε

q
t )ᵀ.

4.1. Stock price

We conjecture that the equilibrium stock price function takes the following form:

Pt = −p0 + pi x̂i
t + pux̂u

t , (24)

where x̂i
t = Ei

t [xt ], x̂u
t = Eu

t [xt ], p0 is a constant, and pi = (pi1, . . . , pi,k+3) and pu =
(pu1, . . . , pu,k+3) are row vectors of constants to be determined in equilibrium. We set pu2 = 0.
In general, one may include Ẑu

t in the price function in that pu2 �= 0. However, from the current
price, Pt , the uninformed investors can infer the sum

Pt + p0 − pux̂u
t = pi x̂i

t ≡ Πt, (25)

since x̂u
t is observable by the uninformed investors. Thus, Πt represents the information content

of the equilibrium price. This implies that pi x̂i
t = Eu

t [pi x̂i
t ] = pi x̂u

t . Therefore,

Ẑu
t = 1

pi2
pi x̂i

t − piI−2

pi2
x̂u
t , (26)

where I−2 conforms with the state vector and denotes the matrix that is the same as the identity
matrix, except that the (2,2) element equals zero. Thus, we can eliminate Ẑu

t in the price func-
tion (24), and set pu2 = 0. Eq. (26) further indicates that uninformed investors’ forecast errors
are perfectly linearly correlated.

In Appendix B, we prove the following:

Proposition 1. If there is a solution to the system of equations given in Appendix B, then the
economy has a stationary rational expectations equilibrium in which the equilibrium stock price
is given by

Pt = −p0 + aF

R − aF

Ft − ei2

R − aZ

Zt − pu1
(
Ft − F̂ u

t

)

+
k∑

j=1

{1 − ei2
σDq

σ 2
D

Rj
Ei

t

[
εD
t+j

] − pu,k+3−j

(
Ei

t

[
εD
t+j

] − Eu
t

[
εD
t+j

])}
, (27)

where p0 > 0. In addition, ei2 > 0 iff Covi
t (Qt+1, qt+1) > 0.

Using (27), we may decompose the stock price into three components,9

Pt = ft + πt + wt .

The first is the expected present value of future dividends conditional on F i
t discounted at the

risk-free rate,

9 See Albagli et al. [1] for a similar decomposition. We would like to thank the editor for pointing out this decomposi-
tion which helps us develop the intuition more transparently.
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ft = R−1

(
aF

1 − R−1aF

Ft +
k∑

j=1

1

Rj−1
Ei

t

[
εD
t+j

])
.

The second denotes the risk premium component of price that is attributed to risk from dividends,
private investment returns and advance information signals,

πt = −p0 − R−1ei2

(
1

1 − R−1aZ

Zt +
k∑

j=1

1

Rj−1

σDq

σ 2
D

Ei
t

[
εD
t+j

])
. (28)

When ei2 > 0, the stock and the nontraded asset are substitutes.10 When the expected return on
the nontraded asset is high (i.e., Zt is high or Ei

t [εD
t+j ] is high), informed investors increase their

holdings on that asset and rebalance their portfolios by selling the stock to reduce their overall
exposure to the same source of risk. This causes the stock price to drop because uninformed
investors accept to bear more risk through holding more of the stock only if they buy at a lower
price.

The third component, wt , is an “information wedge” that gives rise to speculative trading
by informed investors. When uninformed investors underestimate the persistence component of
dividends and Ft − F̂ u

t > 0, or underestimate the value of advance information and Ei
t [εD

t+j ] −
Eu

t [εD
t+j ] > 0, the stock price does not immediately reflect the value of expected future dividends.

Thus, uninformed investors’ underestimation of the persistent component of dividends lowers the
stock price by

wt = −pu1
(
Ft − F̂ u

t

) −
k∑

j=1

pu,k+3−j

(
Ei

t

[
εD
t+j

] − Eu
t

[
εD
t+j

])
. (29)

Advance information permeates all three components of the stock price. The present value
incorporates informed investors’ forecast of future earnings innovations using the advance in-
formation signal. Specifically, earnings expected next period are discounted at rate R, earnings
expected two periods later are discounted at rate R2, and so on up to t + k, after which time no
more advance information is available. Advance information also affects πt . When the nontraded
asset and the stock are substitutes, a good piece of advance information at date t raises Ei

t [εq
t+k],

which induces informed investors to sell the stock at time t + k − 1, causing the current stock
price to decline. Finally, because uninformed investors do not have any advance information,
they make forecast errors relative to informed investors’ information. These forecast errors show
up in the information wedge, wt .

In a non-revealing equilibrium, the information wedge is non-trivial because uninformed
investors cannot distinguish between persistent shocks to earnings and persistent shocks to ex-
pected returns of the nontraded asset: Good news about future earnings (high Ft or high εD

t+k)
or bad private nontraded asset returns (low Zt ) can both cause informed investors to buy the
stock and the stock’s price to rise. Therefore, observing price and earnings is insufficient for un-
informed investors to identify these shocks. This implies that information asymmetry persists in

10 In Appendix C, we prove that ei2 > 0 in the absence of advance information. In the general model, we are unable to

prove ei2 > 0 because we are unable to show Covi
t (Qt+1, qt+1) > 0 analytically. As in the model without advance in-

formation, however, this positive covariance is intuitive as it reflects the fact that unexpected earnings and the unexpected
private investment return are positively correlated, i.e., σDq > 0. We verify this result numerically in all our examples
below.



248 R. Albuquerque, J. Miao / Journal of Economic Theory 149 (2014) 236–275
the equilibrium. However, we next show that the information wedge does not contribute directly
to momentum.

To see this, we express excess stock returns as

Qt+1 = Dt+1 + ft+1 − Ei
t (Dt+1 + ft+1) + πt+1 − Rπt + wt+1 − Rwt . (30)

Therefore, the conditional expected risk premium from the perspective of uninformed investors
is given by

Eu
t [Qt+1] = Eu

t [πt+1 − Rπt ] = μu
Qt ,

since Eu
t [wt ] = 0. The law of iterated expectations implies

E[Qt+n|Qt ] = E
[
μu

Qt+n−1|Qt

] = E
[
Eu

t [πt+n − Rπt+n−1]|Qt

]
= E[πt+n − Rπt+n−1|Qt ] = E

[
Ei

t [πt+n − Rπt+n−1]|Qt

]
,

for any n � 1. Thus, the covariance between Qt+n and Qt is equal to the covariance between
πt+n − Rπt+n−1 and Qt . This covariance can be computed by replacing πt+n − Rπt+n−1 with
either Ei

t [πt+n − Rπt+n−1] or Eu
t [πt+n − Rπt+n−1]. Since these expected values reflect risk

premium, momentum and reversal effects are driven by how expected future risk premia correlate
with current excess returns.

4.2. Investors’ forecasts

The presence of advance information implies that both the informed and uninformed investors
must solve forecasting problems.11 Informed investors use their private signals on k-period-ahead
earnings innovations to learn about the growth potential in both the stock and private investment
technology. Their information processing problem is straightforward because their information
set includes uninformed investors’ information set, which means that informed investors do not
learn from the price level.

Using the projection theorem, we can easily derive informed investors’ forecasts of future
shocks:

Ei
t

[
εD
t+k−j

] = σ 2
D

σ 2
S + σ 2

D

St−j , 0 � j � k − 1, (31)

Ei
t

[
ε
q
t+k−j

] = σ̄ St−j , 0 � j � k − 1, (32)

where σ̄ is given in (10).
At any date t , informed investor’s advance information signals St , St−1, . . . , St−k+1 are useful

to forecast future transitory components of earnings εD
t+k , εD

t+k−1, . . . , ε
D
t+1, respectively. Since

ε
q
t and εD

t are correlated, these signals are also useful to forecast future transitory components
of private investment returns. In addition, these forecasts are positively linearly related when
σDq > 0.

Turn to uninformed investors’ forecasting problem. Because informed investors know more
than uninformed investors, the most that uninformed investors can hope to learn is what informed
investors know. This hierarchical information structure implies that there is no infinite regress

11 Albuquerque et al. [2] generalize Wang [47] to an international economy and also require both informed and unin-
formed agents to solve forecasting problems.
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problem (Wang [47]). Therefore, it is sufficient for uninformed investors to track the dynamics
of the state vector x̂i

t estimated by the informed investors. In Appendix B, we present the filtering
equations for the uninformed investors.

In the absence of advance information, only uninformed investors solve a filtering problem.
In Appendix C, we show that the filtering equations are given by:[

F̂ u
t

Ẑu
t

]
=

[
aF F̂ u

t−1

aZẐu
t−1

]
+ K

[
Dt − Eu

t−1[Dt ]
Πt − Eu

t−1[Πt ]

]
, (33)

where K is a 2 × 2 matrix with elements k11, k12, k21 > 0 and k22 < 0.12

The first term on the right hand side of (33) gives the expectation based on information prior
to period t . The second term gives the update in expectations based on new information from
unexpected fluctuations in earnings and the stock price. The sign restrictions on the elements of
the Kalman gain matrix K reveal several properties. First, an unexpected increase in earnings
Dt may indicate an increase in the persistent component of dividends, Ft , or an increase in
the forecasting error Ft−1 − F̂ u

t−1. Not observing these components, uninformed investors may
raise their estimate of Ft so that k11 > 0. Because forecasting errors of Zt and Ft are positively
correlated as shown in (26), uninformed investors also revise upwards their expectation of Zt .
Hence, k21 > 0. Second, an unexpected increase in Πt = pi1Ft +pi2Zt may indicate an increase
in Ft or a decrease in Zt . Uninformed investors do not observe these two components separately,
and thus raise their estimate of Ft and decrease their estimate of Zt accordingly. This explains
why k12 > 0 and k22 < 0.

In the presence of advance information we are unable to sign the elements of the Kalman gain
matrix given in Appendix B, but we verify numerically that the effects described above carry
through. In addition, there is a further confounding factor moving prices; advance information
moves prices without affecting current earnings. Positive shocks to advance information thus
mimic negative shocks to nontraded asset returns.

4.3. Optimal portfolios

It is straightforward to derive investors’ optimal portfolios. For informed investors,

θi
t = Ei

t [Qt+1]
γ (σ i

Q)2(1 − (ρi
Qq)2)

− ρi
QqEi

t [qt+1]
γ σ i

Qσ i
q(1 − (ρi

Qq)2)
, (34)

αi
t = Ei

t [qt+1]
γ (σ i

q)2(1 − (ρi
Qq)2)

− ρi
QqEi

t [Qt+1]
γ σ i

Qσ i
q(1 − (ρi

Qq)2)
, (35)

where (σ i
Q)2 is the conditional excess return variance as perceived by informed investors, (σ i

q)2

is the conditional variance of the private investment return as perceived by informed investors,
and ρi

Qq = Covi
t (Qt+1, qt+1)/σ

i
qσ i

Q is the conditional correlation between the private investment
return and the excess return as perceived by informed investors. The preceding conditional vari-

12 In our simplified version of Wang [47] with myopic investors, we are able to offer a proof of the signs of the coeffi-
cients from matrix K. Wang [47] does not prove the signs of the coefficients of the Kalman gain matrix (his Eq. (10)) in
his Theorem 1, which show up, and are critical, in all his subsequent results.
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ances and correlation are constant over time due to the property of normal random variables.
Similarly, the optimal portfolio for an uninformed investor is given by

θu
t = 1

γ

Eu
t [Qt+1]
(σu

Q)2
, (36)

where (σu
Q)2 is the conditional excess return variance as perceived by uninformed investors.

Eqs. (34), (35), and (36) reveal that the optimal portfolios are mean-variance efficient, trading-
off expected return and risk. While investors display no dynamic hedging demand, informed
investors have a static hedging demand (last terms on the right hand side of (34) and (35)) aris-
ing from the correlation between the stock return and the private investment return. This static
hedging demand generates rebalancing trades.

Using (34), (35), and the law of iterated expectations, we can show that

E[Qt+1|Qt ] = E
[
Ei

t [Qt+1]|Qt

] = γ
(
σ i

Q

)2
E

[
θi
t |Qt

] + γ Covi
t (Qt+1, qt+1)E

[
αi

t |Qt

]
.

(37)

This equation is similar to (17) for the representative agent model. It shows that serial correlation
in excess returns is explained by how investments in the stock, θi

t , and in the nontraded asset, αi
t ,

correlate with the current excess stock return, Qt . Momentum occurs when informed investors
invest more in both the stock and the nontraded asset in response to a rise in current excess
returns, provided Covi

t (Qt+1, qt+1) > 0.
Using (28), (29), (30), (31), and (32), we can derive informed investors’ estimates of excess

returns,

Ei
t [Qt+1] = e0 + ei2

(
Zt + Ei

t

[
ε
q

t+1

]) + (R − aF )pu1
(
Ft − F̂ u

t

)
+

k∑
j=1

f i
Qj

(
Ei

t

[
εD
t+j

] − Eu
t

[
εD
t+1

])
, (38)

and uninformed investors’ estimates of excess returns,

Eu
t [Qt+1] = e0 + ei2

(
Ẑu

t + Eu
t

[
ε
q

t+1

])
, (39)

where f
j
Qj is some constant for j = 1,2, . . . , k.

Using these conditional expectations of excess stock returns, we can provide a sharper char-
acterization of the optimal portfolios proven in Appendix B.

Proposition 2. The equilibrium trading strategies satisfy

θi
t = f i

0 + f i
Z

(
Zt + Ei

t

[
ε
q

t+1

]) + f i
F

(
Ft − F̂ u

t

) +
k∑

j=1

f i
Dj

(
Ei

t

[
εD
t+j

] − Eu
t

[
εD
t+j

])
, (40)

and

θu
t = f u

0 + f u
Z

(
Ẑu

t + Eu
t

[
ε
q

t+1

])
, (41)

where f i
0 , f u

0 > 0, f i
Z , f i

F , f u
Z , and f i

Dj are constants. Also, f i
Z < 0 and f u

Z > 0 iff

Covi (Qt+1, qt+1) > 0.
t
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This proposition shows that informed investors trade for both speculative and rebalancing
reasons. The expected return on the private investment determines their rebalancing trades. In
addition, with advance information, informed investors’ forecast of ε

q

t+1 is not zero and hence it
is included in the expected private investment return. When the stock and the nontraded asset are
substitutes, i.e., Covi

t (Qt+1, qt+1) > 0, a high expected return on the private investment leads to
rebalancing selling of the stock.

Speculative trading by informed investors arises from their knowledge of uninformed in-
vestors’ forecast errors about Ft and Ei

t [εD
t+j ]. The forecast errors Ei

t [εD
t+j ] − Eu

t [εD
t+j ] show

up only in the model with advance information, and, together with Ft − F̂ u
t , constitute the

private information of informed investors. This private information allows them to take spec-
ulative positions against expected future corrections of the uninformed investors’ expectations.
For example, when uninformed investors underestimate Ft , in the sense that Ft > F̂ u

t , informed
investors’ speculative trading induces them to buy stocks in expectation of a high return in the
future when high dividends are realized.

Uninformed investors trade for noninformational reasons. They are willing to trade only when
they perceive to be accommodating informed investors’ rebalancing trades because these trades
always occur at favorable prices. As in the model without advance information, their trading is
subject to adverse selection, because they do not know whether informed investors are trading in
response to a change in the private investment return or to superior private information. Note that
uninformed investors’ forecast of the transitory component, ε

q

t+1, of future returns on the private
investment is not zero and affects their trading strategies because they can use the stock price to
make forecast and the stock price contains the advance information signal.

5. Model predictions

5.1. Stock return momentum and reversal effects

The following two theorems proven in Appendices B and C, respectively, are the main results
of the paper, which focus on serial correlation of excess returns.

Theorem 1. Given k-period-ahead advance information,

E[Qt+n|Qt ] = e0 + ei2
an−1
Z Cov(Zt ,Qt ) + 1{n�k}σ̄ Cov(St+n−k,Qt )

Var(Qt )
Qt , (42)

for any n � 1, where σ̄ is given in (10), e0 > 0, and ei2 > 0 if and only if Covi
t (Qt+1, qt+1) > 0.13

For comparison, we also study the case without advance information.

Theorem 2. In the case without advance information,

E[Qt+n|Qt ] = e0 + ei2a
n−1
Z

Cov(Zt ,Qt )

Var(Qt )
Qt = e0 + (RaZ − 1)an−1

Z fQQt , (43)

where e0, ei2 > 0 and fQ > 0 are constants.

13 The indicator function 1{n�k} equals 1 if n � k and 0 otherwise.
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Eq. (43) shows how current excess returns Qt can forecast n-period-ahead, (one-period)
excess returns. Empirical studies usually use cumulative n-period returns. Let Qt,t+n =∑n

j=1 Qt+j denote the cumulative n-period excess return. We can then derive

E[Qt,t+n|Qt ] = ne0 + (RaZ − 1)fQnQt ,

where fQn = (1 + aZ + · · · + an−1
Z )fQ. Thus, the properties of momentum and reversals follow

from the properties of E[Qt+n|Qt ] given in Eq. (43). This equation demonstrates that the sign
of the correlation between Qt+n and Qt is the same as the sign of (RaZ − 1) for all n � 1. This
means that the model without advance information cannot simultaneously predict both short-run
momentum and long-run reversals in excess returns.14

To see the intuition, recall the discussion in the end of Section 4.1. Serial correlation in excess
stock returns is driven by the covariance between the expected future risk premium and the
current excess return. Without advance information, this covariance is determined exclusively by
the covariance between Zt and Qt , using (39). The sign of this covariance is the same as that of
(RaZ − 1), just as in the representative-agent model studied in Section 2. The novelty relative to
the model in Section 2 is that there is trading with investor heterogeneity. Following a positive
shock to Zt , informed investors sell the stock and invest in the private investment for rebalancing
reasons. Uninformed investors buy the stock in expectation of high excess stock returns Qt+1 in
the next period. Whether Qt rises or falls depends on the persistence of Zt . As in Section 2, we
show in Appendix C that Cov(Qt+1,Qt ) > 0 if and only if RaZ > 1. In addition, the covariance
between Qt+n and Qt for n > 1 is determined by the covariance between Zt+n and Qt and hence
follows the same sign as the covariance between Qt+1 and Qt . The covariance between Qt+n

and Qt decays at the rate aZ as n increases as shown in Eq. (43).
The preceding analysis shows that the model without advance information cannot generate

momentum and reversal effects simultaneously. We now turn to the model with advance infor-
mation and Eq. (42). This equation decomposes the covariance between Qt+n and Qt into two
components. The sign of the first component is determined by the sign of Cov(Zt ,Qt ). This sign
depends on the persistence of Zt , as in the model without advance information analyzed earlier.
The second component reflects the effect of advance information, which plays a role if and only
if n � k, since after period t + k all advance information up to date t loses its value. The sign of
this component is determined by the sign of Cov(St+n−k,Qt ).

From the discussion above, we deduce that our model must have two conditions to generate
short-run momentum and long-run reversals simultaneously. First, the persistence aZ must be
sufficiently small. If it is too large, we cannot generate long-run reversals. Therefore, in the
discussion below we assume that aZ is sufficiently small. Second, given a small value of aZ , we
must have Cov(St+n−k,Qt ) > 0. Otherwise, we cannot generate short-run momentum.

The intuition behind the mechanism that generates momentum is similar to that described in
Section 2 with the difference that we have to consider trading behavior given investor hetero-
geneity. Consider first the case of one-period-ahead advance information, i.e., k = 1. Suppose
that informed investors receive a good signal St about future earnings εD

t+1 at time t . This sig-
nal is partially incorporated in the stock price and hence raises the current excess return Qt .
Informed investors buy the stock for speculation and act as trend-chasers in response to good
advance information. Uninformed investors sell the stock because they perceive the informed

14 A similar condition is suggested in other papers with different models (e.g., Wang [46]). We note that a similar result
applies when σDq < 0. Its proof is available upon request. Also see footnote 5 in Section 2.
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investors’ speculation trades as rebalancing trades. They thus act as contrarian investors in re-
sponse to advance information. The good advance information about future high earnings also
signals future high returns on the private investment technology since earnings and private invest-
ment returns are positively correlated. Thus, informed investors also invest more in the private
technology in response to a good piece of advance information. Because informed investors hold
both more stocks and more private investments, they bear more aggregate risk, leading to higher
expected excess returns. This generates one-period momentum. Momentum occurs because in-
formed trend-chasers are able to hide their information under the guise of rebalancing trades.15

Reversals occur once advance information materializes in period t + 1.
We next consider the case of advance information about εD

t+k with k > 1. We argue that se-
rial correlation in one-period returns may display a cyclical pattern in single period returns at
various horizons with negative serial correlations being followed by positive serial correlations
and these followed by more negative serial correlations (see Jegadeesh and Titman [29] for such
empirical evidence). To understand the intuition, consider the effects of a good signal St about
k = 2-period-ahead earnings at date t . This signal raises the stock price Pt and the excess re-
turn Qt . But it is not useful for forecasting earnings or private investment returns at date t + 1.
Thus, informed investors have no incentives to hold more private investment returns for rebal-
ancing. This implies that expected Qt+1 (risk premium) does not have to rise. The good signal
gives high forecasts of earnings and private investment returns at date t + 2, inducing investors
to hold both more stocks and nontraded assets at time t + 1. This leads to higher expected Qt+2.
After date t +2, the advance information signal St is useless and hence future excess returns fall.

Now, we conduct some numerical experiments. Table 1 shows the slope coefficients on the
forecast of single period returns Qt+n for n � 1, conditional on Qt as well as the slope coefficient
of the forecast of cumulative returns Qt,t+n, conditional on Qt . These equilibrium quantities, and
those in the other tables below, can be computed directly from the model and do not require that
the model be simulated. We find that when k = 1, our model generates three-period momentum
followed by a stock return reversal. The three-period cumulative return is positive because the
first period positive return compensates for the negative return in the second and third periods.
When k = 3, cumulative returns are negative at all horizons.

5.2. Return continuation and trading behavior

Unlike the representative-agent model, our model can make predictions regarding investor
trading behavior. Specifically, our model predicts that (i) informed investors follow trend-chasing
strategies, also called positive feedback trades, and (ii) such trades are profitable. Consistent with
these predictions is the finding by Moskowitz et al. [39] of significant time series momentum in
various market indexes. Further, they document that the time series momentum can be linked to
the trading behavior of speculators and benefits them at the expense of hedgers.

Further evidence can be obtained by inspecting the trading behavior of individual investors.
It is common practice to identify uninformed investors with individual investors. There are two
main findings about the trading of individual investors. First, individual investors act as con-
trarian investors, buying when the price is low and selling when the price is high. This finding is
consistent with the model and our sources for momentum profits. Second, Kaniel et al. [31] show
that return predictability at the individual investor portfolio level arises from own trading and not

15 The patterns of momentum and reversal can be obtained in a cross section of firms when the firms have cash flows
that are independently and identically distributed and comove with the private investment opportunity as described here.
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Table 1
Momentum and reversal in the model with a single piece of advance information.

n \ k 1 2 3

One period Cumulative One period Cumulative One period Cumulative

1 0.0026 0.0026 −0.0014 −0.0014 −0.0014 −0.0014
2 −0.0013 0.0013 0.0024 0.0010 −0.0013 −0.0028
3 −0.0012 0.0001 −0.0012 −0.0002 0.0022 −0.0006
4 −0.0011 −0.0010 −0.0011 −0.0012 −0.0011 −0.0017
5 −0.0010 −0.0020 −0.0010 −0.0023 −0.0010 −0.0027
6 −0.0009 −0.0028 −0.0009 −0.0032 −0.0009 −0.0036
7 −0.0008 −0.0036 −0.0008 −0.0040 −0.0008 −0.0044
8 −0.0007 −0.0043 −0.0007 −0.0047 −0.0007 −0.0051
9 −0.0006 −0.0050 −0.0006 −0.0054 −0.0007 −0.0058

10 −0.0006 −0.0055 −0.0006 −0.0060 −0.0006 −0.0064

The columns labeled “One period” display the slope coefficients of regressing single period returns, Qt+n, on current
returns:

Qt+n = an + bnQt + εt,n.

Likewise, the columns labeled “Cumulative” display the slope coefficients of regressing cumulative excess returns,
Qt,t+n, on current returns, Qt . n is the holding period and k is the number of advance periods in the advance infor-
mation. We set σD = 1, σF = 0.5, σZ = 1, σq = 0.5, σS = 0.5, σDq = 0.25, aF = aZ = 0.9, λ = 0.9, γ = 5, and
r = 0.1.

from past returns. In our paper too, a horse race between trades of uninformed investors and past
returns reveals that return predictability arises from the former because we can show that

E
[
Qt+1|θu

t ,Qt

] = E
[
Eu

t [Qt+1]|θu
t ,Qt

] = E
[
Eu

t [Qt+1]|θu
t

] = γ
(
σu

Q

)2
θu
t ,

where we have used the law of iterated expectations and (36). Kaniel et al. [31] interpretation of
their evidence is consistent with our story that individual investors supply the liquidity demanded
by institutional investors.

In addition, our model allows us to trace out the implications of advance information for the
serial correlation in returns and for mean volume.16 The left panel in Fig. 1 depicts the effects
on momentum and the right panel depicts the effects on volume of different levels of noise in
advance information. Volume strictly increases with the amount of noise in advance information.
This is intuitive because advance information is private to informed investors. As advance in-
formation becomes noisier, the information advantage of informed investors decreases, reducing
uninformed investors’ adverse selection problem, and resulting in an increase in trading volume.

The effect of noise σS in advance information about earnings on momentum is non-
monotonic. When advance information is very noisy, it cannot be used by informed investors
to forecast future investment opportunities, and the model reduces to the one without advance
information. In this case, when aZ is small, as assumed in the construction of the figure, the
model generates reversals. As in Section 2, when advance information is very precise, the hedg-
ing incentive is reduced and there are few rebalancing trades in response to advance information.
Hence, there is less trading and also momentum disappears. The effects of rebalancing and of
speculative trades on momentum are large for intermediate levels of noise in advance informa-
tion.

16 Let volume be volt = (1 − λ)|�θu
t |. Then E[volt ] = (1 − λ)

√
2var(�θu

t )/π .
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Fig. 1. One period serial correlation in returns (left panel) and trading volume (right panel) for various levels of noise
in advance information, σS . Parameters are k = 1, σD = 1, σF = 0.5, σZ = 1, σq = 0.5, σDq = 0.25, aF = aZ = 0.9,
γ = 5, λ = 0.9, and r = 0.1.

Fig. 1 suggests that the relationship between momentum and volume may not be monotonic,
especially if this relationship is driven by the variation in σS . When advance information is
very precise, the two variables are positively correlated, but when advance information is very
noisy, volume and momentum are negatively correlated. The relationship between volume and
momentum when advance information is very precise is consistent with the evidence in Connolly
and Stivers [15].

5.3. Stock market profits

An interesting question is whether our previously discussed trading strategies cause unin-
formed investors to systematically lose money. If the stock has zero net supply, then stock market
trading is a zero sum game. When some investors make money, investors taking the other side of
the trading positions will lose money. Our model does not result in a zero sum game, because the
stock has positive net supply. In our model, both informed and uninformed investors can make
positive profits from the stock market because there is a return to risk sharing and all investors
are risk averse.

In addition, when informed investors trade for rebalancing reasons, uninformed investors trade
at favorable prices and earn profits. On the flip side, when informed investors trade for speculative
reasons—including after shocks to advance information that generate momentum—uninformed
investors lose money. Formally, using (39) and (41), we show that uninformed investors’ average
profits are positive:

E
[
θu
t Qt+1

] = f u
0 e0 + ei2f

u
Z Var

(
Ẑu

t + Eu
t

[
ε
q

t+1

])
> 0,

where ei2f
u
Z > 0. The first term on the right hand side of the above equation derives from a

positive risk premium and the second term represents profits from accommodating rebalancing
trades.
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6. Extensions

6.1. Multiple pieces of advance information

The analysis thus far has shown that the model without advance information cannot generate
momentum and reversal effects simultaneously. In addition, the model with one-period-ahead
advance information can generate short-run momentum followed by reversals in stock returns.
However, momentum only lasts for few periods.

In order to generate long-lived momentum followed by long-run reversals, we extend the
model to incorporate multiple pieces of advance information. Specifically, we assume that at
time t , informed investors receive a vector of signals (Sk

t , . . . , S1
t ) about earnings innovations at

t + 1 through t + k:

Sk
t = εD

t+k + ε
Sk
t , . . . , S1

t = εD
t+1 + ε

S1
t . (44)

Each ε
Sn
t is assumed to be an i.i.d. normal random variable with mean zero, variance σ 2

Sn
, and

independent of any other shock. The informed investors’ information set is thus given by

F i
t = {

Ds,Fs,Ps,Zs,
(
Sn

s

)
n=1,...,k

: s � t
}
. (45)

This assumption is quite natural as new information, say about end-of-quarter earnings, is likely
to arrive at intermediate periods as the quarter nears its end. In addition, stale information is still
useful for forecasting, and hence affects stock prices.

The intuition behind this modeling device is that the successive advance information news
about the same future earnings can generate long-lived, large speculative trading effects and
momentum. An important modeling issue is how to specify the quality of signals. Because up
to period t informed investors will have received k − 1 signals on εD

t+1 already, the stock price
increasingly reveals εD

t+1 to the uninformed investors, reducing the motive for speculative trading
by informed investors. It is therefore possible that, with too much information in prior periods,
only the rebalancing trade motive is at work, generating negative serial correlation in returns.
In order to obtain long-lived momentum when k > 1, the advance information needs to increase
in quality as we approach the earnings realization, i.e., σ 2

Sk
> · · · > σ 2

S1
. In this case, return

reversals occur after at least k periods as the advance information effect dissipates and the stock
price overshoots its long-run mean.

In Appendix D, we show how to solve informed investors’ filtering problem. We can then
use the previous solution method to show that the equilibrium in this section displays the same
form as in Section 4. The only difference is that the informed investors’ forecasting problem is
different because they now have multiple pieces of advance information. We omit the detailed
derivation here and turn to a numerical analysis.

For ease of exposition, we focus on the case with k = 2. We begin with a discussion of two
limiting results. First, when the signal about two-period-ahead earnings is completely uninforma-
tive (i.e., σS2 = ∞), the model becomes that in Section 3 with k = 1. Consequently, our previous
results in Section 3 apply here. Second, when the signal about the two-period-ahead earnings
innovation is extremely precise (i.e., σS2 → 0), we find numerically that asymmetric information
increases so much, as the incentive to hedge is reduced, that there is no trading in equilibrium.
As a result, stock returns are serially uncorrelated. The intuition is as follows. The stock price
incorporates the information about the persistent and transitory components of earnings as well
as the expected return on the private investment. Uninformed investors use the earnings real-
izations and the stock price to infer the value of these variables, but may attribute changes in
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Table 2
Momentum and reversal in the model with multiple pieces of advance information.

n \ σS1 0.1 0.4 0.80

One period Cumulative One period Cumulative One period Cumulative

1 0.0152 0.0152 0.0738 0.0738 −0.1080 −0.1080
2 0.0141 0.0293 0.1057 0.1796 0.0526 −0.0553
3 −0.0004 0.0289 −0.0517 0.1279 −0.1969 −0.2522
4 −0.0004 0.0285 −0.0465 0.0814 −0.1772 −0.4294
5 −0.0003 0.0282 −0.0419 0.0395 −0.1595 −0.5888
6 −0.0003 0.0279 −0.0377 0.0018 −0.1435 −0.7323
7 −0.0003 0.0277 −0.0339 −0.0321 −0.1292 −0.8615
8 −0.0002 0.0275 −0.0305 −0.0626 −0.1162 −0.9778
9 −0.0002 0.0272 −0.0275 −0.0900 −0.1046 −1.0824

10 −0.0002 0.0271 −0.0247 −0.1148 −0.0942 −1.1765

The columns labeled “One period” display the slope coefficients of regressing single period returns, Qt+n, on current
returns:

Qt+n = an + bnQt + εt,n.

Likewise, the columns labeled “Cumulative” display the slope coefficients of regressing cumulative excess returns,
Qt,t+n, on current returns, Qt . n is the holding period and σS1 is the variance of advance information about one-period
ahead earnings. We set k = 2, σD = 1, σF = 0.5, σZ = 1, σq = 0.5, σS2 = 1, σDq = 0.25, aF = aZ = 0.9, λ = 0.9,
γ = 5, and r = 0.1. Coefficients are multiplied by 100.

earnings innovations to changes in the various components of earnings or to changes in the pri-
vate investment return. When informed investors receive very precise information about earnings
innovations, they trade on this information more aggressively, and uninformed investors believe
that informed investors’ trading is generated by a speculative motivate rather than a rebalancing
motive. Hence, uninformed investors refrain from trading.

We now turn to intermediate values of σS2 . Table 2 displays the slope coefficients of the
forecast of single period returns Qt+n, conditional on Qt as well as the slope coefficients of the
forecast of cumulative returns Qt,t+n, conditional on Qt for σS2 = 1 and various values of σS1 .
This table reveals that our model with advance information about earnings innovations over two
successive periods can generate momentum and reversal effects simultaneously. In addition, the
duration of momentum depends on the precision of the advance information signals. In particular,
when the signal about one-period-ahead earnings becomes more precise relative to the signal
about two-period-ahead earnings, the momentum effect lasts longer. On the other hand, when
this signal is sufficiently imprecise, the momentum effect disappears.

6.2. Intertemporal consumption

The assumption of myopic investors is important for tractability and allows us to derive an-
alytically several equilibrium properties regarding the role of advance information. The main
drawback is the omission of dynamic hedging demands. Dynamic hedging demands reflect a
concern for stochastic changes in the investment opportunity set induced by changes in the state
vector, and thus may be particularly relevant in a model with advance information where in-
vestors receive signals about k-period-ahead earnings.

In an online appendix, we solve a model where investors derive utility over infinite streams
of consumption, keeping the rest of the structure as in the model of Section 3. To hedge against
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changes in investment opportunities, investors hold more of the stock if the stock pays out more
in states where investment opportunities are bad. In particular, good advance information about
future earnings on the stock implies that good investment opportunities are likely for both the
stock and the private investment opportunity in the future and makes informed investors hold
less of both assets.

We use numerical examples to evaluate the relative importance of the myopic demand studied
earlier and the dynamic hedging demand. We find that the dynamic hedging demand is not impor-
tant quantitatively. In response to a good signal about earnings innovation in the next period, the
stock return increases, informed investors buy the stock for speculative reasons and uninformed
investors sell the stock to accommodate these trades on impact. Informed investors also invest
more in the nontraded asset, as they did in the myopic case, and thus bear greater risk. This leads
stock returns to display short-run momentum.

Momentum is not monotonic with the precision of the advance information signal. As in
Section 5.2, when advance information is very precise, there are few rebalancing trades in the
nontraded asset, and momentum disappears. When advance information is very noisy, we are
back in a model without advance information and with aZ small, momentum also disappears. It
is at intermediate levels of precision of advance information that the dynamic hedging demands
become more important. Because dynamic hedging demands also allow informed investors to
hide their speculative trades, momentum is stronger than in the myopic case.

7. Conclusion

In this paper, we study the implications of investors’ trading behavior when some of the in-
vestors possess advance information. This information provides a new source of shocks that
drives the serial correlation of excess returns. It helps generate the momentum and reversal ef-
fects in excess returns in a unified way. Our key insight is to recognize that advance information
in the form of signals about future earnings that are uncorrelated with current earnings is in-
formative about informed investors’ other (private) investment opportunities. In response to a
positive shock to advance information, the stock price rises and informed investors can profit
by following trend-chasing strategies. They also invest more in private investment opportunities,
leading to more aggregate risk to be borne so that the risk premium rises. This generates short-
run momentum. When the advance information materializes, future excess returns fall generating
long-run reversals.

We may extend our model in several directions. First, our model focuses on the implications of
advance information for momentum and reversal effects. It would be interesting to further study
the implications for trading volume, as in Wang [47] and LIorente et al. [35]. Second, we follow
Wang [47] and assume a hierarchical information structure. Considering the case where infor-
mation is symmetrically dispersed might be worthwhile (see, e.g., Bacchetta and van Wincoop
[3,4] and Albagli et al. [1]). In this case, higher order expectations play an important role.

Appendix A. Derivation of equilibrium in Section 2

Substituting (7) into (1), we can derive the first-order conditions:

VQ + αtVQq = γ −1μQt , (A.1)

VQq + αtVq = γ −1μqt , (A.2)

where we have imposed the market clearing condition θt = 1. In these equations,
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μQt = Et [Qt+1], μqt = Et [qt+1], VQ = Vart (Qt+1),

Vq = Vart (qt+1), VQq = Covt (Qt+1, qt+1).

We will show below that VQ, Vq , and VQq are constant after we solve for the equilibrium price Pt .
Using (A.1) yields:

E[Qt+1|Qt ] = E[μQt |Qt ] = γ
(
VQ + VQqE[αt |Qt ]

)
.

Solving the system of Eqs. (A.1) and (A.2) yields:

αt = γ −1 μqt

Vq

− VQq

Vq

, (A.3)

μQt = VQqμqt

Vq

− γ

(
V 2

Qq

Vq

− VQ

)
. (A.4)

With advance information about next period’s dividend innovations,

μqt = Zt + E
[
ε
q

t+1|St

] = Zt + σ̄ St ,

Vq = Var
[
ε
q

t+1|St

] = σ 2
q − σ 2

Dq

σ 2
S + σ 2

D

, (A.5)

where

σ̄ = σDq

σ 2
S + σ 2

D

.

By the definition of μQt and

Et [Dt+1] = Et

[
Ft+1 + εD

t+1

] = aF Ft + σ 2
D

σ 2
S + σ 2

D

St ,

we obtain

μQt = Et [Pt+1] + Et [Dt+1] − RPt

= Et [Pt+1] + aF Ft + σ 2
D

σ 2
S + σ 2

D

St − RPt .

Substituting (A.5) into (A.4) and using the above equation, we obtain a difference equation
for Pt :

Et [Pt+1] + aF Ft + σ 2
D

σ 2
S + σ 2

D

St − RPt = VQq [Zt + σ̄ St ]
Vq

− γ

(
V 2

Qq

Vq

− VQ

)
.

Solving this equation yields:

Pt = −γ
VQVq − V 2

Qq

Vq

R−1

1 − R−1
+ R−1aF

1 − R−1aF

Ft

− R−1VQq

Vq(1 − R−1aZ)
Zt + R−1

[
σ 2

D

σ 2
S + σ 2

D

− VQqσ̄

Vq

]
St . (A.6)

We can easily compute ft given in (8). Using the above price equation, we then obtain Eq. (9).
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Next, we can compute the excess stock return using (A.6):

Qt+1 = γ
VQVq − V 2

Qq

Vq

+ 1

1 − R−1aF

εF
t+1 +

(
εD
t+1 − σ 2

D

σ 2
S + σ 2

D

St

)

− R−1VQq

Vq(1 − R−1aZ)
εZ
t+1 + VQq

Vq

(Zt + σ̄ St )

+ R−1
[

σ 2
D

σ 2
S + σ 2

D

− VQqσ̄

Vq

]
St+1.

Using this equation, we can derive that

VQ = σ 2
F

(1 − R−1aF )2
+ σ 2

Dσ 2
S

σ 2
S + σ 2

D

+
(

R−1VQq

Vq(1 − R−1aZ)

)2

σ 2
Z

+ R−2
[

σ 2
D

σ 2
S + σ 2

D

− VQqσ̄

Vq

]2(
σ 2

S + σ 2
D

)
,

VQq = Et

[(
εD
t+1 − Etε

D
t+1

)(
ε
q

t+1 − Etε
q

t+1

)] = σDqσ 2
S

σ 2
S + σ 2

D

.

Appendix B. Proofs for the model in Section 3

We first solve informed investors’ filtering problem using the state space representation. This
filtering problem can deliver (31) and (32). Though these equations can be easily derived us-
ing the projection theorem, we adopt the more complicated state space representation method
because it is useful for solving uninformed investors’ filtering problem. After, solving filtering
problems, we prove Propositions 1–2 and Theorem 1.

Informed investors’ filtering problem. We use the following state-space system representation

xt = Axxt−1 + Bxεt ,

where we write Ax and Bx as

Ax =

⎡
⎢⎢⎣

aF

aZ

0
Ik 0

⎤
⎥⎥⎦

k+3

, Bx =

⎡
⎢⎢⎣

0 1 0 0 0
0 0 1 0 0
1 0 0 0 0

0k×5 · · ·

⎤
⎥⎥⎦

[k+3]×5

.

Note that Ax has one column with zeros only, column k + 3 associated with εD
t . The informed

investors’ observable signals are summarized in the vector yi
t = (Dt ,Ft ,Zt , St )

ᵀ. This vector
satisfies

yi
t = Ayixt + Byiεt ,

where we write Ayi as

Ayi =

⎡
⎢⎢⎣

1 0 · · · 0 1
1 0
0 1 0
0 0 1 0 · · · 0

⎤
⎥⎥⎦ , Byi =

⎡
⎢⎢⎣

0
0
0
c5

⎤
⎥⎥⎦ .
4×[k+3] 4×5
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Note that the first two components of x̂i
t are given by Ft and Zt since they are observable. Also,

since Dt and Ft are observable, x̂i
t contains εD

t .
We can now derive the steady-state Kalman filters:

x̂i
t = Ax x̂i

t−1 + Ki ε̂
i
t (B.1)

and

yi
t = AyiAx x̂i

t−1 + ε̂i
t , (B.2)

where the innovation ε̂i
t = yi

t − Ei
t−1[yi

t ] is normally distributed with mean zero and variance

Σ i = E
[
ε̂i

t

(
ε̂i

t

)ᵀ] = AyiAxΩ iAᵀ
x Aᵀ

yi + (AyiBx + Byi)Σ(AyiBx + Byi)
ᵀ. (B.3)

We focus on the steady-state Kalman filtering as in Wang [47]. The covariance matrix Ω i =
Ei

t [(xt − x̂i
t )(xt − x̂i

t )
ᵀ] and the Kalman gain matrix Ki satisfy

Ω i = (
AxΩ iAᵀ

x + Σxx

) − KiAyi

(
AxΩ iAᵀ

x + Σxx

)
, (B.4)

and

Ki = (
AxΩ iAᵀ

x + Σxx

)
Aᵀ

yi

[
Ayi

(
AxΩ iAᵀ

x + Σxx

)
Aᵀ

yi + Σyy

]−1
, (B.5)

where we define

Σxx = BxΣBᵀ
x , Σyy = ByiΣBᵀ

yi . (B.6)

Uninformed investors’ filtering problem. Uninformed investors observe past dividends and
prices. Recall the discussion in Section 4.1, observing the price Pt is equivalent to observing
Πt = pi x̂i

t for uninformed investors. Thus, we can write their observation system as

yu
t =

[
pi x̂i

t

Dt

]
= Ayux̂i

t ,

where

Ayu =
[

pi

c1 + ck+3

]
2×(k+3)

.

Here cj is the standard row vector with the j th element being 1 and the rest being zero. Unlike
informed investors, uninformed investors face state dynamics given in (B.1). By the Kalman
filtering theory (see, e.g., Wang [47]), uninformed investors’ conditional forecast of the state
vector is given by the steady-state Kalman filters:

x̂u
t = Ax x̂u

t−1 + Kuε̂
u
t , (B.7)

and

ε̂u
t ≡ yu

t − Eu
t−1

[
yu
t

]
, (B.8)

where ε̂u
t is normally distributed with mean zero and covariance matrix

Σu = AyuAxΩuAᵀ
x Aᵀ

yu + AyuKiΣ iK
ᵀ
i Aᵀ

yu.

Moreover, the covariance matrix Ωu = Eu
t [(x̂i

t − x̂u
t )(x̂

i
t − x̂u

t )
ᵀ] and the Kalman gain matrix Ku

satisfy
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Ωu = (
AxΩuAᵀ

x + Σxx

) − KuAyu

(
AxΩuAᵀ

x + Σxx

)
, (B.9)

where

Ku = (
AxΩuAᵀ

x + Σxx

)
Aᵀ

yu

[
Ayu

(
AxΩuAᵀ

x + Σxx

)
Aᵀ

yu

]−1
, (B.10)

and Σxx = KiΣ iK
ᵀ
i .

Proof of Proposition 1. We first use the conjectured price function (24) to derive

Qt+1 = Pt+1 + Dt+1 − RPt

= −p0 + pi x̂i
t+1 + puI−2x̂u

t+1 + Ft+1 + εD
t+1 − R

(−p0 + pi x̂i
t + puI−2x̂u

t

)
= e0 + ei x̂i

t + eux̂u
t + bQε̂i

t+1, (B.11)

where

e0 = rp0, (B.12)

ei = (pi + c1 + ck+3)Ax − Rpi + puI−2KuAyuAx

(
I−2 − cᵀ

2
1

pi2
piI−2

)
, (B.13)

eu = puI−2Ax − RpuI−2 − puI−2KuAyuAx

(
I−2 − cᵀ

2
1

pi2
piI−2

)
, (B.14)

bQ = (pi + c1 + ck+3)Ki + puI−2KuAyuKi , (B.15)

and where we have used

ε̂u
t+1 = yu

t+1 − AyuAx x̂u
t

= Ayux̂i
t+1 − AyuAx x̂u

t

= AyuAx

(
x̂i
t − x̂u

t

) + AyuKi ε̂
i
t+1

= AyuAx

(
I−2 − cᵀ

2
1

pi2
piI−2

)(
x̂i
t − x̂u

t

) + AyuKi ε̂
i
t+1, (B.16)

noting that εD
t+1—and not its expectation—is in x̂i

t+1 at time t + 1. The last equality follows
from (26),

Ẑi
t − Ẑu

t = 1

pi2
piI−2

(
x̂u
t − x̂i

t

)
,

and from

x̂i
t − x̂u

t = I−2
(
x̂i
t − x̂u

t

) + cᵀ
2

(
Ẑi

t − Ẑu
t

)
= I−2

(
x̂i
t − x̂u

t

) − cᵀ
2

1

pi2
piI−2

(
x̂i
t − x̂u

t

)
=

(
I−2 − cᵀ

2
1

pi2
piI−2

)(
x̂i
t − x̂u

t

)
. (B.17)

We next derive the conditional expectations:

Ei
t [Qt+1] = e0 + ei x̂i

t + eux̂u
t , (B.18)

Eu[Qt+1] = e0 + (ei + eu)x̂u. (B.19)
t t
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We use (26) to substitute out Ẑu
t in Eu

t [Qt+1] (because likely ei2 �= 0) and derive

Eu
t [Qt+1] = e0 + (ei + eu)x̂u

t

= e0 + ei

[
I−2x̂u

t + cᵀ
2 Ẑu

t

] + eux̂u
t

= e0 + ei

[
I−2x̂u

t + cᵀ
2 Ẑi

t − 1

pi2
cᵀ

2 piI−2
(
x̂u
t − x̂i

t

)] + eux̂u
t

= e0 + ei

(
cᵀ

2 c2 + 1

pi2
cᵀ

2 piI−2

)
x̂i
t +

[
ei

(
I−2 − 1

pi2
cᵀ

2 piI−2

)
+ eu

]
x̂u
t

= e0 + ẽi x̂i
t + ẽux̂u

t .

It is easy to derive

Ei
t [qt+1] = Ei

t

[
Zt + ε

q

t+1

] =
(

c2 + σDq

σ 2
D

ck+2

)
x̂i
t .

We can also derive the conditional variances

Vari
t (Qt+1) = bQΣ ib

ᵀ
Q,

Vari
t (qt+1) = Vari

t

(
ε
q

t+1

) = σ 2
q − σ 2

Dq

σ 2
D + σ 2

S

,

Covi
t (Qt+1, qt+1) = bQEi

t

[
ε̂i

t+1

(
ε
q

t+1 − Ei
t

(
ε
q

t+1

))]

= bQEi
t

⎡
⎢⎢⎢⎢⎣

εF
t+1 + εD

t+1 − Ei
t (ε

D
t+1)

εF
t+1

εZ
t+1

St+1

⎤
⎥⎥⎥⎥⎦

(
ε
q

t+1 − Ei
t

(
ε
q

t+1

))
,

= b(1)
Q Ei

t

[(
εD
t+1 − Ei

t

(
εD
t+1

))(
ε
q

t+1 − Ei
t

(
ε
q

t+1

))]
= b(1)

Q

σDqσ 2
S

σ 2
D + σ 2

S

,

where b(1)
Q is the first element of the vector bQ.

Furthermore, we can derive the uninformed investors’ conditional variance

Varu
t (Qt+1) = Eu

t

[(
ei

(
x̂i
t − x̂u

t

) + bQε̂i
t+1

)(
ei

(
x̂i
t − x̂u

t

) + bQε̂i
t+1

)ᵀ]
= eiΩueᵀ

i + bQΣ ib
ᵀ
Q,

where we have used the following result:

Eu
t

[(
x̂i
t − x̂u

t

)
ε̂

iᵀ
t+1

] = Eu
t

[
Ei

t

[(
x̂i
t − x̂u

t

)
ε̂

iᵀ
t+1

]] = Eu
t

[(
x̂i
t − x̂u

t

)
Ei

t

[
ε̂

iᵀ
t+1

]] = 0.

Now, we use (34) and (36) to show that optimal stock holdings are linear functions of x̂i
t

and x̂u
t . Using the preceding conditional expectations we get

θi
t = e0 + ei x̂i

t + eux̂u
t

γ (σ i
Q)2(1 − (ρi

Qq)2)
−

ρi
Qq(c2 + σDq

σ 2
D

ck+2)x̂i
t

γ σ i
Qσ i

q(1 − (ρi
Qq)2)

, (B.20)

θu
t = e0 + ẽi x̂i

t + ẽux̂u
t

γ (σu )2
. (B.21)
Q
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We use the market clearing condition (22) to determine the coefficients in the price function.
Substituting (B.20) and (B.21) into (22) yields

1 = λ

γ

[
e0 + ei x̂i

t + eux̂u
t

(σ i
Q)2(1 − ρ2

Qq)
−

ρQq(c2 + σDq

σ 2
D

ck+2)x̂i
t

σ i
Qσ i

q(1 − ρ2
Qq)

]
+ (1 − λ)

e0 + ẽi x̂i
t + ẽux̂u

t

γ (σu
Q)2

.

Matching coefficients on the constant, x̂i
t , and x̂u

t we obtain

e0 = γ
(σ i

Q)2(σu
Q)2(1 − ρ2

Qq)

λ(σu
Q)2 + (1 − λ)(σ i

Q)2(1 − ρ2
Qq)

> 0, (B.22)

λ

γ

[
ei

(σ i
Q)2(1 − (ρi

Qq)2)
−

ρi
Qq(c2 + σDq

σ 2
D

ck+2)

σ i
Qσ i

q(1 − (ρi
Qq)2)

]
+ 1 − λ

γ

ei (c
ᵀ
2 c2 + 1

pi2
cᵀ

2 piI−2)

(σu
Q)2

= 0,

(B.23)

0 = λ

γ

eu

(σ i
Q)2(1 − ρ2

Qq)
+ (1 − λ)

ei (I−2 − 1
pi2

cᵀ
2 piI−2) + eu

γ (σu
Q)2

. (B.24)

Eqs. (B.12) and (B.22) imply that p0 > 0. Using

ei

(
cᵀ

2 c2 + 1

pi2
cᵀ

2 piI−2

)
= ei2

[
pi1
pi2

1 pi3
pi2

· · · pi,k+3
pi2

]
,

together with (B.23), we have

λ

γ

ei1

(σ i
Q)2(1 − (ρi

Qq)2)
+ 1 − λ

γ

ei2
pi1
pi2

(σu
Q)2

= 0,

λ

γ

[
ei2

(σ i
Q)2(1 − (ρi

Qq)2)
− ρi

Qq

σ i
Qσ i

q(1 − (ρi
Qq)2)

]
+ 1 − λ

γ

ei2

(σu
Q)2

= 0,

λ

γ

ei3

(σ i
Q)2(1 − (ρi

Qq)2)
+ 1 − λ

γ

ei2
pi3
pi2

(σu
Q)2

= 0,

...

λ

γ

[
ei,k+2

(σ i
Q)2(1 − (ρi

Qq)2)
−

σDq

σ 2
D

ρi
Qq

σ i
Qσ i

q(1 − (ρi
Qq)2)

]
+ 1 − λ

γ

ei2
pi,k+2
pi2

(σu
Q)2

= 0,

λ

γ

eik+3

(σ i
Q)2(1 − (ρi

Qq)2)
+ 1 − λ

γ

ei2
pik+3
pi2

(σu
Q)2

= 0.

Solving these equation gives

ei2 = λ(σu
Q)2

λ(σu
Q)2 + (1 − λ)(σ i

Q)2(1 − (ρi
Qq)2)

Covi
t (Qt+1, qt+1)

(σ i
q)2

, (B.25)

ei1 = −pi1

pi2

(1 − λ)(σ i
Q)2(1 − (ρi

Qq)2)

λ(σu )2 + (1 − λ)(σ i )2(1 − (ρi )2)

Covi
t (Qt+1, qt+1)

(σ i )2
, (B.26)
Q Q Qq q
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ei3 = pi3

pi1
ei1,

...

ei,k+2 =
[
σDq

σ 2
D

− pi,k+2

pi2

(1 − λ)(σ i
Q)2(1 − (ρi

Qq)2)

λ(σu
Q)2 + (1 − λ)(σ i

Q)2(1 − (ρi
Qq)2)

]
Covi

t (Qt+1, qt+1)

(σ i
q)2

,

ei,k+3 = pi,k+3

pi1
ei1. (B.27)

Eq. (B.25) implies that ei2 > 0 if and only if Covi
t (Qt+1, qt+1) > 0.

Turning now to (B.24), we use

ei

(
I−2 − 1

pi2
cᵀ

2 piI−2

)
=

[
ei1 − ei2

pi1
pi2

0 ei3 − ei2
pi3
pi2

· · · ei,k+3 − ei2
pi,k+3
pi2

]
,

to derive

0 = λ

γ

eu1

(σ i
Q)2(1 − ρ2

Qq)
+ (1 − λ)

ei1 − ei2
pi1
pi2

+ eu1

γ (σu
Q)2

,

0 = λ

γ

eu2

(σ i
Q)2(1 − ρ2

Qq)
+ (1 − λ)

eu2

γ (σu
Q)2

,

0 = λ

γ

eu3

(σ i
Q)2(1 − ρ2

Qq)
+ (1 − λ)

ei3 − ei2
pi3
pi2

+ eu3

γ (σu
Q)2

,

...

0 = λ

γ

eu,k+3

(σ i
Q)2(1 − ρ2

Qq)
+ (1 − λ)

ei,k+3 − ei2
pi,k+3
pi2

+ eu,k+3

γ (σu
Q)2

.

Solving these equations yields

eu1 = pi1

pi2

(1 − λ)(σ i
Q)2(1 − ρ2

Qq)

λ(σu
Q)2 + (1 − λ)(σ i

Q)2(1 − ρ2
Qq)

Covi
t (Qt+1, qt+1)

(σ i
q)2

, (B.28)

eu2 = 0,

eu3 = pi3

pi2

(1 − λ)(σ i
Q)2(1 − ρ2

Qq)

λ(σu
Q)2 + (1 − λ)(σ i

Q)2(1 − ρ2
Qq)

Covi
t (Qt+1, qt+1)

(σ i
q)2

,

...

eu,k+2 = −
(

σDq

σ 2
D

− pi,k+2

pi2

)
(1 − λ)(σ i

Q)2(1 − ρ2
Qq)

λ(σu
Q)2 + (1 − λ)(σ i

Q)2(1 − ρ2
Qq)

Covi
t (Qt+1, qt+1)

(σ i
q)2

,

(B.29)

eu,k+3 = pi,k+3

pi2

(1 − λ)(σ i
Q)2(1 − ρ2

Qq)

λ(σu
Q)2 + (1 − λ)(σ i

Q)2(1 − ρ2
Qq)

Covi
t (Qt+1, qt+1)

(σ i
q)2

.

To solve an equilibrium, we need to determine 1 + (k + 3) + (k + 2) price coefficients p0,pi ,
and pu (note that pu2 = 0). Eqs. (B.12) and (B.22) determine p0. Equating (B.13) with (B.25),
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we obtain (k + 3) equations. Equating (B.14) with in (B.28), we obtain (k + 3) equations. Note
that the second equation eu2 = 0 is a redundant identity. Therefore, we essentially have (k + 2)

equations. In summary, we obtain (k + 3) + (k + 2) equations to solve for (k + 3) + (k + 2)

unknowns of pi , and pu. When solving these equations, we need to substitute in the preceding
variances and covariances. If there is a solution, then we obtain a stationary equilibrium.

Now we derive restrictions on the coefficients in the price function. Adding equations
in (B.25) and (B.28) yields

ei,j + eu,j = 0, for all j �= 2, k + 2, (B.30)

ei2 + eu2 = ei2, (B.31)

ei,k+2 + eu,k+2 = ei2
σDq

σ 2
D

. (B.32)

Adding Eqs. (B.13)–(B.14), we get

ei + eu = (pi + c1 + ck+3)Ax − Rpi + puI−2Ax − RpuI−2. (B.33)

Simplifying yields:

pi1 + pu1 = aF /(R − aF ), (B.34)

pi2 = −ei2

R − aZ

, (B.35)

pij + puj =
1 − ei2

σDq

σ 2
D

R3+k−j
, for 3 � j � k + 2, (B.36)

and

pi,k+3 + pu,k+3 = 0. (B.37)

We next show that pu,k+3 = pi,k+3 = 0. We use Eq. (B.14). We can show that the last column
of the row vector

puI−2KuAyuAx

(
I−2 − cᵀ

2
1

pi2
piI−2

)
,

is equal to zero. Therefore, from Eq. (B.14):

eu,k+3 = −Rpu,k+3.

Substituting for the equation for eu,k+3 in (B.25) and pi,k+3 + pu,k+3 = 0 yields:

pi,k+3

pi2

(1 − λ)(σ i
Q)2(1 − ρ2

Qq)

λ(σu
Q)2 + (1 − λ)(σ i

Q)2(1 − ρ2
Qq)

Covi
t (Qt+1, qt+1)

(σ i
q)2

= Rpi,k+3.

If we suppose pi,k+3 �= 0,17 then we write the above expression as

1

pi2

(1 − λ)(σ i
Q)2(1 − ρ2

Qq)

λ(σu
Q)2 + (1 − λ)(σ i

Q)2(1 − ρ2
Qq)

Covi
t (Qt+1, qt+1)

(σ i
q)2

= R. (B.38)

17 When pi,k+3 �= 0, it is possible that R+puKu,.2aZ = 0, in which case Covi
t (Qt+1, qt+1) = 0. But then from (A.25)

eu,k+3 = 0 = pu,k+3, which gives a contradiction.
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Substituting the value for pi2 from Eq. (B.35) obtains:

−(R − aZ)
(1 − λ)(σ i

Q)2(1 − ρ2
Qq)

λ(σu
Q)2

= R,

which is impossible since R > 1 > aZ . Therefore, pi,k+3 = 0 = pu,k+3. Using (B.28) again we
obtain eu,k+3 = ei,k+3 = 0. Using the above coefficients restrictions we can derive the price
function given in Proposition 1. �
Proof of Proposition 2. Plugging Eqs. (4) and (38) into (34), we obtain the expression in (40)
by suitably defining coefficients in that equation. Plugging Eqs. (39) into (36), we can derive (41)
by suitably defining coefficients in that equation. We now derive the signs of those coefficients.
Since e0 = rp0 > 0, it follows that f i

0 > 0 and f u
0 > 0. The sign of f u

Z is identical to the sign of
ei2 which is positive if and only if Covi

t (Qt+1, qt+1) > 0. The sign of f i
Z is identical to the sign

of

ei2

γ (σ i
Q)2(1 − (ρi

Qq)2)
− ρi

Qq

γ σ i
Qσ i

q(1 − (ρi
Qq)2)

.

Plugging Eq. (B.25) into this expression, we obtain:

α

γ (σ i
Q)2(1 − (ρi

Qq)2)

Covi
t (Qt+1, qt+1)

(σ i
q)2

− Covi
t (Qt+1, qt+1)

γ (σ i
Qσ i

q)2(1 − (ρi
Qq)2)

= −(1 − α)
Covi

t (Qt+1, qt+1)

γ (σ i
Qσ i

q)2(1 − (ρi
Qq)2)

,

where

α = λ(σu
Q)2

λ(σu
Q)2 + (1 − λ)(σ i

Q)2(1 − (ρi
Qq)2)

∈ (0,1).

Thus, f i
Z < 0 if and only if Covi

t (Qt+1, qt+1) > 0. �
Proof of Theorem 1. Using (39) and the law of iterated expectations, we compute for general
n � 1,

E[Qt+n|Qt ] = E
[
Eu

t [Qt+n]|Qt

] = e0 + ei2E
[
Ẑu

t+n−1 + Eu
t

[
ε
q
t+n

]|Qt

]
= e0 + ei2E

[
Zt+n−1 + ε

q
t+n|Qt

]
= e0 + ei2E

[
Ei

t

(
Zt+n−1 + ε

q
t+n

)|Qt

]
= e0 + ei2

an−1
Z Cov(Zt ,Qt ) + 1{n�k} Cov(Ei

t [εq
t+n],Qt )

Var(Qt )
Qt .

Using (32), we obtain the desired result. �
Appendix C. Solution for the model without advance information

The solution for the model without advance information can be obtained as a special case of
that for our general model. In addition, this model is a simplified version of Wang [47]. However,
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because of its simplicity, we are able to derive sharper results by signing many coefficients in the
equilibrium equations. These results are absent in Wang [47]. Thus, we will focus on these extra
results, without repeating the detailed derivations of equilibrium.

Uninformed investors’ filtering problem. The state vector and the unforecastable shock vector
are given by xt = (Ft ,Zt )

ᵀ and εt = (εD
t , εF

t , εZ
t , ε

q
t )ᵀ, respectively. Let Σ = E[εtε

ᵀ
t ]. We then

have

xt = Axxt−1 + Bxεt , (C.1)

where

Ax =
[

aF 0
0 aZ

]
, Bx =

[
0 1 0 0
0 0 1 0

]
. (C.2)

The uninformed investor has signals yt = (Dt ,Πt )
ᵀ, which satisfies

yt = Ayxt + Byεt , (C.3)

where

Ay =
[

1 0
pi1 pi2

]
, By =

[
1 0 0 0
0 0 0 0

]
. (C.4)

Define

Σxx = BxΣBᵀ
x =

[
σ 2

F 0

0 σ 2
Z

]
, Σyy = ByΣBᵀ

y =
[

σ 2
D 0

0 0

]
(C.5)

and Ω t = Eu
t [(xt − x̂u

t )(xt − x̂u
t )

ᵀ]. As in Wang [47], we focus on the steady-state Kalman
filtering. Let Ω be the solution to the Riccati equation:

Ω = (
AxΩAᵀ

x + Σxx

) − KAy

(
AxΩAᵀ

x + Σxx

)
, (C.6)

where

K = (
AxΩAᵀ

x + Σxx

)
Aᵀ

y

[
Ay

(
AxΩAᵀ

x + Σxx

)
Aᵀ

y + Σyy

]−1
. (C.7)

We then obtain the following steady-state filters:

x̂u
t = Ax x̂u

t−1 + Kε̂u
t , (C.8)

and

yt = AyAx x̂u
t−1 + ε̂u

t , (C.9)

where ε̂u
t = yt −Eu

t−1[yt ] is the innovation, which is normally distributed with mean of zero and
covariance matrix

Var
(
ε̂u

t

) = AyAxΩAᵀ
x Aᵀ

y + (AyBx + By)Σ(AyBx + By)
ᵀ. (C.10)

Post-multiplying both sides of (C.6) by Aᵀ
y and subtracting KΣyy from both sides yields

ΩAᵀ − KΣyy = (
AxΩAᵀ + Σxx

)
Aᵀ − K

[
Ay

(
AxΩAᵀ + Σxx

)
Aᵀ + Σyy

] = 0.
y x y x y
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This equality can be written as[
ω11 ω12
ω21 ω22

][
1 pi1
0 pi2

]
=

[
k11 k12
k21 k22

][
σ 2

D 0

0 0

]
,

where Ω = (ωij ) with ω12 = ω21. Therefore, we get the following 4 equations[
ω11 ω11pi1 + ω12pi2

ω21 ω21pi1 + ω22pi2

]
= σ 2

D

[
k11 0

k21 0

]
.

Solving yields

k11 = ω11/σ
2
D > 0, k21 = ω21/σ

2
D > 0, (C.11)

ω12 = −pi1/pi2ω11 > 0, ω21 = −pi2/pi1ω22 > 0, (C.12)

where we have used the sign restrictions pi1 > 0 and pi2 < 0 proved below and the fact that the
variances ω11,ω22 > 0.

Now post-multiply both sides of (C.6) by (AxΩAᵀ
x + Σxx)

−1 to get

Ω
(
AxΩAᵀ

x + Σxx

)−1 = I − KAy

or

ω11

[
1 −pi1

pi2

−pi1
pi2

(
pi1
pi2

)2

][
a2
F ω11 + σ 2

F −aZaF
pi1
pi2

ω11

−aF aZ
pi1
pi2

ω11 a2
Z(

pi1
pi2

)2ω11 + σ 2
Z

]−1

=
[

1 − k11 − k12pi1 −k12pi2

−k21 − k22pi1 1 − k22pi2

]
.

Simplify this equation to obtain

ω11

�

[
aZ(aZ − aF )(

pi1
pi2

)2ω11 + σ 2
Z

pi1
pi2

[aF (aZ − aF )ω11 − σ 2
F ]

−pi1
pi2

[aZ(aZ − aF )(
pi1
pi2

)2ω11 + σ 2
Z] −(

pi1
pi2

)2[aF (aZ − aF )ω11 − σ 2
F ]

]

=
[

1 − k11 − k12pi1 −k12pi2

−k21 − k22pi1 1 − k22pi2

]
, (C.13)

with

� = (
a2
F ω11 + σ 2

F

)(
a2
Z

(
pi1

pi2

)2

ω11 + σ 2
Z

)
−

(
aF aZ

pi1

pi2
ω11

)2

= σ 2
F a2

Z

(
pi1

pi2

)2

ω11 + a2
F σ 2

Zω11 + σ 2
F σ 2

Z > 0. (C.14)

Now using the top right hand corner equation:

ω11

�

pi1

p2
i2

[
σ 2

F − (
1 − a2

F

)
ω11 + (1 − aF aZ)ω11

] = k12, (C.15)

with σ 2
F − (1 − a2

F )ω11 > 0 and aF , aZ ∈ (0,1), we obtain k12 > 0. Similarly, we have:

−ω11 pi1
[
aZ(aZ − aF )

(
pi1

)2

ω11 + σ 2
Z

]
= −k21 − k22pi1 > 0. (C.16)
� pi2 pi2
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Since

aZ(aZ − aF )

(
pi1

pi2

)2

ω11 + σ 2
Z = σ 2

Z − (
1 − a2

Z

)
ω22 + (1 − aF aZ)ω22 > 0,

we obtain:

−pi1k22 = k21 − ω11

�

pi1

pi2

[
aZ(aZ − aF )

(
pi1

pi2

)2

ω11 + σ 2
Z

]
> 0, (C.17)

implying k22 < 0. Note using the top left hand corner equation in (C.13),

1 − k11 − k12pi1 = ω11

�

[
aZ(aZ − aF )

(
pi1

pi2

)2

ω11 + σ 2
Z

]
> 0.

Having shown that the right hand side of this expression is positive and that, under our guess,
pi1 > 0, we obtain k11 < 1. �
Price function. As in the proof of Proposition 1, the price function is given by the first line of
Eq. (27) but noting that the equilibrium parameters pi and pu will differ. The excess return Qt+1
satisfies

Qt+1 = e0 + eixt + eux̂u
t + bQεt+1, (C.18)

where eu2 = 0,

eu1 = pu1
[
aF (1 − k11 − pi1k12) − R + aZpi1k12

]
, (C.19)

ei1 + eu1 = −(pi1 + pu1)(R − aF ) + aF , (C.20)

ei2 = −pi2(R − aZ). (C.21)

In addition, ei1, ei2 and eu1 satisfy Eqs. (B.25), (B.26), and (B.28). Note that the system
of these three equations along with Eqs. (C.19)–(C.21) do not admit an analytical solution for
pi1,pi2, and pu1. An equilibrium exists if this system has a solution. A simple iterative numerical
procedure can solve this system as in Appendix A.

Even though we cannot solve the equilibrium explicitly, we can derive restrictions on the
coefficients in the price function, pi2 < 0 and 0 < pu1 < aF /(R −aF ), as claimed in Section 3.1.
First, adding Eqs. (B.26) and (B.28) yields ei1 + eu1 = 0. Eq. (C.20) then implies

pi1 + pu1 = aF

R − aF

. (C.22)

We then take the ratio of (B.28) and (B.26), and substitute for ei2, using (C.21) to derive

pi1 = −(R − aZ)eu1
(1 − λ)(σ i

Q)2(1 − (ρi
Qq)2)

λ(σu
Q)2

. (C.23)

We wish to show that pi1 > 0. Suppose to the contrary that pi1 < 0. Then Eq. (C.23) implies that
eu1 > 0. We next use (C.19) to show that pu1 < 0. To this end, we use the two equations implied
in the top row of (C.13) to substitute for 1 − k11 − pi1k12 and pi1k12, respectively. We then
obtain:
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aF (1 − k11 − pi1k12) − R + aZpi1k12

= ω11

�
aF

[
aZ(aZ − aF )

(
pi1

pi2

)2

ω11 + σ 2
Z

]
− R

− ω11

�
aZ

(
pi1

pi2

)2[
aF (aZ − aF )ω11 − σ 2

F

]

= ω11

�

(
aF σ 2

Z + aZ

(
pi1

pi2

)2

σ 2
F

)
− R

= aZ(
pi1
pi2

)2σ 2
F ω11 + aF σ 2

Zω11

a2
Z(

pi1
pi2

)2σ 2
F ω11 + a2

F σ 2
Zω11 + σ 2

F σ 2
Z

− R.

We now show this expression is negative and thus deduce pu1 < 0. It suffices to show that

ω11

�

(
aF σ 2

Z + aZ

(
pi1

pi2

)2

σ 2
F

)
= aZ(

pi1
pi2

)2σ 2
F ω11 + aF σ 2

Zω11

a2
Z(

pi1
pi2

)2σ 2
F ω11 + a2

F σ 2
Zω11 + σ 2

F σ 2
Z

< 1,

where we have substituted Eq. (C.14). This inequality is equivalent to

aZ(1 − aZ)

(
pi1

pi2

)2

σ 2
F ω11 + (1 − aF )aF σ 2

Zω11 < σ 2
F σ 2

Z.

This inequality is true since we can show that

aZ(1 − aZ)

(
pi1

pi2

)2

σ 2
F ω11 + (1 − aF )aF σ 2

Zω11

= aZ(1 − aZ)σ 2
F ω22 + (1 − aF )aF σ 2

Zω11

< aZ(1 − aZ)
σ 2

F σ 2
Z

(1 − a2
Z)

+ (1 − aF )aF

σ 2
F σ 2

Z

(1 − a2
F )

= aZ

1 + aZ

σ 2
F σ 2

Z + aF

1 + aZ

σ 2
F σ 2

Z

< σ 2
F σ 2

Z,

where we have used (C.12) and the definition of Ω to derive(
pi1

pi2

)2

ω11 = ω22 = Var(Zt − Ẑt ) = σ 2
Z

1 − a2
Z

− Var(Ẑt ),

ω11 = Var(Ft − F̂t ) = σ 2
F

1 − a2
F

− Var(F̂t ),

and we note

aZ, aF ∈ (0,1) and
aZ

1 + aZ

+ aF

1 + aZ

< 1.

Therefore, Eq. (C.19) and eu1 > 0 imply that pu1 < 0, which contradicts (C.22) because
Eq. (C.22) implies that pi1 + pu1 must be positive.

As a result, we must have pi1 > 0. We then use (C.23) to deduce that eu1 < 0. Since we
have shown that the expression in the square bracket in Eq. (C.19) is negative, we conclude that
pu1 > 0. By (C.18), we can show that



272 R. Albuquerque, J. Miao / Journal of Economic Theory 149 (2014) 236–275
Covi
t (Qt+1, qt+1) = bQEi

t

[
εt+1ε

ᵀ
t+1

]
cᵀ

4 = bQΣcᵀ
4 = (1 + pu1k11)σDq, (C.24)

which is positive by (C.11). Use this result and Eq. (B.26) to obtain ei2 > 0. By this result,
Eq. (C.21), and aZ < R, we obtain pi2 < 0. �
Proof of Theorem 2. Without advance information, Eq. (39) becomes

Eu
t [Qt+1] = e0 + ei2E

u
t [Zt ].

It follows the law of iterated expectations that

E[Qt+1|Qt ] = E
[
Eu

t [Qt+1]|Qt

] = e0 + ei2E
[
Eu

t [Zt ]|Qt

]
= e0 + ei2E[Zt |Qt ] = e0 + ei2

Cov(Zt ,Qt )

Var(Qt )
Qt ,

where e0 and ei2 > 0 are constants, as shown in the proof of Proposition 1.
Now we use (24) to compute the unconditional covariance Cov(Zt ,Qt ):

Cov(Zt ,Qt ) = E
[
Zt

(
pi1Ft + pu1F̂

u
t + pi2Zt + Ft + εD

t

− R
(
pi1Ft−1 + pu1F̂

u
t−1 + pi2Zt−1

))]
= E

[
pi2Z

2
t − pi2RZtZt−1 + pu1Zt F̂

u
t − pu1aZRZt−1F̂

u
t−1

]
= pi2(1 − RaZ)Var(Zt ) + pu1(1 − RaZ)E

(
Zt F̂

u
t

)
,

where we use E[ZtFt ] = E[ZtFt−1] = E[Ztε
D
t ] = 0.

Multiplying by Zt in both sides of (26) and taking expectations, we obtain

E
[
ZtẐ

u
t

] = Var(Zt ) − pi1

pi2
E

[
Zt F̂

u
t

]
.

We then derive
pi1

pi2
E

[
Zt F̂

u
t

] = Var(Zt ) − Var
(
Ẑu

t

)
,

using

E
(
ZtẐ

u
t

) = E
[
Eu

t

(
ZtẐ

u
t

)] = E
[
Ẑu

t Ẑu
t

] = Var
(
Ẑu

t

)
.

Now, we obtain

Cov(Zt ,Qt ) = (1 − RaZ)pi2

{
Var(Zt ) + pu1

pi1

[
Var(Zt ) − Var

(
Ẑu

t

)]}
.

Define

fQ = −pi2ei2

Var(Zt ) + pu1
pi1

[Var(Zt ) − Var(Ẑu
t )]

Var(Qt )
.

To show this expression is positive, we only need to prove Var(Zt ) > Var(Ẑu
t ) because Proposi-

tion 1 shows that pi2 < 0, ei2 > 0, and pi1,pu1 > 0. This fact follows from the decomposition
of variance. Finally, for n > 1,

E[Qt+n|Qt ] = E
[
Eu

t [Qt+n]|Qt

] = e0 + ei2E
[
Eu

t [Zt+n−1]|Qt

]
= e0 + an−1

Z ei2E[Zt |Qt ] = e0 + an−1
Z ei2

Cov(Zt ,Qt )

Var(Qt )
Qt .

We can then use the previous analysis to obtain the desired result. �
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Appendix D. Model with multiple pieces of advance information

To solve the model with multiple pieces of advance information, we define the state vector in
Eq. (23), as in Section 3. Unlike Section 3, we define the unforecastable error term based on the
period t − 1 information as

εt = (
εD
t+k, ε

F
t , εZ

t , ε
q
t+k, ε

Sk
t , . . . , ε

S1
t

)ᵀ
.

It is normally distributed with mean zero and covariance matrix Σ = E[εtε
ᵀ
t ]. The only positive

covariance that shows up in Σ is E(εD
t+kε

q
t+k) = σDq > 0. We can apply the same method in

Section 3 to solve the model. The only modification lies in the inference problem for informed
investors. This problem results in conditional expectations given by

Ei
t

[
εD
t+k

] = ρkS
k
t ,

Ei
t

[
εD
t+j

] = Ei
t−1

[
εD
t+j

] + ρjS
j
t , 1 � j � k − 1,

and

Ei
t

[
ε
q
t+k

] = σDq

σ 2
D

ρkS
k
t ,

Ei
t

[
ε
q
t+j

] = Ei
t−1

[
ε
q
t+j

] + σDq

σ 2
D

ρjS
j
t , 1 � j � k − 1,

where

ρk = σ 2
D

σ 2
D + σ 2

Sk

, ρk−1 = (1 − ρk)σ
2
D

(1 − ρk)σ
2
D + σ 2

Sk−1

, . . . ,

ρ1 = (1 − ρk) · · · (1 − ρ2)σ
2
D

(1 − ρk) · · · (1 − ρ2)σ
2
D + σ 2

S1

.

Because the signals Sk
t+j−k, . . . , S

1
t+j−1 arrive sequentially and are correlated, each of them con-

tributes to lowering the conditional variance of earnings innovations εD
t+j for 0 < j < k, but,

incrementally, the precision of each new signal changes with σ 2
Sj

. Using these expressions we
can construct a new Kalman gain matrix Ki . Additional details are available upon request. �
Appendix E. Supplementary material

Supplementary material related to this article can be found online at http://dx.doi.org/10.1016/
j.jet.2013.06.001.
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